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INTEGRAL CLOSURE AND BOUNDS FOR QUOTIENTS OF
MULTIPLICITIES OF MONOMIAL IDEALS

CARLES BIVIA-AUSINA

ABSTRACT. Given a pair of monomial ideals I and J of finite colength of the ring of analytic
function germs (C™,0) — C, we prove that some power of I admits a reduction formed by
homogeneous polynomials with respect to the Newton filtration induced by J if and only if
the quotient of multiplicities e(I)/e(J) attains a suitable upper bound expressed in terms
of the Newton polyhedra of I and J. We also explore other connections between mixed
multiplicities, Newton filtrations and the integral closure of ideals.

1. INTRODUCTION

Let us denote by O, the ring of complex analytic function germs f : (C",0) — C. Let
g: (C",0) — (C",0) be a complex analytic map. We say that g is finite when g~*(0) = {0};
in this case, we refer to the number e(g) = dim¢ O,,/1(g) as the multiplicity of g, where I(g)
denotes the ideal of O,, generated by the components of g (see [I, §5], [8, §2] or [9, §2] for
several characterizations of this number). More generally, if I is any ideal of O, of finite
colength, then the multiplicity of I, in the sense of Hilbert-Samuel, is denoted by e(I) (see
[10, 12}, 23]). We recall that, when I admits a generating system formed by n elements, then
e(I) = dim¢ O, /1. It is well-known that, if we fix a vector w = (w1, ..., wy,) € ZZ; and g is
semi-weighted homogeneous with respect to w, then e(g) can be expressed as

dy---d,
e(g) = w1
where d; is the degree of g; with respect to w, for all i = 1,...,n (see for instance [I], §12.3]

or [8, §10.3]). This result was generalized in [7] by replacing the weighted homogeneous
filtration induced by w by the Newton filtration induced by a given Newton polyhedron of
RZ, (see Theorem . That is, let I', € RY; be a Newton polyhedron such that I'y # R%,
and I'; intersects each coordinate axis. Let I' be the union of all compact faces of 'y and let
vr be the Newton filtration induced by I';. (see Section [4] for details). If g : (C™,0) — (C™,0)
is any finite analytic map, then

ce dn n
(1) €(g> = WTL‘ Vn (R>O AN F+) y
r
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2 CARLES BIVIA-AUSINA

where d; = vr(g;), for all i = 1,...,n, V,, denotes the n-dimensional volume and Mr is the
value of vr over the monomials whose exponent belongs to I'. The maps ¢ : (C"*,0) — (C",0)
for which equality holds in (|l) are called non-degenerate on I'y. This class of maps is
characterized in [7, Theorem 3.3].

If K is a monomial ideal of O, of finite colength, then we recall that the multiplicity of K
is expressed as e(K) = n!'V,(R%, N\ I'; (K)), where I'; (K') denotes the Newton polyhedron
of K (see for instance [21], 22]). Therefore, relation also shows a lower bound for the
quotient e(g)/e(J), where J is the integrally closed monomial ideal such that I'y = T", (J).
We also refer to non-degenerate maps on I'y as J-non-degenerate maps. We show that
equality holds in if and only if there exists some integers ay,...,a,,d € Z=; such that
(g3r,..., gon) = J4, where the bar denotes integral closure.

Moreover, if I is a monomial ideal of O, of finite colength, then we use the respective
Newton polyhedra of I and J to define an increasing sequence of positive rational numbers

a j(I),...,a, (I) that leads to an upper bound for the quotient e(I)/e(.J), that is,

e(I) _ayy(I)---ans(I)
) 2 < D),

where M is a positive integer defined in terms of the Newton filtration of J (see Section
. We prove that equality holds in ([2)) if and only if there exists some s > 1 such that
Is = {g1,...,gn), for some map (gi,...,g,) : (C*,0) = (C",0) which is J-non-degenerate.
This result appears in Theorem The proof of this result is preceded by a characterization
of the notion of J-non-degeneracy of n-tuples of monomial ideals (see Theorem and
Definition , which in turn depends on previous combinatorial results proven in Section
. Let us remark that, by interchanging the roles of I and J in (2)) we automatically obtain
a lower bound for e(I)/e(J) (see Corollary [5.7).

The motivation of our work in this article arises from our previous work [4], where we
characterized when the integral closure of a given monomial ideal of O,, of finite colength is
equal to the integral closure of the ideal generated by n homogeneous polynomials. In turn,
[4] was motivated by the results of Hickel in [11].

The article is organized as follows. In Section [2] we recall some definitions and results
related with mixed multiplicities, joint reductions of families of ideals and Newton polyhedra
that we will need in the article. Let Iy,...,I, be n monomial ideals of O,. Due to its
importance in subsequent sections, we recall in Theorem [2.3|the result of Rees and Sally (see
[15, Theorem 1.6] and [12, §17.3]) about the existence of joint reductions of (Iy,...,I,), in
the sense of Rees [14].

Section |3| is devoted to showing a combinatorial characterization of the finiteness of
o(li,...,I,) (see Theorem [3.2)), where o(Iy,...,I,) denotes what we call the Rees’ mixed
multiplicity of Iy, ..., I, (see ) and I, ..., I, are monomial ideals of O,,. This result will
be fundamental in the proofs of some results of Section

The objective of Section [4] is to show a combinatorial characterization of those pairs
formed by an n-tuple (Iy,...,I,) of monomial ideals of O,, such that o(1,...,I,) < co and
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a monomial ideal J of O, of finite colength for which (Iy,...,1,) is J-non-degenerate (see
Definition , which is a generalization of the notion of J-non-degenerate map. This is
given in Theorem [4.10]

In Section [5| we prove the existence of what we call central maps with respect to a given
pair of monomial ideals of O,, of finite colength (see Theorem and Corollary [5.4). The
existence of central maps supports the proof of the upper bound mentioned in (2)) and the
characterization of the equality in (2)) (see Theorem . We remark that in Corollary
5.7(c) we show a characterization of the equality in that is expressed only in terms of
the respective Newton filtrations induced by I and J.

2. PRELIMINARY CONCEPTS

This section is devoted to recalling some definitions and fundamental facts that we will
use along the paper.

2.1. Mixed multiplicities and joint reductions

Along this section we suppose that (R, m) is a Noetherian local ring with infinite residue
field k = R/m and of dimension n. We recall some concepts and results from [2] 3, B]. If 1
is an ideal of R, then we denote by I the integral closure of I (see [10, 12} 23]).

Let Ih,...,1I, be ideals of R of finite colength. We denote by e([y,...,I,) the mixed
multiplicity of I, ..., I, defined by Teissier and Risler in [19] §2] (see also [12, Section 17.4]
or [16, Section 2.5]). We recall briefly the definition of e(Iy,...,1,). Let us consider the
function H : Z%, — Z> given by

(3) H(rl,...,rn)zﬁ(ﬁ),
for all (ry,...,r,) € Z%,, where {(M) denotes the length of a given R-module M. It is
proven in [19, §2] that there exists a polynomial P(z1,...,x,) € Q[z1,...,x,] of degree n
such that

H(ry,...,rn) = P(r,...,m0),
for all sufficiently large ry,...,7, € Z>o. Moreover, the coefficient of the monomial z; - - - x,,
in P(z1,...,x,) is a positive integer. This integer is called the mized multiplicity of I, ..., I,

and is denoted by e(ly, ..., I,).

We remark that if Iy,..., [, are all equal to a given ideal I of finite colength of R, then
e(ly,...,I,) = e(I), where e(I) denotes the Samuel multiplicity of I. We refer to [12], §17.4]
or [I8] for fundamental results concerning mixed multiplicities of ideals.

Moreover Rees showed in [14] that the mixed multiplicity e(Iy, ..., I,) can be computed
in terms of Samuel multiplicities via the following formula:

e([l,...,[n):% > (—1)”'J'e(H1j),

T JC{1,..,n} jel
J#0D

where we denote by |X| the cardinal of a given finite set X.
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Given two ideals I and J of R of finite colength and an integer i € {1,...,n}, we define
(4) ei(l,J)=e(l,....1,J,...,J),

where [ is repeated ¢ times and J is repeated n — i times.

Let I, ..., I, be proper ideals of R (not necessarily of finite colength). In [2] we studied
the following number:
(5) o(l,....,I,) = sup e(/; +m",..., [, + m").

r€Zs0

When the set of integers {e(I; + m",..., I, + m") : r € Z>o} is bounded, then we refer to
o(L,...,I,) as the Rees’ mized multiplicity of I, ..., I,. Obviously, if I; has finite colength,
foralli=1,...,n, then o(ly,...,I,) = e(ly,...,I,).

In Proposition we recall a result from [2] that interprets o(Iy, ..., I,) as a multiplicity
in the usual sense. First we need to introduce a preliminary concept.

Definition 2.1. Let Iy, ..., I, be proper ideals of R. Let a;1, ..., a;s; be a minimal generating
system of I;, where s; € Z~q, foralli =1,...,r. Let s = s;+---+5,. We say that a property
holds for sufficiently general elements (g1,...,¢9,) € I ® --- @ I, if there exists a non-empty
Zariski-open set U in k® verifying that if

(a) ¢; = Zj w;ja;j, where u;; € R, forall j=1,...,s;,1=1,...,r, and

(b) the image of (w11, ..., Utsy,- -, Us1,-- -, U, ) in k* belongs to U,

then the said property holds for (g1, ..., g,).

Proposition 2.2. [2| 2.9] Let Iy,..., I, be proper ideals of R. Then o(ly,...,1I,) < oo if
and only if there exist elements g; € I;, for i = 1,...,n, such that (g1,...,gn) has finite
colength. If o(ly,...,I,) < oo, then o(Iy,...,I,) = e(g1,...,gn) for sufficiently general
elements (g1,...,90) € LB - & I,,.

Let I and J be ideals of R such that J C I. We recall that an ideal J is called a reduction
of I if there exists some r € Z( such that I""! = JI". Tt is well known that .J is a reduction
of I if and only if I = J (see for instance [12, Corollary 1.2.5]). In turn, if we assume that
the ideals I and J have finite colength, J C I and R is quasi-unmixed, then the celebrated
Rees’ multiplicity theorem says that the equality I = J holds if and only if e(I) = e(J) (see
[10, p. 147] or [12} p.222)).

Let I,...,I, be ideals of R. Let ¢1,...,9, € R such that g; € [;, for all2 =1,... n.
Then (g1, ..., gs) is called a joint reduction of (I1,...,I,) when g1ls -+ L, +---+g, Iy -+ I,,_1
is a reduction of [ - - - I,. By the relation between reductions and integral closure mentioned
before, this condition is equivalent to saying that

(6) gL It dgh L =TT,

Let us fix a family Iy, ..., I, of proper ideals of R. We recall that dim(R) = n. In [I4]
Theorem 1.3], D. Rees showed that there exists a family of elements {z;; : i =1,...,p,j =
1,...n} C R such that z;;,..., 2 € I;, for all ¢ = 1,...,p, and if y; = xy,---x,;, for
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all 7 = 1,...,n, then the ideal (y1,...,y,) is a reduction of the product ideal I;--- I,.
We remark that p is not assumed to be equal to n in this result. Any set of elements x;;
satisfying the above properties is called a complete reduction of (I1,...,I,) (see [14, p.402]
or [12, Definition 17.1.3]).

Now let us suppose that p = n. In [I4, Theorem 1.4] D. Rees easily proved that, if
{wij 14,7 =1,...,n} is a complete reduction of (11,...,1,), then X151, ..., Tne(n) is a joint
reduction of (I,...,1I,), for any permutation i — o(i) of {1,...,n}. In [I5, Theorem 1.6]
Rees and Sally proved that joint reductions of sets of n ideals exist, we next recall this result
(see also [12], §17.3]).

Theorem 2.3. Let I,...,1, be ideals of R. Then (g1,...,9,) is a joint reduction of
(Ih,..., 1), for sufficiently general elements (g1,...,g,) € [L & -+ & I,,.

2.2. Newton polyhedra of ideals and non-degeneracy conditions

Let us fix a coordinate system x1,...,z, in C". If k = (ky,..., k,) € ZZ, then we denote
the monomial 2% - - - 2% by z*. Given a proper ideal .J of O,,, we will say that .J is monomial
when J admits a generating system formed by monomials.

Ifhe O,and h =), apz® is the Taylor expansion of h around the origin, then the
support of h, denoted by supp(h) is defined as the set {k € ZZ; : a; # 0}. Given a subset
A C RZ, we denote by ha the sum of those terms azz® such that k& € A N supp(h). If
A nNsupp(h) =0, then we set ha = 0. If I is an ideal of O, then the support of I is defined
as supp(!) = Ugersupp(g).

If AC 7%, A# 0, then we define the Newton polyhedron determined by A, denoted by
I';(A), as the convex hull in R” of the set {k+v: k€ A, v e RL}. A subset 'y CRY)is
called a Newton polyhedron when I'y, = T' (A), for some A C ZZ,,.

Let us fix a Newton polyhedron I'y € RZ,. If v € R%, then we define

((v,T}) =min{(v, k) : k € T, }
A, Ty)={keTy: (vk)=L((vT)},

where (,) stands for the standard scalar product in R™. A face of I'; is any set A of the
form A = A(v,I'y), for some v € R%; \ {0}; in this case we say that A is supported by
v. Given a face A of ', we observe that A is compact if and only if it is supported by a
vector v € RZ,. The dimension of A is defined as the minimum of the dimensions of the
affine subspaces of R™ containing A. We denote by C'(A) the cone formed by all half-lines
emanating from the origin and passing through some point of A. Let us denote by Ra the
subring of O,, formed by the functions h € O,, such that supp(h) C C(A).

The faces of dimension 0 and the faces of dimension n — 1 of I'y are known, respectively,
as the vertices and the facets of I'y. We denote by v(I',) the set of vertices of I' .. The union
of all compact faces of I', will be denoted by I'. We will refer to I' as the Newton boundary
of I'y. We remark that I'y is univocally determined by the set T', since I'y = T" + R%,. We
denote by I'_ the union of all segments joining the origin and some point of T'.
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If h € O,, then the Newton polyhedron of h is defined as Iy (h) = 'y (supp(h)). Moreover,
if I is an ideal of O,,, then the Newton polyhedron of I is defined as Iy (I) = I'y (supp([)).
We recall that I'y (1) = 'y (I) (see for instance [7, Lemma 2.3]).

If {g1,...,9-} is a generating set of I, then it is straightforward to see that I, (I) equals
the convex hull of T'y (¢1) U---UT'4(g,). We denote the Newton boundary of I', (1) by I'(I)
and the union of all segments joining the origin with some point of I'(I) by I'_(I).

Let I be a proper ideal of O,, and let ¢1,...,gs be a generating system of I. We recall

that I is called Newton non-degenerate (see [2), [7, [17]) when
{x eC": (g1)alx) ="+ = (gs)a(x) :O} C {x eC" xy -z, = 0},

as set germs at 0 € C", for each compact face A of I'y (I). It was proven by Saia [I7] that
an ideal I of O, is Newton non-degenerate if and only if the integral closure of I is equal to
the ideal generated by those monomials z* such that k € T' (1) (see also [7, Corollary 2.6]
or [2, Proposition 3.6]).

As a consequence of [2, Proposition 3.6] we have that, if I is a monomial ideal of O,
and J C [, then J is a reduction of I if and only if J is Newton non-degenerate and
D) = T4 ().

We remark that, if f € O,, then the condition of Newton non-degeneracy of the ideal

(xlaa—gfl, . ,xn%) allows to obtain a lot of information about the topology of f by means

of Ty (f) (see [13] and [24]).

3. THE REES’ MIXED MULTIPLICITY OF A FAMILY OF MONOMIAL IDEALS

Given a non-empty subset L C {1,...,n}, if K = R or C, then we define K" = {z €
K" :x; =0, for all i ¢ L}. Let r = |L| and let us write L = {ji,..., .}, for some integers
1< < <j <n If SCK" then we denote by S* the intersection S NK. Let us
define

H={zeC" 2y z,=0}
HLZ{(lea...,xjr)G(C’":le...xj :0}'

T

Hence, if |L| = 1, then H; = {0} C C.

If we fix a non-empty subset L C {1,...,n}, then h* will denote the sum of all terms
arz®, such that k € supp(h):. Then supp(ht) = supp(h)t. Let O, denote the subring
of O,, formed by all elements h € O, with supp(h) C Ry. Let us remark that the map
7L Op — O, given by mp.(h) = h*, for all h € O, is a ring morphism. In order to simplify
the notation, if I is an ideal of O, then we also denote the ideal 7 (I) by I*.

If I ={gi1,...,9,) is an ideal of O, then we denote by V(I), or by V(g1,...,g.), the zero
set germ of [ at 0. Let m,, denote the maximal ideal of O,,.

Proposition 3.1. Let I be a proper ideal of O,. Then I has finite colength if and only if
V(I*) CHy, for allL C{1,...,n}, L #0.
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Proof. Let us prove first the only if part. Let us fix a subset L C {1,...,n}, L # (. Since
I has finite colength, there exists some integer » > 1 such that m” C I. If we apply 7 to
both sides of this inclusion, we conclude that the ideal I* has also finite colength in O, 1. In
particular, V(I*) = {0} C H;.

Let us prove the if part. Let g1, ..., g, be any generating system of I and let L. C {1,... n},
L # (). The condition V(/*) C H; implies that I* # 0; otherwise V(I*) = Cp. Therefore
{i: gF# 0} # (. Then we have that

V(D) NCE = V(gi,...,9)NCL = V(gh,....gt) = V(I"),
By the same reason, we have
(7) V(IY)nCL =V

for all L’ C {1,...,n} containing L.

Let L C {1,...,n} such that |L| = 1. By hypothesis we have V(I*) C H, = {0} C C.
Since I C m,,, we have I* C m! and then {0} C V(I*). Thus V(I*) = {0}.

Let 7 € {1,...,n — 1} and let us suppose that V(I*) = {0}, for all L C {1,...,n} such
that |L| < j. Let us fix a subset L' C {1,...,n} such that |L'| = j + 1. The condition
V(1Y) C Hy implies that

vty = |J (vioncy= | vay
LCA{1,...,n} LC{1,...,n}
L|=j,LCL’ |L|=j,LCL

where the first equality comes from . Then V(1) = {0}. By finite induction on |L| we

O

Theorem 3.2. Let I,..., 1, be monomial ideals of O,. Then the following conditions are
equivalent.

(a) o(h,...,I,) < oc.
(b) For each L C {1,...,n}, L#0, we have |{i: I} # 0} > |L|.

Proof. Let us prove (a) = (b). If o(l1,...,I,) < oo, then there exist some (g1,...,9,) €
I ®---®1, such that, if I denotes the ideal generated by g1, ..., g, then I has finite colength
in O, and e(I) = o(I4,...,1I,), by Proposition 2.2] In particular, there exists some r € Z;
such that m! C I. Given a subset L C {1,...,n}, L # (), if we apply 7. to both sides of
the inclusion m!, C I, then we obtain that the ideal I™ has also finite colength. This implies
that the set {g},..., gL} contains at least |L| non-zero elements, since dim O, 1, = |L|. Then,
as supp(gr) C Ir, for all i = 1,...,n, condition (b) holds.

Let us prove (b) = (a). By Proposition [2.2] it suffices to see that there exists an element
(91,---,9n) € I1 ® --- @ I, such that the ideal generated by g¢i,...,¢g, in O, has finite
colength.
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Let us fix a subset L C {1,...,n}, L # (. By hypothesis we can choose a set of indexes
By C {1,...,n} such that |B.| = |L| and I} # 0, for all j € B.. Let us write B, as
By ={j1,- -, jup} € {1,...,n}, for some integers 1 < jr1 < -+ < jpp| <N

Let G; be a fixed minimal generating system of I; formed by monomials, for all i =
l,...,n, and let G = (Gy,...,G,). Let us denote by Gr be the set of monomials of G;

whose support belongs to RI'. Hence G is a generating system of I, for all i = 1,...,n.
Let G* = (G% ,...,G% ). Let us identify the set of G*-maps with C™, where Ny =
, L]

L L
’GjLJ’ +-ot ’GjL,\L\ ‘

Since dim O, = |L|, we can apply Theorem [2.3 to the |L|-tuple of ideals (I} ..., I]I-“L,‘L‘).
Thus, there exist a Zariski-open subset U, € C™, such that any GY-map with coefficients
in Uy is a joint reduction of (I} ..., I} ‘L‘). Hence there exists a G-map (g1,...,9,) €

I ® --- @ I, such that the set of coefficients of (g;fL L ,g}“L ‘Ll) belongs to Uy, for all non-
empty L C {1,...,n}.
Let us fix again a subset L C {1,...,n}, L # (). Since (g}, ,..., g} \L|) is a joint reduction

of (I} ;... ,IJI-“LJL‘), by @), we obtain that
L L L L JL L _ 7T L
gjL,1IjL,2 T ]jL,\L| ot gjL,\L|IjL,1 T ]jL,\L\q - IjL,l T IjL,\L\'
Hence IJI-“L‘1 e []LL,‘L‘ C <g}fL‘1, o ,giﬁlu), which in turn implies that

L L L L L L
V(91; s 7gn) C V(Qle? s 7gjL7‘L|> C V<Ij1_71 e [jL,IL\) - HLa

where the last inclusion follows from the fact that Iy,..., I, are monomial ideals. Then
we have deduced that V(gf,...,¢k) € Hy, for all non-empty subsets L C {1,...,n}. In
particular, the ideal (g1, ..., g,) has finite colength in O, by Proposition [3.1] and the result
follows. O

4. CHARACTERIZATION OF .J-NON-DEGENERACY OF SEQUENCES OF IDEALS

This section is devoted to characterize those sequences of ideals whose Rees’ mixed mul-
tiplicity attains a lower bound formulated in terms of a fixed Newton filtration.

4.1. The Newton filtration and the computation of multiplicities

Let I'y € R" be a Newton polyhedron. We say that I'y is convenient when I'y. # RZ,
and [', intersects each coordinate axis. If I'y is convenient, then I'_ is equal to the closure
of RZ, ~ T'; (in the usual Euclidean sense). We observe that, if I is an ideal of O, of finite
colength, then I'y () is convenient.

Let v € ZZ%,, v # 0, we say that v is primitive when the non-zero coordinates of v are
mutually prime integer numbers. Then any facet of I'; is supported by a unique primitive
vector of Z%,. Let us denote by F(I';) the set of primitive vectors of Z%, supporting some
facet of I'y and let F.(I'y) = F(I'y) N Z%,. Let us remark that, if I'; is convenient, then
FTy) =F.(T)uU{er,... e}, where eq, ..., e, is the canonical basis of R™.

Let us fix a convenient Newton polyhedron I';. € RZ,. Let us write F.(I';) = {v',...,v"}.
Then ((v',T}) >0, for all i = 1,...,7. We denote by Mr the least common multiple of the
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set of integers {¢(v',Ty),...,¢(v",T'y)}. We define the filtrating map associated to I'y as
the map ¢r : Ry — R>q given by

M, )
or(k) = min{m%,vl) i= 1,...,7‘}, for all k € R,

We observe that ¢r(Z%,) C Z%,, ¢r(k) = Mr, for all k € I', and the map ¢r is linear
on each cone C(A), where A is any compact face of I';. As mentioned in [13] p.10], given
a,b € 72, it is easy to prove that ¢r(a+b) > ¢r(a)+¢r(b). Moreover, it is a straightforward
exercise to see that equality holds if and only if there exists some compact face A of I'; such
that a,b € C(A).

Let us define the map vr : O,, = Ryo U {400} by vr(h) = min{¢r(k) : k € supp(h)}, for
all h € O, h # 0; we set vp(0) = +oo. We refer to vp as the Newton filtration induced by
[, (see also [7, [13]).

By abuse of notation, if A C R%Z, denotes a non-empty closed set, then we define vp(A) =
min{¢r(k) : k € A}. Hence vr(h) = vr(supp(h)), for all h € O,,, h # 0. If I is a non-zero
ideal of O, then we also define vr(I) = vr(supp(7)). Given a proper ideal J of O, of finite
colength, then we denote by ¢ the filtrating map associated to I';.(J) and the integer Mr
by M;. We will also write v; instead of vp(;) and we will also refer to v; as the Newton
filtration induced by J.

Definition 4.1. Let us fix a convenient Newton polyhedron I'y € R%,. If h € O, and
h = >, axx® is the Taylor expansion of h around the origin, then we define the principal
part of h with respect to Iy, denoted by pp(h), as the polynomial obtained as the sum of all
terms apz® such that vp(h) = vp(z¥). If A is a compact face of 'y, we define the principal
part of h over A, denoted by pp A(h), as the sum of all terms a,z* such that k € C(A) and
vr(h) = vp(2¥). If no such terms exist, then we set pp a(h) = 0. When there is no risk of
confusion, then we denote pp A (h) simply by pu(h).

Let us fix a monomial ideal J of O,, of finite colength. Let A be a compact face of I (J).
If h € O, then we denote the polynomials pr, (k) and pr; A(h) by p;(h) and p;A(h),
respectively. If I is an arbitrary ideal of O,,, then we define the ideals:

(8) pyall) ={pya(h) :hel, vy(h)=uv,(I))
(9) Ieay = (howy s h e T).

Given a polynomial h € Clzy,...,x,], we say that h is J-homogeneous when v;(z*) =
vy(h), for all k € supp(h). If H = (hq,...,h,) : (C*,0) — (CP,0) is a polynomial map, then
we say that H is J-homogeneous when h; is J-homogeneous, for all : =1,...,p.

We denote the n-dimensional volume of a compact set K C R" by V,,(K). Joining [7,
Theorem 3.3| and [5, Proposition 3.5, Corollary 3.8], we have the following result.

Theorem 4.2. Let g = (¢1,...,9,) : (C*,0) = (C™,0) be an analytic map germ such that
g7 '(0) = {0}. Let 'y C RZ, be a convenient Newton polyhedron, let d; = vr(g;), for all
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1=1,...,n. Then

0, diy---d,
<gla'-'>gn> M{‘L
and the following conditions are equivalent:

(a) equality holds in (10));
(b) for each compact facet A of 'y, the ideal of Ra generated by pa(g1), ..., Pa(gn) has

finite colength in Ra;
(c) the set germ at O of common zeros of Pa(g1),---,Pa(gn) is contained in {x € C" :
x1 - x, = 0}, for all compact faces A of T

If I is a non-zero ideal of O, then we define the order of I, denoted by ord([), as
ord(I) = max{r € Z-o : I C m’}. We set ord(0) = oo.

It is a well-known fact that if J denotes a monomial ideal of finite colength of O,,, then
e(J) =n!V,(['_(J)) (see for instance [22, p.239]). Let Iy,..., I, be ideals of O, such that
o(ly,...,I,) < co. By Proposition we have that o(Iy,...,1,) = e(g1,...,9n), for some
(91,---y9n) € L1 & --- @ I,. In particular v;(I;) < vy(g;), for all i = 1,... n. Hence relation

implies that

I/J([]_) s VJ(In)
My

(11) U(]la"'7IN) > 6(‘])
Definition 4.3. Under the conditions of the above paragraph, we say that the n-tuple of
ideals (Iy,...,1,) is J-non-degenerate when equality holds in ([11)).

We will denote the term of the right hand side of by A;(Iy,...,1,). We remark that
Am, (L1, ..., 1,) = ord([y)---ord(l,). If h € O,, h # 0, then we will write A;(h, I, ..., I,)
instead of A;((h), I,...,I,) and we accordingly extend this notation when any other ideal
appearing in A;([y,...,1,) is principal. In particular, if ¢, ..., g, are non-zero elements of
O,,, then we write A;(g1, ..., gn) instead of A;({(q1),...,{gn))-

Let g = (g1,-.-,9n) : (C*,0) — (C™,0) be an analytic map germ. We denote by I(g) the
ideal of O,, generated by the components of g. We say that g is J-non-degenerate when the
n-tuple of ideals ((g1),. .., (gn)) is J-non-degenerate.

Proposition 4.4. Let J be a monomial ideal of O,, of finite colength and let Iy, ..., I, be
ideals of O,, such that o(Iy,...,I,) < oco. Then (Iy,...,1,) is J-non-degenerate if and only
if there exist ay,...,a,,d € Zsy such that o(I{*,... I¢) = e(J9) and v;(I]*) = -+ =
vy (1) = dM;.

Proof. Let M = M. Let us see the only if part. So, let us assume that

O'([l,...,[n) = IWe(J),
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where d; = v;(I;), for all i = 1,...,n. Let us define d = d;---d, and a; = C%M, for all
i=1,...,n. Clearly we have v;(I") = a,v,(I;) = diMdi =dM, foralli=1,...,n, and

4
- dy---d,
o(If,. . 1) =ay---ano(ly, ... 1) = —M"—e(J) = d"e(J) = e(J9).
d Mn
Let us see the if part. Let ai,...,a,,d € Zs; such that o(I{*,..., I%) = e(J?) and
vy(If") = =v;(I%) = dM;. In particular v,;(I;) = a%M, foralli=1,...,n.

The equality o(I{",..., %) = e(J9) is equivalent to saying that a; - --a,o(Iy,...,I,) =
d"e(J). Therefore
dar 1 L)-v;(I,
o(L,...,I,) = M —el]) = valh) = valln)

ap---Qy Mn

Hence the result follows. O

As we will see in Theorem [4.10, the J-non-degeneracy of sequences (Iy,. .., I,,) of monomial
ideals admits a combinatorial characterization.

Proposition 4.5. Let J be a monomial ideal of O,, of finite colength and let g : (C*,0) —
(C™,0) be a complex analytic map such that g~*(0) = {0}. Let ay,...,a,,d € Zs1. Then the
following conditions are equivalent.

(a) e(gi", - gam) = e(J9) and vy(gi*) = -+ = vy(gpr) = dM,.

(b) {g1"- .-, gim) = J7.
Proof. Let M = M. Let us suppose that (a) holds. The condition v;(g7*) = --- = v;(g%") =
dM implies that g/* € J¢, for all @ = 1,...,n. Then relation (b) follows, by the Rees’

multiplicity theorem [12, p.222].

Let us now assume that (b) holds. Then the relation e(gf*,...,g%) = e(J?) follows
automatically, since the Samuel multiplicity is invariant by integral closures.

Since J? is a monomial ideal of finite colength, there exists at least one compact face A of
I, (J9) of dimension n — 1. Let Ra be the subring of O,, given by all h € O,, whose support
is contained in C(A). The equality (b) implies that the ideal (¢7*,...,g%") is a reduction
of J4, which is to say that (g1*,...,g%) is Newton non-degenerate and I'; (¢7*,...,¢%") =
[, (J?) (see [T, Theorem 2.11] for the characterization of reductions of monomial ideals). In
particular, the ideal of Ra generated by (g7*)a, ..., (9%")a has finite colength in Ra. Hence
(97 )a # 0, foralli =1,...,n, since dim Ra = n. In particular, this says that v;(g;") = dM,
for all i = 1,...,n, and then (a) follows. O

For the sake of completeness we add the following consequence of Propositions [£.4] and

4.5

Corollary 4.6. Let J be a monomial ideal of O, of finite colength and let g : (C*,0) —
(C",0) be a complex analytic map such that g='(0) = {0}. Then g is J-non-degenerate if
and only if there exist ay, ..., a,,d € Zsy such that (g7*,..., g¢) = J<.

rIn



12 CARLES BIVIA-AUSINA

Proof. By Proposition the map ¢ is J-non-degenerate if and only if there exist some

a1,y an,d € Zsy such that a((g{"), ..., (g2)) = e(J?) and v;(g{*) = - - = v;(g%") = dM;.
Since o({g7"), ..., (g%")) = e(g?*,...,g%) (see Proposition 2.2)), then the result follows from
Proposition [4.5] O

Corollary motivates the following definition in the context of an arbitrary Noetherian
local ring.

Definition 4.7. Let (R,m) be a Noetherian local ring and let J be a proper ideal of

O,. Let g1,...,9, be a sequence of non-zero elements of R. We say that the n-tuple
(g1, ---,9n) is J-non-degenerate if and only if there exists some ay,...,a,,d € Z-; such that
(97%, ..., gon) = J4

It is interesting to remark that if g : (C"*,0) — (C",0) is J-non-degenerate, where J is a
monomial ideal of O, of finite colength, then the sequence of mixed multiplicities e;(1(g), J),
1 =1,...,n, is determined by the Newton filtration induced by J.

Proposition 4.8. Let J be a monomial ideal of O,, of finite colength and let g = (g1, ..., gn) :
(C™,0) — (C™,0) be a J-non-degenerate map. Let d; = vs(g;), for alli = 1,...,n. Let us
suppose that dy < --- < d,. Then

ei(I(g), gy = T

i e(J).

Proof. Let I = I(g). By the Theorem of existence of joint reductions (see [I8, p.4] or [12]
p.336]), there exist a sufficiently general element (fi,..., fi, fix1, - fo) Of [®---DIDT P
-+ @ J such that

(12) €Z(I,J) :G(I,...,I,J,...,J) :6(f1,...,fi,fi+1,...7fn).

Since f; is a generic linear combination of gy,...,¢g,, for all j =1,...,4, we observe that

(13) (oo fy={n+ Y auege,-- g+ > ciege),
t=i+1 t=i+1
for some constants oy € C, j =1,...,0, 0 =i+1,...,n. Let hj = g; +> ;.| ajege, for all
j=1,...,i
By appropriately taking the coefficients «jy, by virtue of Theorem , we obtain that
(h1,.. . hiy fix1, ..., fn) is J-non-degenerate with v;(h;) = v;(g;) = d;, for all j = 1,...,74,
and v;(f;) = M, for all j =7+ 1,...,n. Hence, by and we obtain that

dy - d; M dy---d;
! = e(J).

ei(lat]):6(h17“'7hi7fi+17"'7fn):Te<‘]) Mi

Remark 4.9. Under the hypothesis of Proposition 4.8 we observe that the condition

(14) eo(1(g),J) = ex(I(g),J) = --- = en(I(g), J)
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is equivalent to saying that d; = --- = d,, = M, which in turn is equivalent to the condition
{(g1,...,9,) = J, by Proposition . Then we recovered a particular case of the result of
Teissier characterizing the equality I = J when no inclusion relation between I and J is
assumed (see [20, Théoreme 4.2, p. 341]).

4.2. Characterization of J-non-degeneracy of sequences of monomial ideals

Let I1,...,1I, be monomial ideals of O, such that o(Iy,...,1,) < oco. We denote by
S(L,...,I,) the family of maps g = (g1,...,9,) : (C*,0) — (C",0) for which ¢7'(0) =
{0}, ¢ € I, for all i« = 1,...,n, and o(ly,...,1,) = e(g1,...,9n). The elements of
S(L,...,1I,) were characterized in [2, Theorem 3.10]. We denote by Sy(/1, ..., I,) the maps
g€ S(y,...,I,) for which Iy (g;) =T (), foralli =1,...,n

Theorem 4.10. Let I, ..., I,,J be monomial ideals of O,, such that o(Iy,...,I,) < oo and
J has finite colength. Then the following conditions are equivalent:
(a)
(b) (g1,---,9n) is J-non-degenerate, for every (gi,...,9n) € S(I1,...,1,,);
(¢) (g1,---,9n) is J-non-degenerate, for some (g1,...,9n) € So(l1,...,I);
(d) for any compact face A of T (J) we have

1{i : pya(Ly) # 0} = dim(A) + 1.

Proof. Let M = M;. As remarked before relation , given an element (gi,...,9,) €
S(Iy,...,1I,), we have that

(Lh,...,1,) is J-non-degenerate.

(15) o(Ii, . L) = e(gry- - Gn) = ”J<91>M;1”J(9")

Let is prove (a) = (b). So, let us suppose that o(ly,...,I,) = A;([1,...,1,). If
(91,---y9n) € S(I1,...,1,), then shows that e(g1,...,9n) = As(g1,...,9n), which is
to say that ¢ is J-non-degenerate.

The implication (b) = (c) is obvious. Let us prove (¢) = (d). Let (¢1,...,9.) €
So(lh,...,1,) such that (gi,...,9,) is J-non-degenerate and let us fix a compact face A
of 't (J). Let r = dimA. The ideal of Ra generated by pa(g1),-...,Pa(gn) has finite
colength in Ra, by Theorem [£.2 Since dimRa = r + 1, at least r + 1 elements of
{pa(91),---,pa(gn)} are not zero. By definition, the condition (g1, ...,¢g,) € So(11,. .., I,)
implies that I'y(¢;) = '+ (;), for all i = 1,... ,n. Thus v;(¢;) = vs(I;), foralli=1,...,n
Then condition (d) follows, by the deﬁmtlon of the ideals pjA (1), ..., Psa(In) (see (§)).

Let us prove (d)
monomials, for all i = 1,...,n, and let G = (G1,...,G,). Let us fix a compact face A of
', (J) and let » = dim(A). By hypothesis, there exist a set of indices Ba C {1,...,n} such
that |Ba| = 7+ 1 and p;A(l;) # 0, for all j € Ba. Let us write BA = {ja1,.-.,jari1},
for some 1 < ja1 < -+ < jar+1 < n. Let us denote by GA be the set of monomials z* of
G, such that k € C(A ) and ¢;(k) = v,(I;), for all j =1,...,n. By the definition of Ba, we
have that G5 # 0, for all j € Ba. Let G* = (G5, GA

Jan? e JAT+1)

B(J) 2 AJ(Il,...,]n).

= (a). Let G; be a fixed minimal generating system of I; formed by
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As in the proof of Theorem , we can apply Theorem to the (r + 1)-tuple of ideals
(Psalins)s - Psalja,.,))- That is, let us identify the set of G*-maps with CV, where
N = |G]4A71| +--- 4 |G.7AA,T+1 |, via the vector of coefficients of the G*-maps. Then, there exist
a Zariski-open subset Ux C CV, such that any G®-map whose vector of coefficients belongs
to Ua is a joint reduction of (pya(Lja,), -+ Pra(lja,.i))-

Since I'y (J) has a finite number of compact faces, the above discussion shows that there
exists a G-map (g1,...,9,) : (C",0) — (C" 0) with the property that, for any com-
pact face A of I'y(J), the map (p;a(Gjas)s---sPsa(Giamar,)) 18 @ joint reduction of
(pJ,A(]jA,1)7 s ’pJ,A(‘[jA,dirrx(A)+1))'

Let us fix a compact face A of I';(J) and let r = dim(A). In order to simplify the
notation, let us suppose that By = {1,...,r + 1}. Then, by (6], we obtain that

Pial91) Pall2) - Palrs1) + -+ Dsa(gri1) PAUL) - PA(L) = PaA(1) - PA(Lr41)-

In particular,

pa(l1) - pallri1) € (Pyalar), - Psalgr11))

and this implies that

\4 (PJ,A(gl)a e 7PJ,A(97~+1)) C V(palh) - pallr1)) € H,

where the last inclusion is a consequence of the fact that pa (/1) - pa(Z-4+1) are monomial
ideals of O,,.

Therefore, we conclude that, for each compact face A of T', (J), the set of common zeros
of the polynomials p;A(g1),-..,Psa(9s) is contained in H, which means that (g1,...,g,) is
J-non-degenerate, by virtue of Theorem Then, all inequalities of become equalities.
Hence (a) holds and we have completed the proof. O

Corollary 4.11. Let I,...,I, be monomial ideals of O, such that o(ly,...,1I,) < oo.
Then o(1y,...,1,) = ord([y)---ord(I,) and equality holds if and only if for all non-empty
L C{1,...,n} we have that

[{i : ord(I}) = ord(L;)}| > IL.

Proof. Let m = m,,. Let us apply Theorem in the case J = m. The filtrating map
¢m 1 RLy — Ry is given by ¢ (k) = |k|, for all k£ € RY,. Hence vy (I) = ord([). Moreover,
if ACT' (m)andje€{0,1,...,n—1}, then A is a compact face of dimension j of I'j (m)
if and only if there exists some L C {1,...,n} such that |L| = j+ 1 and A = I'(m)*, where
we recall that T'(m) denotes the Newton boundary of 'y (m).

Let us fix a non-empty subset L C {1,...,n} and let A =T'(m)". If i € {1,...,n}, then
Pm.a(1i) # 0 if and only if there exists some k € supp(/}) such that |k| = ord(;), which is
to say that ord(I;) = ord(IF). Then the result follows as a consequence of Theorem [4.10} [
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5. CENTRAL MAPS WITH RESPECT TO PAIRS OF IDEALS

Given two monomial ideals I and J of O,, of finite colength, it is obvious that it is always
possible to find a J-non-degenerate n-tuple (K7, ..., K,) of monomial ideals contained in 1.
It suffices to take each K; equal to some power of J contained in I. However, we will see
that, by replacing I by suitable powers I, such an n-tuple can be constructed so that the
Newton boundary of T', (K;) intersects the Newton boundary of T'y (I®), for alli =1,...,n
(roughly speaking this means that the ideals K1, ..., K, will not be far away from 7°). This
fact will lead to a characterization of when the integral closure of some power of I is equal
to the integral closure of the ideal generated by the components of a J-non-degenerate map

g="(91,---,92) : (C",0) = (C™,0).

Definition 5.1. Let I and J be monomial ideals of O, of finite colength. For any i €
{1,...,n}, we define the following number:

a;,y(I) = max {v;(T+(I) N C(A)) : Ais a compact face of I'y(J) of dimension n — i},

where we recall that if A is a closed subset of R%, then v;(A) = min{¢,;(k) : k € A}.
Therefore a; ;(I) € Qso, for all ¢ = 1,...,n. It easily follows that a; ;(1) < -+ < a, ().
We denote the vector (ai s(I),...,an (L)) by as(I).

Under the conditions of the above definition, since I', (I) = ', (I), it follows immediately

that a; ;(I) = a; s(I), for alli =1,...,n.

Remark 5.2. Let I be a monomial ideal of O, and let m = m,. We denote a;m(!)
simply by a;(I), for all i = 1,...,n. Since the set of compact faces of I'y (m) is given by
{P(m)*: L C{1,...,n},L # 0} and ¢m(k) = |k, for all & € RZ, then

(16) a;(I) = max {ord(I*) : LC {1,...,n}, [L|=n—i+1}

and we recover the definition of the integers a;(I) given in [4, p.197], which in turn was
motivated by the expression for the sequence of mixed Lojasiewicz exponents of I given in
[6l, Corollary 4.2]. We will show some connections between the numbers a; ;(I) and mixed
Lojasiewicz exponents (in the sense of [3, [5, [11]) in a subsequent work.

Let I and J be monomial ideals of O, of finite colength and let u € Z%), u # 0. We
denote by kI the point of intersection of I'() with the half-line {\u : A € Ryo}. Therefore

g (1) = max { g, (kL) : u € v(T.(J))}.

We also observe that, under the conditions of Definition [5.1] the maximum that leads to the
computation of a; ;(I) is attained at some point of v(T'y (I)) U{kL :u e v(I';(J))}.
The point k% has rational coordinates, for all u € 7%y, u # 0. So, we define

c;(I) =min{c € Zz; : ckl € Z%, for all u € v(I'(J))}.
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Theorem 5.3. Let I and J be monomial ideals of O, of finite colength. Let ¢ = c;(I) and
let M = M;. For anyi € {1,...,n}, let us consider the ideal

(17) K; = (¥ k € supp(IM), ¢;(k) = a; 4 (I°M)).
Then (K, ..., K,) is J-non-degenerate.

Proof. Let I'y =T (J) and let ¢ = ¢;. We recall that ¢I'; (1) = ' (I¢) and hence cI'(I) =
['(1¢). Thus ck! is the point where I'(7¢) meets the half-line {\u : A € Ry}, for all u €
v(T',(J)). Let us remark that ck! has integer coordinates, for all u € v(T'(J)).

Let us define the ideal K = I™. Hence supp(K) = (cMT'(I)) N Z%,. Let us remark
that, since a; ;(I) is attained at some point belonging to v(I' (1)) U {kl : u € v(T(J))},
then a; j(K) = ¢cMa; ;(I) € Zsy, for all i = 1,...,n. Moreover, by the definition of ¢ we
have that, if A denotes any compact face of I' (J), then the intersection of C'(A) with
I, (K) has integer vertices. Hence v;(Kcay) = vi(I(K) N C(A)), where by @[) and the
fact that K is integrally closed, the ideal K¢ (a) is generated by the monomials x* such that
kel (K)nC(A).

From the definition of K; we obtain that v;(K;) = a; j(K) = cMa; j(I), foralli =1,... n.
In order to prove the result we will check that condition (d) of Theorem applied to
(Ki,...,K,) holds. Let A be a compact face of I'y and let r = dim(A), r € {0,1,...,n—1}.
Then the objective is to prove the inequality [{i : p;A(K;) # 0} =7 + 1.

Let i € {n—r,...,n}. Then r > n—i, and this implies that there exists some face A’ C A
of dimension n — 1.

From the definition of a; ;(K'), we have that v;(K¢ar)) = vy(Iy (K) NC(A")) < a;,4(K).
Let us consider a point k € supp(K¢ary) such that ¢(k) = v;(K¢ar)). By the definition of
K, it follows that v;(Kcoan) = cMy (I (1) N C(A')). Let u be any vertex of A" and let us
consider a point k" € R%; of the form k" = k + ~yu, for some v € R>¢. Since k and u belong
to the same cone C(A’), then ¢(k + yu) = ¢(k) + ¢(yu). Hence we obtain the following
equivalences

I/J(Jfk/) =a; ;(K) <= ¢k +yu) = a; (K)
> ¢(k) +yM = cMa; ;(I)
CMCLLJ(.[) — VJ(KC(A/))

(18) =y = i =ca; j(I) — cvy(T (1) N C(A")).

Since dim(A’) = n — 4, then v;(I'y(I) N C(A') < a; 4(I), by the definition a; ;(I). Let
us assign to vy the value determined in . Then v is a non-negative integer. Therefore
k'€ 72%. Since k,u € C(A') and k' = k + ~yu, then k¥’ € C(A’) and thus 2* € Kean C
Keay € K. In particular, &' € supp(K') and, by the definition of ~, we have that vy(zF) =
a;7(K). This means that 2¥" € p; A(K;). Hence we have proved that p;(K;) # 0, for all
i € {n—r,...,n}. Therefore [{i:p;A(K;) # 0} > r+1 = dim(A)+1 and thus (K, ..., K,)
is J-non-degenerate, by Theorem [4.10| U
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Corollary 5.4. Let I and J be monomial ideals of O,, of finite colength. Let ¢ = c;(I)
and let M = M;. Then there exists a J-homogeneous polynomial map F = (Fy,..., F,) :
(C™,0) — (C™,0) such that F is J-non-degenerate, v;(F;) = a; ;(I°™) and F; € ™ for all
ied{l,...,n}.

Proof. As in the proof of Theorem let K = I°M. Let K;,..., K, be the ideals defined
in (L7). By Theorem [5.3| (K3, ..., K,) is J-non-degenerate. Then, by Theorem [4.10} there
F,) : (C",0) — (C™,0) such that F' € Sy(K71,..., K,),
F'is J-non-degenerate and v;(F;) = v (K;) = cMa; ;(I), for all i = 1,...,n. The set
{2 : k€ K,¢;(k) = a; ;(K)} is a generating system of K;, for all i = 1,...,n. Therefore,
by Proposition [2.2] we can take each polynomial F; as a generic C-linear combination of

exists a polynomial map F' = ([}, ..

*

this generating system of K;. Then we conclude that F; can be taken as a J-homogeneous
polynomial, for all i = 1,...,n, and the result follows. O

If F is any map satisfying the thesis of Corollary [5.4] then we say that F' is a central map
with respect to the pair (I,J).

Theorem 5.5. Let I,J C O, be monomial ideals of O, of finite colength. Let M = M.
Then

ay j(I)---an (1)

(19) () G

N

and the following conditions are equivalent:

(a) equality holds in (19);

(b) there ezists a polynomial map F = (Fy,...,F,) : (C",0) — (C™,0) and some s €
Zy such that F is J-non-degenerate and J-homogeneous, v;(F;) = sa; j(I), for all
i=1,...,n, and I = (F, ..., F,);

(c) there exists a polynomial map F = (Fy, ..., F,) : (C*,0) — (C",0) and some s € Zx,
such that F is J-non-degenerate and J-homogeneous and I¢ = (Fy, ..., F,);

(d) there exists a polynomial map g = (g1,...,n) : (C",0) = (C",0) and some s € Z>,
such that g is J-non-degenerate and I° = (g1, ..., gn).

Proof. By Corollary [5.4] there exists a central polynomial map F : (C",0) — (C",0) with
respect to the pair (I,J). Let ¢ = ¢;(I) and let K = I°M. Hence F is J-non-degenerate
and J-homogeneous with v;(F;) = a; j(K), for all i = 1,...,n. Moreover, F; € K, for all
1 =1,...,n. Hence, if we define the ideals K1, ..., K, as in , then

(20) o(Ky,....K,) =e(F), ..., F,) = () ans(K) gy

(21) = (cM)
(22) = CnCLLJ(I) tet anJ(I)e(J).
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Since K; € K = IM for alli=1,...,n, then o(Ky,...,K,) > e(K) = (¢M)"e(I). Joining
this with and we obtain that

car (1) any(Ie(J) = (cM)"e(I).
Thus inequality follows.

Let us prove (a) = (b). If equality holds in (19)), then (20)-(22) imply that e(F, ..., F,) =
e(K). Then, by the Rees’ Multiplicity Theorem (see [10) p. 147] or [12) p.222]), we conclude
that (Fy,...,F,) = K = I°‘™¥ = K and thus (b) follows by taking s = c¢M.

Let us prove (b) = (a). If F = (Fy,...,F,) : (C",0) — (C",0) denotes any map
satisfying the conditions of (b), for some s € Zs, then e(Fy,... ,Fn) =e(I*) = s e([)
Moreover e(Fy, ..., Fn) = VJ(Fl) vy (F, )J\Ejjn) = s"ay (1) - anJ(I) Theorem |4
Then equality holds in

The implications (b ) ( ) = (d) are obvious. Let us prove (¢) = (b). Let F =
(Fy,...,F,):(C"0) — (C"0) be a complex analytic map such that F'is J-non-degenerate,
F' is J-homogeneous and Is = (Fy,...,F,), for some s € Z>;. Therefore, we have that

e(I*) =e(Fy,....,F,) = A;(Fy,....F,). Let d; = VJ(F) for all i = 1,...,n. By reordering
the components of F', we can assume that d; < -+ < d,. Since e(I°) = s e(I) and we have

Mn)

already proved relation ([19)), we have
dl dn _ 6(]) < CLLJ(I)-"CLn’J([)
snMn e(J) Mn ’
Then it suffices to prove that a; ;(I) < d;/s, for all i = 1,...,n. Thus would imply
that a; j(I) = d;/s, for all i = 1,...,n, and hence (b) follows by considering the same map

(23)

F coming from assuming (c).
Let us fix an index ¢ € {1,...,n} and let A be a face of ', (J) of dimension n — i. The
condition I¢ = (Fy, ..., F,) implies that T' (I*) = ', (Fy,..., F,). In particular,

vy (T+(I°)NC(A)) = vy (D (Fy, ..., F, )ﬂC’(A))
(24) = min {d; : supp(p,(F;)) # 0}.

Since F'is J-non-degenerate and dim R = n—i+ 1, there exist at least n —i+ 1 non-zero
elements in the set {p;A(F1),...,p;a(Fn)}, by Theorem . This implies, by , that

vy (F+([S) N C(A)) < dn—(n—i+1)+1 = dl
Therefore sa; ;(I) = a; ;(I°) < d;, for all ¢ = 1,...,n. That is, a; ;(I) < d;/s, for all
1=1,...,n
Finally, let us prove (d) = (c¢). Let ¢ = (g1,...,9») be a J-non-degenerate map and
let s > 1 such that I = {g1,...,g,). Let F; = p,(g;), foralli = 1,...,n, and let F =

(F1,...,F,). We observe that F' is J-non-degenerate and J-homogeneous. In particular,
e(I*) = e(g1,...,9n) = e(F1,..., F,). Moreover I'y (F;) C I'y(g;) C I'y(I°), for all i =
1,...,n. Since I is a monomial ideal, the integral closure of I° is also a monomial ideal.

Therefore (Fy,...,F,) C I. Then we obtain the equality (F},...,F,) = I*, by the Rees’
multiplicity theorem, and thus item (c) follows. OJ
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Remark 5.6. As we showed in the proof of Theorem , if equality holds in , then we
can take s = c;(I)M; in items (b), (c) and (d) of Theorem [5.5

Let I be a monomial ideal of O, of finite colength. Let us observe that ¢y, (/) = 1
and My, = 1. Hence, by Theorem and we obtain that e(I) < ay(I)---a,(I) and
equality holds if and only if there exist polynomials Fi, ..., F, € Clz,...,x,] such that F;
is homogeneous of degree a;(1), for alli € {1,...,n}, and I = (Fy,..., F},). Hence, by using
different techniques, we deduce Theorem 3.5 of [4] as the case J = m,, of Theorem [5.5|

Let I and J be monomial ideals of O,, of finite colength. Then we define

ar (L) -an (1)

In we will see that 1 < C;(J)C;(I), where equality does not hold in general, as we
show in Example [5.8

Corollary 5.7. Let I,J C O,, be monomial ideals of O, of finite colength. Then
1 < e(l)
Cr(J) ~ e(J)
and the following conditions are equivalent:
(a) equality holds in some part of ;
(b) equality holds in both parts of ([25);
() C(J) C(D) = 1.

Proof. Relation (25)) is an immediate application of relation , in Theorem [5.5

Let us see the implication (a) = (b). Let us assume that e(I)/e(J) = C;(I). By Theorem
, there exists a J-non-degenerate map g = (g1,...,9,) : (C*,0) = (C™,0) and an integer
s > 1 such that I* = (gy,...,g,). By Proposition , there exist r,aq,...,a, € Z>; such
that J© = (gf*, ..., gon).

Since I is a monomial ideal, then I* is also a monomial ideal and hence the equality

Cy(I) =

(25) < Cu(I)

I* = {g1,...,9,) implies that (g,...,g,) is a Newton non-degenerate ideal whose New-
ton polyhedron is equal to sI';(I), by [7, Corollary 2.6] or [2, Proposition 3.6]. Then
(97", ...,g%") is I-non-degenerate, for any aq,...,a, € Zs;. In particular, (gi*,...,g%")
is I-non-degenerate. Joining this fact with the equality J© = {(¢*,... g% ), we conclude
that e(.J)/e(I) = C;(J), by Theorem 5.5 Following an analogous argument, we obtain that
if e(J)/e(I) = Cr(J) then e(I)/e(J) = C,(I).

The implication (b) = (a) is trivial. The equivalence between (b) and (c) is an immediate
consequence of . O

If I,J is any pair of monomial ideals in O, of finite colength, then we write I ~ J if
C;(J)Cy(I) = 1. Let us observe that ~ is a reflexive and symmetric relation. However ~ is
not a transitive relation, as the following example shows.

Example 5.8. Let us consider the ideals of O, given by I = (zy,2°,9°), J = my = (z,y)

and K = (z,y?). We observe that a;(J) = (1,3), a;(K) = (1,2) and a;(K) = (2,4).
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Moreover M; = 5, M; = 1, Mg = 2, e(I) = 10, e(J) = 1 and e(K) = 2. Therefore
Cy(J)Cy(I) =1 and C;(K)Cg(J) = 1. However C;(K) = 1+ and Cg(I) = £ and hence
1 < Cr(K)Ck(I) =2.
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