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1. Introduction and motivation

The aim of this paper is to provide a full probabilistic description, through the approximation of the first probability
density function (1-p.d.f.), fi(x, t), of the solution stochastic process (s.p.), X(t), to the second-order random linear differential
equation

X"(t) + pt; X' (t) +q(t; AX(t) =0, t>tyeR, (1)
with initial conditions
X(to) =Yo, X'(to) =Yi. (2)

In the initial value problem (IVP) (1) and (2), A, Yy and Y; are assumed to be absolutely continuous real random vari-
ables (r.v.’s) defined on a common complete probability space (€2, F,P). For the sake of clarity, realizations for any r.v.,
say Z: Q — Dz C R, will be denoted by z(w) € D7, we Q. As usual, from now on D; will be referred to as the range or
codomain of Z. To provide more generality in our study, we will assume that these r.v.’s are statistically dependent, being
fay,.y, (a,¥0.y1) the joint probability density function (p.d.f.) of the random vector (4, Yo, Y1). The domain of this function
will be denoted by Dpy,y, C R3. For convenience, we also introduce the following notation, that will be used later, D, C R,
Dy, CRand Dyy, C R2, that stand for the codomains of r.v.’s A and Y7, and random vector (A, Y;), respectively. Throughout
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this paper, we will assume that

fayey, (@, ¥0,y1) is continuous in yo and bounded, i.e., (
H1: 3)
AM > 0: |fayyy, (@.Yo.¥1)| < My, V(a0.¥0.¥1) € Day,y,-

It is remarkable to point out that a wide range of probabilistic distributions satisfy hypothesis H1, for example, gaussian,
uniform, beta, gamma, log-normal, chi-square, t-student, etc. In particular, this condition is met for any multimodal distri-
bution.

Henceforth, we will assume that coefficients p(t; A) and q(t; A) are s.p.’s, which depend on r.v. A, such that they are
analytic about (ty; ag(w)) for every ag(w) € Dy, we L2, ie.,

there exists a neighbourhood N, 4(to; ap(w)) C [to. +oo[ xD4 where
H2: (4)
p(t; A), q(t; A) are analytic Vag(w) € Dy, w € Q.

With the standard identification p(t; A)=p(t; a(w)), a(w) € Dy, Yw € 2, we remember that the s.p. p(t; A) is analytic about
(to, ap(w)), ag(w) € Dy, Yw € R, if the deterministic function p(t; a(w)) is analytic about (tg, ag(w)). The same can be said
for the s.p. q(t; A). To facilitate our subsequent analysis, hereinafter we will assume that p(t; A) and q(t; A) satisfy sufficient
conditions in order to guarantee the IVP (1) and (2) has a unique solution.

Notice that in order to simplify notation, we have assumed that p(t; A) and q(t; A) are analytic in a common neighbour-
hood, N q(to; ap(®@)), which in practice will be defined by the intersection of the corresponding domains of analyticity of
p(t; A) and q(t; A).

With the aim of motivating our study, below we point out two main facts. First, the interest of problem (1) and (2) that
we are going to deal with and, secondly, the usefulness of computing the 1-p.d.f,, f;(x, t). On the one hand, problems of the
form (1) and (2) are important since many differential equations appearing in Mathematical Physics fall into this class. In
this regard, it is worth pointing out that some recent contributions dealing with particular random differential equations
of the form (1) and (2) can be found in [1-3], for example. In [1,2] authors give solutions of Hermite and Airy random
differential equations, respectively, using the so-called mean square and mean fourth calculus [4,5]. In both contributions,
approximations for the mean and the variance of the solution s.p. are given. In [3], these two statistical moments are com-
puted for a wide range of second-order random linear differential equations taking advantage of homotopy analysis method.
Recently, in [6] an analogous study has been conducted by applying the random differential transformation method de-
veloped in [7]. On the other hand, the computation of the 1-p.d.f. of the solution s.p. is advantageous since from it all
one-dimensional statistical moments of the solution can be computed,

E[(X(0)"] = /+m(x(t))kf1 ®Ddx, k=1.2.. ..

Hence, the mean uy (t) = E[X(t)] and the variance, 0)% (t) =V[X(®)] = E[(X(t))z] — (ux (t))?2, are easily obtained as partic-
ular cases. In addition, f;(x, t) allows us to compute the probability that the solution lies in specific sets of interest,

PlweQ:a<X(t)(w) <b})], —co<a<bx<+oo.

In this paper, the Random Variable Transformation (RVT) technique will be used to compute approximations of f;(x, t). For
the sake of clarity in the presentation and notation, below we state a multidimensional version of RVT method.

Theorem 1 (Multidimensional Random Variable Transformation method). [5, p.25]. Let us consider X = (X1, ..., X)T and Z =
(Zy,...,Zy)T two n-dimensional absolutely continuous random vectors defined on a probability space (2, §,P). Let r : R" — R"
be a one-to-one deterministic transformation of X into Z, i.e., Z = r(X). Assume that r is continuous in X and has continuous
partial derivatives with respect to each X;, 1<i<n. Then, if fx(x) denotes the joint probability density function of random vector
X, and s=r"1=(51(z1,....2n),...,5n(z1,...,2n))7T represents the inverse mapping of r = (r1 (X1, ..., Xn), ..., Tn(X1, ..., x2))7,
the joint probability density function of random vector Z is given by

f2(2) = fx(s(@)l], (5)
where |J|, which is assumed to be different from zero, is the absolute value of the Jacobian defined by the determinant
0s1(z1,...,2zyn) 0sn(z1,...,2y)
821 8Zl
os’ i i
]:det<az> = det : . ; . (6)
0s1(z1,...,2zn) 0sn(z1,...,2y)
8zn aZn

In the context of solving random ordinary/partial differential and difference equations, RVT method has been successfully
applied to compute, both analytically and numerically, the 1-p.d.f. associated to the solution (see for example, [8-20]). To
the best of our knowledge, the application of RVT technique has not been explored yet in the context that approximations
are obtained via power series. The aim of this paper is computing approximations of the 1-p.d.f,, fi(x, t), of the solution s.p.
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to IVP (1) and (2), when the solution is constructed by power series using the so-called regular power series method [21,
ch.4].

An important result that will be required later is the Poincaré’s expansion theorem. For the sake of completeness, we
remember its statement [22, Th. 9.2, p.119], [23, Th. 5.5, p.296]. This result permits to represent the solution of a differential
equation whose formulation depends on a parameter, say A, by means of a power series of the A parameter itself.

Theorem 2. Let us consider the initial value problem

W (t) = f(t, W(t); 1), t> to,} -

W(tp) = W,

where f:]tg, 400 xR" x R — R, f=[f1,.... fu]", W) =W = [W;,....W,]" and Wy = [wo,l,...,woyn]T. If f(t, W; ) ad-
mits a convergent power series expansion about (ty, Wy; Ag), i.e.,

filt, W; A) = Z Z ch;k]_wkn,,(f —to) Wy =W )k - Wy = Wo )k (A —Ao)!, AoeR, 1<i<n, (8)
j=0 ki, kn=0 =0
then, for every (ty, Wy), the solution of the IVP (7) can also be represented as the following convergent power series
W(t) =D Li(t)(A — o). 9)
>0

The coefficients Lj(t) are solutions of certain coupled unhomogeneous linear system of linear differential equations.
Remark 3. Notice that Theorem 2 can be applied to IVP (1) and (2) by considering the standard change of variable
W(t) = [Wi(6), Wa®)]" = [X(©O). X'(O]". Wo=1[YoV],
Ar=a(w), weQ and f=[fi(t, W(t); a(w)), f>(t, W(t); a(a)))]T, being fi(t, W(t); a(w)) =W5(t) and fo(t, W(t); a(w)) =
—p(t; a(w))WH(t) — q(t; a(w))W; (t), for each w e Q2.

We finish this section stating standard notation and some classical results related to uniform convergence that will be
required later. Let E c R" be a Lebesgue measurable set with finite measure. In the following, the pair (£!(E). | - |l;) will
denote the normed space of mappings f : E ¢ R® — R such that they are absolutely Lebesgue integrable, i.e.,

£l =/E|fl

exists and is finite.

Proposition 1. [24, Prop.8, p.77] Let E c R" be a Lebesgue measurable set with finite measure and let {fy(e) : N > 0} c £1(E)
such that fy(e) converges uniformly in E, ie., fy(e) M f(e). Then, f(e) € £L1(E) and

lim /fN(e) de = /f(e) de.
N—+oo JE E
The following results are direct consequence of properties of uniform convergence, thus we omit their proofs.
Proposition 2. Let {gn(z1, z2): N> 0} and {hn(z1, z3): N> 0} be two sequences of real functions such that hy(zy, z5) #0, VN> 0,
V(z1.z) € D c R2. Let us assume that both converge uniformly in D, i.e.,

uniformly D

g (Z Z) uniformly D
Nt 22 N—>+o0

N—>+oc0

8(z1,22), hn(z1,22) h(z1, z2),

being h(zy, z;)#0, Y(z1, z,) €D, and there exist positive constants Mg, my and My, such that
len(z1,22)| < Mg, 0 <my < |hy(z1,22)| < Mp, VN> 0,Y(z1,22) € D.
Then

gn(21,22) uniformly D g(Z1,22)
hy(z1,22)  N-+oo h(z1,22)

Proposition 3. Let Dy, be a subset of R? such that
sup{|v| : (u,v) € Dyy, Yu} < +o0,
and let {Iy(u): N> 0} be a sequence of functions uniformly convergent in D, = {u: (u,v) € Dy}, ie,

I(w).

iformly D,
lN (u) uni

N—+o0
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Then, the sequence of functions by (u, v) = c + vly(u), where c is a constant, converges uniformly in Dy y, i.e.,
uniformly Dy,
b (u, v) =22 b(u, v),
N—+oo

being b(u,v) = c+vi(u).

Proposition 4. Let {yn(z1, z3): N> 0} be a sequence of real functions such that converges uniformly in D C R2, ie.,

uniformly D
Wz, 22) ————
N—>+o0

v (21, 22).
Let ¢ : Dy C R3 — R be a mapping such that is continuous with respect to its second variable. Then, the sequence of functions
defined by VN (z1,22) = ¢ (21, Yn(21,22), 22) converges uniformly in D, i.e.,

uniformly D
Yn(z1,22) W Y (z1,22),

where ¥ (z1.22) = ¢(21. v (21. 22). 22).

This paper is organized as follows. In Section 2, an approximation of the first probability density function of the solution
stochastic process to IVP (1) and (2) is constructed. This approximation is based on truncated random power series of the
solution stochastic process obtained via regular power series method and the application of the Random Variable Transfor-
mation technique. Section 3 is addressed to show several illustrative examples where the proposed technique is successfully
applied. Finally, in Section 4 our main conclusions are drawn.

2. Computing the approximation of the first probability density function

In agreement with regular power series method [21, ch.4], it is well-known that the solution of IVP (1)-(2) can be
represented in the form

X(t) =YoS1(t;A) +Y152(t; A), t = to, (10)
being
S1(t; A) =) Ga(A)(E —to)",  Sy(t;A) =) Dnl(A)(t —to)". (11)
n>0 n=0

The coefficients C;(A) and D;(A) are recursively determined from initial conditions Yy and Y; and a second-order linear
difference equation. It is worth pointing out that S;(¢t; A) and S,(¢t; A) have no common powers (t —ty)", hence the indexes
n >0 that appear in the two series defining S;(t; A) and S,(t; A) in (11) really lie in disjoint subsets of non-negative integers
N ={0,1,2,...}. This issue has been omitted in (11) just to simplify notation. Also notice that, from initial condition X (tp) =
Yo (see (2)) and (10) and (11), we can assure that Cy(A) =1 and Dy (A) = 0.

Remark 4. On the one hand, interpreting the r.v. A as a parameter indexed by w € 2, A = {a(w) : w € R}, and under hypoth-
esis H2 given in (4), Theorem 2 guarantees that the solution X(t) can also be represented as a power series of parameter
a(w), we 2. Therefore, S;(t; A) and S,(t; A) do. On the other hand, taking into account the uniqueness of the solution
of IVP (1) and (2), both series expansions (as powers of t —tg and as powers of a(w) — ag(w)) match. Thus, the two se-
ries Sq(t; A) and Sy(t; A), given by (11), converge in certain domains N, (to; do(@)) and N, (fo; ap(w)), respectively, for
all ap(w) € Dy, we2. In addition, uniform convergence takes place in every closed set contained in N, (to; do(w)) and
N, (to; ap(w)). Notice that the domain of convergence, N (to; ag(w)), of the power series solution X(t) given in (10), sat-
isfies Npq(to; ag(w)) S Nx (to; ag(w)) = N, (to; ap(@)) N N, (to; ag(w)) for all ag(w) € Dy, w €2, where Ny q(to; ap(w)) is
defined in hypothesis H2 (see (4)).

The approximation of the 1-p.d.f., fi(x, t), to the s.p. X(t) given by (10) will be computed from the truncation, say Xy(t),
of X(t),

Xy (t) = YoSY (t; A) + V185 (t; A), (12)
where
N N
SNt A) =Y GAY(E — )", SY(t:A) = Y Da(A) (t — to)". (13)
n=0 n=0

being N a non-negative integer previously fixed. Truncation is required to keep burden computation feasible in dealing with
the approximation of the 1-p.d.f.

Remark 5. On the one hand, we have previously shown that Cy(A) = 1, hence from (13) one gets
SN(to; A) =Co(A) =1#0, VN=>0. (14)
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From Remark 4, we know that S;(t; A) can be represented through a power series in t —ty and a(w) — ag(w) for every
ap(w), w € 2. Hence, S’]"(t;A) is continuous at (ty, ag(w)) for each ag(w), w € 2, since it is a polynomial in both variables (t,
a(w)). This guarantees the existence of a neighbourhood, that without loss of generality can be taken as the one introduced
in Remark 4, Nx(to; ap(®)), and a positive constant, mg,, such that

0 <mg, < |SY(t:a(@))|. V(t.,a(w)) € Nx(to: ap(w)). @ € Q. Yao(w) € Dy, VN = 0. (15)

On the other hand, in agreement with Remark 4 we know that Si(t; a), i=1,2, are analytic in a common neighbour-
hood N (to; ag(w)) and that both series S;(t; a), i=1,2, converge uniformly in every closed set N5 (to; ap(w)) contained
in N (t; ag(w)) for all ag(w) € Dy, w € 2. This guarantees the existence of a positive constant Ms, such that

|SN(t: a(@))| < Ms,  V(t, a(w)) € Ny (to: ao(@)) € N (to: ao(w)), w € 2, Yag(w) € Da, YN >0, i=1,2. (16)
Summarizing, from (15) and (16) the following bound for S’]"(t;A) is obtained
0 <mg, < |SY(t:a(@))| < Ms.  V(t.a(w)) € Ny (to: do(@)). @ € Q. Yao(w) € Dy, YN = 0. (17)

Let t >ty be fixed and so that it belongs to the neighbourhood N (ty; ag(®)) of tg defined in Remark 5. Notice that this
set does not depend on ay(w) since (15)-(17) hold for every ag(w) € D4, w € 2. In the context of Theorem 1 with n =3 and
X = (A,Yy,Y;)7, let us consider the mapping r : R — R3 defined on a subset of Day,.y, such that for t>t, fixed, (t, a(w)),
w € 2, belongs to the set Ny (tp; ag(w)) introduced in Remark 5, whose components are given by

z1=11(a,Y0.¥1) =0, 2 =12(a,Y0,y1) =YoS) (t: @) + 1S3 (¢; @), 23 =13(a,Y0.y1) = Y1.
Thus, r.v. Z, = Xy, i.e., Z, corresponds to the truncated series solution defined by (12). Notice that for convenience, we have
omitted in the notation the dependence on variable t since it has previously been fixed. The inverse of mapping r, denoted
by s : R3 — R3, is given by
7, — 23S (t: z1)

. Y1 =53(21,22.23) = z3.
SN(t;z1)

a=51(21.22.23) =21, Yo=52(21.22,.23) =

1 1
ISV 20| 1SV (& @)

Taking into account (14), the absolute value of the Jacobian of this transformation, given by |J| = #0,

is well-defined. Therefore, applying Theorem 1, the joint p.d.f. of random vector (Z;, Z,, Z3)" is

V) —Z3S[2V(t;l1) 23 1
SN(t;z) SN(t;z1)

22,221,220, 23) = fA,YO,Y] <Z1,
Then, marginalizing with respect to Z; = A and Z; =Y, one obtains the p.d.f. of r.v. Z, = Xy

— y1SN(t:
fn(22) = // faxvom (a, 2 sl\}lll(t?a()t 2 7J/1> !
Day, 1\

SI]V (t;a)
As t >ty is arbitrary, this latter expression really gives the 1-p.d.f. of the truncated solution s.p. Xy(t) to IVP (1) and (2)

—y1SN(t; a)
o= [ (0 2S00
&0 e Jfaven | @ T N

dy; da.

dy, da. (18)

1 ‘
Sq’(t; a)

Below, we will provide conditions under which the approximation f{" (x,t) converges to the exact 1-p.d.f,, fi(x, t), i.e.,

Nlim N t) = fi(x,t), for each (x,t) e R x [tg, +-o0] fixed, (19)
— 400
being
X—y1S5:(t; a) 1 ‘
X, t) = a, , dy; da, 20
fix, t) ‘/D/Hﬁ fA,YO,Y1< S\ a) Y1> St Y1 (20)

where S1(t; a) and Sy(t; a) are defined in (11).
Notice that, we can formally write

. . x—y1SN(t; a) 1
] N(x, t ] / , 2 , dy; d
Aot = lim ), av (a Seo V)|V
) - x—y1S5(t: a) 1
) 1 , : dy: d
/fp N (f“ﬂ’“ (a Sty V)|V | )

an . x=yiSN(t;a) 1
= a, lim ,
/ o f““’“( e T SV (Ga) ! Jim s{(c0)

dy; da
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X=y15(;a)
= a, ,
/ADA.V1 fA’YU’Yl < Si(t; a) 4 Si(t;a)

= fikx.0). (21)

As a result, we must legitimate steps (I) and (II) in (21) to justify (19). This will be done by assuming that conditions shown
in Remark 5 are fulfilled for t>ty and x € R. We shall first justify the commutation between the limit as N — +oco and the
joint p.d.f. fay,y, (step (Il) in (21)), and secondly, the commutation between the limit as N — +oco and the double integral
(step (I) in (21)).

Firstly, observe that step (Il) in (21) is valid because of the continuity of the joint p.d.f. fay, v, (a Yo, y1) with respect to
its second variable (see hypothesis H1 (see (3))).

Let us legitimate step (I) in (21). With this goal, we will first apply Proposition 1. This leads us to assume the following
hypothesis hereinafter

‘ dy; da

Day, is a Lebesgue measurable set of R? with finite measure
H3: R (22)
such that M = sup{|y; ()| : (a(w),y1(@)) € Day,, w € R} < +o0.

Let us denote

kn(a.y1) = favoys (ﬂ,

_ N (t.
X ylsz (t’ a) s 1) ! s (a5 y1) € DA.Ylv (23)

Sh(t; a) SN(t; a)
the integrand of (18). Then, taking into account Remark 5, and particularly the lower bound that appears in (17), one gets
1 X —y1Sy(t;: a)
a —— , VY(a, €Dyy,.
ms, favoy, ( S’]"(t; ) Y1 (a,y1) ALY,

Hence, since fyy,y, (a,¥o0.¥1) is a p.d.f, kn(a, y1) defined by (23) is Lebesgue absolutely integrable in Dyy,, ie, ky(a,y1) €
£l (Day,) (notice that ky(a, y;) is non-negative all over its domain).
Now, we shall show that

kn(a,y1) <

uniformly Day,

kN(a’yl) Tk(a7y1)7 (24)

with

1
Si(t; a) ‘

_ X —y15:(t; a)
k(a,y1) = favoy, (ﬂ, St ,}/1)

With this goal, let us consider the following inequality, obtained by adding and subtracting the term

; ax—ylslz"(t;a)y ‘ 1 ’
AT e T IS T

(@ y1) k(@ y0l = \faxoy, (a’x_s?(sgg); o 1) 57(:; )
- o (52250 0 )| |
< |favor, (a, X S}’/{;(i’zj((lt): a) ’y1>‘ |S’1\’(1; a)| S (:; a)|
+ ey (a, ’Wm) ~ funon (a, "‘Sfl(fsz)“)y]) ‘ (25)

Let t >ty and x € R be fixed, N> 0 an arbitrary integer, and consider (t, a) = (t, a(w)) € N¢(tp; ap(w)), w € L, for all ap(w) €
Dy. Observe that the set N5 (fo: ap(w)) has been previously introduced in Remark 5. Let us make the following identifi-
cation in Proposition 2: z; = a, z, arbitrary, D = {(a, z,) € R? : z, is arbitrary}, gy(a,z;) = g(a,z5) =1, hy(a,z3) = S’l\’(t; a,
h(a,zy) = S1(t; a) (remember that t >ty is fixed and that by Remark 5, hy(a, zp) x h(a, z;)#0 for all (a, z;)e D) VN>0 and
V(a, z3) €D, Mg =1, my, = mg,, My, = Ms (see (17)). Taking into account that, obviously gn(a, z;) converges uniformly to g(a,
z) on D, hy(a, zp) converges uniformly to h(a, z;) on D (see Remark 5) and hypothesis H1 (see (3)), then for every € >0,
there exists Ny, which depends on €, such that

x—y:1Sy(t; a)
fA,Yg,Y1 (av S!l\l(t, a) ) yl X

11
ISVt a)|  IS1(t; )

w & €
I=om; ~ 2

<M

VN > No, (26)

independently of the values of (a, y1).
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In order to obtain an analogous result for the second term of the right-hand side of inequality (25), let us first ap-
ply Proposition 3 considering the following identification: u = a, v = -y, ¢ = x (remember that x is fixed), Iy(a) = S’z"(t; a)
with t>tg fixed and such that (t, a) € N3 (to; dp(w)), w € 2, being this set defined in Remark 5, I(a) = S,(t; a), by(a,y,) =
X fylsg’(t; a) and b(a,y1) =X —y1S,(t; a). Taking into account that Iy(a) converges uniformly to I(a) on N(tp; ap(w)) (see
Remark 5) and hypothesis H3 (see (22)), one follows

uniformly Dy y,

x—y1S(t,a) — X —y1So(t,a),  (x.t) € R x [tg, +o0[ fixed, (27)

for all (a,y1) € Day, such that (t, a(w)) € N (to; ap(w)), for every ag(w) € Dy, w 2. Now, we apply Proposition 2 taking
zZ1=4, z =y1, gnv(a,y1) :x—y1S’2"(t, a), g(a,y1) =x—y1S,(t; a) (observe that gy(a, y;) converges uniformly to g(a, y;) by
(27)), hy(a,y1) :S’l"(t; a), h(a,y;) =S1(t; a) (by Remark 5 it is known that hy(a, y;) converges uniformly to h(a, y;) and
both are nonull), Mg = || + M x Ms (see hypothesis H3 in (22)) and M, = Ms (see (16)), this justifies that

x—y1SY(t,a) uniformly Day, X — y;1S;(t, a)
S’l\l(t, a) N—oo S (t, (1) ’

(x,t) € R x [tg, +oo[ fixed. (28)
Now, let us apply Proposition 4 with the following identification: z; = a, z, = y;, D c R? the set of (a,y;) € Dpy, such that
(t, a(w) € N (to; a(w)) for every apg(w) € Dy, w e 2,

x—y1S§(t: a)
S’l\’(t; a)

X —y15:(t; a)

V(aJ’l): S](t;a) s

w(a,y1) =
¢ = fay,y, and
x—y1SY(t: a) X — Y18, (t; a)
Yn(a,y1) = fA,Y[,,Y1 (a, Tz;a)’m . Y(ay) = fA,YO,Y1 a, Wv% .

Notice that, by (28), yn(a, y1) converges uniformly to y(a, y;) in D, and by hypothesis H1 (see (3)), ¢ is a continuous
mapping with respect to its second variable yy. Then applying Proposition 4 one can assure that for every € > 0, there exists
Ny, which depends on €, such that

1 x—y1SN(t; a) X—y1S,(t;a 1 ms € €
Ko Javey, (a, S"’l(ti%a)’yl — favon | a. S}lj(%((l))’yl < ms X ; =5 VN > N, (29)
; Yt ; ’

independently of the values of (a, y1). Observe that in (29) we have used that from (17) one gets 0 < ms, < [S1(t; @)| in
the set where we are working. Therefore, from (25), (26) and (29), one deduces that for every € > 0 there exists Ny, which
depends on € such that

lkn(a.y1) —k(a.y1)| <€. VN = No.

independently of values of (a, y,). Hence, (24) is proved.
Summarizing, the following result has been established:

Theorem 6. Let us consider the IVP (1) and (2) and assume that

(i) The joint probability density function fay, v, (a,¥o.y1) of random input vector (A, Yo, Y1) satisfies hypothesis H1 (see (3)).
(ii) The coefficients p(t; A) and q(t; A) are stochastic processes satisfying hypothesis H2 (see (4)).
(iii) The codomain of random vector (A, Y1), Day,, verifies hypothesis H3 (see (22)).

Let S’l"(t, a) and Sg(t; a) be truncated random power series solutions of the form (11) to the IVP (1) and (2). Then, f{"(x, t)
defined by (18) is the first probability density function of the approximation (12) of the solution stochastic process X(t) given by
(10) to the IVP (1) and (2). Furthermore, for each (x, t), f{"(x, t) converges to the first probability density function fi(x, t) of X(t).

3. Examples

This section is addressed to show two examples where the previous theoretical results are illustrated. In order to show
the capability of our approach to deal with a variety of statistical distributions, in the first example we consider that input
parameters have a joint p.d.f., whereas in the second example input parameters are assumed to be independent r.v.’s with
different probability distributions.

Example 1. Let us consider the IVP

X"(t) + AX(t) =0, >0,
X(0) = Yo, (30)
X'(0) =Yy,
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Fig. 1. Left: Comparison of the approximations, le(xi, t), of the 1-p.d.f. of the solution s.p. to the random IVP (1) taking as series order truncation N e {0,
1, 2} and the corresponding exact 1-p.d.f. fi(x, t) at t = 1. Right: For ease of comparison, the function fN(x, 1), with N = 2, has been plotted together with
the exact 1-p.d.f. fi(x, 1).
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Fig. 2. Left: Comparison of the approximations, fI¥(x,t), of the 1-p.d.f. of the solution s.p. to the random IVP (1) taking as series order truncation Ne {0,
1, 2, 3} and the corresponding exact 1-p.d.f. fi(x, t) at t = 1.5. Right: For ease of comparison, the function f{" (x,1.5), with N = 3, has been plotted together
with the exact 1-p.d.f. fi(x, 1.5).

where (A, Yy, Y1) is a random vector with a multivariate normal distribution, (4, Yy, Y1)~ Np(g; X), truncated on the domain
T=[-2.4,44] x[-3,9] x[0.6,7.4] cR3, ie., a(w) € [-2.4,4.4], yo(w) € [-3.9] and y;(w)<[0.6, 74], w e R, being w the
mean vector and X the variance-covariance matrix given by

12 -1/4 13
p=01.24", == -14 23 1/5 |. (31)
13 1/5 12

By applying Theorem 1, it is straightforwardly to check that the exact 1-p.d.f,, fi(x, t), is given by

e yisin(v/a\ 1 1
poco= | 2,4fA*Y°*“(“’ (" Va )cos(ﬁt)’“)kos(ﬁr)ld“dy”

where fay,y, (a.y0,y1) denotes the joint p.d.f. of vector (A, Yo, Y1)~Nr(p; X). In Figs. 1-3, we have plotted the exact
1-p.d.f., fi(x, t), and the approximations, f{"(x, t), of the solution s.p. to IVP (1) for different values of the truncation order
N at the time instants t<{1, 1.5, 2}, respectively. From these graphical representations, we observe that le (x,t) tends to
fi(x, t) as N increases, for every value of t. Moreover, excellent approximations are achieved by considering a few terms. In
this regard, for instance, in Fig. 1 one can observe that the approximation f{\’ (x,t), N =2, approximately coincides with the
exact function fi(x, t) at t = 1. The same can be said for the approximations ff’(x, 1.5) and f{"(x, 2), taking N=3 and N =4,
(see Figs. 2 and 3, respectively). Naturally, the further away from the origin is t, the higher order N is required to enhance
the approximation. To facilitate the graphical assessment of approximations, the function f{" (x,t), for the corresponding
greatest value of N and the corresponding t, has been plotted together with the exact 1-p.d.f, fi(x, t), in the right-hand side
of Figs. 1-3. In all cases we can see that f{" (x,t) matches the exact 1-p.d.f. fi(x, t).

From Figs. 1-3 it is observed that differences between the approximations ff’ (x,t) and the exact p.d.f. fi(x, t) become
smaller as truncation order N increases. To assess the quality of approximations, in Table 1 we show the figures for the
following error measure

+00
eN:/ 1N t) = fi(x. )| dx, N=0, t =0 fixed, (32)

00
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Fig. 3. Left: Comparison of the approximations, fI¥(x,t), of the 1-p.d.f. of the solution s.p. to the random IVP (1) taking as series order truncation Ne {0,

1, 2, 3, 4} and the corresponding exact 1-p.d.f. fi(x, t) at t = 2. Right: For ease of comparison, the function f{"(x, 2), with N =4, has been plotted together
with the exact 1-p.d.f. fi(x, 2).

Table 1

Error measure ey defined by (32) for different time instants, te{1, 1.5, 2}, and
series truncation orders, N€{0, 1, 2, 3, 4} in Example 1. For every t, we have taken
102 as stopping criterion for the tolerance error to ey, then we have just collected
values up to the error is for the first time less than 10-2. Otherwise, the error is
still less than 102 and it has been denoted by means of an hyphen-.

[ N=0 N=1 N=2 N=3 N=4

t=10 0963814 0.144837 0.00868924  — -
t=15 142046 0.418365 0.0835404 0.0055119 -
t=20 16199 0.672689  0.539773 0.0356643  0.00364729

10

41
8

3+
6

140
4 2 N=4
----- Exact
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0.5 1.0 15 2.0 0.5 1.0 1.5 2.0

Fig. 4. Left: Comparison of exact mean, u(t), and different approximations, ¥ (t), of the solution s.p. to the random IVP (30) taking as series truncation
orders Ne{0, 1, 2, 3, 4}. Right: To facilitate the graphical assessment, exact mean and approximation for N = 4 have been magnified.

Table 2
Values of errors for the mean, ey, and the standard deviation, e, given by
(33) for Ne{0, 1, 2, 3, 4}, in Example 1.

Error N=0 N=1 N=2 N=3 N=4
el 411879 110359 0.156213 0.0151474 0.00105146
e 0.800605  0.833386  0.136366  0.0159361 0.00133905

taking as stopping criterion for the tolerance error 102, it is, we have just collected values up to the error, ey, is for the
first time less than 10—2.

Finally, in Figs. 4 and 5 we compare the exact mean, ux(t), and the exact standard deviation, ox(t), in the interval t € [0, 2]
with the corresponding approximations, u¥ (t) and o) (t), respectively, for different truncation orders, N. The errors of these
approximations are shown in Table 2. The errors have been calculated using the following expressions

2 2
eg:/o | (©) — ¥ (0], eg:/O |0 (6) — o (0)|dt. (33)



42 J.-C. Cortés et al./Applied Mathematics and Computation 331 (2018) 33-45

I I I Lot I I I Lt
0.5 1.0 1.5 2.0 0.5 1.0 1.5 2.0

Fig. 5. Left: Comparison of exact standard deviation, o,(t), and different approximations, oN(t), of the solution s.p. to the random IVP (30) taking as
series truncation orders Ne{0, 1, 2, 3, 4}. Right: To facilitate the graphical assessment, exact standard deviation and approximation for N = 4 have been
magnified.
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Fig. 6. Approximations, ff’(x, 0.5), of the 1-p.d.f. of the solution s.p. to the random IVP (34) taking as series order truncation N<{0, 1, 2}.

Example 2. Let us consider the Airy IVP

X"(t) + ALX(t) =0, >0,
X(0) = Yo, (34)
X'(0) =Y,

where A is a uniform r.v., A~U([1, 2]), Yy is an exponential r.v. of parameter A = 1/2, Yy ~Exp(1/2) and Y; is a beta r.v. of
parameters o = 2 and B =3, Y; ~Be(2; 3). Hereinafter, A, Yy and Y; are assumed to be independent r.v.’s. To illustrate the
capability of our approach to approximate the 1-p.d.f. of the solution s.p. to IVP (34), we have plotted the approximations,
f{"(x, t), for different values of N and the time instants t{0.5, 1.5.2.5} (see Figs. 6, 7 and 8, respectively). In Fig. 6, we can
see that approximations corresponding to N = 3 and N = 4 match. To facilitate the graphical assessment of approximations,
the functions f{"(x, 1.5), with Ne{2, 3, 4} and f{"(x, 2.5), with Ne{4, 5, 6} have been magnified on the right-hand side of
Figs. 7 and 8, respectively. From both graphical representations, we can see that the approximations { f13 (x,1.5), f{‘(x, 1.5)}
and {f7(x,2.5), f?(x,2.5)} match, respectively.

From these graphical representations, we observe that differences between the approximations ff’“ (x,t) and f{"(x, t)
are smaller as N increases. As it also happens in the deterministic scenario, when the classical regular power series method
is applied, we observe that very good approximations are achieved even for small values of the truncation order N. This
assertion is numerically confirmed in Table 3 where the following error measure

400
én :/ I (x, 1) — N B)]dx, N=0, t>0 fixed, (35)

is reported. We have taken 10~2 as stopping criterion for the tolerance error to éy, then we have just collected values up to
the error is for the first time less that 102,

In Figs. 9 and 10 we show the approximate mean, u¥ (t), and the approximate standard deviation, o,N(t), in the interval
te|[0, 2.75], for different orders of truncation, N, respectively. To account for the errors in Table 4 we use the following
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Fig. 7. Left: Approximations, f}(x,1.5), of the 1-p.d.f. of the solution s.p. to the random IVP (34) taking as series order truncation Ne {0, 1, 2, 3, 4}. Right:
To facilitate the graphical assessment of approximations, the functions f{" (x,1.5), with Ne{2, 3, 4}, have been magnified.

-20 -15

¥ (x, 2.5)

Fig. 8. Left: Approximations, f{" (x,2.5), of the 1-p.d.f. of the solution s.p. to the random IVP (34) taking as series order truncation Ne{0, 1, 2, 3, 4, 5, 6}.
Right: To facilitate the graphical assessment of approximations, the functions fI¥(x,2.5), with Ne{4, 5, 6}, have been magnified.

Table 3

-10 -8

Error measure éy defined by (35) for different time instants, t<{0.5, 1.5, 2.5}, and series truncation
orders, Ne{0, 1, 2, 3, 4, 5} in Example 2. For every t, we have taken 10-2 as stopping criterion for the
tolerance error to éy, then we have just collected values up to the error is for the first time less that
10-2. Otherwise, the error is still less than 10-2 and it has been denoted by means of an hyphen-.

én N=0 N=1 N=2 N=3 N=4 N=5
t=05 0.0245702 0.000159714  — - - —
t=15 1.25224 0.514115 0.0368461 0.00167046 -
t=25 1.98864 1.86826 1.61559 0.227534 0.0338858  0.00285845
4 3-
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Fig. 9. Left: Approximations of the mean, ) (t), of the solution s.p. to the random IVP (34) taking as series truncation orders Ne {0, 1, 2, 3, 4, 5, 6}. Right:
To facilitate the graphical assessment, approximations to the mean, u (t), with N< {4, 5, 6}, have been magnified.
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Fig. 10. Left: Approximations of the standard deviation, o,N (t), of the solution s.p. to the random IVP (34) taking as series truncation orders Ne{0, 1, 2, 3,
4, 5, 6}. Right: To facilitate the graphical assessment, approximations to the standard deviation, o)) (t), with N {4, 5, 6}, have been magnified.

Table 4
Values of errors for the approximate mean, é§, and the approximate standard deviation,
g, given by (36) for Ne{0, 1, 2, 3, 4, 5}, in Example 2.

Error N=0 N=1 N=2 N=3 N=4 N=5
é;\j 8.72169 5.16234 1.63597 0.322245 0.0433663 0.00424756
é,"\’, 3.48410 3.43451 0.566798 0.331733 0.0367053 0.00379717
expressions
2.75 Nt N 2.75 Nt N
o = / N () — N ()lde, 85 = / N1 (t) — o (E)]dt. (36)
0 0

4. Conclusions

Many important differential equations belonging to the Mathematical Physics and other areas related to Applied Math-
ematics are formulated through second-order linear differential equations whose coefficients are analytic about ordinary
points. Taking into account the physical meaning of these equations, it is natural to consider randomness in their coeffi-
cients and initial conditions. In this paper we have computed approximations to the first probability density function of the
solution stochastic process of such significant equations under very general hypotheses. The most important issues of our
contribution are, firstly, statistical dependence among input random variables has been considered. This approach enables
us to deal with the more standard scenario, where input parameters are assumed to be independent random variables, as
a particular case. Secondly, uncertainty has been considered in very general point of view since a wide range of probability
distributions are allowed as input parameters, including beta, exponential, uniform, gamma, gaussian, etc. This is an impor-
tant difference against the Ito-type approach, where uncertainty into stochastic differential equations is formulated through
the differential of brownian motion or Wiener process, usually referred to as, white noise, which is a gaussian. Thirdly, we
point out that an important advantage of computing approximations of the first probability density function of the solu-
tion stochastic process allows for computing approximations of the mean and the variance just as merely particular cases.
Therefore, our contribution addresses a quite general problem. Finally, we would like to notice that we plan to extend our
analysis to second-order linear differential equations with random analytic coefficients about regular singular points in the
future work.
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