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Abstract

We show how to build explicit symmetric second order methods for solving ordinary differential equations. These
methods are very useful when low accuracy is required or when higher order ones by extrapolation or composition are
desired to reach high accuracy. The proposed schemes are obtained by using simple splitting methods on an extended
phase space. By construction, the schemes are symmetric and of second order allowing to recover most well known
and frequently used schemes from the literature. This provides a simple proof on their time symmetric structure that
is very useful when the schemes are used to get higher order methods by extrapolation or composition. We show
how to obtain them in the general case as well as how to get Nystrom methods, methods for stiff problems, Lie group
integrators or symplectic integrators, but the technique can also be used to build explicit and implicit methods for
many other problems.
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1. Introduction

In this letter we consider the numerical integration of the ODE

' = f(t,x), x(tg) = xo, (D

with z € C? and formal solution given by x(t) = ¢;(x). In general, standard Runge—Kutta, multistep and extrapo-
lation methods are the numerical schemes chosen to solve this problem [6, 12, 13, 14, 23]. However, when the ODE
has some particular structure, tailored methods are considered. For example:

e If (1) originates from the second order ODE

y// = g(tay)v y(to) = y()ay/(tO) = y(/)7 (2)

Nystrom methods are frequently used. If (1) is written as

i(;)=(g(§'y)), 3)

RK, multistep or extrapolation methods can be optimized to solve this problem [12].
o If the problem (1) is stiff, then appropriate implicit methods are usually required [6, 13, 14].

o If f(t, ) has a given geometric structure such that the solution has some qualitative properties, i.e. the map ¢;
is a unitary, orthogonal, symplectic, ... flow then Geometric Integrators are the best choice, i.e. methods that
preserve some of the qualitative properties of the exact flow [1, 11, 15, 16, 18, 20].
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When low accuracy is desired, first or second order methods in the time step suffice since typically they allow
to use relatively long time steps at a low computational cost. Among them, symmetric second order methods (when
available) are preferred because, in general, provide the best rate between accuracy and computational cost. In many
cases they have also shown better error propagation (this is the case for the well known Strang, Stormer, Verlett, leap-
frog, midpoint, trapezoidal, Crank-Nicolson, etc., methods) but, obviously, the most appropriate method for solving a
given equation depends on each particular problem.

On the other hand, when accurate results are desired, high order methods usually provide the best performance.
Among them, extrapolation and composition methods have shown to be highly competitive. These schemes are based
on a low order method and, either by appropriate linear combination of the methods used with different time steps
with extrapolation [12] or by composition of them [1, 11, 17, 25] it is possible to reach higher order schemes. The
best performance is usually reached when the low order scheme is a symmetric second order method. Obviously, one
has to use a basic method that is as accurate, cheap and stable as possible.

There are in the literature many different symmetric second schemes built for solving a wide class of problems.
To construct second order methods and to prove their time symmetry has been quite cumbersome in some cases. We
present a unified and simplified procedure that allows us to recover most of the schemes from the literature (built
in many cases for autonomous problems), and we extend these schemes to non-autonomous problems as well as we
build new ones.

2. Symmetric second order methods

We first review some of the well known symmetric second order methods from the literature that are also frequently
used to obtain higher order ones. Let v, the numerical flow defined by a method to advance a time step h, i.e.
g1 = Yp(zg) with xg ~ x(tr), tp = to + kh. If 1/1,:1 = 9)_}, the method is selfadjoint, i.e. zx = ¥_p(Tgr1), the
error can be expanded in terms of even powers of h, and we say the method is time-symmetric.

e Gragg proved in [10] that the quantity Sy, (z) produced by the algorithm (¢t = to + 2nh, t; = to + ih)

Ir1 =X + hf(to,.%‘o)
Tiy1 = Ti—1 + hf(ts, xi), 1=1,2,...,2n

Sy = i($2n—1 + 2290 + T2n11), “4)
is consistent and possesses an asymptotic expansion in even powers of h. This led to the construction of the
Gragg-Bulirsch-Stoer-extrapolation algorithm (GBS) [12]. If a method of order 2k is desired following the
sequence n. = my,Na, . .., Nk, the number of evaluations of the vector field, f is (notice that f(¢q, z) needs to
be computed only once) ¢y = 1+ 2(ny + ng + - -+ + ny). Gragg’s proof of this property was very long and
complicated, but Stetter [21] had the elegant idea of interpreting (1) as a one-step algorithm by rewriting (4) in
terms of odd and even indices: for this purpose, if one defines h* = 2h, ¢} = to + kh™, up = vo = yo, ui =
Tok, Uk = %(l‘zk_l + Xog+1), the method (4) can be rewritten as

Uk+1 Uk 3 (F(6 + 1 upepr) + f(,u))
where the symmetry can be checked analytically by exchanging ug 11 <> ug, Vg1 <> v, R* < —=h*, 1} <
t;, + h*. Then, the known as the smoothing step (that has better stability properties) is given by

1 1
Sk(to +2nh) = Z($2n71 + 229y + Tont1) = 5(% + vg).

e The Gragg’s method can be used to solve (2) if written as (3). One can halve the number of evaluations of the



function g if one adapts the scheme as follows [12]

Y1 = Yo + hy;

Y1 = Yo + hg(to, vo)
Yit1 = Yi—1 + 2hy;_q, 1=1,3,...,2n—1
Yy =Yy +2hg(ti, i), i=2,4,....2n

Sp = 2yan
Sh = %(y;n_l + Y2ns1); (©6)
and eliminating the y; -values one obtains the equivalent well known formula
Yirz = 24 + yie = (2h)°g(ti, ya), )
Since only even indices appear, it is natural to write the method as follows
Yier — 2yi + yio1 = R2g(ts, yi), @

i=1,2,3,..., yi ~ y(t;), t; = to + ih, that has to be initiated with y; = yo + %g(to,yg). This scheme is
clearly time-symmetric and is often called the Stormer—Verlet method. This method has excellent qualitative
properties and low error growth when applied to Hamiltonian systems. It is a symplectic integrator.

e Splitting methods. Suppose the vector field in (1) is autonomous and can be decomposed into a sum of two
contributions, f(x) = fl(x) 4+ f?(z), in such a way that each sub-problem

i=filz), z0)=zeC? i=1,2

can be integrated exactly (or, more generally, it is simpler to integrate than the original system), with solutions
x(h) = ap%] (xo) at t = to + h. Then, a consistent and symmetric composition of these flows provides a
symmetric second-order approximation to the exact solution [1, 18]. For example

Sh=plopophl e @ =l (wf] (o (xo))) )
2 2 2 2

is a time symmetric second order method. If we define the Lie operators All = Jid (z) -V, i =1,2, then the

R(AM AR

exact solution is given by ¢;, = e and the method can formally be written as

S, = QB AW BAE BAN  p(ANf AP L Byt Bt )

(B}, are error terms that depend on Al but not on k) that is obviously selfadjoint, the error can be expanded
in even powers of / and it is time-symmetric. In the non-autonomous case, f(t,z) = fIU(¢,z) + fP(¢t, z),
where z(h) = @E} (7,z0) denotes the solution at t = t, + h of the autonomous equation, # = fl(7, x), with 7
a constant parameter (a frozen time), we can consider the time as two new dependent variables as follows

g Wty ) [P (ts, )
a tl == 0 + 1 5
to 1 0

and the scheme can be written as the sequence
7 = @2] (to, o)
29 = gof](to + %zl)
zy = ga[,;] (to + h, 22). (10)

Two consecutive steps of the method to obtain x5 can be written as Sy o Sp, = @[i] o cpf] o (pgll] o Lpf] o gp[ﬁl] SO

only one evaluation of ga[hl] and gp[hQ] per step is required except for the first step.
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The splitting method, by construction, allows to easily build symmetric second order methods. It requires, how-
ever, that the vector field must be decomposed into solvable parts (or into parts that are easy to numerically approxi-
mate by methods that preserve the whole symmetry).

3. Symmetric second order methods in a extended phase space

In [4] it is shown the interest to consider the independent variable, ¢, in a non-autonomous vector field, f(¢,z),
that is separable into solvable parts, as two or more different dependent variables. On the other hand, in [21] (see also
[12]) it is shown that (4) is consistent with the differential equation

u = f(t,v), u(to) = g
v = f(t,u), v(tg) = xo.

Notice that both equations share the same ¢ variable in the vector field. Then, the scheme (4) is recovered when these
equations are solved with a particular symmetric second order method. To prove that such scheme is symmetric is not
obvious being also difficult to generalize to other problems. In the conclusions of [21] the author also claims “It is quite
obvious that the results of this paper are not of great practical importance. Since it is fully explicit Gragg’s algorithm
(4) is so ideally suited as a basis for RICHARDSON extrapolation that no other symmetric two-step algorithm can
compete with if”.

However, if we combine both procedures (to duplicate the system and to consider the time as two new dependent
coordinates) we can lead to differential equations with the same solution as desired that are trivially solvable with
splitting methods. This procedure allows to present a unified and simplified procedure to build methods. We can
recover many of the existing methods as well as to build new symmetric schemes that can be easily adapted to solve
different classes of problems, and this is illustrated on several problems.

an

3.1. Symmetric second order methods for general problems

Let us take in (11) u; = ¢ and v, = t as two new coordinates as follows

" 0 F(on) u(t) %o

d | w | 0 1 Y (2] uto) | _ | to

a v = f(’lh,u) + 0 *f (ut7u)+f (Utvv)a ’U(to) - o ’ (12)
V¢ 1 0 Ut (tO) to

whose solution is u(t) = v(t) = x(t). This system is separable into two trivially solvable autonomous parts and
splitting methods can be applied. We now show that the composition (10), corresponds to the Gragg’s method (if one
uses n steps of the splitting method). Then, this provides a simple proof to show that the Gragg’s method is consistent
and symmetric, as desired: The scheme (10) applied to solve (12) is given by the sequence (from t¢,, to ¢, with
Ut = Vg p = by Up 2 u(ty,), etc.)

(1] . { V12 = Un + %f(ut,nyun)
. Vt1/2 = UVt + %

(2] . { Upt1 = Un + B f(v1/2,01/2)

| Ut = U + R

(1] . { Up41 = V1/2 + %f(ut,n+1yun+1)
" Ve = vgig2 + %

V12 = Un + %f(tvuun)
ie. Up+1 = Up + hf(tn + %, Ul/Z)
Un41 = V12 + %f(tn +h,tuny1),

that agrees with (5) if we replace t,, by t; and h by h*. If we concatenate n steps of the splitting method we recover
the Gragg’s method. Obviously, both w,, and v,, are two different second order approximations to the exact solution,
x(t,,) so, its average, i.e. the smoothing, also corresponds to a symmetric second order approximation. This is a much
simpler procedure to build methods and can be extended to solve different classes of problems as follows.

It is worth to notice that w4 in the first step coincides with the explicit midpoint RK method. However, the second
step to obtain us using the midpoint RK method initiates with ©; and do not take into account vy, breaking the time
symmetry of the method. In addition, the vector (Upn+1, %t n+1, Un+t1, Vt,nt1) is obtained from (wp, Us.n, Un, Vrn)
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trough a selfadjoint method but, if we take w,, = v, = x, then the smoothing map z,4+; = %('U/n+1 + Upt1) =
p(xy) corresponds to a 3-stage explicit Runge—Kutta method. Then, the smoothing (although it can be used with
extrapolation) makes that the method is not selfadjoint.

3.2. Nystrom symmetric second order methods

Let us now consider the second order ODE (2) that we write as a first order ODE as in (3) but as follows

0 y
d )
% Yt = 0 + 1 )
Yy 9yt y) 0

with y;(t,) = ¢,. The splitting method (9) generates the scheme

}] : { y/1/2 =y, + %g(yt,myn)

‘P% ) y
50[2] . { Ynt1 =Yn + hyl/Q or Yn+1 = Yn + Zy’;L + Tg(tny yn)
Ytt1 = Ytn + I Yni1 = Yn + 5(9(tnsyn) + 9(tn + Py Yns1))

1
80[%] : { y;erl = y’1/2 + %g(yt,nﬂaynﬂ)

that is equivalent to the symmetric second order method (6) or the Stormer method (7) that is used as the basic method

for extrapolation (see [12]). The cost of the method, for a sequence of n = ny,ns, ..., ny to build a method of order

p = 2k by extrapolation is c%) = 1+4n1 +ng + ...+ ng evaluations of the function g (since g(¢,, y,) can be stored

and reused). On the other hand, since the maps @E] and ga[hQ] are qualitatively different, this simple procedure suggests

to consider the following sequence S}, = gp[,j] o (PE] o go[i] that corresponds to the scheme
2 2

2 . { Yij2 = yn + 2y,
SO% :

h
Ye,1/2 =Yt + 35
1/ "2 Y1 = Yo +hg(tn + 2y, + Lyl)

(1] . ’ o
: =y, +h , or
P { Yn+1 _yn g}gyt/,l/Q y1/2) Yni1 = Yn + %(yib+%+1)
s0[2] ) Ynt1 = Y1y2 + 3Yn+1
5 Yenrl = Ye1/2 + %

that has a slightly reduced cost of cg\?) = cg\}) — 1 evaluations of g when used with extrapolations and do not need to
store the function g that could be more efficient in some cases. Since in this case there is not smoothing, the schemes
are selfadjoint. In spite the methods are not new, this procedure allows to build new schemes. For example, given the
second order damped equation, ¥ 4+ «a(t)y’ = g(t, y) if we consider the split in the extended phase space

y 0 Y

d Y1t _ 0 + 1
da | v | | 9wey) —a(y2,)y’ |’

Y2t 1 0

where both parts are exactly solvable, one can build a symmetric second order method that only requires one evaluation
of g per step. If one uses the Gragg’s scheme two evaluations per step are required.

3.3. Symmetric second order methods for stiff problems

Many different procedures can be used for solving stiff problems depending on the stiffness of the problem and
the computational cost of the vector field. In [13] a symmetric second order method is used that is consistent with the
system

u = f(t,v) + J(u—v), u(ty) = xo
v = f(t,u) + J(u—v), v(ty) = w0



with J ~ f/(t,,yn), that is very similar to an splitting method as we will see. One can use many different variants, the
most appropriate will obviously depend on the particular problem to be solved. For example, for midly stiff problems
a simple scheme is obtained if we consider the system

u f('Ut,U) 0
i Ut _ 1 + 0
| v | 0 flug,u) + J(u—v) |7

on 0 1
where the equation, v’ = f(us,u) + J(u — v), with u;, u constant, can be solved either exactly
v(t) = e v(0) + hepy (BT)(f (g, w) + Ju)
where @1 (z) = (e” — 1)/, or one can use a symmetric implicit method, e.g.

h h h
(I - EJ)U”H =+ §J)vn + k(I — §J)(f(ut,u) + Ju).
Alternatively, since the vector field can be written as f(¢,z) = M (t, z)x, with M a matrix, and this can be done

in many different ways, if there is a decomposition such that M (¢, x) is only mildly stiff, one can consider the system

u' = M (v, v)u,

uy =1,

v’ = M (ug, u)v, a3
vy =1,

where the splitting methods leads to the scheme

e%h!v](tn,vn)un

Uy =
h
Upg1 = ehMnthun), (14)
h
_ 3 M(tnt1,0n
Uny1 = ezMEnrrvninly,

If we replace the exact maps by, for example, the midpoint rule (i.e. to approximate the exponentials by the second
order diagonal Padé approximation) we get the scheme

(I - ZM(tnvvn)) Ur/2 = (I + ZM(tnvvn)> Un
h h h h
([ - §M(tn + 27711/2)) Unt1 = (I + §M(tn + 2»“1/2)) Up,
h h
I— ZM(tn + havn+1) Un+1 = I— ZM(tn + hvanrl) U1/2,

where higher order methods can be obtained by composition or extrapolation.

3.4. Symmetric second order Lie-group methods

Suppose one knows that the solution of the ODE evolves on a differentiable manifold. For simplicity, let us
consider the manifold is a Lie group of n x n matrices, and thus the vector field is of the form f(t,x) = M (¢, z)x,
with M (t,z) € g and g is the linear subspace of the n x n matrices corresponding to the Lie algebra of the Lie
group. Lie-group methods are frequently used to solve these problems [15]. We can solve the system (13) with the
scheme (14) that can be considered as a second order commutator-free Lie group integrator [7, 8]. In the autonomous
case, it corresponds to the second order method obtained in [24] used to build extrapolation methods in Lie groups.
To preserve the Lie group structure one has either to compute very accurately the exponentials or to replace them by
approximations that preserve this structure, like it is the case of diagonal Padés for most Lie groups. For instance, for
unitary, orthogonal, symplectic, ... groups the scheme (14) is a symmetric second order Lie group integrator. Notice,
however, that if one uses the average solution from u,,, v, as the smoothing method, the group structure breaks.
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3.5. Symmetric second order symplectic methods

Symplectic integrators have been successfully used to numerically solve Hamiltonian systems due to their quali-
tative properties and low error propagation [1, 11, 16, 20]. For autonomous non-separable Hamiltonians, it has been
recently proposed to solve another system in a extended phase space where the new Hamiltonian is separable into
solvable parts [19, 22] while provide the desired solution. Given the non-autonomous Hamiltonian H (¢, ¢, p) with
¢,p € RP and the autonomous separable one

K= (H(Qt(l)ana —Q2) — qt(Q)) + (H(pEQ),P%Pl) +P§l)>

we have that q,gl) = p£2) =1, q(t) = Q1(t) = Px(t), p(t) = P1(t) = —Q2(t). In this case as well as in Lie group
methods at each step we obtain two approximations to the solution. If the smoothing is considered the qualitative
properties are destroyed because, in general, a linear combination of solutions do not preserve the group structure.
This is also the case for extrapolation, although the qualitative properties are lost at higher orders than the order of
the final method [2, 3]. In [22] this is solved by introducing into the Hamiltonian a new contribution to force that the
numerical solutions for the pairs Q1 (¢), P»(t) and P (t), —Q2(t) remain close to each other. For instance, to solve

K= (H(a",Qu-@Q2) = a”) + (HE® P, P) +97) + 5 ((Qu = P)* + (P +Q2)?)

that is separable into three solvable parts (the last term corresponds to a linear harmonic oscillator) and the parameter w
has to be chosen appropriately for each problem. Non-separable Hamiltonians appear e.g. when considering variable
time-step symplectic integrators using the Sundmann transformation (see [5] and references therein). Similar terms
can also be introduced for solving the Lie group methods. Notice that the norm ||u,4+1 — v,+1]| can also be used as
an indicator of the error of the method.
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