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ABSTRACT

In this paper we provide a concept of fuzzy partial metric space (X, P,*) as an
extension to fuzzy setting in the sense of Kramosil and Michalek, of the concept of
partial metric due to Matthews. This extension has been defined using the residuum
operator —, associated to a continuous t-norm * and without any extra condition
on *. Similarly, it is defined the stronger concept of GV-fuzzy partial metric (fuzzy
partial metric in the sense of George and Veeramani). After defining a concept of
open ball in (X, P, %), a topology Tp on X deduced from P is constructed, and it is
showed that (X, Tp) is a To-space.
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1. Introduction

One can find several generalizations of the concept of metric space in the literature.
For instance, in Matthews (1994) it was introduced the notion of partial metric, a
generalized metric for which the self-distance is not necessarily zero. It is worth men-
tioning that, a partial metric p on a non-empty set X induces a topology T (p) on
X which is Tp. Interesting notes on it can be seen in Bukatin et al. (2014). Another
generalization of classical metric, from a different point of view, was given in Menger
(1942). In it, Menger gave the concept of statistical metric space, which was devel-
oped in Schweizer and Sklar (1960), and renamed as PM-space (probabilistic metric
space). This concept of PM-space was extended to the fuzzy setting in Kramosil and
Michalek (1975), who introduced the concept of fuzzy metric. Nowadays, we refer to
a fuzzy metric using a more general concept than the one provided in Kramosil and
Michalek (1975), that was given in Grabiec (1988) (see also George and Veeramani
(1994)), using continuous t-norm. Later on, in George and Veeramani (1994) it was
introduced a stronger concept than fuzzy metric which we call GV-fuzzy metric (Def-
inition 2.7). A (GV-)fuzzy metric M on a set X induces a topology 7as on X, and
this topology is metrizable (see George and Veeramani (1995); Gregori and Roma-
guera (2000)). Since both concepts of fuzzy metrics were defined, several authors have
contributed to their study from the mathematical point of view (see, for instance, the
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following current references Gutiérrez-Gracia et al. (2018); Minana and Valero (2018);
Shukla et al. (2016), and references therein). Moreover, fuzzy metrics have been used
successfully in engineering applications such as colour image filtering (see Camarena
et al. (2010), and references therein) and perceptual colour difference (see Grecova and
Morillas (2016); Gregori et al. (2012)).

In the last years, different works have tried to unify both aforesaid generalizations
of classical metric, partial metric and fuzzy one, in a single one notion. For instance,
in Yue and Gu (2014) was given a concept of fuzzy partial metric, which was defined
using the continuous minimum t-norm. Furthermore, the authors endowed a fuzzify-
ing topology (see Ying (1991)) to the set deduced from the fuzzy partial metric. Later
on, in Yue (2015) it was introduced the concept of probabilistic partial metric as a
generalization of both fuzzy metrics and partial ones by means of AT-valued sets. A
probabilistic partial metric is a generalization of the fuzzy partial metric given in Yue
and Gu (2014). Besides, Y. Yue defined the concept of open ball in a probabilistic
partial metric space (X, P,A), where A is the minimum ¢-norm, and proved that the
family of open balls induces a (classical) topology Tp on X. He also proved fixed point
theorems on a complete probabilistic partial metric space (X, P,A), and generalized
fixed point theorems given in Grabiec (1988) and in Gregori and Sapena (2002). Re-
cently, in Yue and Gu (2017) the poset BX of formal balls has been studied in these
last one spaces, renamed as fuzzy partial metric spaces. Moreover, in Sedghi et al.
(2015) has been introduced a concept of partial fuzzy metric which generalizes the
concept of strong (non-Archimedean) GV -fuzzy metric (see Gregori et al. (2010); Mi-
het (2008)), and it was proved fixed point theorems for complete partial fuzzy metric
spaces.

In this paper we approach the concept of (GV-)fuzzy partial metric as an extension
of the concept of partial metric to the fuzzy setting in the sense of Kramosil and
Michalek and in the George and Veeramani’s one. These extensions have been made
in a natural way, but for establishing the triangle inequality we have used the residuum
operator — associated to a continuous t-norm (Definition 2.1). This way of proceeding
has been inspired by Demirci (Demicri 2012, Definition 13), without assuming any
additional restrictions on the continuous t-norm. As in the case of fuzzy metrics a
GV-fuzzy partial metric can be regarded as a fuzzy partial metric (in the sense of
Kramosil and Michalek). Then, in Definition 13 we have defined the concept of open
ball Bp(x,r,t) centered at x € X, with radius r € ]0,1[ and ¢ > 0, and we have proved
that the family B = {Bp(x,r,t): 2 € X,r €]0,1[,t €]0,00[} is a base for a topology
Tp on X and (X,7p) is a Tp-space (Theorem 4.6). The possibility of refining the
concept of open ball in order to obtain a topology on X has been posed as a question
(Question 4.7), at the end of Section 4, followed by a justifying remark. The theory is
supported with several examples throughout the paper.

The structure of the paper is as follows. In Section 2 we give some preliminary
results referred to the residuum operator associated to a continuous ¢-norm and also
about fuzzy metrics and partial ones. In Section 3 we introduce and study the concept
of fuzzy partial metric. Finally, in Section 4 we deduce, from a fuzzy partial metric P
on X, a topology Tp on X.

2. Preliminaries

We have divided this section in two different subsections. In the first one, we recall
the basic necessaries on the t-norms and the residuum operator related to a t-norm. In



the second one, we include the concepts of fuzzy metric and partial metric and some
comments on them.

2.1. Lattice-ordered monoids and continuous t-norms

In this subsection, we will recall some notions and results related to lattice-ordered
monoids. They will be useful in order to introduce a binary operator that we will use
in our definition of fuzzy partial metric space. We begin recalling some concepts given
in Birkhoff (1973); Hoéhle and Klement (1995). They can be found in Klement et al.
(2000).

Definition 2.1. Let (L, <) be a lattice and (L, *) a semigroup with neutral element.

(i) The triple (L, %, =) is called a lattice-ordered monoid (or an [-monoid) if for all

xz,y, %2 € L we have
(LM1) zx(yVz)=(r*xy)V(x*z),
(LM1) (zVy)xz=(x*x2)V(y=*2).

(ii) An l-monoid (L, %, <) is said to be commutative if the semigroup (L, *) is com-
mutative.

(iii) A commutative l-monoid (L, *, <) is called a commutative, residuated I-monoid
if there exists a further binary operation —, on L such that for each z,y,z € L
we have

zxy X zifand only if z <y —, 2.

In this case, — is called the *-residuum. Moreover, in Klement et al. (2000) it was
observed that in each commutative, residuated l-monoid (L,x*,=), the *-residuum
operator —, is uniquely determined by the formula

x—.y=sup{z€L:xxz <y} (1)

(iv) An [-monoid (L, *, <) is called integral if there is a greatest element in the lattice
(L, <) which coincides with the neutral element of the semigroup (L, *).

(v) A commutative integral [-monoid (L, * <) is called divisible if for each z,y € L
with y < z there exists z € L such that z x z = y.

The concepts introduced in Definition 2.1 are very related with the notion of trian-
gular norm (briefly, t-norm). Recall that a t-norm is a binary operation * on the unit
interval [0, 1] such that it is commutative, associative, monotone, and satisfies that
z 1=z for every z € [0,1].

The most commonly used continuous #-norms in Fuzzy Logic are the minimum,
denoted by A, the usual product, denoted by *p, and the Lukasievicz t-norm, denoted
by ¢, where  x¢ y = maz{0,z +y — 1}.

The aforementioned relation was established in the following proposition provided
in Klement et al. (2000).

Proposition 2.2. For each binary operation * : [0,1] x [0, 1] — [0, 1] the following are
equivalent:

(i) ([0,1],%,<) is a commutative residuated integral l-monoid.
(ii) * is a left-continuous t-norm.



Moreover, in Klement et al. (2000) it was pointed out the next corollary of the last
result.

Corollary 2.3. * is a continuous t-norm if and only if ([0,1],*, <) is a commutative
residuated divisible integral [-monoid.

Taking into account the formula (1), an immediate consequence of the last corollary
is that the s-residuum operator —, of a continuous ¢-norm * is uniquely determined
now by the formula

_) _ 1, if v <wy; (2)
TTeY= sup{z € L:xxz=y}, ifz>uy.

Attending to this last expression, the #-residuum operator of the minimum, the
usual product and the Lukasievicz t-norms, respectively, are the following:

1, ifz <y;
y, ifx>uy.

|1, ifx <y
‘T_)*Py_{g, if z > y. (4)
_ )L if z <y;
x%*ﬂy_{l—i—y—x, ifex>uy. (5)

In Klement et al. (2000) it was also established a representation theorem of a (large)
class of t-norms, which are the Archimedean and continuous ones. Recall that a t-norm
is called Archimedean if for each x,y € [0, 1] there exists n € N with z - - «(n) g < Y,
where - - - %™ denotes the n-times composition by %. Two well-known examples of
Archimedean t-norms are the usual product and the Lukasievicz one. Nevertheless,
the minimum ¢-norm is an example of non-Archimedean one.

In order to obtain the aforesaid representation, it was introduced the following
concept.

Definition 2.4. An additive generator f, :[0,1] — [0,00] of a t-norm = is a strictly
decreasing function which is right-continuous at 0, satisfying f.(1) = 0, and such that
for z,y € [0, 1] we have

fel@) + fily) € Ran(f.) U[f+(0), 00,

and also
zxy =V (fu(@) + fuly)), for all =,y € [0,1], (6)

where fifl) denotes the pseudo-inverse of the function fi (see Klement et al. (2000)).

Now, we present the announced representation theorem.



Theorem 2.5. A binary operator % in [0,1] is a continuous Archimedean t-norm if
and only if there exists a continuous additive generator f, of *.

Moreover, an additive generator f, of a continuous Archimedean t-norm * allows us
to obtain a simpler formula of the *-residuum, as follows:

N _{ 1, it z = 0; (7)
T EU AT (max{ fu(y) — fu(@),0}),  if 2,y €]0,1].

Note that the pseudo-inverse of a continuous additive generator f, is given by

A7) = £ (min{ £.(0), y}). (8)

Remark 1. Attending to Equation (7), it is obvious that given a continuous
Archimedean t-norm #, its s-residuum —, is continuous on |0, 1]x]0, 1]. Neverthe-
less, one can easily observe that the last affirmation is not true, in general, when we
consider continuous non-Archimedean ¢-norms, as it is so the minimum ¢-norm (see
expression (3)).

To finish this subsection, we recall another well-known continuous Archimedean ¢-
norm called the Hamacher product. It will be denoted by *pz and it is given by the
following expression:

Lo ifa=b=0;
4*H 0= #liab, elsewhere |

for each a,b € [0, 1].
In Klement et al. (2000) it was pointed out that the function fy(z) = =% is an

additive generator of xz and so, on account of formula (8), the function fl(a,_1 (y) = lj-y
is its pseudo-inverse. Attending to these observations and taking into account the

formula (7), the expression of the *g-residuum is given by

1, if x <w;

T — = . 9
Y {xyfgy, if x> y. (9)

2.2. Fuzzy metric and partial metric spaces

In this last subsection, we compile the basics on fuzzy metrics and partial metrics.

Definition 2.6 (Grabiec (1988); Kramosil and Michalek (1975)). A fuzzy metric
space, in the sense of Kramosil and Michalek is an ordered triple (X, M, *) such that X
is a (non-empty) set, * is a continuous ¢t-norm and M is a fuzzy set on X x X x [0, o[,
satisfying the following conditions, for all z,y,z € X and s,t €]0, ool

(KM1) M(z,y,0) = 0;

(KM2) M(x,y,t) =1 for all t > 0 if and only if z = y;
(KM3) M (x,y,t) = M(y,z,1);
(KM4) M(x,y,t)* M(y,z,s) < M(z,z,t+ s);



(KMS5) The function M, :0,00[— [0,1] is left-continuous, where M, ,(t) =
M (z,y,t) for each t €]0, co].

Later, in George and Veeramani (1994) it was modified the above concept as follows.

Definition 2.7 (George and Veeramani (1994)). A GV -fuzzy metric space is an or-
dered triple (X, M,x*) such that X is a (non-empty) set, * is a continuous ¢-norm
and M is a fuzzy set on X x X x]0, oo[ satisfying, for all x,y,z € X and s,t €]0, o],
conditions (KM3), (KM4) and the following ones:

(GV1) M(z,y,t) > 0;
(GV2) M(z,y,t) =1 if and only if z = y;
(GV5) The function M, , :]0, co[—]0, 1] is continuous.

If (X, M, ) is a (GV-)fuzzy metric space, we say that (M, x), or simply M, is a
(GV-)fuzzy metric on X. A GV-fuzzy metric M can be regarded as a fuzzy metric
defining M(x,y,0) = 0 for each z,y € X.

Remark 2. In the notion of fuzzy metric the t-norm just takes part in (KM4), and so,
attending to this axiom, if (M, %) is a fuzzy metric on X, then (M, <) is so whenever ¢ is
a continuous t-norm smaller that *, i.e. if for each a,b € [0, 1] we have that axb > a<b.

Every fuzzy metric M on X generates a metrizable topology Tjs on X which has
as a base the family of open balls

B ={By(z,e,t):x € X, e€]0,1],t €]0, 0]},

where Bys(z,¢,t) ={y € X : M(x,y,t) > 1 —¢€} for all z € X, € €]0,1[ and ¢ €]0, oo].
The following are two well-known examples of GV -fuzzy metric spaces, both defined
from a classical metric.
Let (X,d) be a metric space. Define the fuzzy sets M, and My, respectively, on
X x X x]0,00][ as follows

_d(z,y)

Mc(x,y,t) =€ "+ (10)

Ma(z, y,t) = Hdt(xy). (11)

Then, (X, M., A) and (X, Mg, \) are GV -fuzzy metric spaces, and so both M, and
My are GV -fuzzy metrics on X for each continuous t-norm, since A > * for every
continuous ¢-norm *. Furthermore, it is well-known that the topologies Ty, and Tay,
coincide with the topology 7 (d) induced by d on X.

The fuzzy metric My is called the standard fuzzy metric induced by d.

Definition 2.8 (Matthews (1994)). A partial metric space is a pair (X, p), where X
is a non-empty set and p is a function on X x X such that for all z,y, 2z € X:

(P1) 0 <p(z,x) <p(x,y)

(P2) p(z,z) =p(x,y) = p’(y, y) & T =y;
(P3) p(x,y) = p(y,z);



(P4) p(x,2) < p(z,y) +py,2) —py,y)

Remark 3. Notice that (P4) can be written as

p(x,2) — p(z,2) < p(z,y) — p(x,2) + p(y, 2) — (Y, y).

Every partial metric p on X generates a topology 7 (p) on X which has as a base
the family of open balls,

B = {Bp(z;¢) : x € X,e €]0, 00},

and (X, T (p)) is a Tp-space.
Recall that the non-empty open ball centred at x € X and radius € > 0 is defined
by

By(z;e) = {y € X : p(z,y) < p(z,z) +e}.

3. Fuzzy partial metric spaces

The aim of this section is to extend properly the concept of partial metric to the fuzzy
setting. First, we will introduce the concept of (GV-)fuzzy partial metric by means
of continuous ¢-norms, which will be according to the given concept of (GV-)fuzzy
metric.

Definition 3.1. A fuzzy partial metric space is an ordered triple (X, P, %) such that
X is a (non-empty) set, * is a continuous ¢t-norm and P is a fuzzy set on X x X x [0, 00|
satisfying the following conditions, for all z,y,z € X and s,t €]0, ool

(FPKMO) P(z,y,0) = 0;

(FPKM1) P(z,y,t) < P(z,x,t);

(FPKMZ2) P(z,z,t) = P(y,y,t) = P(x,y,t), for each t €]0, o], if and only if z = y;

(FPKM3) P(z,y,t) = P(y,z,t);

(FPKM4) P(z,z t+8) « Pz, z,t+s) >
(P(z,2,8) 2 P(2,5,8)) % (P(3,4,5) e Py, 2,5));

(FPKMS5) The as51gnment P, :]0,00[— [0, ] given by P, ,(t) = P(z,y,t), is a

left-continuous function.

According to the notion of GV-fuzzy metric space we introduce the following defi-
nition.

Definition 3.2. A GV -fuzzy partial metric space is an ordered triple (X, P, %) such
that X is a (non-empty) set, % is a continuous ¢-norm and P is a fuzzy set on
X x X x]0,00] satisfying, for all z,y,z € X and s,t €]0, c0[, conditions (FPKM3),
(FPKM4) and the following ones:

(FPGV1) 0 < P(z,y,t) < P(z,z,t);

(FPGV2) P(z,z,t) = P(y,y,t) = P(x,y,t) if and only if x = y;

(FPGV5) The assignment P, , :]0,00[—]0, 1], given by P, ,(t) = P(x,y,t), is a con-
tinuous function.

If (X, P, *) is a (GV-)fuzzy partial metric space we will say that (P, x), or simply



P, is a (GV-)fuzzy partial metric on X.

Remark 4. Asin the case of fuzzy metrics, a GV-fuzzy partial metric can be regarded
as a fuzzy partial one defining P(z,y,0) = 0 for each =,y € X. The purpose of this
paper is to introduce a topology on a non-empty set X deduced from a (GV-)fuzzy
partial metric on X. Now, as the reader will be able to observe, the value P(z,y,0)
does not play any role in our construction and then the results that we will state for
fuzzy partial metric spaces will be also valid for GV -fuzzy partial metrics.

Note that the above notions are generalizations of the concepts of fuzzy metric
space and GV-fuzzy metric space, respectively. Indeed, one can show that a fuzzy
metric (M, %) on a non-empty set X is a fuzzy partial metric satisfying the additional
condition below, for each = € X:

M (z,z,t) =1 for each t €]0, 00l

After introducing both approaches, to the fuzzy context, of the notion of partial
metric, we will justify the axiomatic that has been chosen for them. We only make
such observations on the notion of fuzzy partial metric space, since for the George and
Veeramani’s approach they can be deduced similarly.

Remark 5. One can observe that the axioms (FPKM1), (FPKM2) and (FPKM3)
are “literal” adaptations to the fuzzy context (following the ideas of the notion of fuzzy
metric space introduced by Kramosil and Michalek) of axioms (P1), (P2) and (P3),
respectively. Attending to Remark 3, the (FPKM4) axiom is an adaptation of the
inequality (P4). Finally, we have included axiom (FPKMS5) for the sake of similarity
with fuzzy metric spaces.

After justifying the axioms chosen in the definition of fuzzy partial metric, we
continue our study introducing two propositions that provide two examples of GV-
fuzzy partial metric spaces, which generalize, in some sense, the GV-fuzzy metric
spaces recalled in expressions (10) and (11), respectively.

Proposition 3.3. Let (X,p) be a partial metric space. We define the fuzzy set on
X x X x]0,00[ as follows

_p(z,y)

Pe(z,y,t) = e
Then, (X, Pe,*p) is a GV -fuzzy partial metric space.

Proof. Let (X,p) be a partial metric space and let P, the function given by

p(z

P.(z,y,t) =e" t"y), for each z,y € X,t €]0, ool.

Let z,y,z € X and t,s €]0,00[. We will see that P. satisfies all the axioms of
Definition 3.2.

p(z,y) _ p(=,x)

(FPGV1) Notethat 0 <e™ ¢+ <e "¢ <1,since 0 <p(x,z) < p(z,y).
(FPGV2) On the one hand, P.(x,z,t) = P.(y,y,t) = Pe(z,y,t) implies e~ =
e BEE = Y Then, p(z,z) = p(y,y) = p(z,y) and so x = y. On the



other hand, if z = y, it is obvious that P.(z,x,t) = P.(y,y,t) = Pe(x,y,1t).
(FPKM3) It is obvious, since p(z,y) = p(y, x).
(FPKM4) Recall that the function fp, where fp(z) = —log(x) for each = € [0,1], is an
additive generator of the usual product ¢t-norm (it was observed in Klement

)

et al. (2000)). Now, an easy computation shows that the function fl(fl , given

by f](;l)(y) = e Y for each y € [0, 0], is the pseudo-inverse of fp.
Let u,v € X and r €]0, 00[. Attending to formula (7) in Section 2.1 we have
that

Po(u,u, ) =4, Po(w,0,7) = £S5 (fp (Po(u, v, 7)) — fp (Po(u, u,1))) =

A (55 ) -

(=1) <p(u,v) p(u, U)> _ plww)—p(u,w)
P .

=e r
T r

Then, using Remark 3 we have that

_p@2)—p(z,x) _p@y)—p@o)+p,2) —pW,y)
Po(@, 2yt +8) =y Polw,zyt ) =e i > >
_p@y)—p@2)+p,z)=py,y) _ p(z,y)—p(z,x) _p(w,2)—py,y)
> e max{t,s} = e t *P (& s =

= (Pe(x,x,t) —>*P Pe(.%',y,t)) *p (Pe(%% 8) _>*p Pe(y7z>s)) .

_p(=,y)

(FPGV5) Obviously, the function (P.),,(t) = e~ ¢ is a continuous function on |0, ool,
for each z,y € X.

Hence, (X, P, xp) is a GV-fuzzy partial metric space. O

Following the same ideas of the last proof one can prove the following proposition.
Proposition 3.4. Let (X,p) be a partial metric space. We define the fuzzy set on
X x X x]0, 00[

Py(x,y,t) = ()

Then, (X, Py, ) is a GV -fuzzy partial metric space.

Moreover, we could show that both examples, presented in Proposition 3.3 and
Proposition 3.4, are GV -fuzzy partial metrics for the minimum ¢-norm too. Neverthe-
less, in the next example we will show that the fuzzy set P; introduced in Proposition
3.4 is not a fuzzy partial metric on X for the Lukasievicz t-norm, in general.

Example 3.5. Let (X,p) be the partial metric space, where X = [0,00] and
p(z,y) = max{z,y} for each z,y € X, and consider the fuzzy set Py on X x X x]0, oo|



given by Py(x,y,t) = % We will see that (X, Py, *¢) is not a GV-fuzzy partial

t+p(z,y

metric space. Indeed, we will show that P; does not satisfy axiom (FPKM4) for the

Lukasievicz

t-norm.

Let u,v € X and r €]0, oo[. By formula (5), we have that

T r

P —se Pilu,v,r) =1 — .
At 4, 7) = Falu, v,7) +r+max{u,v} r+u

Now, consider x = 1; y = 2; 2 = 10 and £t = s = 1. By the last expression,

Pi(z,x,t +8) —uo Pylz,z,t+s) =1+

and

1+1 1+1 1 2 1
141410 14+1+1 6 3

(Pd(éﬂ,{l/‘,t) kg Pd(l',y,t)) *ge (Pd(y7y’ S) xg Pd(y,Z, 5)) =

—1+1 L +1+1 ! 1—1+1
a 142 141 1410 142 211

Therefore,

in this case, we have that Py(z,x,t+s) —.. Pi(z,z,t+s) <

(Pd (l’,$,t) kg Pd ($,y,t)) *ge (Pd (ya Y, S) g Pd (ya 2, S)) .

Remark 6. Since xfy > *,, the preceding example shows a significant difference
between fuzzy metrics and fuzzy partial ones. Indeed, given a fuzzy partial metric

space (X, P,

%) it is not true, in general, that the tern (X, P,¢) has to be also a fuzzy

partial metric space, whenever ¢ < x.

The following example shows a fuzzy partial metric which is not explicitly deduced
from a classical partial metric.

Example 3.6. Let X =]0, 1]. We define the fuzzy set P on X x X x]0, co[ by the next

expression

P(z,y,t) = min{z, y} - ti—il’ if z # y,t €]0,1];
e min{z,y} - 7, elsewhere.

We will see that (X, P, A\) is a fuzzy partial metric space.
(FPKMO) By definition, P(z,y,0) = min{z,y} - = 0 for every z,y € X.
(FPKM1) Take z,y € X with  # y. We will distinguish two cases.
(1) Suppose that ¢ €]0,1].

0

First, note that P(x,z,t) = x- t% < 1and P(z,y,t) = min{z, y}- tj_—zl >
Then,

2
t+1

t
1>P(x,x,t):1:m2m1n{x,y} :P(l',y,t)>0

(2) Now, suppose that t €]1,00[. Then, P(z,z,t) = -+ < 1 and P(z,y,t) =

t+1

10



min{z, y} - 75 > 0, and so

t t
1>P(:c,x,t):x-t+—12min{x,y} o = P(x,y,t) > 0.

Thus, for each z,y € X and t €]0, oo[ it is satisfied 0 < P(z,y,t) < P(z,z,t) < 1.
(FPKM2) Obviously, if + = y, then P(z,z,t) = P(y,y,t) = P(z,y,t). Conversely, let
(z,y,1)

z,y € X and t €]0, oo satisfying P(z,x,t) = P(y,y,t) = . Then,
( t) = i ! ( t)
P(x,x T - - P
y Ly 1 Y- 1 Y,Y9,t),

and so z = y.
(FPKM3) It is obvious by definition of P.
(FPKM4) Let z,y,z € X and t, s €]0, 00[. Suppose that = # z, since if = z this axiom is
clearly held. We will distinguish two possibilities:
(1) Suppose that ¢ + s €]0,1]. On the one hand, an easy computation shows

that
t 2 2 2
ﬁzma}( L ’87 ]
14+t+s 14+t 1+4s

On the other hand,

(t 4 5)?

P(x,z,t+s) =x P(x,2,t +s) = min{z, 2} - P
S

Now, if x = y (or similarly, y = z), then

82

(P(x,x,t) =A P(z,y,t)) A (P(y,y,s) =a Py, z,s)) = min{z, 2} - 5 s

Thus, (FPKM4) is held.
Contrary, if © # y and y # z, then

(P(z,2,t) =p P(x,y,1)) AN(P(y,y,8) =n Py, 2,8) =

t2 s
(mln{aj,y} 1 —|—t> A (mln{ya Z} : s + 1) <

t2 s t2 52
< i : ) A I ’ : PR <
< (mln{x,y} max{l w 1—}—5}) (mln{y z} max{1+t 1+5})

12 52

1+t 1+s

} < min{z, 2} - (t+9)? -

< mi .
< min{z, z} Inax{ T

11



= P(z,x,t+s) = P(z,z,t + s),

and so, (FPKM4) is fulfilled too.
(2) Suppose that t + s €]1,00[. In such a case, observe that z < z implies
P(z,z,t +s) = P(z,z,t +s). Then P(z,z,t +s) = Plz,z,t+s) =1
and so, the triangle inequality is held. Thus, suppose that x > z. Besides,
assume that y # x and y # z, since contrary the inequality is fulfilled
obviously. On the one hand,

On

(P(y7 Y, 8) A P(y7 2 S))
we will distinguish three cases:
(a) Suppose that y > 2. Then,

P(x,z,t +8) =p P(x,z,t +5) =2

the other hand,

P(z,x,t) =5 P(x,y,t) = {

and

z s
P(?/,?/,S) —A P(yaZ,S):{ . s_,l;_l

we

claim that

T
1,

t+ s
t+s4+1

(P(z,z,t) =A P(x,y,t)) A

< min{y, z} - max{

S

t .
10 s+l (- To show lt,

if x # y,t €]0,1];
elsewhere.

if z #y,s €]0,1];
elsewhere.

Then, (P(z,x,t) =5 P(z,y,t)) A (P(y,y,5) = P(y,2,5)) <2737 <

: t s
min{y, z} - max {H_—l, T

Suppose that z > y > z. Then,

ma%w%Ama%w—{y'

and

P(y,y,s) =a Py, z,s) = { 2 st10

Y i1

s+1

if o £ y,t €]0,1];
elsewhere.

if @ # y,s €]0, 1;
elsewhere.

: t s
min{y, z} - max {H_—l, T

Suppose that z > z > y. Then,

H%%Q%Aﬂ%%ﬂ—{y'

and

P(y,y,s) A P(yvzas):{

Yo

Y s
1

)

12

v
—_

if o £ y,t €]0,1];
elsewhere.

if 2 # .5 €0, 1;
elsewhere.



Then, (P(x,2,t) = P(x,y,t)) A (P(y,y,8) =a P(y,2,5)) < y -

t s : t S
MAax § 77 597 < min{y, z} - max o i i O
: . _t+s : . t s
Therefore, since z - ;"F5 > min{y, 2} max{Hl, s+1} we have that

(FPKDM4) is satisfied.
(FPKMS5) By definition of P, it is easy to verify that P, , given by P, ,(t) = P(x,y,1t), is,
obviously, a (non-decreasing) continuous function on [0, +ool, for each z,y € X.
Hence, (X, P,A) is a fuzzy partial metric space.

The next example provides a fuzzy partial metric which is not a GV-fuzzy partial
one.

Example 3.7. Let (X,d) be a metric space and let ¢ €]0, 1]. We define the fuzzy set
on X x X x [0,00[ as follows

(0, ifd(zy) >t;
Po(%yat) - { c, If d(x7y) <t

We will see that (X, Py, A) is a fuzzy partial metric space.

Proof. Let z,y,z € X and t,s €]0,00[. We will prove that (X, Py, \) satisfies the
axioms of Definition 3.1.

(FPKMO) Py(x,y,0) = 0 since d(x,y) > 0 for every z,y € X.

(FPKM1) Observe that Py(z,x,t) = ¢, for each t €]0, 00|, since d(z,z) = 0 < t. Then, for
each z,y € X and t €]0, 00| we have that Py(z,y,t) < Py(z,z,t).

(FPKM2) Let x,y € X. On the one hand, by the last observation Py(z,x,t) = Py(y,y,t) =
Py(x,y,t) for each t €]0,c0[, implies Py(x,y,t) = ¢ for each t €]0, 00|, and so,
by definition of Py we have that d(z,y) = 0. Thus x = y. On the other hand, if
x =y, it is obvious that Py(z,x,t) = Py(y,y,t) = Po(z,y,t).

(FPKM3) It is obvious, since d(zx,y) = d(y, x).

(FPKM4) First of all, attending to formula (3) in Subsection 2.1, by definition of Py we
have that

0, if d(u,v)>r;

Py(u,u,r) =5 Po(u,v,7) = { 1, ifd(u,v)<r

for each u,v € X and each r €]0, ool.
Let My(x,y,t) = Po(z,x,t) —n Po(x,y,t). Then, given z,y,z € X and t,s €
10, 00, we have that

0, ifd(z,z)>t+s;
1, ifd(z,z)<t+s,

Moy(z,z,t+ s) = {
Therefore, if d(z,z) <t + s, the inequality
Mo (z,z,t + s) > Mo(z,y,t) AN M(y, z,s)

is fulfilled for every z,y,z € X and t,s > 0. Alternatively, if d(z,y) > t + s,
since d(z, z) < d(z,y) + d(y, z) for every x,y, 2z € X, we have that d(z,y) >t or

13



d(y,z) > s. In that case, My(x,y,t) = 0 or My(y, 2z,s) = 0. Hence, (FPKM4) is
also satisfied.
(FPKMS5) By definition, the assignment (Py)z,(t) is a left-continuous function on ]0, oo,
for each z,y € X.
However, (FPy)zy is not continuous whenever = # y, and consequently Py is
not a GV-fuzzy partial metric.

O]

We finish this section providing another significant difference between (GV-)fuzzy
metrics and (GV-)fuzzy partial metrics. Such a difference is given by the fact that, for
each x,y € X, the function P, , defined in the axiom (FPKMS5) is not increasing, in
general.

Example 3.8. Consider the set X = R and the usual product t-norm *xp. We define
a fuzzy set P on X x X x [0, 00| given by

0, if t =0;
P(xayat) = 6_t7 if r = Y;
%e*t, if x #y.

It is not hard to check that (X, P, xp) is a fuzzy partial metric space. Indeed, (FPKMO)-
(FPKM3) are obviously fulfilled by P attending to its definition. To show (FPKM4),
consider x,y, z € X, with z # z (since, contrarily, P(x,z,t+s) =, P(x,z,t+s) =1
and so, the inequality is satisfied) and ¢,s €]0,00[. On account of formula (4) in
Subsection 2.1,

1
P(x,z,t +5) =, Plx,z,t+5) = 5
Now, by our assumption, at least x # y or z # y, and so

(P2, 2,t) =4 P(2,y,1)) xp (P(y,y,8) =+p Py, 2,5)) <

N | =

Therefore, (FPKM4) is also held.
Obviously, P, , is a continuous function for each x,y € X, which is not increasing.

4. Topology induced by a fuzzy partial metric

The aim of this section is to define a topology deduced from a fuzzy partial metric.
Such a topology is defined by means of open balls, in a similar way to the classical
case. Based on the notions of open ball, both in partial metrics and fuzzy ones, it
seems natural to define the concept of open ball in a fuzzy partial metric space as
follows:

Definition 4.1. Let (X, P, *) be a fuzzy metric space, the open ball Bp centred at
x € X, with radius r €]0, 1] and parameter ¢ €]0, oo is defined by the next expression:

Bp(z,r,t) ={y € X : P(x,z,t) = P(x,y,t) > 1 —r}. (12)

14



Observe that, for each z,y € X, the assignment P, :]0,00[— [0,1] is a well-
defined function, where P, , , is given by

Ppay(t) = Pz, x,t) =4 P(x,y,t), for each t €]0, c0].

Indeed, P, ;4(t) = sup{c € [0,1] : P(x,z,t)*c = P(x,y,t)}, which is unique. Further-
more, as a consequence of the axiom (FPKM4) in Definition 3.1, we can deduce that,
for each z,y € X, the function P, ;, is non-decreasing. However, such a function is
not left-continuous in general, as shows the following example.

Example 4.2. Let (X, P,A) be the fuzzy partial metric space of Example 3.6. Con-
sider = 1 and y = 1. Then, P(z,2,t) = ﬁ for each t €]0, oo and

£ if ¢ €]0,1];
P(x,y,t) —{ A

1) elsewhere.

Therefore, attending to equation (3) the function P, ;, is given by

& if t €]0, 1[;
Pyouy(t) =4 3D ! >+
() { 1, if ¢ € [1,00],

which is not left-continuous at ¢t = 1.

In our next construction of a topology Tp deduced from P we shall need left-
continuity for P, ;.. To overcome this lack of left-continuity of the function P, ; ,, in
general, we propose to define the open balls in a fuzzy partial metric space as follows.

Definition 4.3. Let (X, P, %) be a fuzzy partial metric space. We define the open
ball Bp centred at x € X, with radius r €]0, 1] and parameter ¢ €]0,00[ by the next
expression:

Bp(z,r,t)={ye X : P, (t)>1—r}, (13)

x"'l“7y

where P, .. (t) = sup{P(z,x,s) —« P(z,y,s) : s €]0,t[}.

T, T,y

Attending to the above observations on the assignment P, ,(t), it is not hard to
check that Pg’w&y is a non-decreasing function on ]0, co[, for each x,y € X. Furthermore,

Pﬂlmvy is left-continuous, for each x,y € X, as shows the next lemma.

Lemma 4.4. Let (X, P,*) be a fuzzy partial metric space. For each x,y € X, the
function P, .. :]0,00[— [0, 1] given by

x’z7y
P, ., (t) =sup{P(z,z,5) =« P(z,y,s) : s €]0,t[}, for eacht €]0, 0],

18 left-continuous.

Proof. Take z,y € X. We define, for each ¢ €]0, 0|, the function

P . () =sup{P(z,z,s) =« P(z,y,s) : s €0,[}.

Z,T,Y
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Let t9 €]0,00[. Since (P(z,x,s2) —« P(x,y,s2)) > (P(x,x,s1) =« P(z,y,s1)),
whenever s1,s2 €]0,00[ with sy > 51, and attending to the definition of Py , . we
deduce that for each e > 0 there exists sg €]0, tg[ such that

P(x,x,50) = P(x,y,50) > Py, (to) — €.
Then, by the last inequality, we have that

P(x,2,8) =« P(x,y,s) > P. . . (to) — €, for each s € s, to].

Z,T,Y

Therefore, given € > 0 there exists § > 0, with § = tg — s, such that

Py 2y(t) = sup{P(z,z,s) =, P(x,y,5) : s €]0,t[} > P, ., (to) — ¢,

Z,T,Y

for each t €|ty — 9, tp]. Thus, P;;x’y is left continuous at ty, and since tg is arbitrary

then P, . is left-continuous on ]0, col. O

Remark 7. Observe that if, for each z,y € X, the function P, ; , is left-continuous,
then Bp(x,r,t) = Bp(z,r,t), for each x € X, r €]0, 1] and ¢ €]0, oo|.

Lemma 4.5. Let (X, P, ) be a fuzzy partial metric space. Then, for each x,y,z € X
and each t, s €]0,00[ it is satisfied the following:

Pl (t+5) > Pl y()+ Pl (5)
Proof. Let z,y,z € X and t,s €]0,00]. Consider t' €]0,¢[ and s €
10,s[. Then, P;,.(t + s) > Pxxt + &) = Pzt + ) =
(P(z,z,t') =« P(x,y,t")) * (P(y,y,s') =« P(y,2,5)). Since t' €]0,t[ and s €
10, s[ are arbitrary then P, .(t + s) > (sup{P(z,z,t') =« P(z,y,t') : t' €]0,t[}) *

T,x,2

(sup{P(y,y,5') =« Py, 2,5") : 8" €]0,5[}) = Py, ,(t) * P'(y,y,2)(s).

Now, we are able to show the main goal of this section. We have included the proof
for the sake of completeness and because of its particularities.

O

Theorem 4.6. Let (X, P, x) be a fuzzy partial metric space. Then, the family of open
balls

B={Bp(z,rt): 2z € X,r€|0,1],t €]0, 00} (14)

forms a base of a topology Tp, which is Tj.

Proof. Let x1,x0 € X, ri,ro €]0,1[, t1,t2 €]0,00[ and consider the open balls
Bp(.rl, r1, tl) and Bp({L‘Q, T2, tg).

We will show that for each y € Bp(z1,71,t1) N Bp(x2,72,t2) we can find r €]0, 1]
and t €]0, oo[ satisfying Bp(y,r,t) C Bp(x1,71,t1) N Bp(x2,72,t2).

Let y € Bp(x1,7r1,t1) N Bp(x2,72,t2). Then, by definition of open ball, we have that

P (tl) >1—r and P! (tg) >1—rq.

T1,T1,Y T2,T2,Y
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On the one hand, we can find r] €]0,71[ and % €]0, ro[ such that

P;l’xhy(tl) >(1—7}) and P, (ta) > (1 —1b).

Z2,T2,Y

And, on the other hand, since the functions P, _ . and P, are non-decreasing
1,21,Y T2,T2,Y

left-continuous functions on |0, co[, then we can find ] €]0,¢;[ and ¢}, €]0, to[ satisfying

P:;h:cl,y(tll) > (1 - Tll) and Péz,xz,y(té) > (1 - Té)

Now, since * is continuous, there exist 7 €]0,1[ and r§ €]0, 1] such that (1 — ) *
(1—7])> (1 —=ry) and (1 —7)) * (1 —rY) > 1 — rq, respectively.

Take r = min{r{,7J} and ¢t = min{t; — ¢}, t2 — ty}. We will see that Bp(y,r,t) C
Bp(z1,7r1,t1) N Bp(x2,r2,t2). Indeed, take z € Bp(y,r,t), then applying Lemma 4.5
in the first inequality and the monotony of the function P, . . in the second one, we
have that

Py ay2(t) 2 (P, 0, (01)) % (Pyy2(tt = 11)) 2 (Pr, 4,0 (01)) * (P y 2 () >

>(L=r)x(Q=r)=A=r)*(L=r])>1=r),

and so z € Bp(x1,71,t1).

Analogously, one can prove that z € Bp(xzg,72,t2). Hence, B is a base of a topology
Tp.

Finally, we will prove that (X,7p) is a Tp-space. Indeed, if x # y, there exists
to €]0, oo[ such that Py . (to) < 1or P, . (to) < 1. Contrary, P, , ,(t) = P, (t) =1,
for each t €]0, o[, that implies P(x,z,t) = P(z,y,t) = P(y,y,t), for each t €]0, o],
which is equivalent to x = y. Suppose that P, ,  (to) =119 < 1. Let r; <ro < 1.
Then y &€ Bp(x,r1,tp), and so (X, Tp) is a Tp-space. O

Concerning the above theorem, given a fuzzy partial metric P on a non-empty set
X, we will say that Tp is the topology deduced from P or induced by P.

Coming back to the fuzzy partial metric case, as it has been shown in Example
4.2, axioms (FPKM1)-(PKMS5) do not ensure the left-continuity of the function P, ; ,.
Nevertheless, in such an example, one can verify that we are able to define a topology
on X deduced from P, which has as a base the family of open balls Bp. It is due to
the fact that the fuzzy partial metric P, defined in Example 3.6, satisfies in addition
the next condition, for each x,y,z € X and each t €]0, oo,

P(z,x,t) =« P(z,2,t) > (P(z,z,t) =« P(z,y,t)) * (P(y,y,t) =« P(y,2,t)) .

So, the above comments motivate the next question.

Question 4.7. Let (X, P, %) be a fuzzy metric space. Can we define a topology on X
which has as a base the family

{Bp(x,r,t) cx e X,rel0,1],t € ]0,00[}?
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Remark 8. Example 4.2 shows a fuzzy partial metric such that P, ., is not a left-
continuous function but the family

{Bp(x,r,t) cx e X,rel0,1],t E]O,oo[}

defines a topology on X.

5. Conclusions

In this paper we have introduced a notion of fuzzy partial metric space (X, P, *) which
constitutes an addaptation of the notion of partial metric space given in Matthews
(1994) to the fuzzy setting. Such an addaptation is based on the fuzzy metric sapce
given in Kramosil and Michalek (1975), using the residuum operator —, associated to
a continuous t-norm *, without any extra condition on *. Then, we have constructed
a topology Tp on X, deduced from P, and we have proved that (X, Tp) is a Ty-space.

The introduced notion of fuzzy partial metric opens several lines of research in the
fuzzy setting. On the one hand, the study of the (fuzzy partial) metric properties, and
in particular fixed point theory. On the other hand, its applicability to engineering
problems in which it makes sense to consider that the self-similarity can be less than
1.
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