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Left braces and the quantum Yang-Baxter
equation

H. Meng *  A. Ballester-Bolinches*  R. Esteban-Romero*!

Abstract

Braces were introduced by Rump in 2007 as a useful tool in the
study of the set-theoretic solutions of the Yang-Baxter equation. In
fact, several aspects of the theory of finite left braces and their applica-
tions in the context of the Yang-Baxter equation have been extensively
investigated recently.

The main aim of this paper is to introduce and study two finite
brace theoretical properties associated to nilpotency, and analyse their
impact in the finite solutions of the Yang-Baxter equation.
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1 Introduction

The quantum Yang-Baxter Equation (YBE), first appearing in the paper by
Yang [11], is an important equation in mathematical physics that lays the
foundations of some interesting mathematical theories. One of the funda-
mental open problems is to find all the solutions of the YBE. A subclass
of solutions, the involutive and non-degenerate ones, has received a lot of
attention in last years. This type of solutions is of interest not only for the
applications of the YBE to physics but also for its connections with some
mathematical topics of recent interest such as radical rings |7], trifactorised
groups [10] and Hopf algebras [6].
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Let X be a non-empty set. A map r: X x X — X x X is a set-theoretic
solution of the Yang-Baxter Equation if

T'12723T12 = 123712723,

where the maps 719, m93: X X X x X — X x X x X are defined as r;5 =
r X idy, ro3 = idy x r. For all x, y € X, we define two maps f,: X — X
and g,: X — X by setting r(z,y) = (f:(y), g,(2)).

We say that the solution (X,r) is called involutive if r? = idx2, where
X? = X x X; (X,r) is non-degenerate if f,, g, are bijective maps for all z,
ye X.

By a solution of the YBE we mean a non-degenerate involutive set-
theoretic solution of the Yang-Baxter equation, as in |3, 2].

The solutions of the YBE can be studied using group theory by consider-
ing two fundamental groups: the structure group and the permutation group
(see [4]).

Let (X,r) be a solution of the YBE and assume that X is finite. The
structure group of (X, r) is the group G(X,r) with the presentation

(X |2y = fa(y)gy(z) forall z, y € X).

The permutation group of (X, r) is the subgroup G(X,r) of Sym(X) gen-
erated by the bijections f, for all x € X, that is,

G(X,r)=(fs | x € X) < Sym(X).

On the other hand, Rump [7] introduced a new algebraic structure as
a generalisation of radical rings that turns out to be an important tool to
study the solutions of the YBE. This structure is called left brace and it is
defined as a set B with two binary operations, 4+ and -, such that (B, +) is
an abelian group, (B, -) is a group and

a-(b+c)=a-b+a-c—a foralla, b ce€B. (1)

The class of Jacobson radical rings coincides with the class of all two-sided
braces, that is, left braces in which the symmetric version of condition (1)
holds.

Let (X,r) be a solution of the YBE. Then G(X,r) and G(X,r) are left
braces (see [3, Section 3]). Moreover, the results of [1] show that every finite
left brace is isomorphic to the left brace G(X,r) for some finite solution of
the YBE, and allow us to conclude that the problem of constructing all the
finite solutions of the YBE is reduced to describing all the finite left braces.



The main goal of this paper is to introduce and analyse two brace theoret-
ical properties that are natural extension of the well-known brace properties
of left and right nilpotency, and apply them to the study of the solutions
of the YBE. Our first main result (Theorem 14) can be regarded as an im-
provement of a recent result of Smoktunowicz [9, Theorem 1| characterising
nilpotency of finite braces by means of the nilpotency of its multiplicative
group. It also provides an alternative shorter proof of this result that con-
firms the important role played by the abstract group theory in the study
of braces. The study of a local right nilpotency in Section 5 allows us to
determine a large class of groups whose associated finite solutions of the
YBE are multipermutation ones, and it can be considered as a significant
improvement of one of the main results of [3].

Throughout the paper, the word “brace” always means “left brace”.

2 Basic results on braces

We shall lead up to proofs of our main results through a series of elementary
lemmas. Some of them are surely well-known, but include short proofs for
completeness.

Let (B,+,-) be a brace. It is rather easy to check that the identity 0
of the additive group (B, +) and the identity 1 of the multiplicative group
(B, -) are equal.

As usual, we denote by —a,a™! the inverse element of a in (B, +), (B, ),
respectively.

We say a subset By of B is a sub-brace of B if (By,+) is subgroup of
(B,+) and (By, -) is a subgroup of (B, -).

Let A, B be two braces. A map f: A — B is a homomorphism of braces
if fla+b) = f(a)+ f(b) and f(ab) = f(a)f(b) for all a, b € A. The kernel
of f is defined as the set Ker(f) = {a € A| f(a) = 1}. If f is bijective, f is
called isomorphism.

We say that A and B are isomorphic (A = B) if there is an isomorphism
between A and B.

Let * be the binary operation on B defined by setting

axb=a-b—a—0b,

fora, b € B.
We begin with some essential properties of the operation .

Lemma 1. Let (B,+,") be a brace. Then for every a, b, ¢ € B, we have:
I.ax(b+c)=axb+axc.



2. ax0=0x%xa=0.

3. ax(=b)=—(axb).

4. (a-b)xc=ax(bxc)+axc+bxc.
Proof. Only Statement 4 is in doubt.

(a-b)yxc=(a-b)-c—(a-b)—c
a-(b-c)—(a-b)—c
=a-(bxc+b+c)—(a-b)—c

=a-(bxc)+a-b+a-c—2a—(a-b)—c

x(bxc)+a+bxc—2a—c+a-c
x(bxc)+a*xc+bxc. O

We shall say that a non-empty subset I of B is said to be a left (right)
ideal of B if (I,+) is a subgroup of (B,+) and bxa € I (a*xb € I) for every
a €l andbe B; I is an ideal of B if I is both left and right ideal of B.

Let I be an ideal of the brace A, we have that a + I = al for all a € A.
We may define A/ = {a+I|a€ A} with the operations:

(a+D)+b+I1)=(a+b)+I,(a+1)-(b+1)=(ab)+1,

Then (A/I,+,-) is a brace called the quotient brace of A modulo I.
It is clear that if f: A — B is a homomorphism of braces, then Ker(f)
is an ideal of A and f(A) is a sub-brace of B. Moreover, we have:

Lemma 2. A/Ker(f) = f(A).
Lemma 3. Let B be a brace and I, J be ideals of B such that I C J. Then
(B/1)/(J/T) = B/.J.

In [3, Definition 3|, an alternative notion of ideal in terms of some useful
automorphisms of (B, +) is given. For a € B, let

M:B—B; b——a-b—a, beB.

According to [3, Lemma 1], A\, is an automorphism of (B,+), and the
map
A (B,-) — Aut((B,+)); ar— A,

is a group homomorphism. Thus we have a natural group action of (B,-) on
(B, +) via the homomorphism .
The next lemma shows that in fact the two definitions are equivalent.
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Lemma 4. Let (B,+,-) be a brace and let I be a non-empty subset of B.
1. I is a left ideal of B if and only if (I,+) is a subgroup of (B,+) and
Ao(7) € I for everya € B, i € 1.
2. I is an ideal of B if and only if (I,-) is a normal subgroup of (B, ") and
Ao(i) € I for everya € B, i € 1.
Proof. 1. Note that for every a € B,7 € I,

axi€l <= MN(i)=a-i—a=axi+iel.

2. If I is an ideal of B, then I is a left ideal of B. Then \,(i) € I for
every a € B,i € I. We prove that (I, -) is a normal subgroup of (B, -).
Let a € B,i € 1,

atlica=aixa+ita)—al+al

= )\a—l(i * a) 4+ Ag-t (Z) + )\a—l(a) + at

= Ag-1(ixa) + N-1(2) € 1,
Conversely, assume that (7, ) is a normal subgroup of (B, -) and A\, (i) €
Iforallae B,iel. Theni*xa=i-a—i—a=a-(a"'i-a)—a—i=
Mo(a™-i-a)—ie€l. Leti,jel. Then

i—j=j-(G i) —j=NG" i) el foralli, jel
Therefore (I,+) is a subgroup of (B, +). O
An interesting and useful application of Lemma 4 is the following.

Lemma 5. Let (B,+,-) be a finite brace. Then mB = {mb | b € B} is a
left ideal of B for all m € N. In particular, every Hall subgroup of (B,+) is
a left ideal of B.

Proof. Note that (mB,+) is a characteristic subgroup of (B,+). Thus
(mB,+) is invariant under the action of (B,-) via A\. Consequently, mB
is a left ideal of B by Lemma 4. O]

Let X, Y be subsets of the brace B. Define

X+Y={r+ylreXyeY}
XxY=(@xy|lreX,yeY),,
where (S), denotes the subgroup generated by the set S C B in (B, +).
Note that if (Y, +) is a subgroup of (B, +), it follows from Lemma 1 (3) that

X*Y:{in*yi|xi€X,yiEY}.

i=1



Lemma 6. Let B be a brace. Suppose that L is a left ideal of B and I is an
ideal of B. Then I x L is a left ideal of B. Moreover, I * B is an ideal of B.

Proof. Let © = Y"1 ;a; % b; € I x L, where a; € I,b; € L. If y € B, then
M) = A, Q00 ai b)) => 0 Ay(a; xb;). Therefore, by Lemma 4 (1), it is
enough to prove that A\y(a*b) € I x L for each a € I,b € L.

Ay(ax b) = Ay(Aa(b) — b) = (A © Aa)(b) = Ay (D)
- Aya( ) — A (b) Alyay—1)y (0) — )‘y(b)
( ) -
il

Ay(0)

Ayay-1(Ay
1) Ay (b).

(yay
Since [ is an ideal of B, (I,-) < (B,-). Hence yay~' € I. Since L is a left
ideal of B, we have that A\,(b) € L. Thus \,(a*b) € I x L, as desired.

We prove now that [ x B is an ideal of B. By Lemma 4 (2), it is enough
to show that (I x B,-) <(B,-). Let x € [ x B and y € B. Then

Yay)—y ' +y = Na(ay) +y!

y ey =y~
=Nz xy+a+y) +y !
— A
— A

(@ xy) + Ay (@) + Ay () +y!
y-1(xxy) + A1 (),

Note that x € I since [ is an ideal of B. Since I x B is a left ideal of B, we
have that A\,-1(x * y), \,-1(x) € [ * B. Thus y tzy € I x B. O

We define inductively:

Lo(X,Y) =Y, L,(X,)Y)=X=xL,1(X,Y) (n>1);
Ro(X,Y) = X; Ro(X,Y) =Ry (X, Y)Y (n>1).
Observe that if z, y € B, then L,({z},{y}) coincides with {e,(x,y)}, with
en(x,y) defined as in [8, Section 2]. Note that if Y and Z are subgroups of

(B,+), we have that X x (Y + 7) = (X *xY) + (X * Z) by Lemma 1 (1).
Hence:

Proposition 7. Let (B, +,-) be a brace. Assume thatY and Z are subgroups
of (B,+). Then

L,(X,Y +7) = L,(X,Y) + Ly (X, Z)

for alln € N.



Proof. We argue by induction on n. If n = 0, then the result is clear. We

may assume that n > 1 and L, (X, Y + 72) = L, 1(X,Y) + L, 1(X, 2)

holds. Then

L,(X,)Y+2)=X«L, (X, Y+ 2)
=X x(L,1(X,Y)+L,_1(X, 2))
=Xx*xL,1(X,)Y)+ X xL,1(X,2)
=L.(X,)Y)+ L,(X, 2). O
The following description of the sets L, (X,Y’) in terms of commutators

of the semidirect product G = (B, +) x (B, -) with respect to the action of

(B,-) on (B,+) via A turns out to be crucial in our approach.
Let a € (B,+) and b € (B, ). Then

[a, b7 = —a+N(a)=—a+b-a—b=bxa.
If Y is a subgroup of (B, +) and X is a subgroup of (B, "), then
V., X]=(y,2 | [reX,yeV), =(@*y|lreX,yeY), = X*Y;
furthermore,
L,(X,Y)=[..[Y,X],X],...,X] =Y, X,..., X] (X appears n times).

It easily follows from Lemma 6 that L, (B, B) = B"*! (|7]), is a left ideal
of B, also a normal subgroup of G contained in (B, +) for all n.

Assume now that B has order p” for some prime p, n > 1. Then G is
a p-group and so it is nilpotent. Applying [5, 5.1.6 (iii)], we obtain that if
L;(B,B) # 0, then (L;11(B, B),+) is a proper subgroup of (L;(B, B),+).
Therefore we have:

Lemma 8 (|7, Corollary|). Let B be a finite brace such that |B| = p" for
some prime p and n > 0. Then L,(B,B) = 0.

Let B be a brace. Rump [7] defined the socle series of the brace B by
setting Socy(B) = 0, Soc(B) = Soc;(B), and
Soc,1(B) :={x € B |z xa € Soc,(B),for all a € B},

for all n > 1.

Note that if s € Soc(B), then sz = s + x for all x € B. Therefore, by
Lemma 4, Soc,(B) is an ideal of B for all n.

The following proposition is elementary.

Proposition 9. Let B be a brace and X be a non-empty subset of B. Assume
that m, n > 0. Then R, (X, B) C Soc,,(B) if and only if X C SocCy,1,(B).
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3 Braces and solutions of the Yang-Baxter equa-
tion

Let (X,r), (Y,s) be two solutions of the YBE. Following [3, Section 3|, we
say that a homomorphism from (X,r) to (Y,s) is a map ¢: X — Y such
that

s(p(xi), p(x;)) = (plar), p(z1),
if i, x;, o, 1 € X satisty r(z;, z;) = (2, 7).

In this case, (¢(X), s|,(x)2) is also a solution of the YBE. The solution
(X, r) is said to be embedded in (Y, s) if ¢ is injective. If ¢ is bijective, then
we say that (X,r) and (Y, s) are isomorphic.

If B is a brace, then the map r: B x B — B x B defined by

r(@,y) = (Aa(y), Ay (@)

provides a solution of the YBE called the solution of the YBE associated to
the brace B (see |3, Lemma 2|). Clearly, if the braces A and B are isomorphic,
then the solutions of the YBE associated to A and B are isomorphic.

Let (X,7) be the solution of the YBE. Denote by Z*X the additive free
abelian group with basis X. Note that Sym(X) induces a group of auto-
morphisms of Z* by

a(Zaxa:>:Zaxa(x),UESym(X), a, € Z, xeX.

zeX rzeX

Write the group Mx = {(a,0) | a € Z¥,0 € Sym(X)} with the product
defined by:

(a,0)(b,7) = (a+o(b),or) foralla, beZ*, o, 7€ Sym(X).

By [4, Propositions 2.4 and 2.5], G(X, ) is isomorphic to a subgroup of My
of the form
H = {(a,¢(a)) | a € Z*},

for some function ¢: Z* — Sym(X) such that ¢(x) = f,. We can define a
sum in H by setting

(a,0(a)) + (b,0(b)) = (a+b,¢(a+ b)) foralla, bec Z¥.

Then (H, +,-) is an (infinite) left brace (see 3, Section 3|). In [3, Theorem 1|
it is stated that the solution (X,r) of the YBE can be embedded in the
solution of the YBE associated to H. The following result can be considered
as a slight extension of that theorem.



Proposition 10. With the above notation, assume that (H,s) is the solution
of the YBE associated to the brace H. Then there exists an G(H, s)-invariant
subset Y C H such that (Y, s|y2) is isomorphic to (X,r).

Proof. Let v: X — H be the map defined by ¢(z) = (z, f,) = (z,¢(x))
and set Y = ¢(X).

Recall that s: H x H — H x H is the map defined by s(h,g) =
n(9) A5y (B): Thus G(H,5) = O | h € H) = uoia | @ € Z5).
For every h = (a,¢(a)) € H and y = ¢)(z) € Y, where a € Z* and z € X,
we have

An(y) = (a,0(a))(z, ¢(x)) — (a, ¢(a))
= (a + ¢(a)(x), p(a)d(x)) — (a, ¢(a))
= (a+ ¢(a)(z), (a + ¢(a)(x))) = (a, ¢(a))
= ( )7

Note that ¢(a)(x) € X and so
invariant. Moreover, ¥(fz(y)) = Ayp@) (¥ (y)) for all z, y € X. This implies
that ¢ is an embedding of (X,r) in (H,s) and so (Y, s|y2) is a solution of
the YBE that is isomorphic to (X, r). O

We bring this section to a close with the notions of retraction of a solution
and multipermutation solution introduced in [4]. Let (X,r) be a solution
of the YBE and assume that r(z,y) = (f.(v), g,(z)) for all z, y € X. The
retraction relation ~ on X with respect to r is an equivalence relation defined
bnyylff:c:fy

If [z] denotes the ~-class of z € X, then a natural induced solution
Ret(X,r) = (X/~,7) called the retraction of (X,r), where 7 is defined by

m([2], ) = ()], [gy(2)])  for all [a], [y] € X/~,

emerges.
Define
Ret’(X,r) = (X,7), Ret' (X, r) = Ret(X,r)
and

Ret™(X,r) = Ret(Ret™ (X, r)),m > 2.

Then a solution (X, r) is said to be a multipermutation solution of level m if
m is the smallest non-negative m such that Ret™ (X, r) has cardinality 1.
The following lemma is an easy application of [3, Lemmas 3 and 4].



Lemma 11. Let B be a brace and let (B,r) be the solution of the YBE
associated to B. Then Ret™(B,r) is isomorphic to the solution of the YBE
associated to the brace B/Socy,(B).

Proof. We argue by induction on m. By [3, Lemma 3|, the result is true
for m = 1. Now suppose that Ret™ (B, r) is isomorphic to the solution of
the YBE associated with the brace B = B/Soc,,_1(B). By [3, Lemma 4],
Ret™(B, r) is isomorphic to the solution of the YBE associated to B/Soc(B).
By Lemma 3, B/Soc(B) is isomorphic to B/Soc,,(B). Thus Ret™(B,r) is
isomorphic to the solution of the YBE associated with B/Soc,(B). O

4 Left p-nilpotent braces

A brace B is called left nilpotent if L, (B, B) = 0 for some n € N. Smok-
tunowicz |9, Theorem 1] characterised nilpotency of finite braces by means
of the nilpotency of its multiplicative group.

Our main result of this section shows that this result is not accidental
and can be obtained as owing to a local completeness property of the finite
braces.

Recall that a property of groups is said to be local if it is generalised in a
form referring to a prime. An interesting property in this context is to find
out whether the original property can be described as the conjunction of all
the local properties for all primes. If we consider the property of finite groups
of being nilpotent, a local version is that of being p-nilpotent, p a prime. A
finite group G is said to be p-nilpotent if G has a normal Hall p’-subgroup.

It is clear that every finite nilpotent group is p-nilpotent and a finite p-
nilpotent group for all primes p is nilpotent. Therefore the following definition
turns out to be natural in this context.

Definition 12. Let B be a finite brace and let p be a prime. B is called
left p-nilpotent if L, (B, B,) = 0 for some positive integer n, where B, is the
Sylow p-subgroup of the additive group of B.

Our next result shows that left nilpotency of finite braces is a local prop-
erty. It can also be deduced from [8, Theorem 12].

Lemma 13. Let B be a finite brace. Then B is left nilpotent if and only if
B is left p-nilpotent for all primes p.

Proof. Denote by m(B) the set of all the primes dividing the order of B. It
is easy to see that the lemma holds when B = {0}. Thus we may assume

that B # {0}.
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Assume that B is left nilpotent. Then L, (B, B) = 0 for some integer
n > 1. For every prime p dividing the order of B, we have that L, (B, B,) C
L, (B, B) =0, where B, is the Sylow p-subgroup of the additive group of B.
Hence B is left p-nilpotent.

Conversely, assume that L, ) (B, B,) = 0 for every prime p € 7(B), where
B, is the Sylow p-subgroup of the additive group of B and n(p) is an positive
integer (depending on p). Let m = max{n(p) | p € 7(B)}. Then

L..(B, B,) = 0,for all p € 7(B).
Observe that B = }_ ) B,. It follows from Proposition 7 that
Lo(B,B) =Ln(B, > B,)= Y Lu(B,B,)=0.
pem(B) pen(B)
Hence B is left nilpotent. O]

Our main result of this section characterises left p-nilpotent finite braces.
It is an extension of |9, Theorem 1] and also provides an alternative shorter
proof of that result.

Theorem 14. Let (B, +,-) be a finite brace and let p be a prime. Assume that
By, B, are the Hall p'-subgroup and Sylow p-subgroup of the group (B,+),
respectively. Then the following statements are pairwise equivalent:

1. B 1s a left p-nilpotent brace.
2. Bp/ * Bp = 0.

3. By * Q((By,+)) = 0, where Q((By,+)) is the group generated by all
element of order p in (B, +).

4. The multiplicative group (B, -) is p-nilpotent.

Proof. 1 implies 2. If B is p-nilpotent, then L, (B, B,) = 0 for some positive
integer n. In particular, L,(B,, B,) = 0. Considering the action of (B, )
on (B,,+), we have that [B,, By, ..., By] = L,(By, By) = 0. It follows from
[5, 8.2.7 (b)] that [B,, B,y] = 0. Hence B, * B, = 0.

It is clear that 2 implies 3.

3 implies 4. Considering the action of (B, -) on (B,,+), we have that

[QU(Bp, +)), By] = By x Q((B,, +)) = 0.

It implies that B, acts trivially on Q((B,,+)). Then it follows from |5,
8.4.3| that B, acts trivially on (B, +), so that B,y * B, = 0. Hence we have

11



B, x B = By % (B, + By) = By * By C B,y. We have by Lemma 5 that B,
is an ideal of B and so (B,,-) is a normal subgroup of (B,-) by Lemma 4.
Hence (B, -) is p-nilpotent.

4 implies 1. Since (B,-) is p-nilpotent, we have (B,,-) is a normal sub-
group of (B,-). By Lemma 5, B, is a left ideal of B. Hence we can apply
Lemma 4 to conclude that B, is an ideal of B. Consequently, B, * B, C
B, N B, = 0 since B, is a left ideal of B by Lemma 5. Now we claim that

L.(B,B,) = L.(B,, B,) foralln > 1.

It suffices to prove that L, (B, B,) C L,(B,, B,) for all n > 1. We argue by
induction on n. Assume that n =1 and let x = ab € B and y € B, where
a € B,,b € By. Then, by Lemma 1,

rxy=(ab)xy=ax*x(bxy)+axy+bsxy=axyec B,*B,

since b * y = 0. Thus we have Ly(B, B,) = B* B, C B, *x B, = Ly(B,, B,).
Now we may assume that the result holds for n — 1, that is, L,,_1(B, B,)
L,—1(B,, By). Arguing as above, we obtain that B x L,_1(B,, B,) C B,
L,—1(B,, B,). Therefore

Ln(B,B,) = B # Ly_1(B, B,) C B *L,_1(B,, B,) C B, * L,(B,, B,).

Since L,,(Bp, B,) = 0 for some m by Lemma 8, we have that L,,(B, B,) =
L (Byp, B,) = 0. Consequently, B is a left p-nilpotent brace and the circle of
implications is complete. O

We will draw a series of conclusions from Theorem 14.

Corollary 15. /9, Theorem 1] Let (B,+,-) be a finite brace. Then B is left
nilpotent if and only if the multiplicative group (B,-) is nilpotent.

Another application of left p-nilpotent finite braces is the following non-
simplicity criterion.

Corollary 16. Let (B,+,-) be a finite brace and p be the smallest prime
dividing the order of B. If the Sylow p-subgroups of (B, ) are cyclic, then B
is left p-nilpotent. In particular, B is not simple if | B| # p.

Proof. Applying [5, 7.2.2], we have that (B, -) is p-nilpotent. By Theorem 14
and its proof, B is left p-nilpotent and then B,, is an ideal of B, where B, is
the Hall p’-subgroup of the additive subgroup of B. If |B| # p, then B, # 1.
Hence B is not simple. O
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5 Right p-nilpotent braces

Recall that a brace B is said to be right nilpotent if R, (B, B) = 0 for some
n > 0. Applying Proposition 9, we conclude that B is right nilpotent if and
only if Soc,(B) = B for some n > 0.

Right nilpotency has a strong impact on the solutions of the YBE. In fact,
as it is proved in |2, Proposition 6|, a brace B is right nilpotent if and only
if the solution of the YBE associated to B is a multipermutation solution.

The aim of this section is to introduce right p-nilpotent braces and prove a
characterisation theorem that includes an extension of |2, Proposition 6] and
can be used to show a significant improvement of [3, Theorem 3| concerning
finite solutions of YBE whose associated permutation group is abelian.

Definition 17. Let B be a finite brace and p be a prime. B is called right
p-nilpotent if R,,(B,, B) = 0 for some positive integer n, where B, is the
Sylow p-subgroup of the additive group of B.

Our first result in this section gives a criterion for a finite brace B to be
right p-nilpotent, and confirms that right p-nilpotency and left p-nilpotency
are very different brace theoretical properties.

Theorem 18. Let B be a finite brace. Assume that the multiplicative group
of B has an abelian normal Sylow p-subgroup for some prime p. Then B is
right p-nilpotent.

Proof. Assume the theorem is false and choose for B a counterexample of
least order. Let B, be the Sylow p-subgroup of (B,+). Then B, is a left
ideal of B by Lemma 5. In particular, B, is closed under taking products.
Therefore (B,, -) is also a Sylow p-subgroup of (B, -) and so (B,, -) is abelian
and normal in (B, -). By Lemma 4, B, is an ideal of B.

Let B, be the Hall p’-subgroup of (B, +). Since B,y is a left ideal of B by
Lemma 5, it follows that B, * B,y C B,N B, = 0. Thus, by Proposition 7, we
have Soc(B,) * B = Soc(B,) * (B, + Byy) = Soc(B,) * B, + Soc(B,) * By = 0.
Since B, is abelian, we have that

Soc(B,) ={a€ B,|axb=0forall be B,}
={aeB,|bxa=0forallbe B,}
={a e B, | M(a) =afor all b€ B,}.

Now, considering the action of (B,,-) on (B,,+), we have that Soc(B,) =

C(s,,+)((Bp,-)). It follows from |5, 8.1.4 (a)| that 0 # Soc(B,) C B,NSoc(B).
Denote I = B, N Soc(B) and observe that I is an ideal of B since B, and
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Soc(B) are both ideals of B. Considering the quotient brace of B modulo
I, we have that (B/I,-) = (B,-)/(I,-). Hence B/I satisfies the hypothesis
of the theorem. The minimal choice of B implies B/I is right p-nilpotent.
Then R, (B,/I,B/I) = 0 for some n > 0. Thus R, (B,, B) C I C Soc(B) so
that R,,11(By, B) = R, (B,, B) * B C Soc(B) * B = 0 and then B is right
p-nilpotent, contrary to assumption. ]

Theorem 19. Let B be a finite brace and let (B,r) the solution of the YBE
associated to B. Assume that p is a prime and B, 1is the Sylow p-subgroup
of (B,+). Then the following statements are pairwise equivalent:

1. B is right p-nilpotent.
2. B, C Soc,(B) for some n > 0.

3. There exists some n > 0 such that the cardinality of Ret"(B,r) is a
p'-number.

Proof. 1 implies 2. Let n > 0 such that R,,(B,, B) = 0 = Socy(B). Applying
Proposition 9, we conclude that B, C Soc,(B).

2 implies 3. By Lemma 11, Ret"(B,r) is isomorphic to the solution of
the YBE associated with the left brace B/Soc, (B). Since B, C Soc,(B), we
have B/Soc,(B) is of order p’-number. Hence the cardinality of Ret"(B,r)
is a p/-number.

3 implies 1. By Lemma 11, we have that B/Soc,(B) is of order a p'-
number and then B, C Soc,(B) for some n > 0. Applying Lemma 9, we
conclude that R,,(B,, B) = 0. O

We now derive some consequences of the characterisation theorem. The
first one confirms that right p-nilpotency, like left p-nilpotency, is a local

property.

Proposition 20. Let B be a finite brace. Then B is right nilpotent if and
only if B is right p-nilpotent for all primes p.

Proof. Let B, be the Sylow p-subgroup of (B, +) for each prime p. If B is
right nilpotent, then B, C B = Soc,(B) for some n > 0 and all primes p by
Proposition 9. Therefore B is p-right nilpotent of all primes p.

Assume that B is right p-nilpotent for all primes p. It follows from The-
orem 19 that B, C Soc,(B) for some n(p) > 0 (depending on p). Let m =
max {n(p) | p € 7(B)}. Hence B =} B, C Soc,,(B). Hence B is right
nilpotent. O
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Recall a finite group is called A-group if its all Sylow subgroups are
abelian. Let < be a total order relation on the set PP of all primes. Re-
call that a finite group G is said to satisfy the Sylow tower property with
respect to =< if G has a normal Hall m,-subgroup for each prime p, where

m=1q|p =2 q}.

Corollary 21. Let B be a finite brace. Assume that (B,-) an A-group with
the Sylow tower property. Then B is right nilpotent.

Proof. We argue by induction on the order of B. Assume that (B, -) satisfies
the Sylow tower property with respect to the total relation < on P. Write
7(B) = {p1,...,ps} and assume that p; < p» < --- <X p,. Let B,, be
the Sylow pg-subgroup of (B,+). By Theorem 18, B is right ps-nilpotent.
Consequently, by Theorem 19, B, C Soc,,(B) for some m > 0. Then the
quotient brace B of B modulo B, satisfies the hypothesis of the theorem. By
induction, B is right nilpotent. Hence R,,(B, B) = 0 for some n > 0 and so
R, (B, B) C B,, C Soc,,(B). By Proposition 9, B C Soc,1(B). Therefore,
B is right nilpotent. [l

The following corollary is a significant improvement of [3, Theorem 3|.

Corollary 22. Let (X,r) be a finite solution of the YBE. Assume that
G(X,r) is an A-group with the Sylow tower property. Then (X,r) is a mul-
tipermutation solution.

Proof. Set H = G(X,r) and (H, s) the solution of the YBE associated with
the brace H. By Proposition 10, we can find a G(H, s)-subset Y C H such
that (Y, s|y2) is isomorphic to (X, r). If (H, s) is a multipermutation solution,
it follows from [3, Lemma 5| that (Y] s|y2) is a multipermutation solution.
Then we can conclude that (X,r) is a multipermutation solution. Thus it
suffices to prove that (H, s) is a multipermutation solution. According to |2,
Proposition 6], it is enough to show that H is right nilpotent.

Observe that G(X,r) < Sym(X) is a finite brace since X is a finite set. By
Corollary 21, G(X, r) is right nilpotent. It is well known (see, for instance, the
comments before [3, Lemma 2|) that H/Soc(H) and G(X,r) are isomorphic
as braces. Hence H/Soc(H) is right nilpotent. Hence

R,.(H/Soc(H),H/Soc(H)) =0

for some n > 0. Then R,(H,H) C Soc(H). By Proposition 9, H C
Soc,+1(H) and H is right nilpotent.
The proof of the corollary is complete. O
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