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Abstract

We discuss the implications between various types of sensitivity in ge-
neral semiflows (sensitivity, syndetic sensitivity, thick sensitivity, thick
syndetic sensitivity, multisensitivity, periodic sensitivity, thick periodic
sensitivity), including the weak mixing as a very strong type of sensi-
tivity and the strong mixing as the strongest of all type of sensitivity.
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1. Introduction

In this note we discuss the implications between various types of sensitiv-
ity in general semiflows (sensitivity, syndetic sensitivity, thick sensitivity, thick
syndetic sensitivity, multisensitivity, periodic sensitivity, thick periodic sensi-
tivity), including the weak mixing as a very strong type of sensitivity and the
strong mixing as the strongest of all type of sensitivity. Under general semiflow
we assume a semiflow (T,X) where T is a commutative noncompact Hausdorff
acting topological monoid (with additive operation) and X is a metric space
with at least two points. (We do not assume neither the compactness of the
phase space X, nor that the transition maps x 7→ tx have dense images.) So
from now on we assume that every monoid T (including groups) and every
phase space X are as described above.
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All notions that we mention, but not define, are standard and can be, for
example found in [1, 4, 6]. Stronger forms of sensitivity were introduced in [8],
and discussed, for example, in [3, 5, 8, 9].

A nonempty open subset is called a nopen, or a nopen subset. If (X, d) is
a metric space, x ∈ X and r > 0, the open ball with center x and radius r is
denoted by B(x, r). It consists of all points y ∈ X such that d(x, y) < r. The
closed ball with center x and radius r is denoted by B−(x, r). It consists of all
points y ∈ X such that d(x, y) ≤ r. It is a closed subset of X.

We say that a subset A of T is syndetic if there is a compact K ⊆ T such
that for every t ∈ T , (t + K) ∩A 6= ∅. We say that a subset B of T is thick if
for every compact K ⊆ T there is a t ∈ T such that t+K ⊆ B. We say that a
subset C of T is thickly syndetic if for every compact K ⊆ T there is a syndetic
subset S ⊆ T such that S + K ⊆ C.

We say that a subset D of T is periodic if it contains a translate t + S of
a closed syndetic submonoid of T . We say that a subset E of T is thickly
periodic if for every compact K ⊆ T there is a periodic subset P ⊆ T such that
P + K ⊆ E.

Definition 1.1. We say that a monoid T satisfies the syndetic property, shortly
sp property, or that T is an sp monoid, if no syndetic subset of T is compact. We
say that a monoid T satisfies the dual syndetic property, shortly dsp property,
or that T is a dsp monoid, if for every compact subset K of T , the set T \K
is a syndetic subset of T .

The condition (sp) can be equivalently formulated in the following way:

(sp’) For any two compact subsets K and K ′ of T there is an element t ∈ T
such that (t + K) ∩K ′ = ∅.

Another equivalent way is the following one:

(sp”) For every compact subset K of T , the set T \K is a thick subset of T .

Let us show that the conditions (sp) and (sp’) are equivalent. Suppose (sp)
holds. Let K,K ′ be two compact subsets of T . By (sp) none of them is
sysndetic, hence there is an element t ∈ T such that (t + K) ∩ K ′ = ∅.
Conversely, suppose that (sp’) holds. Let S be a syndetic subset of T and let
K be a corresponding compact for S. Suppose S is compact. Then there is a
t ∈ T such that (t + K) ∩ S = ∅ (it exists by (sp’)). This contradicts to the
syndeticity of S.

It is easy to see that the conditions (sp’) and (sp”) are equivalent.

The condition (dsp) can be equivalently formulated in the following way:

(dsp’) For any compact subset K of T there exists a compact subset K ′ of T
such that no translate t + K ′, t ∈ T , is contained in K.

Another equivalent formulation is the following one.

(dsp”) For any compact subset K of T there exists a compact subset K ′ of T
such that no translate k + K ′, k ∈ K, is contained in K.
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Note that the condition (dsp’) is just a reformulation of the condition (dsp). Let
us show that (dsp’) is equivalent with (dsp”). Clearly, (dsp’) implies (dsp”). We
will show the contrapositive of the converse, i.e., that the negation (∼ dsp’) of
(dsp) implies the negation (∼ dsp”) of (dsp”). Assume that there is a compact
K ⊆ T such that for every compact K ′ ⊆ T there is a t ∈ T with t + K ′ ⊆ K.
For this K and any compact K ′ ⊆ T there is a t∗ ∈ T such that (t∗ + (K ∪
{0})) ⊆ K. Hence t∗ ∈ K. Thus t∗+K ′ ⊆ K with t∗ ∈ K, i.e., (∼dsp”) holds.
The statement is proved.

The condition (sp) was introduced in our paper [7], where we discussed
chaos-related properties on the product of semiflows. The property (dsp) is for
the first time considered in this paper.

Example 1.2.

(1) Every topological group is sp.
Suppose to the contrary, i.e., that there are two compact subsets K,K ′

of the topological group T such that for every t ∈ T we have (t+K)∩
K ′ 6= ∅. Then every t ∈ T is of the form t = k′−k for some k ∈ K and
k′ ∈ K ′. Since K ′ −K is compact and T is noncompact, if we select
t /∈ K ′ −K, we get a contradiction.

The groups R and Z are dsp.
(2) Every directional monoid is both sp and dsp. (A topological monoid

T is said to be directional if for every compact subset K of T there is
a t ∈ T such that (t + T ) ∩K = ∅. This notion was introduced in our
paper [7].) In particular, Nn

0 and Rn
+ are both sp and dsp. (Here N0

denotes the additive monoid of nonnegative integers, while R+ denotes
the additive monoid of nonnegative real numbers, both sets with the
topology induced from R.)

(3) The monoid T = [0, 1) with the topology induced from R and the
operation x + y = max{x, y} is both sp and dsp.

(4) The monoid T = {0} ∪ (1/2, 1] with the topology induced from R and
the operation x + y = max{x, y} is neither sp nor dsp.
Indeed, to show that T is not sp we can consider the compacts K =
[2/3, 1] and K ′ = [5/8, 5/6]. To show that T is not dsp we consider the
compact subset K = {1}.

Proposition 1.3. The condition (sp) for topological monoids is stronger than
the condition (dsp).

Proof. Suppose to the contrary, i.e., that there is a topological monoid T in
which (sp) and (∼dsp”) hold. Let K ⊆ T be a compact such that for every
compact K ′ ⊆ T there is a k ∈ K with k +K ′ ⊆ K. By (sp’), there is a t∗ ∈ T
such that (t∗ + K) ∩ K = ∅. However, for K ′ = {t∗} there is a k ∈ K such
that k + t∗ ∈ K. This contradicts to (t∗ + K) ∩K = ∅. �

Definition 1.4. A semiflow (T,X) is:

(a) strongly mixing (StrM) if for any two nopens U, V in X the set D(U, V ) =
{t ∈ T | tU ∩ V 6= ∅} contains T \K for some compact K ⊆ T ;
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(b) weakly mixing (WM) if for any nopens U1, V1, U2, V2 in X, D(U1, V1)∩
D(U2, V2) 6= ∅;

(c) sensitive (S) if there is a sensitivity constant c > 0 such that for any
nopen U ⊆ X, D(U, c) = {t ∈ T | (∃x, y ∈ U) d(tx, ty) > c} 6= ∅;

(d) strongly sensitive (StrS) if there is a sensitivity constant c > 0 such
that for every nopen U in X the set D(U, c) contains T \K for some
compact K ⊆ T ;

(e) multisensitive (MulS) if there is a sensitivity constant c > 0 such that
for any integer n ≥ 1 and any nopens U1, U2, . . . , Un in X, D(U1, c) ∩
· · · ∩D(Un, c) 6= ∅;

(f) strongly multisensitive (StrMulS) if there is a sensitivity constant c > 0
such that for any integer n ≥ 1 and any nopens U1, U2, . . . , Un in X,
D(U1, c) ∩ · · · ∩D(Un, c) contains T \K for some compact K ⊆ T ;

(g) thickly sensitive (TS) if there is a sensitivity constant c > 0 such that
for every nopen U in X the set D(U, c) is a thick subset of T ;

(h) syndetically sensitive (SyndS) if there is a sensitivity constant c > 0
such that for every nopen U in X the set D(U, c) is a syndetic subset
of T ;

(i) thickly syndetically sensitive (TSyndS) if there is a sensitivity constant
c > 0 such that for every nopen U in X the set D(U, c) is a thickly
syndetic subset of T ;

(j) periodically sensitive (PerS) if there is a sensitivity constant c > 0 such
that for every nopen U in X the set D(U, c) is a periodic subset of T ;

(k) thickly periodically sensitive (TPerS) if there is a sensitivity constant
c > 0 such that for every nopen U in X the set D(U, c) is a thickly
periodic subset of T .

The next lemma is well-known, see, for example, [1].

Lemma 1.5. Let (T,X) be a weakly mixing semiflow and U1, . . . , Un, V1, . . . , Vn

nonempty open subsets of X (n ≥ 1). Then there is a t ∈ T such that
tUi ∩ Vi 6= ∅ for all i = 1, . . . , n.

2. Relations between various types of sensitivity in general
semiflows

In this section we will justify the implication diagram below. In the diagram
a crossed implication arrow between two conditions means that that implication
does not hold, i.e., that there is a counterexample for that implication. If the
condition sp or dsp is given by the arrow, that means that the implication holds
when that condition is assumed.

Proposition 2.1. Every strongly mixing semiflow is strongly sensitive.

Proof. Let a, b be two points of X with d(a, b) = ∆ > 0 and let Ba = B(a,∆/4),
Bb = B(b,∆/4). Let c = ∆/4. Then for any a′ ∈ Ba and any b′ ∈ Bb,
d(a′, b′) > c. Let U be a nopen in X. Since (T,X) is strongly mixing, there
is a compact K ⊆ T such that for every t ∈ T \ K there are x, y ∈ U with
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tx ∈ Ba, ty ∈ Bb. Hence d(tx, ty) > c. Thus D(U, c) ⊇ T \K, so that (T,X)
is strongly sensitive. �

S

MulS TS SyndS

TSyndS PerS

TPerS

WM
StrMulS
≡ StrS

StrM

X

X
X

X

?

sp

spX

?

X

X

X

?

dsp

Proposition 2.2. If T is a dsp monoid, then every strongly mixing semiflow
is syndetically sensitive.

Proof. Let T be a dsp monoid and (T,X) a strongly mixing semiflow. Let p, q
be two distinct points of X, and let d = d(p, q) and c = d/3. We claim that
the constant c can serve as a sensitivity constant such that for every nopen
U of X the set D(U, c) is a syndetic subset of T . Indeed, let O1 = B(p, c)
and O2 = B(q, c). Then for any two points x1 ∈ O1 and x2 ∈ O2 we have
d(x1, x2) > c. Fix a nopen U ⊆ X. Since (T,X) is strongly mixing, there is a
compact K1 ⊆ T such that for every t ∈ T \K1 there is a point x ∈ U with
tx ∈ O1. Also there is a compact K2 ⊆ T such that for every t ∈ T \K2 there
is a point y ∈ U with ty ∈ O2. Hence for every t ∈ T \ (K1∪K2) there is a pair
of points (x, y) from U such that tx ∈ O1 and ty ∈ O2, so that d(tx, ty) > c.
Since T is dsp, T \ (K1 ∪K2) is syndetic and so the proposition is proved. �

Proposition 2.3. A semiflow is strongly sensitive if and only if it is strongly
multisensitive.

c© AGT, UPV, 2018 Appl. Gen. Topol. 19, no. 2 285



A.Miller

Proof. Suppose a semiflow (T,X) is strongly sensitive. Let n ≥ 1 and let the
Ui, i = 1, . . . , n be nopens in X. For each i ∈ {1, . . . , n} there is a compact Ki

such that for every t ∈ T \Ki there are xi, yi ∈ Ui with d(txi, tyi) > ci. Let
K = K1 ∪ · · · ∪Kn and let c = min{c1, . . . , cn}. Then for every t ∈ T \K and
every i ∈ {1, . . . , n} there are xi, yi ∈ Ui with d(txi, tyi) > c. Hence (T,X) is
strongly munltisensitive. The other direction is clear. �

Proposition 2.4. There is a strongly multisensitive semiflow which is not
weakly mixing.

Proof. Let X = [0,∞) with the metric d(x, y) = |ex − ey|. Let T = [0,∞)
act on X by t.x = t + x. Then (T,X) is strongly multisensitive. Indeed, for
any n pairs (x1, y1), (x2, y2), . . . , (xn, yn) of elements of X (for any n ∈ N) the
distances d(xi + t, yi + t), i = 1, 2, . . . , n, will be bigger than any c > 0 for all
t ∈ R+ from some point on as the function f(x) = ex tends to infinity as x
tends to infinity. However (T,X) it is not weakly mixing since for U = (a, b)
and V = (c, d) with d < a there is no t ∈ T with tU ∩ V 6= ∅. �

Proposition 2.5. Every strongly sensitive semiflow with an sp acting monoid
is thickly sensitive.

Proof. Let (T,X) be strongly sensitive and let c > 0 be its sensitivity constant.
Let U ⊆ X be nopen. Then there is a compact K ⊆ T such that for every
t ∈ T \K, t ∈ D(U, c). Let K ′ be a compact in T . We need to show that there
is a t ∈ T such that t + K ′ ⊆ D(U, c). It is enough to show that there is a
t ∈ T such that t+K ′ ⊆ T \K. Otherwise, for every t ∈ T , (t+K ′)∩K 6= ∅,
contradicting the assumption that T is sp. �

Proposition 2.6. There is a weakly mixing semiflow which is not thickly sen-
sitive.

Proof. Let T be a one-dimensional torus R/Z, i.e., T = [0, 1) with the metric
d(x, y) = min{|x− y|, 1− |x− y|}. Define a continuous function f : T→ T by
f(x) = 2x (mod 1) for every x ∈ T. A point x ∈ T in the cascade (T, f) is said
to be eventually fixed if there is an n ≥ 0 such that fn(x) = 0. The set of all
eventually fixed points is X = {k/2n | k, n ≥ 0 integers, k < 2n}, which is a
dense subset of T. Note that f(X) ⊆ X, so that we can consider the restricted
semiflow (X, f). Each point in this semiflow has a finite orbit whose last term
is 0. The point 0 is the only fixed point. As shown in [6], (X, f) is weakly
mixing.

Let now T1 = {0, 1} be a discrete monoid with the operation 0+0 = 0, 1+0 =
0 + 1 = 1 + 1 = 1. Let T = N0 × T1 = {(n, t) | n ∈ N0, t ∈ T1} be the product
monoid of the discrete monoids N0 and T1 (with componentwise addition).
Define a monoid action of T on X by

(n, t) . x =

{
fn(x) if t = 0,

0 if t = 1.
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It is easy to verify that this is indeed a monoid action. All transition maps are
clearly continuous, so we have a topological semi-flow (T,X). This semiflow is
weakly mixing since (X, f) is weakly mixing.

It was shown in [6] that (T,X) is not thickly sensitive. �

Example 2.7. An example of a weakly mixing semiflow which is not strongly
sensitive is the semiflow from the proof of Proposition 2.6. Indeed, by Propo-
sitions 2.6 and 2.5, it is enough to see that the monoid T in the proof of
Proposition 2.6 is sp, i.e., that for any two compact subsets K and K ′ of T
there is an element (n, t) ∈ T such that ((n, t) + K) ∩ K ′ = ∅. Since T is
discrete, compacts are finite, so that for any sufficiently big n ∈ N0 the element
(n, 0) will work.

Proposition 2.8. Every weakly mixing semiflow is multi-sensitive.

Proof. We will follow [6]. If the diameter of X is infinite let D be any positive
real number, otherwise let diam(X) = 12D > 0. Then for any ball B(x, 4D),
x ∈ X, we have X \B(x, 4D) 6= ∅. We will show that (T,X) is multi-sensitive
with sensitivity constant c = D. Let m ≥ 1 be an integer and let U1, U2, . . . , Um

be nonempty open subsets of X. Let xi ∈ Ui (i = 1, 2, . . . ,m). For each
i = 1, 2, . . . ,m let Bi = B(xi, ri), where ri < D is such that Bi ⊆ Ui. Let
also C−i = B−(xi, 2D). Then each Vi = X \ C−i is a nonempty open subset of
X. Note that for any a ∈ Bi and b ∈ Vi, d(a, b) > D. By Lemma 1.5 there
is a t ∈ T such that at the same time tBi ∩ Bi 6= ∅ and tBi ∩ Vi 6= ∅ for
i = 1, 2, . . . ,m. Let yi, zi ∈ Bi ⊆ Ui (i = 1, 2, . . . ,m) be such that tyi ∈ Bi and
tzi ∈ Vi for i = 1, 2, . . . ,m. Then d(tyi, tzi) > D (i = 1, 2, . . . ,m). �

Corollary 2.9. There is a multisensitive semiflow which is not thickly sensi-
tive.

Proof. Otherwise using Proposition 2.8 we would be able to conclude that
every weakly mixing semiflow is thickly sensitive, which would contradict to
Propositon 2.6. �

Proposition 2.10. Every strongly sensitive semiflow whose acting monoid is
sp is thickly syndetically sensitive.

Proof. Let (T,X) be strongly sensitive with sensitivity constant c and let U be a
nopen subset of X. Since (T,X) is strongly sensitive, there is a compact K ⊆ T
such that D(U, c) ⊇ T \K. Hence, since T is sp and since, by Proposition 1.3, sp
implies dsp, D(U, c) is thick and syndetic, or, equivalently, thickly syndetic. �

Proposition 2.11. There is a syndetically sensitive semiflow which is not
thickly sensitive, nor thickly syndetically sensitive.

Proof. An example is given in [5, Example 10]. �

Proposition 2.12. There is thickly syndetically sensitive semiflow which is
not strongly sensitive.
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Proof. An example is given in [5, Example 11]. It is a uniformly rigid weakly
mixing minimal semiflow. As stated in [5], the existence of such semiflows
follows from the paper [2], with a general acting monoid T in place of N0. �

Proposition 2.13. Every strongly mixing semiflow is weakly mixing. Ev-
ery strongly multisensitive semiflow is multi sensitive. Every thickly synde-
tically sensitive semiflow is thickly sensitive. Every thickly syndetically sen-
sitive semiflow is syndetically sensitive. Every thickly periodically sensitive
semiflow is periodically sensitive. Every thickly periodically sensitive semiflow
is thickly syndetically sensitive. Every periodically sensitive semiflow is syn-
detically sensitive. Every multisensitive (resp. thickly sensitive; syndetically
sensitive) semiflow is sensitive.

Proof. The first statement is well-known and easy to see. The remaining ones
follow from the definitions. �

3. Concluding remarks

We analyzed a variety of “sensitivity-properties”, starting with the strong
mixing as the strongest one and ending with the sensitivity as the weakest one.
We organized them into an implication diagram and proved that some of those
implications are true, some are not true, and some are left as open questions. In
the process we introduced the properties (sp) and (dsp) of topological monoids.
Here are the remaining questions.

Question 1. Is (sp) a strictly stronger property than (dsp), i.e., is there a
topological monoid which is dsp but not sp?

Question 2. Find examples showing that in the implications StrS ⇒ TS and
StrS⇒ TSyndS the condition (sp) is indeed needed, and that in the implication
SM ⇒ SyndS the condition (dsp) is indeed needed.

Question 3. Investigate if, in general, (StrS) implies (TPerS), (TS) implies
(MulS), and (SyndS) implies (TS).
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