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ON FUZZY UNIFORMITIES INDUCED BY
A FUZZY METRIC SPACE

JAVIER GUTIÉRREZ GARCÍA, JESÚS RODRÍGUEZ-LÓPEZ AND
SALVADOR ROMAGUERA

Abstract. Different types of fuzzy uniformities have been introduced in the
literature standing out the notions due to Hutton, Höhle and Lowen. The main
purpose of this paper is to study several methods to endow a fuzzy metric space
(X,M, ∗), in the sense of George and Veeramani, with a probabilistic unifor-
mity and with a Hutton [0, 1](-quasi)-uniformity. We will show the functorial
behaviour of these constructions as well as its relation with respect to Lowen’s
functors and Katsaras’s functors, which establish a relationship between the
categories of probabilistic uniformities and Hutton [0, 1](-quasi)-uniformities
with the category of classical uniformities respectively. Furthermore, we also
study the fuzzy topologies associated with these fuzzy uniformities.
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1. Introduction

The problem of finding an appropriate notion of uniformity in the fuzzy context
goes back to Hutton [20] (Hutton L-uniformity), Höhle [16] (probabilistic unifor-
mity) and Lowen [27] (Lowen uniformity). These different approaches to the con-
cept of fuzzy uniformity give rise to different techniques and results which has been
studied by several authors [1, 21, 32, 42], etc. It is worth mentioning that Lowen
[27] introduced two adjoint functors which allow to construct a classical uniformity
from a Lowen uniformity and vice versa. On his behalf, Katsaras [22] did the same
for Hutton L-uniformities. Furthermore, Höhle [16, Remark 2.2] showed how to
construct a Hutton L-uniformity from a probabilistic uniformity.

Although these are the most well-known approaches to the notion of fuzzy uni-
formity, others can be found in the literature [2, 15, 39], etc. In [42], Zhang analyzed
the relationship between several concepts of fuzzy uniformities.

Another topological structure which has deserved a lot of attention in the fuzzy
context is that of a metric. The problem of constructing a satisfactory theory of
fuzzy metric spaces has been investigated by several authors from different point
of view starting with the statistical metric spaces of Menger [31], which where
studied by Schweizer and Sklar [36] under the name of probabilistic metric spaces.
Strictly speaking in the context of fuzzy theory, one of the usual concepts of fuzzy
metric is that due to George and Veeramani [6], which was in turn motivated by
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the definition given by Kramosil and Michalek [24] who adapted the concept of
probabilistic metric to the fuzzy setting.

Then it appears in a natural way the problem of studying the relationship be-
tween the different concepts of fuzzy metrics and fuzzy uniformities. The first
results in this direction are due to Höhle, who showed how a probabilistic pseudo-
metric can generate a probabilistic uniformity [16] and a Lowen uniformity [19]. He
also characterized those Lowen uniformities which are probabilistic metrizable [19].
The same problem was also studied by Katsaras [23] for Lowen uniformities with
respect to the t-norm ∧. He also proved explicitly that these uniformities can be
generated by a gauge of probabilistic pseudometrics (see also [42]). On their behalf,
Gutiérrez Garćıa, Romaguera and Sanchis [15] associated to a fuzzy metric space
a fuzzy uniformity by means of a family of fuzzy pseudometrics satisfying certain
properties.

On the other hand, in [12] the authors associated to each fuzzy metric space
a Hutton quasi-uniformity (see Proposition 5.8) and this association factorizes,
via a Katsaras’ functor, the association of uniform spaces to fuzzy metric spaces.
Furthermore, Yue and Shi [40] constructed a fuzzifying uniformity by means of a
fuzzy pseudometric (see also [30]). Recently, Yue and Fang [41] have constructed an
I-uniformity in a fuzzy metric space in the sense of Kramosil and Michalek. This
I-uniformity is generated by the Hutton quasi-uniformity of [12] as well as by other
different Hutton quasi-uniformity constructed in [41] (see Proposition 5.9).

It is the aim of this paper to continue the study of the relationship between
fuzzy metric spaces and the different notions of fuzzy uniformities. The paper is
organized as follows.

In Section 2 we provide all the details which are needed on fuzzy metric spaces.
We presuppose some basic facts about (quasi-)uniformities. Terms and undefined
concepts can be found in [4, 5].

Section 3 is devoted to recall the notions of probabilistic and Lowen uniformity as
well as various functors between the categories Unif of uniform spaces and PUnif(∗)
of probabilistic uniformities (and LUnif(∗) of Lowen uniformities).

In Section 4 we study different procedures to associate a probabilistic uniformity
to a given fuzzy metric space and how they compose with the different functors
introduced in the previous section. In fact, we provide four different probabilistic
uniformities obtained from a fuzzy metric space (X,M, ∗): (UM , ∗) inspired by the
Hutton [0, 1]-quasi-uniformity defined in [12] (see Proposition 4.1); U01

M which has
as a base the characteristic functions of the entourages of UM ; (UHM , ∗) motivated
by the Hutton [0, 1]-quasi-uniformity defined in [41]; and ω(UM ) which is the image
under Lowen’s functor ω (see Theorem 3.8) of the uniformity UM associated to the
fuzzy metric space.

In Section 5, using Höhle’s construction (see Proposition 5.4 and [43, Proposition
4.2]), we construct four different Hutton [0, 1](-quasi)-uniformities, two of them
coinciding with those constructed in [12] and [41]. In this context, we show how
the functors associated with these constructions behave with respect Katsaras’s
functors [22]. As a byproduct of our constructions we obtain a factorization of
Katsaras’s functor Φ, which allows to obtain a Hutton [0, 1](-quasi)-uniformity from
a uniformity, via the category of probabilistic uniformities (see Proposition 5.16).

In Section 6, we study the topologies and stratified I-topologies associated with
the fuzzy uniformities that we have considered.
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Finally, the last section is devoted to the study of the relationship between
fuzzy metrics and fuzzifying topologies and uniformities. In particular, we develop
another method of constructing a probabilistic uniformity in a fuzzy metric space
by using the fuzzifying uniformity constructed in this context as in [30, 40]. We
also clarify its relationship with the other probabilistic uniformities induced by a
fuzzy metric.

2. Fuzzy metric spaces

Definition 2.1 ([36]). A binary operation ∗ : [0, 1] × [0, 1] → [0, 1] is called a
continuous t-norm if ([0, 1], ∗) is an Abelian topological monoid with unit 1, such
that α ∗ β ≤ γ ∗ δ whenever α ≤ γ and β ≤ δ, with α, β, γ, δ ∈ [0, 1].
We say that the continuous t-norm ∗ does not have nontrivial zero divisors, if
α ∗ β , 0 whenever α, β , 0.

If ∗ is a continuous t-norm, since the map α∗(·) : [0, 1]→ [0, 1] preserves arbitrary
joins for each α ∈ [0, 1], it has a right adjoint α ∗→ (·) : [0, 1]→ [0, 1] determined by
the adjoint property

α ∗ β ≤ γ ⇐⇒ β ≤ α ∗→ γ, α, β, γ ∈ [0, 1].

Hence the implication ∗→ is the binary operation on [0, 1] given by

α
∗→ γ =

∨
{β ∈ [0, 1] | α ∗ β ≤ γ}, α, c ∈ [0, 1].

(We will omit the superscript ∗ if no confusion arises).
Three distinguished examples of continuous t-norms are ∧, · and ∗Ł (the Łukasie-

wicz t-norm) which are defined as
α ∧ β = min{α, β}, α · β = αβ and α ∗Ł β = max{α+ β − 1, 0}

and the corresponding implications are defined as

α
∧→ β =

{
1, if α ≤ β;
β, if β < α;

α
·→ β =

{
1, if α ≤ β;
β
α , if β < α;

and α
∗Ł→ β = min{1−α+β, 1},

for all α, β ∈ [0, 1]. It is well-known and easy to see that ∗ ≤ ∧ for each continuous
t-norm ∗.

Definition 2.2 ([6]). A fuzzy metric (in the sense of George and Veeramani) on a
set X is a pair (M, ∗) such that ∗ is a continuous t-norm and M is a fuzzy set on
X ×X × (0,+∞) such that for all x, y, z ∈ X, t, s > 0:
(GV1) M(x, y, t) > 0;
(GV2) M(x, y, t) = 1 if and only if x = y;
(GV3) M(x, y, t) = M(y, x, t);
(GV4) M(x, y, t+ s) ≥M(x, z, t) ∗M(z, y, s);
(GV5) M(x, y, ) : (0,+∞)→ [0, 1] is continuous.

In this case, (X,M, ∗) is said to be a fuzzy metric space.

A simple but useful fact is that M(x, y, ) is nondecreasing for all x, y ∈ X ([8]).

Remark 2.3. We recall that, in modern terminology, a fuzzy metric in the sense of
Kramosil and Michalek (cf. [24]) is a pair (M, ∗) such that ∗ is a continuous t-norm
and M is a fuzzy set on X ×X × [0,+∞) satisfying (GV3), (GV4) and
(KM1) M(x, y, 0) = 0 for all x, y ∈ X;
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(KM2) M(x, y, t) = 1 for all t > 0 if and only if x = y;
(KM5) M(x, y, ) : [0,∞)→ [0, 1] is left continuous.
Observe that if (M, ∗) is a fuzzy metric then we can construct a fuzzy metric in the
sense of Kramosil and Michalek (M ′, ∗) defining M ′(x, y, 0) = 0 and M ′(x, y, t) =
M(x, y, t) for all x, y ∈ X and all t > 0.

Example 2.4. Let (X, d) be a metric space and ∗ be a continuous t-norm. Let Md

be the function defined on X ×X × (0,∞) by

Md(x, y, t) = t

t+ d(x, y) ,

for all x, y ∈ X and t > 0.
Then (X,Md, ∗) is a fuzzy metric space called the standard fuzzy metric space (see
[6]), and (Md, ∗) will be called the standard fuzzy metric of d.

George and Veeramani proved in [6] that every fuzzy metric (M, ∗) on X gene-
rates a topology τ(M) on X which has as a base the family {BM (x, ε, t) | x ∈
X, 0 < ε < 1, t > 0}, where BM (x, ε, t) = {y ∈ X | M(x, y, t) > 1 − ε} for all
ε ∈ (0, 1) and t > 0. They also proved that (X, τ(M)) is a Hausdorff first countable
topological space. Moreover, if (X, d) is a metric space, then the topology generated
by d coincides with the topology τ(Md) generated by the fuzzy metric (Md, ∗).

Remark 2.5. In [9] it was proved that every fuzzy metric space (X,M, ∗) is metriz-
able and possesses a compatible uniformity UM with a countable base given by

UMn = {(x, y) ∈ X ×X |M(x, y, 1
n ) > 1− 1

n}

(we will omit the superscript M if no confusion arises).
Furthermore, we notice that if (X, d) is a metric space then Ud = UMd

[10, Lemma
5] where Ud is the uniformity generated by d which has as a base the entourages of
the form Ud,ε = {(x, y) ∈ X ×X | d(x, y) < ε} for every ε > 0.

Remark 2.6. Observe that if (M ′, ∗) is a fuzzy metric in the sense of Kramosil and
Michalek then we can construct as above a topology τM ′ and a uniformity UM ′ [11].
Then if (M, ∗) is a fuzzy metric on X and (M ′, ∗) is its associated fuzzy metric in
the sense of Kramosil and Michalek we can easily see that UM = UM ′ .

Furthermore, if d is a pseudometric compatible with the uniformity UM ′ then
UMd

= UM ′ .
Consequently, fuzzy metrics in the sense of George and Veeramani and in the

sense of Kramosil and Michalek are uniformly equivalent in this sense. Hence, the
results that we obtain in Section 4 about probabilistic uniformities generated by
means of the uniformity of a fuzzy metric remain valid if we consider Kramosil and
Michalek fuzzy metrics. Moreover, Proposition 4.1 is also fulfilled in this context.
Therefore, all results of the paper are true regardless of the type of fuzzy metric
considered.

Definition 2.7 ([7]). Let (X,M, ∗) and (Y,N, ?) be two fuzzy metric spaces. A
mapping f : X → Y is said to be uniformly continuous if for every ε ∈ (0, 1) and
t > 0 there exist δ ∈ (0, 1) and s > 0 such that

if M(x, y, s) > 1− δ then N(f(x), f(y), t) > 1− ε

for all x, y ∈ X.
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It is straightforward to check that f : (X,M, ∗)→ (Y,N, ?) is uniformly contin-
uous if and only if f : (X,UM )→ (Y,UN ) is uniformly continuous [10, Lemma 1].

With all these facts, we can consider the categories FMetric, FMetric(∗), Metric,
and Unif whose objects are, respectively, the fuzzy metric spaces, the fuzzy metric
spaces with a given continuous t-norm ∗, the metric spaces and the uniform spaces,
and whose morphisms, in all of them, are the uniformly continuous functions. Then
the functor Π∗ : Metric→ FMetric(∗) (resp. Υ: FMetric→ Unif) which leaves mor-
phisms unchanged and Π∗((X, d)) = (X,Md, ∗) (resp. Υ((X,M, ∗)) = (X,UM )) is
fully faithful.

3. Probabilistic uniformities

Although some of the definitions that we will use were originally defined in a
wider lattice-theoretical context, we will restrict ourselves to the closed unit interval
I = [0, 1] since the fuzzy metric spaces that we will consider depend on fuzzy sets
with values in I. We will also use the following notation: I0 = (0, 1] and I1 = [0, 1).
Given a nonempty set X, let us denote by 1A the characteristic function of a subset
A of X.
Definition 3.1 ([26]). Let X be a nonempty set. A family F of subsets of IX is
called a prefilter on X if it is a filter of the lattice IX , that is:
(P1) given a, b ∈ IX such that a ≤ b and a ∈ F then b ∈ F;
(P2) if a, b ∈ F then a ∧ b ∈ F;
(P3) 1∅ < F.

A subfamily B of F is a prefilter base for the prefilter F if for every a ∈ F there
exists b ∈ B such that b ≤ F .

It is clear that every family B of subsets of IX satisfying
for every a, b ∈ B there exists c ∈ B with c ≤ a ∧ b

is a prefilter base for the prefilter F of all fuzzy sets a on X for which there exists
b ∈ B with b ≤ a.

Following the terminology of [16], we recall the following definition.
Definition 3.2 ([16, Definition 2.1], [21]). A probabilistic uniformity on a nonempty
set X is a pair (U, ∗), where ∗ is a continuous t-norm and U is a prefilter on X ×X
such that:
(PU1) U(x, x) = 1 for all U ∈ U and x ∈ X;
(PU2) if U ∈ U then U−1 ∈ U where U−1(x, y) = U(y, x);
(PU3) for each U ∈ U there exists V ∈ U such that

V 2 ≤ U
where V 2(x, y) =

∨
z∈X V (x, z) ∗ V (z, y);

In this case, the pair (X,U, ∗) is called a probabilistic uniform space.
A function f : (X,U, ∗) → (Y,V, ?) between two probabilistic uniform spaces is

said to be uniformly continuous if (f × f)−1(V ) ∈ U for all V ∈ V, i.e. for every
V ∈ V there exists U ∈ U such that

U(x, y) ≤ V (f(x), f(y)) for all x, y ∈ X.
We denote by PUnif the category of probabilistic uniform spaces and uniformly

continuous functions. For a fixed continuous t-norm, PUnif(∗) is the full subcategory
of PUnif whose objects are the probabilistic uniformities with respect to ∗.
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Note that probabilistic uniformities are called Höhle-Katsaras uniformities in
[42].

Definition 3.3. If (U, ∗) is a probabilistic uniformity on X, the pair (B, ∗) is said
to be a base for (U, ∗) if B is a prefilter base for the prefilter U.

Each prefilter base B on X ×X satisfying (PU1), (PU3) and
(BU2) given B ∈ B there exists B′ ∈ B with B′(x, y) ≤ B(y, x) for all x, y ∈ X,
generates a probabilistic uniformity (U, ∗) on X where U is the filter generated by
B.

Proposition 3.4. Let (X,U) be a uniform space and (X,U, ∗) be a probabilistic
uniform space. Let us denote:
(1) Γ(U) = U01 is the prefilter on X ×X generated by {1U | U ∈ U};
(2) Θ(U) = U01 is the filter {U ⊆ X ×X | 1U ∈ U}.

Then:
(i) Γ∗ : Unif → PUnif(∗) is a fully faithful functor sending each (X,U) to (X,U01, ∗)

and leaving morphisms unchanged;
(ii) If ∗ does not have nontrivial zero divisors, then Θ∗ : PUnif(∗) → Unif is a

faithful functor sending each (X,U, ∗) to (X,U01) and leaving morphisms un-
changed.

Furthermore, Θ∗ ◦ Γ∗ = 1Unif .

Proof. (i) It is easy to prove that {1U | U ∈ U} is a prefilter base for a probabilistic
uniformity (U01, ∗). Furthermore, if (X,U) and (Y,V) are two uniform spaces then
f : (X,U)→ (Y,V) is uniformly continuous if and only if f : (X,U01, ∗)→ (Y,V01, ∗)
is uniformly continuous. Consequently, Γ∗ is fully faithful.

(ii) It is clear that U01 is a filter. Furthermore, if 1U ∈ U then ∆ ⊆ U by (PU1)
and U ∈ U01 implies U−1 ∈ U01 by (PU2). Finally, suppose that 1U ∈ U. Then
there exists F ∈ U such that F 2 ≤ 1U . Let V = {(x, y) ∈ X×X | F (x, y) , 0}. It is
clear that F ≤ 1V so 1V ∈ U. We show that V 2 ⊆ U . Suppose that (x, z), (z, y) ∈ V.
Hence F (x, z) , 0 and F (z, y) , 0 so F (x, z) ∗ F (z, y) , 0. Since F 2 ≤ 1U and
F 2(x, y) > 0 then 1U (x, y) = 1, i.e. (x, y) ∈ U . Hence U01 is a uniformity.

Now suppose that f : (X,U, ∗) → (Y,V, ∗) is a uniformly continuous function
between two probabilistic uniform spaces. Let V ∈ V01. Then 1V ∈ V so we can
find U ∈ U with U(x, y) ≤ 1V (f(x), f(y)) for all (x, y) ∈ X ×X. It is easy to see
that 1(f×f)−1(V ) ∈ U and so (f × f)−1(V ) ∈ U01. Hence f : (X,U01) → (Y,V01) is
uniformly continuous which implies that Θ∗ is faithful.

Finally, it is obvious that Θ∗ ◦ Γ∗ = 1Unif . �

Remark 3.5. Observe that if B is a base for a uniformity U on X then {1B | B ∈ B}
is a prefilter base for U01.

In 1981, Lowen introduced, for the t-norm ∧, the following notion of fuzzy uni-
formity which is very related with that of probabilistic uniformity.

Definition 3.6 ([27], cf. [18, Definition 4.1]). A Lowen uniformity on a nonempty
set X is a pair (U, ∗), where ∗ is a continuous t-norm and U is a prefilter on X ×X
such that:
(LU1) U(x, x) = 1 for all U ∈ U and x ∈ X;
(LU2) if U ∈ U then U−1 ∈ U where U−1(x, y) = U(y, x);
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(LU3) for each U ∈ U and each ε ∈ I0 there exists V ∈ U such that

V 2 − ε ≤ U,

where V 2(x, y) =
∨
z∈X V (x, z) ∗ V (z, y);

(LU4)
∨
ε∈I0

(Uε − ε) ∈ U for each family {Uε | ε ∈ I0} ⊆ U, i.e. U is saturated.
In this case, the pair (X,U, ∗) is called a Lowen uniform space.

As in the case of probabilistic uniform spaces, we can consider the category LUnif
whose objects are the Lowen uniform spaces and whose morphism are the uniformly
continuous functions as defined in the obvious way (see [27, Definition 2.4]).

Remark 3.7. We observe that, in general, if (X,U) is a uniform space then Γ∗(X,U) =
(X,U01, ∗) is not a Lowen uniform space. If fact, let us consider on R the uniformity
Ue generated by the subsets Uε = {(x, y) ∈ R2 | |x− y| < ε} for all ε > 0. For each
δ ∈ I0 we have that 1Uδ(x, x+ δ

2 ) = 1 but
∨
ε∈I0

(1Uε − ε)(x, x+ δ
2 ) = 1− δ

2 and so
1Uδ �

∨
ε∈I0

(1Uε − ε) for all δ > 0. Hence
∨
ε∈I0

(1Uε − ε) < (Ue)01.

In [27], Lowen defined two functors to establish a relation between classical
uniformities and Lowen uniformities as follows:

Theorem 3.8 ([27]). Let X be a nonempty set, U be a uniformity on X and (U, ∗)
be a Lowen uniformity on X. Define

ω(U) = {U ∈ IX×X | U−1((α, 1]) ∈ U for all α ∈ I1} and
ι(U) = {U−1((α, 1]) | U ∈ U, α ∈ I1}.

Then:
(1) (ω(U), ∗) is a Lowen uniformity on X;
(2) ι(U) is a uniformity on X;
(3) ι(ω(U)) = U ;
(4) (ω(ι(U)), ∗) is the coarsest Lowen uniformity generated by a uniformity and

which is finer than U.
Furthermore, the functor ω∗ : Unif → LUnif(∗) given by ω∗((X,U)) = (X,ω(U), ∗)
and which leaves morphisms unchanged is fully faithful while the functor ι : LUnif →
Unif given by ι((X,U, ∗)) = (X, ι(U)) and which leaves morphisms unchanged is
faithful. Then Unif is isomorphic to a full subcategory of LUnif(∗).

Remark 3.9. The relationship between the categories LUnif and PUnif was estab-
lished in [42] where it is shown that Lowen uniformities are those probabilistic
uniformities which satisfy (LU4), i.e. the Lowen uniformities are the saturated
probabilistic uniformities. In this way, LUnif is a concretely coreflective full sub-
category of PUnif. In fact, if (X,U, ∗) is a probabilistic uniform space then its
correflection is the Lowen uniform space (X, Ũ, ∗), where Ũ is the saturation of U
given by

Ũ =
{ ∨
ε∈I0

(Uε − ε) | Uε ∈ U for all ε ∈ I0
}
.

Observe that (Ũ, ∗) is the coarsest Lowen uniformity finer than (U, ∗). On the
other hand, if f : (X,U, ∗) → (Y,V, ?) is a uniformly continuous function between
two probabilistic uniform spaces then so is f : (X, Ũ, ∗) → (Y, Ṽ, ?). Consequently
we have a functor S : PUnif(∗) → LUnif(∗) given by S((X,U, ∗)) = (X, Ũ, ∗) and
which leaves morphisms unchanged
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The following result factorizes Lowen’s functor ω∗ by means of the functors Γ∗
and S.

Proposition 3.10. The following diagram commutes

Unif PUnif(∗)

LUnif(∗)

Γ∗

Sω∗

Proof. We only have to prove that ω(U) = Ũ01 for each uniform space (X,U).
Let U ∈ ω(U). Then U−1((α, 1]) ∈ U for all α ∈ (0, 1) and it follows that∨
ε∈I0

(
1U−1((1−ε,1]) − ε

)
= U ∈ Ũ01.

On the other hand, if Uε ∈ U for each ε ∈ I0 and Ũ =
∨
ε∈I0

(1Uε − ε), then
Ũ−1((α, 1]) =

⋃
{Uε | 1− ε > α} ∈ U for each α ∈ I1 and so Ũ ∈ ω(U). �

The following result establishes the relationship between the pairs of functors
ω∗,Θ∗ and ι,Γ∗.

Proposition 3.11. Let X be a nonempty set, (U, ∗) be a Lowen uniformity on X
and U be a uniformity on X. If ∗ does not have nontrivial zero divisors, then:
(1) Θ(U) ⊆ ι(U).
(2) ω(Θ(U)) ⊆ Ũ ⊆ ω(ι(U)).
(3) Θ(ω(U)) = U = ι(Γ(U)).

Proof. (1) This is obvious since given U ⊆ X × X with 1U ∈ U then U =
1−1
U ((0, 1]) ∈ ι(U).

(2) Let U ∈ ω(Θ(U)). Then U−1((α, 1]) ∈ Θ(U) for all α ∈ I1, i.e. 1U−1((α,1]) ∈ U

for all α ∈ I1. Since U =
∨
ε∈I0

(
1U−1((1−ε,1]) − ε

)
and Ũ is a Lowen uniformity

then U ∈ Ũ.
The second inclusion is obvious since Ũ is the coarsest Lowen uniformity finer than
U and ω(ι(U)) is the coarsest Lowen uniformity finer than U generated by a uni-
formity (see Theorem 3.8(4)).

(3) This follows from the following easy equivalences for each U ⊆ X ×X:
U ∈ U ⇐⇒ 1U ∈ ω(U) ⇐⇒ U ∈ Θ(ω(U))

⇐⇒ 1U ∈ Γ(U) ⇐⇒ U ∈ ι(Γ(U)). �

4. Probabilistic uniformities induced by a fuzzy metric space

In the following we will introduce four different probabilistic uniformities in a
fuzzy metric space.

We observe that if (X,M, ∗) is a fuzzy pseudometric space then the family {Mt |
t > 0} is a base for a probabilistic uniformity (UHM , ∗) on X [16, Theorem 3.3] and
for a Lowen uniformity (ŨHM , ∗) [19, Theorem 2.6]. This way of generating fuzzy
uniformities from a fuzzy metric space is important since it allows to establish some
categorical isomorphism theorems [33].

The construction given in the following result is motivated by the Hutton [0, 1]-
(quasi-)uniformity constructed in [12].
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Proposition 4.1. Let (X,M, ∗) be a fuzzy metric space. For each t > 0 and each
ε ∈ I0 we denote by UMε,t the fuzzy set on X ×X given by:

UMε,t(x, y) = (1−ε)→M(x, y, t) =
∨
{λ ∈ I | (1−ε)∗λ ≤M(x, y, t)}, x, y ∈ X,

and BM = {UMε,t | ε ∈ I0, t > 0}. Then BM is a prefilter base generating a
probabilistic uniformity UM on X.

Proof. It is easy to see that BM is a prefilter base. Indeed, given ε, δ ∈ I0 and
s, t > 0 then UMγ,r ≤ UMε,t ∧ UMδ,s where γ = min{ε, δ} ∈ I0 and r = min{s, t} > 0.
Let UMε,t ∈ BM . Then UMε,t(x, x) = (1 − ε) → M(x, x, t) = (1 − ε) → 1 = 1 so
(PU1) is verified. On the other hand, (UMε,t)−1 = UMε,t for all ε ∈ I0 and t > 0, so
(PU2), and in particular (BU2), is fulfilled. Finally, given ε ∈ I0 let δ ∈ I0 such
that 1− ε ≤ (1− δ) ∗ (1− δ). Then(

UMδ, t2

)2 ≤ UMε,t.
In fact, let x, y, z ∈ X. Since (1−δ)∗UM

δ, t2
(x, z) ≤M(x, z, t2 ) and (1−δ)∗UM

δ, t2
(z, y) ≤

M(z, y, t2 ) it follows that

(1− ε) ∗ UMδ, t2 (x, z) ∗ UMδ, t2 (z, y) ≤ (1− δ) ∗ (1− δ) ∗ UMδ, t2 (x, z) ∗ UMδ, t2 (z, y)

≤M(x, z, t2 ) ∗M(z, y, t2 ) ≤M(x, y, t).

Therefore

(UMδ, t2 )2(x, y) =
∨
z∈X

UMδ, t2
(x, z) ∗ UMδ, t2 (z, y) ≤ (1− ε)→M(x, y, t) = UMε,t(x, y). �

Remark 4.2. We observe that the mappings ΛH ,Λ: FMet→ PUnif acting on objects
as follows:

ΛH((X,M, ∗)) = (X,UHM , ∗) and Λ((X,M, ∗)) = (X,UM , ∗)

are not functors when we consider that morphisms are unchanged. Let us see an
example.

Let e be the euclidean metric on R and ∗Ł be the Łukasiewicz t-norm. We
observe that then α → β = min{β − α + 1, 1} for all α, β ∈ I. Let us consider
the fuzzy metric spaces (R, N, ∗Ł) and (R,Me, ∗Ł), where N is the fuzzy set on
R × R × (0,∞) given by N(x, y, t) = max{Me(x, y, t), 1

2}. Next we show that the
identity function id: (R, N, ∗Ł)→ (R,Me, ∗Ł) is uniformly continuous. In fact, let
ε ∈ (0, 1) and t > 0. Let δ > 0 with 1−δ > max{ 1

2 , 1−ε}. Then if N(x, y, t) > 1−δ
we have that Me(x, y, t) > 1− δ ≥ 1− ε so the conclusion follows.

Nevertheless, id : (R,UN , ∗Ł) → (R,UMe , ∗Ł) is not uniformly continuous. In-
deed, let ε ∈ (0, 1

2 ) and t > 0. It is obvious that there exist x, y ∈ R such that
Me(x, y, t) + ε < 1

2 so Me(x, y, t) < 1− ε which implies UMe
ε,t (x, y) = Me(x, y, t) + ε.

Then for each δ ∈ I0 and s > 0 we have that

UMe
ε,t (x, y) = Me(x, y, t) + ε < 1

2 ≤ N(x, y, s) ≤ (1− δ)→ N(x, y, s) = UNδ,s(x, y).

Hence UNδ,s(x, y) � UMe
ε,t (x, y) = UMe

ε,t (id(x), id(y)) for every δ ∈ I0 and s > 0 so
id: (R,UN , ∗Ł)→ (R,UMe

, ∗Ł) is not uniformly continuous.
Furthermore, since Me(x, y, t) < 1

2 ≤ N(x, y, s) for all s > 0 then we also deduce
that id : (R,UHN , ∗Ł)→ (R,UHMe

, ∗Ł) is not uniformly continuous.
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On the other hand, if (X,M, ∗) and (Y,N, ?) are two fuzzy metric spaces and
f : (X,UM , ∗) → (Y,UN , ?) is uniformly continuous or f : (X,UHM , ∗) → (Y,UHN , ?)
is uniformly continuous then f : (X,M, ∗)→ (Y,N, ?) is uniformly continuous. We
only prove the first assertion since the other follows similarly. Let t > 0 and ε ∈ I0.
By assumption we can find δ ∈ I0 and s > 0 such that

UMδ,s(x, y) ≤ UNε
2 ,t

(f(x), f(y))

for all x, y ∈ X. Consequently, if M(x, y, s) > 1 − δ then UNε
2 ,t

(f(x), f(y)) ≥
UMδ,s(x, y) = 1 so N(f(x), f(y), t) ≥ 1− ε

2 > 1− ε. Hence f : (X,M, ∗) → (Y,N, ?)
is uniformly continuous.

Example 4.3. Let (X, d) be a metric space. Then the probabilistic uniformity
(UMd

, ·) induced by the standard fuzzy metric (Md, ·) has as a base the fuzzy sets
Udε,t given by

Udε,t(x, y) = (1− ε)→Md(x, y, t) = (1− ε)→ t
t+d(x,y) = min

{
t

(t+d(x,y))(1−ε) , 1
}

for all ε ∈ (0, 1), t > 0 and x, y ∈ X.

Notation 4.4. Let (X,M, ∗) be a fuzzy metric space. Then, by Proposition 3.4,
Γ∗((X,UM )) = (X, (UM )01, ∗) is a probabilistic uniform space whose probabilistic
uniformity will be denoted by (U01

M , ∗).

Let (M, ∗) be a fuzzy metric on X. Using Theorem 3.8, we have that (ω(UM ), ∗)
is a Lowen uniformity associated to a fuzzy metric space (see Remark 3.9).

Remark 4.5. Let (X, d) be a metric space. As we have previously observed in
Remark 2.5, Ud = UMd

so

(X, (Ud)01, ∗) = (X,U01
Md
, ∗) and (X,ω(Ud), ∗) = (X,ω(UMd

), ∗)

for every continuous t-norm ∗.

The following result gives the relationship between the four probabilistic unifor-
mities we have introduced.

Proposition 4.6. Let (X,M, ∗) be a fuzzy metric space. Then

UM ⊆ U01
M ∧ UHM ⊆ U01

M ∨ UHM ⊆ ω(UM ).

Proof. Let n ∈ N and UMn = {(x, y) ∈ X ×X | M(x, y, 1
n ) > 1 − 1

n} ∈ UM . Then
it is obvious that 1UMn ≤ UM1

n ,
1
n

since if 1UMn (x, y) = 1 then M(x, y, 1
n ) > 1 − 1

n so
UM1
n ,

1
n

(x, y) = 1. Consequently, UM ⊆ U01
M .

On the other hand, the inclusion UM ⊆ UHM follows immediately sinceM(x, y, t) ≤
(1− ε)→M(x, y, t) for all x, y ∈ X, t > 0 and ε ∈ I0.

For the last inclusion, let U ∈ UM . Then 1−1
U ((ε, 1]) = U for all ε ∈ I1. Hence

1−1
U ((ε, 1]) ∈ UM for all ε ∈ I1 so 1U ∈ ω(UM ) which proves U01

M ⊆ ω(UM ).

Furthermore, UHM ⊆ ω(UM ) since M−1
t (ε, 1] = {(x, y) ∈ X ×X | M(x, y, t) > ε} ∈

UM for all t > 0 and ε ∈ I1. �

The following examples show that the above inclusions are the only ones, in
general.
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Example 4.7. Let (X,M, ∗) be a fuzzy metric space such that UM , {X × X}
(it suffices to find x, y ∈ X and t > 0 with M(x, y, t) < 1). We notice that
0 < UMε,t(x, y) = (1 − ε) → M(x, y, t) for all ε ∈ I0, x, y ∈ X and t > 0 since
M(x, y, t) > 0. Consequently, given X ×X , U ∈ UM it follows that 1U < UM . In
fact, suppose that (x, y) < U . Then 1U (x, y) = 0 but Uε,t(x, y) > 0 for all ε ∈ I0
and t > 0. Therefore, U01

M * UM .
This also shows that U01

M * UHM since as above 1U (x, y) = 0 but Mt(x, y) , 0 for all
t > 0.

Example 4.8. Let us consider the euclidean metric e on I and the fuzzy metric
space (I,M, ∗Ł) where M(x, y, t) = 1− e(x, y) for all x, y ∈ I and all t > 0. Given
ε ∈ I0 we can find x, y ∈ I such that 0 < e(x, y) < ε. Hence (1− ε)→M(x, y, t) =
1 > M(x, y, t) so UHM * UM .

Example 4.9. Let (X,M, ∗) be a fuzzy metric space such that UM is not the
discrete uniformity, i.e. there exists a superset of the diagonal of X which does not
belong to UM . Define Mt ∈ IX×X by Mt(x, y) = M(x, y, t) for all t > 0. It is clear
that Mt ∈ ω(UM ) for all t > 0. Fix t > 0. Then given n ∈ N we have that 1UMn �Mt

(where {UMn | n ∈ N} is the base for UM defined in Remark 2.5). In fact, let
x, y ∈ X be two distinct points such that M(x, y, 1

n ) > 1− 1
n . Then 1UMn (x, y) = 1

but Mt(x, y) = M(x, y, t) < 1. Consequently, Mt < U01
M so ω(UM ) * U01

M .
This also shows that UHM * U01

M .

We notice that even for metric spaces, ω(Ud) is not included in U01
Md

.

Example 4.10. Let e be the euclidean metric on I and define U : I × I → I by
U(x, y) = 1− e(x, y), x, y ∈ X.

Since U−1((ε, 1]) = {(x, y) ∈ I × I | e(x, y) < 1 − ε} = Ue,1−ε ∈ Ue for each
0 < ε < 1, we have that U ∈ ω(Ue). Nevertheless, U < U01

Me
. Otherwise, we could

find δ > 0 such that 1Ue,δ ≤ U where Ue,δ = {(x, y) ∈ I×I | e(x, y) < δ}. However,
if 0 < e(x, y) < δ then 1Ue,δ(x, y) = 1 � U(x, y). Hence ω(Ue) * U01

Me
(so, by

Proposition 4.6, ω(Ue) * UMe
).

Remark 4.11. As a consequence of the previous examples, we have that if (X, d) is
a metric space, the following diagram is not, in general, commutative:

Met
(X, d)

FMet
(X,Md, ∗)

Unif
(X,Ud)

PUnif
(X,ω(Ud), ∗) , (X,UMd

, ∗)
(X,U01

d , ∗) , (X,UMd
, ∗)

(X,ω(Ud), ∗) , (X,UHMd
, ∗)

(X,U01
d , ∗) , (X,UHMd

, ∗)

Π

Λ,ΛH

ω∗,Γ∗

Υ
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Although a probabilistic uniformity is not necessarily a Lowen uniformity (see
Remark 3.9), it is easy to see that the functor ι of Theorem 3.8 also works for
probabilistic uniformities. Thus we can obtain the following:

Proposition 4.12. Let (X,M, ∗) be a fuzzy metric space. Then:
UM = ι(UM ) = ι(UHM ) = ι(U01

M ) = ι(ω(UM )).
Furthermore, if ∗ does not have nontrivial zero divisors then:

UM = Θ(U01
M ) = Θ(ω(UM )).

Proof. We first show that UM ⊆ ι(UM ). Let n ∈ N, UMn ∈ UM and δ ∈ (0, 1)
such that (1 − δ) ∗ (1 − δ) > 1 − 1

n . Then (UM
δ, 1
n

)−1((1 − δ, 1]) ⊆ UMn . In fact, if
UM
δ, 1
n

(x, y) = (1−δ)→M(x, y, 1
n ) > 1−δ then 1− 1

n < (1−δ)∗(1−δ) ≤M(x, y, 1
n ).

Hence UM ⊆ ι(UM ).

On the other hand, by Theorem 3.8 (3) we have that ι(ω(UM )) = UM so from
Proposition 4.6 and the easy fact that ι is order preserving we deduce the four
equalities of the first display.

The equalities of the second display follow from Propositions 3.4 and 3.11. �

Remark 4.13. Notice that, in general, Θ(UM ) , UM and Θ(UHM ) , UM as Exam-
ple 4.7 shows.

FMet Unif PUnif

(M, ∗) UM

(ω(UM ), ∗)

(UHM , ∗)

(UM , ∗)

(U01
M , ∗)

Υ

ω∗

ι,Θ∗
Γ∗

ι,Θ∗

S

ΛH

Λ
ι

ι

ι ◦ ω∗ = ι ◦Θ∗ = ι ◦ Γ∗ = Θ∗ ◦ Γ∗ = idUnif

S ◦ Γ∗ = ω∗, ι ◦ Λ = ι ◦ ΛH = Υ

(Recall that when Θ∗ acts the t-norm ∗ cannot have nontrivial zero divisors.)
In the following, we show that these four probabilistic uniformities have a good

behaviour with respect to an important uniform property: precompactness. We
recall the following definition.
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Definition 4.14 ([9]). A fuzzy metric space (X,M, ∗) is said to be precompact
if for all t > 0 and ε ∈ (0, 1) there exists a finite subset A of X such that X =
BM (A, ε, t) =

⋃
a∈ABM (a, ε, t).

On the other hand, Lowen and Wuyts [29] introduced this concept in the realm
of Lowen uniform spaces endowed with the t-norm ∧. Nevertheless their defini-
tion makes also sense for probabilistic uniform spaces with respect to an arbitrary
continuous t-norm.

Definition 4.15 (cf. [29, Definition 3.1]). A probabilistic uniform space (X,U, ∗)
is said to be precompact if for all U ∈ U and ε ∈ I0 there exists a finite subset A of
X such that

∨
a∈A U(a, x) > 1 − ε for all x ∈ X. This is equivalent to assert that

X =
⋃
a∈A U(a, ε), where U(a, ε) = {x ∈ X | U(a, x) > 1− ε}.

Proposition 4.16. Let (X,M, ∗) be a fuzzy metric space. The following statements
are equivalent:
(1) (X,M, ∗) is precompact;
(2) (X,ω(UM ), ∗) is precompact;
(3) (X,U01

M , ∗) is precompact;
(4) (X,UHM , ∗) is precompact;
(5) (X,UM , ∗) is precompact.

Proof. (1) =⇒ (2): Let U ∈ ω(UM ) and ε ∈ (0, 1). Since U−1((1 − ε, 1]) ∈ UM we
can find n ∈ N such that Un ⊆ U−1((1 − ε, 1]). Furthermore we can find a finite
subset A of X with

X =
⋃
a∈A

BM
(
a, 1

n ,
1
n

)
=
⋃
a∈A

Un(a) ⊆
⋃
a∈A

(
U−1((1− ε, 1])

)
(a) =

⋃
a∈A

U(a, ε).

Therefore, (X,ω(UM ), ∗) is precompact.

(2) =⇒ (3) =⇒ (5) and (2) =⇒ (4) =⇒ (5) follow from Proposition 4.6.

(5) =⇒ (1): Let ε ∈ (0, 1) and t > 0. Then we can find δ ∈ (0, 1) such that
1 − ε < (1 − δ) ∗ (1 − δ). By assumption there exists a finite subset A of X with
X =

⋃
a∈A Uδ,t(a, δ). Consequently, given x ∈ X there exists a ∈ A such that

1 − δ < (1 − δ) → M(x, a, t) so M(x, a, t) > (1 − δ) ∗ (1 − δ) > 1 − ε. Therefore,
X =

⋃
a∈ABM (a, ε, t). �

5. Hutton quasi-uniformity induced by a fuzzy metric space

In the following, we will always consider the unit interval endowed with a con-
tinuous t-norm ∗ and an order reversing involution, i.e., a unary operation ′ : I → I
such that α′′ = α and β′ ≤ α′ whenever α ≤ β for all α, β ∈ I. Given a ∈ IX , we
will denote by a′ the element of IX given by a′(x) = (a(x))′ for every x ∈ X.

Given a nonempty set X, let H(X) denote the family of all W : IX → IX such
that:

• W (a) ≥ a for all a ∈ IX ;
• W (

∨
i∈I ai) =

∨
i∈IW (ai) for all {ai | i ∈ I} ⊆ IX and W (1∅) = 1∅.

Since a =
∨
x∈X a(x) ∗ 1{x} for each a ∈ IX it follows that every W ∈ H(X) is

completely determined by the family

{W (α ∗ 1{x}) | α ∈ I0, x ∈ X}.
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Definition 5.1 ([20]). Let X be a nonempty set. A Hutton [0, 1]-quasi-uniformity
on X is a nonempty subset U of H(X) such that
(HU1) if U ∈ U, U ≤ V and V ∈ H(X) then V ∈ U;
(HU2) if U, V ∈ U there exists W ∈ U such that W ≤ U and W ≤ V ;
(HU3) if U ∈ U there exists V ∈ U such that V ◦ V ≤ U .

If U also satisfies
(HU4) if U ∈ U then U−1 ∈ U
where U−1(a) =

∧
{b ∈ IX | U(b′) ≤ a′}, then it is called a Hutton [0, 1]-uniformity.

In this case, the pair (X,U) is called a Hutton [0, 1]-(quasi-)uniform space.
A function f : (X,U)→ (Y,S) between two Hutton [0, 1]-(quasi-)uniform spaces

is said to be uniformly continuous if for every V ∈ S there exists U ∈ U such that

U(a) ≤ V
( ∨
x∈X

a(x) ∗ 1{f(x)}
)
◦ f, a ∈ IX .

We denote by H(Q)Unif the category of Hutton [0, 1](-quasi)-uniform spaces and
uniformly continuous functions.

Definition 5.2. A base for a Hutton [0, 1]-(quasi-)uniformity U on X is a nonempty
subset B of H(X) such that for each U ∈ U there exists B ∈ B such that B ≤ U .

If B is a nonempty subset of H(X) verifying:
(1) if B1, B2,∈ B there exists B3 ∈ B such that B3 ≤ B1 and B3 ≤ B2;
(2) if B1 ∈ B there exists B2 ∈ B such that B2 ◦B2 ≤ B1;

then we say that it is a basis for a Hutton [0, 1]-quasi-uniformity given by

UB = {U ∈ H(X) | there exists B ∈ B such that B ≤ U}.

In 1984, Katsaras established the following relations between the categories of
(quasi-)uniform spaces and Hutton (quasi-)uniform spaces.

Proposition 5.3 ([22]). Let (X,U) be a (quasi-)uniform space and (X,U) be a Hut-
ton [0, 1]-(quasi-)uniform space. Let Φ(U) be the Hutton [0, 1]-(quasi-)uniformity
generated by

{φ(U) | U ∈ U}
where φ(U)(a)(y) =

∨
x∈X a(x) ∗ 1U(x)(y) =

∨
y∈U(x) a(x) for each U ∈ U , a ∈ IX

and y ∈ X. Let Ψ(U) be the (quasi-)uniformity generated by

{ψ(U) | U ∈ U}

where ψ(U) = {(x, y) ∈ X ×X | ∀a ∈ IX , a(x) ≤ U(a)(y)} for each U ∈ U. Then:
(1) Φ: (Q)Unif → H(Q)Unif is a functor sending each (X,U) to (X,Φ(U)) and

leaving morphisms unchanged;
(2) Ψ: H(Q)Unif → (Q)Unif is a functor sending each (X,U) to (X,Ψ(U)) and

leaving morphisms unchanged;
(3) Ψ(Φ(U)) = U ;
(4) U ⊆ Φ(Ψ(U));
(5) Ψ is a right adjoint of Φ.

On the other hand, Höhle [16, p. 313] showed how to construct a Hutton unifor-
mity by means of a probabilistic uniformity as follows:
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Proposition 5.4 ([16]). Let ∗ be a continuous t-norm such that the unary operation
′ on I given by a′ := a

∗→ 0 =
∨
{b ∈ [0, 1] | a ∗ b = 0} for each a ∈ I is an

order reversing involution. Let (U, ∗) be a probabilistic uniformity on X. Then the
family {WU | U ∈ U} is a base for a Hutton [0, 1]-uniformity Ξ(U) on X, where
WU ∈ (IX)IX is given by

WU (a)(y) =
∨
x∈X

a(x) ∗ U(x, y) a ∈ IX , y ∈ X.

Remark 5.5. Note that if ∗ is such that a′′ , a for some a ∈ I, then Ξ(U) is, in
general, a Hutton [0, 1]-quasi-uniformity instead of a Hutton [0, 1]-uniformity.

Proposition 5.6. Let ∗ be a continuous t-norm such that the unary operation ′
on I given by a′ := a

∗→ 0 =
∨
{b ∈ [0, 1] | a ∗ b = 0} for each a ∈ I is an order

reversing involution. The map Ξ: PUnif → HUnif sending (X,U, ∗) to (X,Ξ(U))
and leaving morphisms unchanged is a fully faithful functor.

Proof. By Proposition 5.4 we already know that Ξ(U) is a Hutton [0, 1]-uniformity.
Furthermore, let (X,U, ∗), (Y,V, ?) be two probabilistic uniform spaces. Then
f : (X,Ξ(U)) → (Y,Ξ(V)) is uniformly continuous if for every V ∈ V there exists
U ∈ U such that WU (a) ≤WV

(∨
x∈X a(x) ∗ 1{f(x)}

)
◦ f for each a ∈ IX . But

∀a ∈ IX WU (a) ≤WV

( ∨
x∈X

a(x) ∗ 1{f(x)}
)
◦ f

⇐⇒ ∀x ∈ X,∀α ∈ I0 WU (α ∗ 1{x}) ≤WV

(
α ∗ 1{f(x)}

)
◦ f

⇐⇒ ∀x, y ∈ X,∀α ∈ I0 α ∗ U(x, y) ≤ α ∗ V (f(x), f(y))
⇐⇒ ∀x, y ∈ X U(x, y) ≤ V (f(x), f(y))

and we conclude that f : (X,Ξ(U))→ (Y,Ξ(V)) is uniformly continuous if and only
if f : (X,U, ∗)→ (Y,V, ?) is uniformly continuous. �

Remark 5.7. Observe that the above proposition is a special case of [43, Proposi-
tion 4.2].

In [12] the authors developed a method to construct a Hutton [0, 1]-quasi-unifor-
mity from a fuzzy metric space as follows.

Proposition 5.8 ([12, Proposition 14]). Let (X,M, ∗) be a fuzzy (quasi-)metric
space. Then the family BM = {WM

ε,t | ε ∈ I0, t > 0} is a base for a Hutton
[0, 1]-quasi-uniformity UM on X where WM

ε,t : IX → IX is given by

WM
ε,t(a)(y) =

∨
x∈X

a(x) ∗ ((1− ε)→M(x, y, t)), a ∈ IX , y ∈ X.

This construction gives a factorization via Hutton [0, 1]-quasi-uniformities of the
association of a uniformity to each fuzzy metric space (see Remark 5.15).

Later on, Yue and Fang [41] provided another construction of a Hutton [0, 1]-
quasi-uniformity for fuzzy metric spaces in the sense of Kramosil and Michalek
which is also valid in our context.

Proposition 5.9 ([41, Section 5]). Let (X,M, ∗) be a fuzzy metric space. Then
the family BM = {WM

t | t > 0} is a base for a Hutton [0, 1]-quasi-uniformity UHM
on X where WM

t : IX → IX is given by
WM
t (a)(y) =

∨
x∈X

a(x) ∗M(x, y, t), a ∈ IX , y ∈ X.
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On the other hand, in Section 3 we have considered two functors Γ∗ and ω∗ and in
Section 4 two mappings ΛH and Λ which allow to obtain probabilistic uniformities
by means of uniformities and fuzzy metrics respectively. Then we can compose
these mappings with the functor Ξ in order to obtain

Ξ ◦ ω∗, Ξ ◦ Γ∗ : Unif → PUnif and Ξ ◦ Λ, Ξ ◦ ΛH : obj(FMetric)→ obj(PUnif).

This provides four methods of generating a Hutton [0, 1]-quasi-uniformity from
a fuzzy metric space that we will study next. It is obvious that the first two
mappings are functors but the last two are not since Λ and ΛH are not functors
(see Remark 4.2). We first observe that given a fuzzy metric space (X,M, ∗), the
images of UM under Ξ ◦ Λ and Ξ ◦ ΛH are, respectively, UM (see Proposition 5.8)
and UHM (see Proposition 5.9).

Proposition 5.10. Let (X,M, ∗) be a fuzzy metric space. Then:

(Ξ ◦ Λ)(UM ) = Ξ(UM ) = UM , and (Ξ ◦ ΛH)(UM ) = Ξ(UHM ) = UHM .

Proof. Given ε ∈ I0 and t > 0, let UMε,t be a member of the basis of UM as defined
in Proposition 4.1. By Proposition 5.4 we have that

WUMε,t
(a)(y) =

∨
x∈X

a(x)∗UMε,t(x, y) =
∨
x∈X

a(x)∗ ((1−ε)→M(x, y, t)) = WM
ε,t(a)(y)

so Ξ(UM ) = UM . In a similar way you can obtain that Ξ(UHM ) = UHM . �

We present now an example showing that Ξ ◦ Λ is not a functor when leaving
morphisms unchanged, as it was incorrectly stated in [12, Proposition 17].

Example 5.11 (cf. Remark 4.2). Let e be the euclidean metric on R and ∗Ł be
the Łukasiewicz t-norm. Let us consider the fuzzy metric spaces (R, N, ∗Ł) and
(R,Me, ∗Ł), where N is the fuzzy set given by N(x, y, t) = max{Me(x, y, t), 1

2}.
We proved in Remark 4.2 that the identity function id: (R, N, ∗Ł) → (R,Me, ∗Ł)
is uniformly continuous.

Nevertheless, id : (R,UN ) → (R,UMe) is not uniformly continuous. Indeed, let
ε ∈ (0, 1/2) and t > 0. It is obvious that there exist x, y ∈ R such that Me(x, y, t)+
ε < 1

2 so Me(x, y, t) < 1 − ε which implies WMe
ε,t (1{x})(y) = Me(x, y, t) + ε. Then

for each δ ∈ I0 and s > 0 we have that

WMe
ε,t (1{x})(y) = Me(x, y, t) + ε < 1

2 ≤ N(x, y, s) ≤WN
δ,s(1{x})(y).

Hence WN
δ,s � WMe

ε,t for every δ ∈ I0 and s > 0 so id: (R,UN ) → (R,UMe
) is not

uniformly continuous.

Definition 5.12. Let (X,U) be a uniform space and (U01, ∗) be the probabilistic
uniformity of Notation 4.4. Then the family {W1U | U ∈ U} is a base for a Hutton
quasi-uniformity U01 := Ξ(U01) = (Ξ ◦ Γ∗)(U) where

W1U (a)(y) =
∨
x∈X

a(x) ∗ 1U (x, y) =
∨

y∈U(x)
a(x), a ∈ IX , y ∈ X.

Definition 5.13. Let (X,U) be a uniform space and ω(U) be the Lowen uniformity
generated by U . Then the family {WU | U ∈ ω(U)} is a base for a Hutton [0, 1]-
quasi-uniformity Uω := (Ξ ◦ ω)(U) where

WU (a)(y) =
∨
x∈X

a(x) ∗ U(x, y), U ∈ ω(U), a ∈ IX , y ∈ X.
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Given a fuzzy metric space (X,M, ∗), we know from Proposition 4.6 that UM ⊆
U01
M ∧ UHM ⊆ U01

M ∨ UHM ⊆ ω(UM ). Consequently, a similar relationship is obtained
for their associated Hutton [0, 1]-quasi-uniformities:

UM ⊆ U01
M ∧ UHM ⊆ U01

M ∨ UHM ⊆ UωM .
In [41, Example 5.1] it is proved that, in general, UHM * UM . We provide here other
examples showing that the other inclusions are, in general, strict.

Example 5.14. Let e be the euclidean metric on R and ∗ be the product t-norm.
We show that U01

Me
* Ξ(UMe) = UMe . Let a ∈ IR be the characteristic function

of R \ [−1, 1]. Given U = {(x, y) ∈ R2 | e(x, y) < 1} ∈ Ue = UMe we have
W1U (a)(0) =

∨
0∈U(x) a(x) = 0 < WMe

ε,t (a)(0) ∧ WMe
t (a)(0) for each ε ∈ I0 and

t > 0 and so WMe
ε,t �W1U and WMe

t �W1U , i.e. U01
Me

* UMe
and U01

Me
* UHMe

.
On the other hand, given t > 0 then Me,t ∈ UHMe

.For each n ∈ N let an ∈ IR be
given by

an(x) =
{

1, if x = 1
2n(n−1) ;

0, otherwise.
It is easy to check thatMe(0, 1

2n(n−1) ,
1
n ) > 1− 1

n . Then we have thatWMe
t (an)(0) <

1 = W1Un (an)(0). Therefore, W1Un �W
Me
t for all n ∈ N so UHMe

* U01
Me

. This also
shows that UωMe

* U01
Me

.

Remark 5.15. In [12, Corollary 16] it was proved that Ψ(UM ) = UM for a fuzzy
metric space (X,M, ∗). Consequently, the following diagram commutes:

FMet
(M, ∗)

Unif
UM = Ψ(UM )

H(Q)Unif
UM

Υ

Ξ ◦ Λ Ψ

It is natural to wonder whether Ψ(U01
M ) = UM , Ψ(UHM ) = UM or Ψ(UωM ) = UM .

We solve this question in the following.

Proposition 5.16.
(1) Katsaras’s functor Φ can be factorized as Φ = Ξ ◦ Γ∗.
(2) Ψ ◦ Ξ ◦ Γ∗ = 1Unif .

Consequently, Φ(U) = (Ξ ◦ Γ)(U) = U01, Ψ(U01) = U and the following diagram
commutes:

(Q)Unif
U

H(Q)Unif
Φ(U) = (Ξ ◦ Γ)(U)

PUnif
(Γ(U), ∗) = (U01, ∗)

Φ

Γ∗ Ξ

Proof. (1) follows immediately from the definition of Φ and Definition 5.12 and (2)
follows from (1) and Proposition 5.3 (4). �
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We observe that the above result gives a factorization of the Katsaras functor Φ
via probabilistic uniform spaces by means of the functors Γ∗ and Ξ.

Remark 5.17. Nevertheless, given a fuzzy metric space (X,M, ∗) in general Ψ(UωM ) ,
UM and Ψ(UHM ) , UM . Let us consider the fuzzy metric space (R,Me, ·) where e is
the euclidean metric. Then we have that Me,t ∈ ω(UMe

)∩UHMe
where Me,t(x, y) =

Me(x, y, t) for all t > 0 and x, y ∈ R. Then we have

ψ(WMt) = {(x, y) ∈ R×R | ∀a ∈ IR, a(x) ≤WMt(a)(y)}
= {(x, y) ∈ R×R | ∀α ∈ I0, ∀z ∈ R, (α · 1{z})(x) ≤WMt(α · 1{z})(y)}
= {(x, y) ∈ R×R | ∀α ∈ I0, α ≤WMt

(α · 1{x})(y) = α ·Mt(x, y)}
= {(x, y) ∈ R×R |M(x, y, t) = 1} = {(x, x) | x ∈ R}.

Consequently, Ψ(UωMe
) = Ψ(UHMe

) is the discrete uniformity which is different from
UMe

= Ue.

Remark 5.18. As a consequence of our results, the following diagrams commute:

FMet
(M, ∗)

Unif
UM = ι(UM ) = Ψ(UM )

PUnif
(UM , ∗)

H(Q)Unif
UM = Ξ(UM )

Υ

[12]

Λ

Ξ

Ψ

ι,Θ∗

FMet
(M, ∗)

Unif
UM = ι(U01

M ) = Ψ(U01
M )

PUnif
(U01

M , ∗)

H(Q)Unif
Φ(UM ) = (Ξ ◦ Γ)(UM ) = U01

M

Υ

ι,Θ∗ Γ∗

Φ Ψ

Ξ

FMet
(M, ∗)

Unif
UM = ι(UHM )

PUnif
(UHM , ∗)

H(Q)Unif
UHM = Ξ(UHM )

Υ

[41]

ΛH

Ξ

ι

FMet
(M, ∗)

Unif
UM = ι(ω(UM ))

PUnif
(ω(UM ), ∗)

H(Q)Unif
(Ξ ◦ ω)(UM ) = UωM

Υ

ι,Θ∗ ω∗

Ξ

(Recall that when Θ∗ acts we need that the t-norm ∗ does not have nontrivial
zero divisors.)

6. Topologies and I-topologies generated by fuzzy uniformities

Finally, we study the classical topologies and the I-topologies associated with
the fuzzy uniformities that we have considered. We first recall some pertinent
definitions.
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Definition 6.1 ([3]). A (Chang) I-topology on a nonempty set X is a subset T of
IX such that:
(1) 1∅, 1X ∈ T;
(2) a ∧ b ∈ T whenever a, b ∈ T;
(3)

∨
i∈Λ ai ∈ T whenever {ai | i ∈ Λ} ⊆ T.

In this case, the pair (X,T) is called an I-topological space.
A function f : (X,TX)→ (Y,TY ) is continuous if f−1(a) ∈ TX for each a ∈ TY

(where f−1(a) := a ◦ f).
We denote by ITop the category of I-topological spaces and continuous functions.

Remark 6.2. By identifying, as usual, subsets of a given set with the corresponding
characteristic functions we can treat a topological space (X, τ) as an I-topological
space. So we have a functor Γt : Top → ITop which identifies the category of
topological spaces with the full subcategory of ITop whose objects are just those
I-topological spaces (X,T) such that T ⊆ 2X .

With Chang’s definition constant maps are not necessarily continuous. This is
the reason why Lowen proposed the following:
Definition 6.3 ([25]). A stratified I-topology on a nonempty set X is a subset T
of IX such that:
(1) α1X ∈ T for all α ∈ I;
(2) a ∧ b ∈ T for all a, b ∈ T;
(3)

∨
i∈Λ ai ∈ T whenever {ai | i ∈ Λ} ⊆ T.

In this case, the pair (X,T) is called a stratified I-topological space.
A function f : (X,TX)→ (Y,TY ) is continuous if f−1(a) ∈ TX for each a ∈ TY .
We denote by SITop the category of stratified I-topological spaces and continuous

functions.
Definition 6.4 ([25]). An operator ψ : IX → IX is a fuzzy closure operator if
(1) ψ(α) = α for all constant α ∈ IX ;
(2) a ≤ ψ(a) for all a ∈ IX ;
(3) ψ(a ∨ b) = ψ(a) ∨ ψ(b) for all a, b ∈ IX ;
(4) ψ(ψ(a)) = ψ(a) for all a ∈ IX .

In [25], Lowen introduced two functors to obtain a relationship between stratified
I-topologies and classical topologies as follows:
Proposition 6.5 ([25]). Let X be a nonempty set, τ be a topology on X and T be
a stratified I-topology on X. Define

ω(τ) = {a ∈ IX | a is lower semicontinuous} and
ι(T) = {a−1((ε, 1]) | ε ∈ [0, 1), a ∈ T}.

Then:
(1) ω(τ) is a stratified I-topology;
(2) ι(T) is a topology on X;
(3) ι(ω(τ)) = τ ;
(4) T ⊆ ω(ι(T)).

Furthermore, if we consider the mappings ω : Top → SITop and ι : SITop → Top,
which leave morphisms unchanged, and ω((X, τ)) = (X,ω(τ)) and ι((X,T)) =
(X, ι(T)) then they are fully faithful and faithful functors respectively.
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Remark 6.6. We notice that if (X, τ) is a topological space then a ∈ IX is ω(τ)-
closed if and only if it is upper semicontinuous, i.e. if

a(x) =
∧

V ∈N (x)

∨
y∈V

a(y)

for each x ∈ X, where N (x) is the neighborhood filter of x.

Remark 6.7 (Cf. Proposition 3.10). We can consider a mapping S : ITop → SITop
which associates to each I-topology T the stratified I-topology generated by the
family T ∪ {α1X | α ∈ I} and which leaves morphisms unchanged. It can easily be
verified that the continuity of a map f : (X,TX) → (Y,TY ) implies the continuity
of the map f : (X, 〈TX ∪ {α1X | α ∈ I}〉) → (Y, 〈TY ∪ {α1Y | α ∈ I}〉) so S is a
functor.

Then we have the following commutative diagram:

Top ITop

SITop

Γ

Sω

In fact given a topological space (X, τ) we have that

S(Γ(τ)) = S({1G | G ∈ τ}) = 〈{1G | G ∈ τ} ∪ {α1X | α ∈ I}〉
= 〈{α1G | α ∈ I and G ∈ τ}〉 = ω(τ).

(The last equality follows since given a ∈ IX we always have a =
∨
α∈I α1a−1((α,1]).

Hence if a is lower semicontinuous then a−1((α, 1]) ∈ τ for each α ∈ [0, 1] and so
a ∈ 〈{α1G | α ∈ [0, 1] and G ∈ τ}〉).

Any probabilistic uniformity (U, ∗) on X induces a stratified I-topology T(U) by
means of the following fuzzy closure operator ψT(U) : IX → IX given by (cf. [27,
Proposition 2.3], [42, p. 411]):

ψT(U)(a)(x) =
∧
U∈U

∨
y∈X

a(y) ∗ U(y, x), x ∈ X, a ∈ IX .

(We will omit the subscript if no confusion arises).
Furthermore, Lowen proved the following:

Theorem 6.8 ([27, Theorem 3.1]). Let (X,U) be a uniform space and (X,U, ∗) be
a Lowen uniform space. Then:
(1) T(ω(U)) = ω(τ(U));
(2) τ(ι(U)) = ι(T(U)).

On the other hand, if U is a Hutton [0, 1](-quasi)-uniformity then it generates a
stratified I-topology given by

T(U) =
{
a ∈ IX | a ≤

∨
{b ∈ IX | there exists U ∈ U such that U(b) ≤ a}

}
.

Remark 6.9. We notice that if (X,U, ∗) is a probabilistic uniform space then

T(U) = T(Ξ(U)).

This is a direct consequence of the definition of the two stratified I-topologies above
and the definition of Ξ.
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Now, let (X,U, ∗) be a probabilistic uniform space. Then τ(ι(U)) is a topology
on X which has as a base the family {U(x, ε) | x ∈ X, ε ∈ I0, U ∈ U}, where
U(x, ε) = {y ∈ X | U(x, y) > 1− ε}.

Then we have the following result:

Theorem 6.10. Let (X,M, ∗) be a fuzzy metric space. Then
τ(M) = τ(ι(UM )) = τ(ι(U01

M )) = τ(ι(UHM )) = τ(ι(ω(UM )))
= τ(Ψ(UM )) = τ(Ψ(U01

M ))
= ι(T(UM )) = ι(T(U01

M )) = ι(T(UHM )) = ι(T(ω(UM )))
= ι(T(UM )) = ι(T(U01

M )) = ι(T(UHM )) = ι(T(UωM )).

Proof. By Proposition 4.12 we have that
ι(UM ) = ι(U01

M ) = ι(UHM ) = ι(ω(UM )) = UM
so the first line of equalities is verified. For the second line, we know from Propo-
sition 5.16 that Ψ(U01

M ) = UM so τ(Ψ(U01
M )) = τ(UM ) = τ(M) and by [12, Propo-

sition 22] we obtain that τ(Ψ(UM )) = τ(M). The third line is a consequence of
Theorem 6.8. The last chain of equalities is deduced from the previous remark. �

Remark 6.11. We notice that, in general, τ(Ψ(UωM )) , τ(M) and τ(Ψ(UHM )) , τ(M)
as Remark 5.17 shows.

Now we center our attention in the stratified I-topologies generated by the the
fuzzy uniformities that we have considered.

Theorem 6.12 ([22, Theorem 2.4]). Let (X,U) be a quasi-uniform space. Then
T(Φ(U)) = ω(τ(U)).

Proposition 6.13. Let (X,M, ∗) be a fuzzy metric space. Then
ω(τ(UM )) = T(U01

M ) = T(ω(UM )) = T(U01
M ) = T(UωM ).

Proof. Let a ∈ IX and x ∈ X. Then
ψT(U01

M
)(a)(x) =

∧
U∈UM

∨
y∈X

a(y) ∗ 1U (y, x) =
∧

U∈UM

∨
y∈U−1(x)

a(x) = ψω(τ(UM ))(a)(x)

so ω(τ(UM )) = T(U01
M ). Furthermore, ω(τ(UM )) = T(ω(UM )) by Theorem 6.8. The

two last equalities follow from Remark 6.9. �

The next example shows that in general T(UM ) , ω(τ(UM )) and T(UHM ) ,
ω(τ(UM )) for a fuzzy metric space (X,M, ∗).

Example 6.14 ([35]). Let (M, ∗Ł) be the fuzzy metric on X = (2,+∞) given by

M(x, y, t) =
{

1, if x = y;
1
x + 1

y , if x , y;

for all x, y ∈ X and t > 0 (hence (M, ∗Ł) is a stationary fuzzy metric since it does
not depend on t).

It is easy to see that τ(M) is the discrete topology since BM (x, ε, t) = {x}
whenever 0 < ε < 1

2 −
1
x .

Now, let a ∈ IX be the characteristic function of the set X \ {3}. It is obvious
that a is continuous (τ(M) is the discrete topology) so a is ω(τ(UM ))-closed (in
fact, ω(τ(UM )) is the discrete topology).
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Nevertheless, let ε ∈ I0 and t > 0. We distinguish two cases:
(1) If M(3, y, t) < 1− ε for all y ∈ X \ {3} then∨
y∈X

a(y) ∗Ł ((1− ε)→M(3, y, t)) =
∨

y∈X\{3}
(M(3, y, t) + ε) = 1

3 + 1
2 + ε = 5

6 + ε.

(2) If there exist y0 ∈ X \ {3} such that M(3, y0, t) ≥ 1− ε then∨
y∈X

a(y) ∗Ł ((1− ε)→M(3, y, t)) ≥ a(y0) ∗Ł 1 = 1.

Consequently

ψT(UM )(a)(3) =
∧

ε∈I0,t>0

∨
y∈X

a(y) ∗Ł ((1− ε)→M(3, y, t)) = 5
6 > 0 = a(3).

Hence T(UM ) , ω(τ(UM )).
Similarly,

ψT(UH
M

)(a)(3) =
∧
t>0

∨
y∈X

a(y) ∗Ł M(3, y, t) =
∧
t>0

∨
y∈X\{3}

M(3, y, t) = 5
6 > 0 = a(3)

and so T(UHM ) , ω(τ(UM )).

Remark 6.15. The following diagrams summarize most results we have obtained:

FMet
(M, ∗)

Unif
UM = ι(UM ) = ψ(UM )

PUnif
(UM , ∗)

H(Q)Unif
UM

Top
τ(UM )

ITop
T(UM )

ITop
T(UM )

Υ

Λ ι

Ψ

=

ι

ι

FMet
(M, ∗)

Unif
UM = ι(U01

M ) = ψ(U01
M )

PUnif
(U01

M , ∗)

H(Q)Unif
U01

M

Top
τ(UM )

ITop
T(U01

M )

ITop
T(U01

M )

Υ

ωι

ΦΨ

=

ι

ι

ω

ω
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FMet
(M, ∗)

Unif
UM = ι(UH

M )

PUnif
(UM , ∗)

H(Q)Unif
UH

M

Top
τ(UM )

ITop
T(UH

M )

ITop
T(UH

M )

Υ

ΛH ι

=

ι

ι

FMet
(M, ∗)

Unif
UM = ι(ω(UM ))

PUnif
(ω(UM ), ∗)

H(Q)Unif
Uω

M

Top
τ(UM )

ITop
T(ω(UM ))

ITop
T(Uω

M )

Υ

ι

=

ω ι

ι

ω

ω

7. On fuzzy metrics and fuzzifying structures

Another approach to the study of topological spaces in the fuzzy context different
from that of Chang and Lowen was due to Höhle [17], who introduced the concept
of fuzzifying topology (see also [38]) under the name of L-fuzzy topology. His idea
was to consider a fuzzy topology as a mapping T : 2X → I satisfying a multivalued
version of the topological axioms (see Definition 7.9). On his behalf, Ying [39]
used the same idea to introduce the concept of fuzzifying uniformity which was
rediscovered in [2] under the name generalised uniformity. It was also proved in
[2] that the category of fuzzifying uniform spaces is isomorphic to that of Lowen
∧-uniform spaces.

On the other hand, Yue and Shi [40] developed a method to endow a fuzzy
pseudometric space with a fuzzifying uniformity. Then it is natural to study the
Lowen uniformity induced by this fuzzifying uniformity and obtain its relationship
with the probabilistic uniformities that we have considered previously. To achieve
this, we recall some pertinent concepts.

Given a nonempty set X, let D(X) denote the family of all ϕ : 2X → 2X such
that:

• A ⊆ ϕ(A) for all A ∈ 2X ;
• ϕ(∪i∈IAi) = ∪i∈Iϕ(Ai) for all {Ai | I ∈ I} ⊆ 2X and ϕ(∅) = ∅.

For ϕ,ψ ∈ D(X) we define ϕ � ψ if and only if ϕ(A) ⊆ ψ(A) for each A ∈ 2X .
D(X) is a complete lattice in which the top and bottom elements ϕ0, ϕ1 ∈ D(X)
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are given by

ϕ0(A) = A and ϕ1(A) =
{
X, if A , ∅;
∅, if A = ∅;

A ∈ 2X .

Since each f ∈ D(X) preserves arbitrary joins, it has a right adjoint map
ϕ` : 2X → 2X given by

ϕ`(B) =
⋃
{A ∈ 2X | ϕ(A) ⊆ B}, B ∈ 2X .

Since ϕ` is meet preserving we can define ϕ/ ∈ D(X) given by
ϕ/(B) = X \ ϕ`(X \B) =

⋂
{C ∈ 2X | ϕ(X \ C) ⊆ X \B}, B ∈ 2X .

Definition 7.1 ([40], cf. [39, 30]). A fuzzifying uniformity on a nonempty set X
is a mapping U : D(X)→ I such that:
(FU1) U(ϕ1) = 1;
(FU2) U(ϕ ∧ ψ) = U(ϕ) ∧ U(ψ) for all ϕ,ψ ∈ D(X);
(FU3) U(ϕ) =

∨
ψ◦ψ≤ϕ U(ψ) for all ϕ ∈ D(X);

(FU4) U(ϕ) = U(ϕ/) all ϕ ∈ D(X).
In this case, the pair (X,U) is called a fuzzifying uniform space.

A function f : (X,U) → (Y,V) between two fuzzifying uniform spaces is said to
be uniformly continuous if V(ϕ) ≤ U(f⇐(ϕ)) for all ϕ ∈ D(Y ), where f⇐(ϕ)(U) =
{x ∈ X | f(x) ∈ ϕ(f(U))} for all U ∈ 2X .

We denote by FYUnif the category of fuzzifying uniform spaces and uniformly
continuous functions.

In [2], the authors rediscovered fuzzifying uniformities under the name gener-
alised uniformities. The definition of generalised uniformity differs formally from
the definition of fuzzifying uniformity since a generalised uniformity is a function
d : 2X×X → I satisfying certain properties instead of a function from D(X) to I (we
notice that generalised uniformities appear also in [30] under the name of fuzzify-
ing uniformities). Nevertheless, it is well known that there is an order isomorphism
between binary relations on X and union preserving maps from 2X to 2X . This
isomorphism is given as follows:
U ∈ 2X×X 7−→ ϕU : 2X → 2X , ϕU (A) = {y ∈ X | (a, y) ∈ U for some a ∈ A},

ϕ : 2X → 2X 7−→ Uϕ = {(x, y) ∈ X ×X | y ∈ ϕ({x})}.

Notice that if two union preserving maps ϕ,ψ : 2X → 2X coincide on the single-
tons then they coincide in the whole 2X . Moreover, given a binary relation U on
X, then U is reflexive if and only if ϕU ∈ D(X). Consequently, each fuzzifying uni-
formity U : D(X)→ I determines uniquely a generalised uniformity dU : 2X×X → I
given by

dU(U) =
{

U(ϕU ), if ∆ ⊆ U ;
0, otherwise;

U ∈ 2X×X .

Conversely, each generalised uniformity d : 2X×X → I determines uniquely a fuzzi-
fying uniformity Ud : D(X)→ I given by

Ud(ϕ) = d(Uϕ) ϕ ∈ D(X).
In [2] the authors proved that the category of generalised uniform spaces is

isomorphic to the category of Lowen ∧-uniform spaces. To establish this result, let
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us recall [1] that if (U, ∗) is a probabilistic uniformity on a nonempty set X then
for all α ∈ I0,

Uα = {Uβ | β < α, U ∈ U}
is a uniformity on X called the α-level uniformity of U, where Uβ = {(x, y) ∈
X ×X | U(x, y) > β}. It is proved in [1] that a Lowen fuzzy uniformity is uniquely
determined by its α-level uniformities.

Remark 7.2. We notice that a similar reasoning can be applied to a fuzzy metric
space (X,M, ∗). In fact, given α ∈ I0 we can define a uniformity UαM , which we call
the α-level uniformity of M , having as base the family {Uβt | 0 < β < α, t > 0},
where Uβt = {(x, y) ∈ X × X | M(x, y, t) > β}. Then UM =

∨
α∈I0

UαM (cf. [30,
Fact 1.6]).

Theorem 7.3 ([2]). Let (X,U) be a fuzzifying uniform space and (X,U) be a ∧-
Lowen uniform space. Let us consider :
(1) the ∧-Lowen uniformity UU on X given by

UU = {U ∈ IX×X | Uβ ∈ Uα for all α ∈ I0 and β < α}

where Uα = {U ⊆ X ×X | U(ϕU ) > 1− α} and Uβ = U−1((β, 1]) = {(x, y) ∈
X ×X | U(x, y) > β};

(2) the fuzzifying uniformity UU : D(X)→ I given by

UU(ϕ) =
{

1−
∧
S(ϕ), if S(ϕ) , ∅;

0, if S(ϕ) = ∅;

where S(ϕ) = {α ∈ I | Uϕ ∈ Uα}.
Then:
(i) the mapping s : FYUnif → LUnif(∧), which assigns to a fuzzifying uniformity U

on X the Lowen ∧-uniformity UU and which leaves morphisms unchanged, is
a fully faithful functor;

(ii) the mapping f : LUnif(∧)→ FYUnif, which assigns to a Lowen ∧-uniformity U

the fuzzifying uniformity UU and which leaves morphisms unchanged, is a fully
faithful functor;

(iii) s ◦ f = 1FYUnif and f ◦ s = 1LUnif(∧).

On the other hand, in [40], the authors endowed a fuzzy pseudometric space with
a fuzzifying uniformity as follows:

Theorem 7.4 ([40, Theorem 5.1]). Let (M,∧) be a fuzzy pseudometric space. Then
Uz
M : D(X)→ I given by

Uz
M (ϕ) =

∨
t>0

∧
x∈X

∧
y<ϕ({x})

(1−M(x, y, t))

is a fuzzifying uniformity on X.

Notice that Mardones-Pérez and de Prada Vicente gave a similar result in terms
of generalised uniformities [30, Theorem 4.1]. Using the previous theorem, we intend
to construct the ∧-Lowen uniformity Uz

M := UUz
M

associated with the fuzzifying
uniformity Uz

M of a fuzzy metric space as defined in Theorem 7.4. Let (X,M, ∗) be
a fuzzy metric space.
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Given U ∈ IX×X we have that
U ∈ Uz

M ⇐⇒ ∀α ∈ I0, ∀β < α, Uβ ∈
(
Uz
M

)α
⇐⇒ ∀α ∈ I0, ∀β < α, Uz

M (ϕUβ ) > 1− α
⇐⇒ ∀α ∈ I0, ∀β < α,

∨
t>0

∧
x∈X

∧
y<ϕ

Uβ
({x})

(1−M(x, y, t)) > 1− α

⇐⇒ ∀α ∈ I0, ∀β < α,
∨
t>0

∧
x∈X

∧
y<Uβ(x)

(1−M(x, y, t)) > 1− α

⇐⇒ ∀α ∈ I0, ∀β < α,
∧
t>0

∨
x∈X

∨
y<Uβ(x)

M(x, y, t) < α

⇐⇒ ∀α ∈ I0, ∀β < α, ∃s > 0 :
∨
x∈X

∨
y<Uβ(x)

M(x, y, s) < α

⇐⇒ ∀α ∈ I0, ∀β < α, ∃s > 0, ∃α′ < α :
∨
x∈X

∨
y<Uβ(x)

M(x, y, s) ≤ α′

⇐⇒ ∀α ∈ I0, ∀β < α, ∃s > 0, ∃α′ < α : Uα
′

M,s ⊆ Uβ

⇐⇒ ∀α ∈ I0, ∀β < α, Uβ ∈ UαM .
Hence

Uz
M = {U ∈ IX×X | U−1((β, 1]) ∈ UαM for all α ∈ I0 and β < α}.

Proposition 7.5. Let (X,M, ∗) be a fuzzy metric space. Then:
UHM ⊆ Uz

M ⊆ ω(UM ).

Proof. Let α ∈ I0 and t > 0. Given β ∈ I with β < α then M−1
t ((β, 1]) =

{(x, y) ∈ X ×X | M(x, y, t) > β} ∈ UαM so Mt ∈ Uz
M . Hence we deduce the first

inclusion. The other inclusion is obvious by definition of ω(UM ) since UαM ⊆ UM
for all α ∈ I0. �

We provide two examples showing that the above inclusions are, in general,
strict.

Example 7.6. Let us consider the fuzzy metric space (R,M, ·) where M is given
by

M(x, y, t) =
{

1, if x = y
1
2 , if x , y

.

Then it is obvious that UM = UαM is the discrete uniformity for all α ∈ I0. Let
F ∈ IR×R be given by

F (x, y) =
{

1 if x = y
1
3 if x , y

.

Clearly F−1((ε, 1]) ∈ UαM for all ε, α ∈ I1 so F ∈ Uz
M . Nevertheless, F < UHM since

if x , y then M(x, y, t) > F (x, y) so Mt � F for all t > 0. Consequently, UHM , Uz
M .

Example 7.7. Let us consider the real line R endowed with the euclidean metric
e. Let us define the fuzzy metric (N, ·) on R given by

N(x, y, t) = max{Me(x, y, t), 1
2},

where Me is the standard fuzzy metric associated with the euclidean metric. Then
U = {(x, y) ∈ R ×R | e(x, y) < 1

2} ∈ Ue = UMe
= UN and so 1U ∈ ω(UN ). Given

0 < ε < 1
2 and t > 0 then N(x, y, t) > ε for all x, y ∈ X so Uεt = {(x, y) ∈ X ×X |
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N(x, y, t) > ε} = X ×X. Hence U1/2
N = {X ×X} so 1−1

U ((ε, 1]) = U < U1/2
N for all

0 < ε < 1
2 . Consequently 1U < Uz

N , i.e. ω(UN ) * Uz
N .

This also shows that U01
N * Uz

N .

Nevertheless, we can prove the following:

Proposition 7.8. Let (X, d) be a metric space. Then
Uz
Md

= ω(Ud).

Proof. We only need to prove that ω(Ud) ⊆ Uz
Md

. Let us suppose that U ∈ ω(Ud).
Given α ∈ I0 and 0 < ε < α we have that U−1((ε, 1]) ∈ Ud = UMd

so we can
find γ ∈ I1 and t > 0 such that Md(x, y, t) > γ implies U(x, y) > ε. If γ < α
we immediately have that U−1((ε, 1]) ∈ UαMd

. Otherwise, fix 0 < β < α. Since
lims→0+ s(1 − β)/β = 0 we can find s0 > 0 such that t(1 − γ)/γ > s0(1 − β)/β.
An easy computation shows that if Md(x, y, s0) > β then Md(x, y, t) > γ and so
U(x, y) > ε. Therefore, U−1((ε, 1]) ∈ UαMd

which finishes the proof. �

Finally we will study in what follows the relation between fuzzy metrics and
fuzzifying topologies. Recall that Yue and Shi [40] endowed a fuzzy metric space
with a fuzzifying topology. Note also that Zhang and Xu [44] proved that the
category of fuzzifying topological spaces is isomorphic to that of fuzzy neighborhood
spaces, a special kind of stratified I-topological spaces [37]. In the following we
study the I-topology associated to a fuzzy metric space (X,M, ∗) constructed by
means of its fuzzifying topology. In particular, we study its relationship with the
I-topology ω(τ(M)) that we have previously considered. We begin by recalling
some pertinent definitions.

Definition 7.9 ([17, 38]). A fuzzifying topology on a nonempty set X is a function
T : 2X → I such that:
(FY1) T(X) = T(∅) = 1;
(FY2) T(U ∩ V ) ≥ T(U) ∧ T(V );
(FY3) T (∪i∈ΛUi) ≥

∧
i∈Λ T(Ui).

In this case, the pair (X,T) is called a fuzzifying topological space.
A function f : (X,TX) → (Y,TY ) between two fuzzifying topological spaces is

said to be continuous if TY (U) ≤ TX(f−1(U)) for each U ⊆ Y .
We denote by FYS the category of fuzzifying topological spaces and continuous

functions.

Yue and Shi [40] constructed a fuzzifying topology from a fuzzy metric space as
follows:

Proposition 7.10 ([40]). Let (X,M, ∗) be a fuzzy pseudometric space and for each
x ∈ X define TM : 2X → I as:

TM (U) =
∧
x∈U

∨
t>0

∧
y<U

(1−M(x, y, t)), U ⊆ X.

Then TM is a fuzziying topology on X.

Definition 7.11 ([28]). A fuzzy neighborhood system on a set X is a family of
prefilters (U(x))x∈X satisfying:
(FN1) a(x) = 1 for all a ∈ U(x);
(FN2) U(x) is saturated for all x ∈ X;
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(FN3) given x ∈ X, a ∈ U(x) and ε > 0 there exists a family {aεy ∈ U(y) | y ∈ X}
such that aεx(z) ∧ aεz(y) ≤ a(y) + ε for all z, y ∈ X.

In this case the pair (X, (U(x))x∈X) is called a fuzzy neighborhood space.

On the other hand, a continuous map between two fuzzy neighborhood spaces
(X, (U(x))x∈X) and (Y, (V(y))y∈Y ) is a function f : X → Y such that a ◦ f ∈ U(x)
for all x ∈ X and all a ∈ V(f(x)). We will denote by FNS the category of fuzzy
neighborhood spaces and continuous maps.

Furthermore, if (U(x))x∈X is a fuzzy neighborhood system on a nonempty set
X then it induces a stratified fuzzy topology T((U(x))x∈X) on X whose closure
operator is given by

a(x) =
∧

b∈U(x)

∨
y∈X

a(y) ∧ b(y)

where a ∈ IX and x ∈ X. Wuyts, Lowen and Lowen [37] characterized those
stratified fuzzy topological spaces which have a compatible fuzzy neighborhood
system. Later on, Zhang and Xu [44] proved that the category FYS is isomorphic
to the category FNS:

Theorem 7.12 ([44]). Let T be a fuzzifying topology on X and T a stratified fuzzy
topology on X. Let us consider :
(1) the stratified fuzzy topology TT on X given by

TT = {a ∈ IX | ∀α ∈ I1, a−1((α, 1]) ∈ ια(T)}
where ια(T) =

∨
β>α{U ⊆ X | T(U) ≥ β};

(2) the fuzzifying topology TT on X given by
TT(U) =

∨
{α ∈ I1 | U = a−1((α, 1]) for some a ∈ T}.

Then:
(i) the mapping s : FYS → FNS, which assigns to a fuzzifying topology T on X

the fuzzy neighborhood system compatible with TT and which leaves morphisms
unchanged, is a fully faithful functor;

(ii) the mapping f : FNS → FYS, which assigns to a fuzzy neighborhood system
(U(x))x∈X on X the fuzzifying topology TT((U(x))x∈X) associated with the strat-
ified fuzzy topology T((U(x))x∈X) and which leaves morphisms unchanged, is a
fully faithful functor;

(iii) s ◦ f = 1FYS and f ◦ s = 1FNS.

Using the above results, we can construct from a fuzzy metric space (X,M, ∗) a
stratified fuzzy topology TTM associated with the fuzzifying topology generated by
a fuzzy pseudometric as defined in Proposition 7.10. Then we have:

Proposition 7.13. Let (X,M, ∗) be a fuzzy metric space. Then
TTM ⊆ ω(τ(M)).

Proof. Let a ∈ TTM and ε ∈ I1. Given x0 ∈ a−1((ε, 1]) we can find U ⊆ X with
x0 ∈ U ⊆ a−1((ε, 1]) and TM (U) =

∧
x∈U

∨
t>0
∧
y<U (1 −M(x, y, t)) ≥ β > ε for

some ε < β < 1. Let t0 > 0 such that
∧
y<U (1 − M(x0, y, t0)) > ε. It is easy

to see that BM (x0, ε, t0) ⊆ U ⊆ a−1((ε, 1]). In fact, given y ∈ BM (x0, ε, t0) if
y < U then 1 −M(x0, y, t0) > ε, i.e. M(x0, y, t0) < 1 − ε a contradiction. Hence
a−1((ε, 1]) ∈ τ(M) for all ε ∈ I1 so a ∈ ω(τ(M)). �
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The following example shows that the above inclusion is, in general, strict.

Example 7.14. Let us consider the fuzzy metric (N, ·) as defined in Example 7.7.
It is clear that the function a(x) = x2+1

x2+2 belongs to ω(τ(N)) since it is a con-
tinuous function. Nevertheless, we next show that a < TTN . Let us consider
V = a−1(( 3

4 , 1]) = (−∞,−
√

2) ∪ (
√

2,∞). Since 1
2 ≤ N(x, y, t) ≤ 1 for every

x, y ∈ X and t > 0 then 0 ≤ TN (U) ≤ 1
2 for every U ⊆ X. Hence V < ι 3

4
(TN ).
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[12] J. Gutiérrez Garćıa and M.A. de Prada Vicente, Hutton [0, 1]-quasi-uniformities induced by

fuzzy (quasi-)metric spaces, Fuzzy Sets Syst. 157 (2006), no. 6, 755–766.
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[34] J. Rodŕıguez-López and S. Romaguera, The Hausdorff fuzzy metric on compact sets, Fuzzy

Sets Syst. 147 (2004), 273–283.
[35] A. Sapena, A contribution to the study of fuzzy metric spaces, Appl. Gen. Topol. 2 (2001),

no. 1, 63–75.
[36] B. Schweizer and A. Sklar, Statistical metric spaces, Pacific J. Math. 10 (1960), 314–334.
[37] P. Wuyts, R. Lowen, and E. Lowen, Reflectors and coreflectors in the category of fuzzy

topological spaces, Comput. Math. Applic. 16 (1988), 823–836.
[38] M.S. Ying, A new approach for fuzzy topology (I), Fuzzy Sets Syst. 39 (1991), 303–321.
[39] M.S. Ying, Fuzzifying uniform spaces, Fuzzy Sets Syst. 53 (1993), 93–104.
[40] Y. Yue and F.-G. Shi, On fuzzy pseudo-metric spaces, Fuzzy Sets Syst. 161 (2010), 1105–

1116.
[41] Y. Yue and J. Fang, Uniformities in fuzzy metric spaces, Iranian J. Fuzzy Syst. 12, no. 1

(2015), 43–57.
[42] D. Zhang, A comparison of various uniformities in fuzzy topology, Fuzzy Sets Syst. 140

(2003), no. 3, 399–422.
[43] D. Zhang, Uniform environments as a general framework for metrics and uniformities, Fuzzy

Sets Syst. 159 (2008), no. 3, 559–572.
[44] D. Zhang and L. Xu, Categories isomorphic to FNS, Fuzzy Sets Syst. 104 (1999), 373–380.
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