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COMPLETABILITY AND OPTIMAL FACTORIZATION NORMS
IN TENSOR PRODUCTS OF BANACH FUNCTION SPACES

J.M. CALABUIG, M. FERNANDEZ-UNZUETA, F. GALAZ-FONTES,
AND E.A. SANCHEZ-PEREZ

ABSTRACT. Given o-finite measure spaces (1,31, 1) and (Q2, X2, p2), we
consider Banach spaces X1 (u1) and Xa(u2), consisting of LO(u1) and LO(u2)
measurable functions respectively, and study when the completion of the sim-
ple tensors in the projective tensor product Xi(u1) ®x X2(u2) is continuously
included in the metric space of measurable functions L9 (11 ® p2). In partic-
ular, we prove that the elements of the completion of the projective tensor
product of LP-spaces are measurable functions with respect to the product
measure. Assuming certain conditions, we finally show that given a bounded
linear operator T : X1(u1) @ X2(p2) — E (where E is a Banach space), a
norm can be found for T" to be bounded, which is ‘minimal’ with respect to
a given property —2-rectangularity—. The same technique may work for the
case of n-spaces.

1. INTRODUCTION

Unfortunately, tensor products do not fit well with the Banach lattice structure.
From the very beginning of the theory of topological tensor products, it was known
that the projective tensor product of Banach lattices is not necessarily a Banach
lattice. In fact, it is well-known that even the relevant space £2®,¢%2 —where 7 is
the projective tensor norm—, is not a Banach lattice. In general, this is a problem
for extending some relevant results for linear operators on Banach lattices to the
bilinear setting.

Some efforts have been made to avoid this problem. For example, the lattice
tensor product —developed by Fremlin and other authors, see [3, 4, 11, 12, 19]—,
has sometimes played the role of the projective tensor product successfully when
function lattices are involved. However, sometimes it cannot be used, for example
when we are searching for optimal factorizations of bilinear maps.
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Motivated in part by the so called optimal factorization of linear continuous
operators acting on Banach function spaces [18], some efforts have been recently
made for extending the characterization of the minimal factorization norm to the
bilinear/multilinear case (see for example [5] and the references therein). The main
problem in this case is that the optimal factorization one may expect to find, is
not in general a Banach function space over the product measure. However, it will
satisfy some weaker lattice-type properties. In this paper we characterize when
the factorization space is at least a space of measurable functions with respect to
the product measure. Thus, the interest is not only focused on the factorization
problem, but also on the general structure of the tensor products of Banach function
spaces. In order to do that, we first analyze a class of normed spaces of measurable
functions with respect to the product measure endowed with some weak function
lattice properties.

Let (Q, 3, 1) be a o-finite measure space and denote by L°(u) the space consisting
of classes of ¥-measurable functions, where f, g are identified if f = g p-a.e.. Then
L°(p1) can be given a metric so that it becomes a complete metric space. In this
case, a Banach space X C L°(u) is continuously included if, and only if, X has the
subsequence property. This means that if {f,} C X is convergent to f € X, then
it has a subsequence that converges to f u-a.e. This is very well known when u is
a finite measure. In the o-finite case, it seems this is not so and thus we present
proofs for the corresponding results. Given a normed space X C L%(u) we give a
necessary and sufficient condition for its completion X to be continuously included
in L9(p). We say that this kind of spaces are L°(u)-completable.

Let (£21,%1,p1) and (9, X2, o) be o-finite measure spaces and consider its
product measure space (1 x Q2,51 ® X, 1 ® p2). Given Banach function spaces
X1(p1) and Xa(p2), it is well known that, in general, the projective tensor product
space X1 (ILL1)®7TX2(,LL2) is not a lattice Banach space. However Xi(u1) @, Xo(u2)
possesses a relevant property which we have called 2-rectangularity. This indicates
that if A € ¥, B € ¥ and R is the ‘rectangle’ A x B, then xrf € X1 (1) ® Xa(u2)
and m(xrf) < Cr(f), Vf € X1(p1) ® Xa(p2), for some C > 0.

We discuss two questions that arise in the situation we just described. First,
we show that it is possible that the completion X (1)®xX2(u2) be continuously
included in L°(u1 ® ui2). This is clear for example if Xy (u1) = L' (1) and Xy (uo) =
X (p2), since in this case L' (1) ®x L' (12) = L' (p1 @ p2). However, to our knowledge
the general question has not been considered before for a non-atomic measure.
Specifically we establish that LP(u1)®xLP(j2) is continuously included in L°(pu; ®
to) when 1 < p < oo. Take Q3 = N = Qy and let gy and po be the corresponding
counting measure. Then we show that #&.¢", 1 < p,r < oo is continuously
included in £>°(N?), the set of bounded functions defined on N2. This was already
noticed before in [14], although no proof was given there. Some other related results
can also be found in [13, p. 1364]. The main property on which these results are
based is that, under mild conditions on the measure u, the space LP(u) has a
Schauder basis if 1 < p < co.
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The other question we discuss, and with which we end our work, is that of given
a bounded linear operator T': X (p1) ®q Xa(pt2) = E, where E is a Banach space,
to find a norm on X; (1) ® Xo(us2) that is minimal with respect to the condition
of 2-rectangularity and boundedness of T

Finally, let us note that the same arguments should work for the case in which
n spaces are involved.

2. NOTATION AND PRELIMINARIES

2.1. Some general notation. In this work we will only consider real vector spaces.
When X is a normed space, then Bx := {z € X : ||z| < 1} and X* is the normed
dual space of X. If convenient, the norm in X will also be indicated as || - || x.
Let M be a metric space. Given a sequence {f,} C M and f € M, to express
that {f,} converges to f we write f, M f. In all cases € is a non-empty set
and 2% := {A: A C Q}. By F(Q) we represent the vector space consisting of all
functions f : @ — R and X (Q) indicates that X (Q) is a vector subspace of F(Q).
When we write X = X (£2) we mean that the subspace X () will frequently be
denoted simply by X.

2.2. Spaces of measurable functions. Throughout this work (€2, 3, i) is always
a o-finite measure space. Then L°(u) denotes the vector space consisting of all
Y-measurable functions, two of them being identified if they are equal p-almost
everywhere (p-a.e.). When () < oo, then L%(1) is a complete metric space with
the distance d defined as

(2.1) .oy = [ 22 v e ),

Note this distance is translation invariant and the following holds ([1, Thm.
1.82], [18, Sect. 2.1]).

Lemma 2.1. Let pu(Q) < oo, {fn} C L%(n) and f € L(pn). Then the following
properties are equivalent:

0
i) fa =8 1.
1) {fn} converges to f in measure.

i11) Any subsequence of { fn,} has a subsequence that converges pointwise to f p-a.e..

The notation M (p) indicates that M (1) C L°(u) and in this case we will say that
M () is a space of measurable functions. By M = M () we mean that the space
M (u) will frequently be denoted just by M. A metric space M = M (u) satisfies
the p-subsequence property (or simply the subsequence property) if any sequence
{fn} C M that converges to f € M has a subsequence that converges pointwise to
f p-a.e.. The following result is well known and can be obtained from Lemma 2.1.

Proposition 2.2. Let pu(2) < oco. A metric space M(u) has the subsequence
property if, and only if, M(u) is continuously included in L°(u). In particular,
L°(u) has the subsequence property.
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2.3. Banach and Ko6the function spaces. Let (2,%, i) be a o-finite measure
space. A Banach space X = X (u) is a Banach function space (B.f.s.), with respect
to p, if it is an ideal in L°(u) and has a Riesz norm. This means that if 0 < |g| < | f],
where g € L%(u) and f € X, we always have that ¢ € X and ||g|| < || fI| ([16,
Sect.1.9], [20, Sects. 6.30, 15.63]). Here, by f < g we understand that f < g
pointwise p-a.e. and we call this order the natural p-a.e. order. Notice that in this
way a B.f.s. X(u), endowed with the natural p-a.e. order, is a Banach lattice [16,
Sect.2.11]. Hence any B.f.s. has the subsequence property [21, Thm.100.6].

Let X7 = X1(p1) and Xo = X5(u2) be B.f.s.. A linear operator T : X7 — X is
positive if Tf > 0 when f € X and f > 0. A positive linear operator between B.f.s.
is always bounded [1, Lemma 3.22]. Assume that X; C X3. Since the inclusion j
from X, into X5 is a positive linear map, it follows that an inclusion between B.f.s.
is always bounded.

A normed space X = X(u) is a I-rectangular normed space if there is some
real number C' > 0 such that whenever f € X and A € ¥ we have x,f € X and
lIx.fllx < C|fllx. In this situation, the norm will also be called 1-rectangular
and we will say that C is a l-rectangularity constant for Z [6]. When X = X (u)
is a Banach function space, note that X is 1-rectangular, with 1 as a constant of
rectangularity.

As usual, L*(u) is the B.f.s. of all p-essentially bounded functions f : Q@ — R
endowed with its natural norm and, for 1 < p < oo, LP () is the B.f.s. consisting of
p-integrable functions f : Q@ — R with the corresponding norm. When X = X (u)
is a B.fs. and fyxa € L' (u),Vf € X, u(A) < oo, we will say that X is a B.f.s. of
locally integrable functions. If additionally we have that x4 € X when p(A) < oo,
then the B.f.s. X will be called Kdthe function space (K.f.s.) ([15, Def 1.b.17], [2,
Def. 1.1.3]). Notice that for each p > 1, LP(y) is a K.f.s..

2.4. Product measure. A semiring in Q is a collection S C 2% such that ) € S
and when A, B € S, then ANB € S and A\ B is a finite union of disjoint sets in S.
If additionally 2 € S, then a semiring is called semialgebra. If S; is a semiring in €y
and S, is a semiring in s, then the collection S; XSy := {AxB:A€S;, BeSy}
is a semiring in Q1 x Qo. Let (21, X1, 1) and (Qa, 3o, o) be measure spaces. Then
11 ® pg is the product measure, defined on ¥; ® 3o, the o-algebra in 1 x Qs
generated by the semiring of “rectangles” ¥ X .

2.5. Normed tensor products. Given any two vector spaces X; and Xs, recall
that its algebraic tensor product X; ® X5 is a vector space having the fundamental
property that any bilinear map B : X; x X5 — E, where F is another vector space,
can be factorized by a linear operator T : X7 ® X9 — E as shown below:

(22) Xl X XQ FE.

® T

X1 ® Xs
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Let 7 = 1,2 and Xj, Y; be vector spaces, and assume that S : X; — Y; and
T : Xy — Y5 are linear operators. Then there is a unique linear map S ® T :
X1 ® Xo = Y] ® Y satistying

(2.3) S@T(zey)=5SreTy, Ve e X1,y € Xo.

Let X and Y be normed spaces. Then on X ® Y we have the projective norm

N N
w(t) = inf{2||xn||~||yn| (20 € X,y €Y,1 <0 < N, tzzxnmn}

n=1 n=1

and the injective norm
€(t) :==sup{|z* @ y*(t)| : ¥ € Bx~,y" € By~}, Vt€ X ®Y.

From now on, if ¢ is a norm on the tensor product X ® Y the corresponding
normed space will be indicated by X ®, Y and its completion by X 6A§>qY.

Definition 2.3. Let X and Y be normed spaces.

a) A norm q on X ® Y is a reasonable crossnorm if:

Dazey) <zl yl, Ve e X, y €Y.

ii) When z* € X*,y* € Y*, then 2* @ y* € (X ®,Y)* and [|z* @ y*| < [|z*|| |ly*]|.
b) A norm q on X ®Y is uniform if when S : X — X and T: Y — Y are bounded

linear operators, then the linear operator S®T : X ®,Y — X ®,Y is also bounded
and [|S @ T < [|S]| |T]-

For any pair of normed spaces X and Y, both the projective norm and the
injective norm are uniform and reasonable crossnorms. The projective norm has
additionally the universal property that if E' is a normed space and B : X XY — F
is a bounded bilinear map, then the linear map appearing in (2.2) is bounded.

Let (9;,%;,1;) be a measure space for j = 1,2, and take Q = Q5 X o,
Y = 21 (24 22, n = M1 ®ILL2 ‘When X1 = Xl(ﬂl) and X2 = Xz(,uz) the tensor
product X; ® Xo can be represented in more familiar terms as follows. Given
f1 € Xy, fo € Xo, let f1 X fo temporarily denote the function defined on Q by
f1x fa(z,y) := f1(x) f2(y). Since f; is ¥j-measurable and f, is ¥o-mesurable, note
that f; x fo is a Y-measurable function. Take f1,¢91 : Q1 — R and f5, 92 : 22 — R.
If fi = g1 pr-ae. and fo = go ps-a.e., we also have f1 X fo = g1 X g2 p-a.e. This
shows the correspondence B : X1 x Xy — L°(u) given by B(f1, f2) = f1 X fo is
well defined. Since B is a bilinear map, the universal property of the algebraic
tensor product X ® Y indicates there is a linear map J : X ® Y — L%(u) such that
J(f®g)=[fxg, Vf€ X,geVY. It turns out that this map is injective and this
allows us to identify X ® Y with the subspace J(X; x X2) C L%(u1 ® pa), which is
the linear span of the functions f x g. So from from now on we will write f; ® f
instead of f; x fo and consider

N
Xl(lLl‘l)@X?(,UfZ): {an®gn:N€N7fn €X1,gn€X2,n—1,...,N}.

n=1
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3. THE COMPLETION OF NORMED SPACES OF MEASURABLE FUNCTIONS WITH
THE SUBSEQUENCE PROPERTY

Since the spaces X (u) we will study may not be complete, it is fairly possible
that its normed completion may not be described as a vector subspace of L%().
This takes us to consider the condition we have called L°(u)-completability.

We will start this section by extending Proposition 2.2 to the o-finite case. Surely
this result is well known but we did not find an adequate reference for it (compare
to [1, Section 1.6: Thm. 1.82, Exercise 1.6.11]).

Let (Q, %, 1) be a o-finite measure space with p(2) = co. Express Q = [J,—; Qy,
where 0 < u(Q,) < oo, ¥n € Nand Q,, N1 Q,, = 0 if m # n. For each n € N, let
Y, ={AeX:AC U}, tn=p:3%, = [0,00) and d,, the distance in L°(Q,)
given as in (2.1). In what follows when we consider a function & : Q@ — R as having
Q,, as its domain, we will understand that we refer to its restriction to €2,,.

For f,g € L°(1) we now define

— 1 du(f.9)
3.1 d(f,g) =S —2o9)
(31) (F)i= Y 5 2
Since d,,(f, 9) < u(2,), V n € N, the above series always converges. Moreover it
defines a distance d in L°(u) such that, for {fr} C L°(u) and f € L°(u), we have

0 0]
(3.2) Fo 29 £ e and only if f, Y8 £ Ve N

From now on when we consider L°(x) as a metric space it will always be with
the distance d defined in (3.1). Notice that d is translation invariant and L°(yu)
turns out to be a complete metric space.

Lemma 3.1. The metric space L°(11) has the subsequence property.

Proof. Let us take a sequence {fx} C L°(u) and f € L°(u) such that fy Loii) f.
This implies that {fi.} converges to f in L°(u1). Since (1) < oo, it follows there
is some subsequence {fi,} of {fx} such that {f1 ¢} converges pointwise to f u-
a.e. on 1. We next apply in LY(u2) the same argument with {f; ¢} to obtain a
subsequence {f2 ¢} of {f1¢} such that {f2 ¢} converges pointwise to f p-a.e. on Qs.
Note that being a subsequence of {f1 ¢}, this subsequence {f2,} also converges to
f p-a.e. on €. Repeating this argument, we obtain a family of sequences {f, ¢}¢
such that {f,4+1,¢}¢ is a subsequence of {f,,} and, for cach n € N, f,, — f
pointwise p-a.e. on €2,, when ¢ — co. We now use a diagonal process and define
gn = fan, ¥n € N. Then {g,} is a subsequence of {f;} and g, — f pointwise
p-a.e. on each set §2,,. Thus we obtain the conclusion. ([

Proposition 3.2. A metric space M = M () has the subsequence property if, and
only if, it is continuously included in L°(yu).

Proof. Let j : M — L%u) be the inclusion map. We will first assume that M
has the subsequence property. Take f € M and a sequence {fr} C M such that

fx M f. Fix k € N and consider a subsequence {f1,e} of {fr}. Then also fi, X f
and so the subsequence property implies there is some subsequence {fz ¢} of {f1.¢}
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which converges pointwise to f p-a.e. on Q,. Applying Lemma (2.1) it follows that

0
{fx} converges to f in L°(u,). Using (3.2), we now conclude fy, Lﬁi) f-
Let us now assume that j is continuous and take {f;} C M and f € M such that

LO
fr M f. The continuity of j implies now that fj LL)) f- Applying now Lemma 3.1
we obtain the conclusion. d

We next show that the convergence in L°(u) does not depend on the partition
of Q that was initially employed to define in (3.1) the distance d. So let {4} C &
be a collection such that |J;o; Ay = Q, Ax N A, =0 if k # m, and p(A) < oo,
Vk € N. For each k € N, let us consider the measure space (Ag, Xk, ) where
Sk ={A € X: A C Q} and take as p the corresponding distance defined by
(2.1). Let p denote the distance in L°(u) that we obtain in this way. As before,
when we treat a function h : 2 — R as having Ay as its domain, we will understand
that we refer to its restriction to Ag.

Corollary 3.3. Let M = M (u) be a metric space, {f,} C M and f € M. Then

. . L°(w)
ok(fn, f) = 0, Vk € N if, and only if f,, — f.

Proof. We will start showing that (L°(u), p) has the subsequence property. So take
{gn} € L°(p) and g € LO(p) such that g, & ¢g. Using now Proposition 3.2 (with
respect to the distance p) we conclude that there is a subsequence {g,()} that
converges pointwise to g p-a.e.. Applying again Proposition 3.2 this implies the
inclusion j, : (LO(u), p) — L°(p,d) is continuous.

Since the above argument is symmetric with respect to d and p, it follows that
also the inclusion jg : L°(u,d) — L°(u, p) is continuous.

Finally, we just have to notice that px(fn,f) — 0, Vk € N if, and only if]

p(fns ) = f- [l

Now, we introduce one of the main definitions of the paper: the L°-completability
of a normed space. Essentially, it means that the closure of this normed space is
included in LO(p).

Definition 3.4. A normed space X = X (u) is L%(u)-completable (or simply L°-
completable) when it has the following properties:

a) X has the subsequence property.

b) If { .} is a Cauchy sequence in X and {f,} converges to 0 pointwise p-a.e., then
[fnllx = 0.

Definition 3.5. Let X = X(u) be an L°(u)-completable normed space and take
X = X (u) to consist of all functions f € L°(u) for which there is a Cauchy sequence
{fn} C X such that f, — f pointwise p-a.e.. For a given f € X the expression

(33) £l = Jim [fallx.
defines a norm on X.

Indeed, assume first that {f,} and {g,} are Cauchy sequences in X such that
both f, — f and g, — f pointwise p-a.e.. Then {g, — f,} is also a Cauchy
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sequence in X and g, — f, — 0 p-a.e.. Using now b) in Definition 3.4, we have
that || f, — gnllx — 0. This implies that the function || - || ¢ is well defined and by
proceeding directly we can check it is a seminorm on the vector space X. To prove
that it is a norm, let us suppose that f € X and || fll¢ = 0. Hence there is a Cauchy
sequence {f,} C X such that f,, — f pointwise p-a.e. and || f,||x — 0. By property
a) in Definition 3.4 it follows that f,, %) 0. Hence f,, ) — 0 pointwise p-a.e., for
some subsequence {f,(x)} of {f.}. This allows us to conclude that f =0 p-a.e..
Notice that

XcXand|fllg=Iflx, VfeX.
As we said before, in our next result we prove that if a normed space X, is

L°-completable then its completion is actually X and, in addition, it has the sub-
sequence property.

Theorem 3.6. Let X (p) be an L°(u)-completable normed space. Then:
i) Its completion is X = X (y).
ii) X has the subsequence property.

Proof. i) Take f € X and consider a Cauchy sequence {f,} C X such that f, — f
pointwise p-a.e.. We will show that

(3.4) JRE)

Consider € > 0 and take N € N to be such that ||f, — fi]lx <€ ¥V m,n > N.
Fix n > N. Then {f, — fm}m is a Cauchy sequence in X that converges to f,, — f
pointwise p-a.e.. Hence || fn, — fllg = limp oo ||fn — fillx < 6,V n > N. This
establishes (3.4). Note that this indicates that X is dense in X.

To establish that X is a Banach space, let {g,} be a Cauchy sequence in X.
Then, for each n € N we can find a function f, € X such that ||f, — gullg < +. It
follows that {f,} is a Cauchy sequence in X. So there is some subsequence { fy,x)}
that converges pointwise u-a.e., say to g. Then g € X and the conclusion will follow

by showing that g, ) B g. Using (3.4) we obtain that
1

ii) By Proposition 3.2 we will show that the inclusion j : X — L°(p) is contin-
uous. Let {gp} C X and g€ X satisfy gg X g. Applying (3.2), to conclude that

0 0
Jk Li;) g we will establish that gy Lﬂy) g, for each n € N.

For each k € N take a sequence {f ¢}¢ C X such that when ¢ — oo we have

(3.5) iy X g and fi ¢ — g pointwise y — a.e..

By Proposition 3.2, the normed space X is continuously included in L°(yu). So,
given € > 0, there is some § > 0 such that

(3.6) if f € X and ||f]x <4, then d(f,0) <

|
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Let us now fix n € N and consider £ € N. Since p(Q,) < oo and fir ¢ — g
pointwise p-a.e. when ¢ — oo, it follows from (2.1) that dy (gk, fr,e) = 0.

Choose (k) so that for hy = fi ) € X we have ||h|x < [ fxllg —|—% and
d(gr, hr) < 5. Take K € N such that ||hil|x <, Vk > K. Then, for k£ > K from
(3.6) we have d,,(gx, hx) < §. Therefore

€ €

N}

This proves that {gx} converges to f in L°(u,,). O

Corollary 3.7. Let X be a subspace of a normed space Y = Y (u) having the
subsequence property. If X is dense in'Y and X is L°(u)-completable, then also Y
is LO(u)-completable and Y = X.

Proof. Let {f,} CY be a Cauchy sequence that converges pointwise to 0. By the
density of X in Y, take a sequence {g,} C X such that ||g, — fully <+, Vn €N,
Then {g,} is a Cauchy sequence in X. Since X is LY(u)-completable, this implies
that g, X g pointwise p-a.e., for some g € L°(u). On the other hand, we have
fn—9n 0. So it follows there is some subsequence { f,,(x) — gn(x)} that converges

to 0 pointwise p-a.e. Hence g,,x) — 0 pointwise p-a.e. and we obtain that g = 0 u-
a.e.. Since X is LY(u)-completable, we conclude that g, X 0. Thus we have
fo=({fn—9n)+ gn Y 0. This shows X is L° ()-completable.

Clearly X C Y. Take f € Y and let {fn} CY be a Cauchy sequence converging
pointwise to f. By the density of X in Y choose now a sequence {g,} C X such
that [|gn — fully < 1, Vn € N. Then {g,} C X is also a Cauchy sequence and
there is some subsequence {g, ) — fn(x)} such that g,y — fn@x) — 0 p-a.e.. Hence
In(k) = Jntk) T (Gnk) — fu)) — [ pointwise p-a.e. Therefore f € X. O

In certain cases, instead of working explicitly in the above context, to describe
the completion we can do it in the following more “simple” situation. Recall that
X = X(Q) just means that X is a normed space consisting of functions f : Q — R.

Definition 3.8. A normed space X = X () is F-completable if:
a) For any w € Q) the evaluation map §,, : X — R, given by f +— f(w), is continuous.

b) If {f.} C X is a Cauchy sequence that converges pointwise to 0, then || f,||x — 0.

As usual, to introduce a normed space X = X(2) into a measure-theoretic
context, we consider the measure space (Q,%,u), where ¥ = 22 and p is the
counting measure. When (2 is a countable set, then we have a o-finite measure and
X is a normed space of y-measurable functions.

Theorem 3.9. Let Q be a countable set. If a normed space X = X(Q) is F-
completable, then its completion X consists of all functions f : Q@ — R having a
Cauchy sequence {fn,} C X that converges pointwise to f. Moreover, in X each
evaluation map is continuous.

Proof. Note first that since X is F-completable, then X is L°(u)-completable. So
its completion X is well defined. Let X; be the subspace of F(€) formed by all
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functions f : Q@ — R with a Cauchy sequence { fn} C X that converges pointwise
to f. Clearly X; C X. Assume now that fe X. Then there is a Cauchy sequence
{fn} C X having a subsequence { f,,(x)} such that f,x) — f pointwise. By property
a) in Definition 3.8, it follows that f, ) — g pointwise, for some function g € Xj.
Hence f =g € X;.

We now prove that each evaluation map is continuous on X. Fix w € Q. Since
X is F-completable, take a real number C' > 0 such that | f(w)| < O fllx, Vf € X.

Consider now g € X and choose a sequence {f,} C X such that f, X g and
fn(w) = f(w). Then [g(w)| = limy, o0 [ frn(w)] < Climy o0 || fullx = Cllgllg. O

Corollary 3.10. Let X be a subspace of a normed space Y = Y(Q). If each
evaluation map is continuous on 'Y, X is dense in' Y and X is F-completable, then
also Y is F-completable and Y = X.

Proof. Let {f,} CY be a Cauchy sequence that converges pointwise to 0. By the
density of X in Y, take a sequence {g,} C X such that ||g, — fnlly < n, vV neN.
Then {g,} is a Cauchy sequence in X. Let w € Q. Since

9n(0)] < lgnaw) = fu@)] + |fa(@)] < <+ |fuw),

it follows that g, — 0 pointwise. Since X is F-completable, this implies that
lgnlly = llgnllx — 0. Noting now that || fully < [fa = gully + llgnlly < 5 +llgnlly,
we conclude that ||f,|ly — 0. This shows Y is F-completable.

By applying Corollary 3.7 we obtain Y =X. O

The next result gives examples of normed sequence spaces that do not have the
subsequence property with respect to the counting measure.

Example 3.11. Let X be any normed sequence space containing the canonical
system {e,, : n € N} as a bounded set. For each N € N, let vy = ij:l en. Clearly,
the set {vy : N € N} is linearly independent. We now define

1
(37) T(UN) = NeN, VN € N,

and extend it linearly to the linear span Y of {vx : N € N}. In this way we obtain
an injective linear operator T : Y — X. Hence the function

(3-8) Iyl = 1Tyl x,

is a norm on Y. From (3.7) and (3.8) it follows that vy %o.
On the other side, let {vy#)} be any subsequence of {vx}. Then Vi (j) — 1,
VjeN

4. 2-RECTANGULAR NORMED SPACES OF MEASURABLE FUNCTIONS

Let (1, %1, p1) and (Qg, 3g, ua) be o-finite measure spaces. In the following we
will work in (91 X Q2,%1 ® X9, 1 ® p2), which also is a o-finite measure space.
Although we are mainly interested in working with the specific semiring 3, x 2,
it will be convenient to make our definition with respect to an arbitrary semiring
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S C ¥1 ® ¥o. Have in mind that, to abbreviate, we frequently take (2 = €y x (s,
2121®22 andu:u1®u2.

Definition 4.1. A normed space Z = Z(u1 ® us) is a 2-rectangular normed space
(2-rectangular n.s.) if for f € Z, R € S we always have x, f € Z and there is some
real number C' > 0 such that

(4.1) Iz fllz < Cllfllz.

Usually we will not mention the semiring §. So the norm will just be called
2-rectangular and we will say that C is a 2-rectangularity constant for Z.

Lemma 4.2. If X = X (1 ® pa) is L°(u)-completable and 2-rectangular, then its
completion X is also 2-rectangular.

Proof. Take C' > 0 as a rectangularity constant for X. Let R € S and f € X.
Hence there is a Cauchy sequence {f,} C X such that f, — f pointwise p-a.e.
Since X is 2-rectangular, it follows that {xgf,} C X is also a Cauchy sequence.
Moreover, xrfn — Xrf pointwise p-a.e.. Thus xrf =g € X and

Ixrfllz = lm lxafalx <C lim [fulx = C|fl 5

Given f € F(Q;) and g € F(Q2), recall that f ® g : 2 — R is given by

fegla,y) = fx)g(y)-
Then, for A € 31 and B € X3, we have x, ® X5 = Xuvp-

Lemma 4.3. If X1 = X (p1) and Xo = Xao(ug) are 1-rectangular n.s. with respect
to correspondent semirings Sy and So, and q is a uniform reasonable crossnorm
on X1 ® Xa, then X1 ®q Xo is 2-rectangular with respect to the semiring Sy XSs.
Moreover, if C1 is a constant of 1-rectangularity for X1 and Cy is a constant of
1-rectangularity for Xo, then C1Cs is a constant of 2-rectangularity for X1 ® Xs.

Proof. Let R = A x B, where A € §; and B € S;. Take t € X; ® X5 and
note that xgrt = (xa ® x5)t = (Ma ® Mp)(t), where Maf = xaf,Vf € X and
Mpg = xBYg, Vg € Y. By the hypothesis we have that |Maf|| < Ci||f]|, Vf € X
and ||Mpgll < Csllgll, Vg € Y. Since ¢ is a uniform norm, this implies that
|M4 @ Mp|| < C1C5 and the conclusion follows. O

Since a Banach function space X (i) is always a 1-rectangular normed space with
1 as a constant of rectangularity, from Lemma 4.3 follows directly the following.

Lemma 4.4. If X; = X(u1) and Xo = X(p2) are Banach function spaces and
q is a uniform reasonable cross norm on X1 ® X, then X(u1) ®¢ X(p2) is a 2-
rectangular n.s., with 1 as a constant of regularity.

In what follows we show some easy results regarding inclusions of 2-rectangular
tensor product (without completion) over the product measure. These results will
be used in Section 5.
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Proposition 4.5. If X1 = X;(u1) and Xo = Xo(us2) are B.f.s. consisting of locally
integrable functions, then X1 ®, Xo is continuously included into Lo(ul ® p2) and
has the [ ® po-subsequence property.

Proof. Let {t,} C X1 ®, X2 and t € X; @, Xy satisfy ¢,  t. We now fix A € ¥y,
B € Y5 such that pui(A4) < oo, pe(B) < oo. Next, for f € X1,9 € Xo define
Tf = xaf and Sg = xpg. By our hypothesis we have T : X; — L'(u1) and
S : Xy — L'(ug2). Since T and S are positive linear operators between Banach
lattices, it follows that each of them is bounded. Let C; = ||7}||, j = 1,2.

Take R = A x B. Given f; € X1, g € Xo, let B(f,g9) = xaf ® xgg. Then
B: Xy x Xo — LY(p1 ® po) is a bilinear map. Applying Fubini’s Theorem we find

Ixrf @ gl < Ixafllerullxsgllw) < CrC:fllx llgllx., ¥ f € X1, g € Xa.

By the fundamental property of the projective norm, this implies x gt € L (u),
Vie X®Y and

(4.2) ||XRt||L1(;L1®/,L2) < ClcQHtHﬂ—, Vite X1 ®X2.

Let j = 1,2. Since p; is a o-finite measure, we express §2; = Uso_;€); ., where
15 ().m) < 0o, ¥m € N. Notice that S; = {A € ¥; : p;(A) < oo} is a ring of
sets in ;. Then Q = Q; X Qy = Um’neN
it follows that we can represent = UZOZI Ry, where R, € 81 xS2,Vk € N and
R N Ry =0 when k # {£.

From (4.2) it follows that for each R = A x B with p; ® pa(R) < oo there is a
continuous projection on X; ®, X» whose image is contained in L(ug). Applying
now Corollary 3.3 we obtain that X; ®, Xs is continuously included into L° (1 ®@pus).
Hence, by Proposition 3.2, X; ®, X, has the subsequence property. [l

Q1,m X Q2.5,. Since §; xS, is a semiring,

In relation to the following result see [17, Thm. 4.5.1].

Proposition 4.6. Let 1 < p,s < oo satisfy % = %—l—é <1 and X7 = X1(m1),
Xo = Xo(uz) be Banach function spaces. If u1 and po are finite measures,
X1 C LP(p1) and Xy C L°(p2), then X1 Q@ Xo C L"(pu1 ® pe2) and the inclu-
siom 1§ continuous.

Proof. Given f: 3 — R, consider f: f®1:Q — R. Similarly, for g : Qs — R we
have g = 1®g : Q@ — R. Then we have that fé LP (1 ®puo). Similarly, we have that
g € L*(p11®u2). Hence, using Holder’s inequality, we have f®g = fﬁ € L"(u1®ps2).

Consider now the map B : X XY — L"(u1 ® ug) defined by B(f,g9) = f ® g.
Since B is positive bilinear map, it is continuous, as in the linear case; the proof of
this fact can be easily derived from the argument for the linear case, that can be
found in [15, p.2]. By the fundamental property of the projective norm this implies

that 1] - gueu) < 1B] e, Ve € X @, Y. O

A direct argument allows to prove the next result.
Proposition 4.7. Let p > 1 and X1 = X1(p1), Xo = Xo(u2) be Banach function

spaces. If X1 C LP(u1) and Xo C LP(usg), then Xy ®; Xo C LP(u1 @ p2) and the
inclusion is continuous.



COMPLETABILITY AND OPTIMAL FACTORIZATION NORMS 13
Following the proof of Proposition 4.6 we obtain our next result.

Lemma 4.8. Let X1 = X;(u1), Xo = Xo(us) and X3 = X3(u1 ® pa) be Banach
function spaces. If X1 ® Xo C X3, then the inclusion j : X1 @ Xo — X3 is
continuous.

Proof. Let B: X; x Xo — X3 be defined as B(f,g) = f ® g. Since B is a positive
bilinear map, then B is continuous. Applying now the fundamental property of the
projective norm we obtain the conclusion. O

5. COMPLETABILITY OF THE PROJECTIVE TENSOR PRODUCT OF BANACH
FUNCTION SPACES WITH A SCHAUDER BASIS

Let (£21,%1, 1) and (Q2,39, o) be o-finite measure spaces. We will assume
that both X; = X;(u1) and X3 = Xa(uz2) are B.f.s. with a Schauder basis. So,
let {f; : j € N} be a Schauder basis for X; and {f}} be its biorthogonal basic
sequence. Similarly, let {gs : £ € N} be a Schauder basis for X, and {g; : k € N}
be its biorthogonal basic sequence.

Given n € N, let P, : X1(u1) — X1(p1) and @, : Xo(p2) — Xa(pe) be the
respective nth- canonical projection. That is,

Pu(£) =YL (NFY € Xa(m); @nlg) =D 9i(9)gr,V g € Xa(u2).
j=1 k=1
Next we consider Rn = Pn X Qn : Xl(ul) R Xg(p,g) — Xl(,ul) (S X2(u2)

It is well known that {P,,} and {Q,,} are bounded sequences. Hence we fix C' > 0
such that

(5.1) [Pl <C, ||Qn|| <C, VneN.
Since the projective norm is always a uniform norm, this implies that
(5.2) |R.| < C?, VneN.

Now we have P,f — f,Vf € X; and Q,9 — g, Vg € Xo. This gives that

(53) Rn(t) — t, Vte Xl(,ul) ® XQ('LCQ)

Next, we will establish

(5.4) Ru(t)= D [i@gi(t)f; ® gk Yt € Xi(m) @ Xa(u).

1<j,k<n
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Proof. Let t = 25:1 fe ® ge, where fr e Xy, go € Xo, £=1,...,L. Then

L

L n n
Ru(t) = Y Pu(f)@Qulg) =>_ || Dt | @ (Zgz 9e)g )
=1 k=1

=1 j=1

I
M=

L
S g0t @g|= > (Zf (fe)g ge>fj ® gk

1 [1<5,k<n 1<j,k<n \£=1

o~
Il

L
= (ff®9£(2fz®ge>> fioge= > [rogtfe g
1<j5,k<n

(=1 1<5,k<n
O

Lemma 5.1. If for any bounded sequence {tn,} C Xi(u1) ®r Xa(ua) such that
tm — 0 1 @ pz-a.e., we have fi @ gi(tm) — 0, Vj,k € N, then for any Cauchy
sequence {t,} C X1(p1) @ Xo(ua) such that t,, — 0 g1 ® po-a.e., we have t, - 0.

Proof. Let {t,} C X1 ®; X2 be a Cauchy sequence such that t,,, — 0, 11 @ ps-a.e..
Then {t,,} is bounded and by the hypothesis we have

(5.5) FE @ gi(tm) = 0, Vi k€N,

We will now show that ¢, — 0.
First we choose M € N such that 7(ty — t,,,) < €/C?, V¢, m > M. Using (5.2)
we have

(5.6) (R (tm — ) < €,V6,m > M, ¥n € N.

We now fix n € N and take m > M. Equality (5.4) shows that the set {f; ® g :
1 <4,k <n}is a basis for the space R, (X1 ® X3). We consider on this space the
norm

el = max {lagul it = > ajuf; @ e
1<j,k<n

Since dim R,,(X1®X3) < 0o, then ||-|| and 7 are equivalent norms in R,, (X1 ®X5).
From the hypotheses of the Lemma and from (5.4) it follows that | R, (t)| — O.
Hence we also have (R, (t¢)) — 0. So after letting £ — oo, from (5.6) we obtain
for a fixed € a natural number M such that

(5.7) T(Rn(tm)) <€, Ym > M, Vn € N.

We now fix m > M and let n — oo in the above inequality. Using (5.3) we have
7(tm) <€, Ym > M. This establishes that t,, = 0. O

Theorem 5.2. For 1 < p < oo the space LP(u1) ® LP(u2) is LO(uy X pa)-
completable, that is, LP(j1)®xLP(u2) is continuously included in L°(uy x ).

Proof. First we notice that Proposition 4.5 implies that LP(u;) ®, LP(us2) has the
11 ® po-subsequence property, that is, a) in Definition 3.8.

To obtain the conclusion we will now show that the requirements of Lemma 5.1
holds for the particular choice of the present result. So consider ¢ € LP(;)* and
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1 € LP(Q)*. Let s > 1 be the conjugated exponent for p and take h; € L¥(p;),j =
1,2, such that

w(f) Z/Q hyfdps, Yf € LP(u1); 1(9) :/Q hagdpa, Vg € LP(u2).

Then for f € LP(uq) and g € LP(u2) we have

e(f)v(g) = </Ql hlfd/u) </92 hzgduz)

/ (h1f) ® (hag) dpy @ pz
Q1 X0

pRP(f@g)

/ hi®hs- f®gdur @ po.
Q1><Q2
Hence

0 ®P(t) =/ By ® ho -t ® i, Vi€ LP(u1) © LP (1),
legg

Consider now a bounded sequence {t,} in L? (1) ®; LP(u2) (and so in LP(u1 @ pa)),
that converges to 0 u; ® po-a.e. Take o, = hy ® ho - £, Vm € N and D > 0 such
that ||t || 2r(uous) < D, ¥V m € N. By Proposition 4.7 we have LP(u1) ® LP(puz) C
LP(p1 ® pe) and also L¥(p1) ® L (ug) C L°(p1 ® pa2). Therefore

/Alamlclm@uz < tmllze(uous lIxaht @ hallLs (uy us)

<D |xahi ® hso|

L3 (u1®ua2)» VAec ¥ ®X,.

Since s > 1, from the above inequality it follows that the sequence {a,,} is
equiintegrable. We also have «,,, — 0, p11 ® ps-a.e.. Thus we can now apply Vitali’s
convergence theorem ([10, Thm. I11.3.6]) to find that

PR ¢(tm) = / amdpy & pe — 0.
Q1 xQo

An application of Lemma 5.1 gives b) of Definition 3.8, and so the result holds. O

Banach sequence spaces with {¢,} as a Schauder basis. Next we will spe-
cialize to ; = Q2 = N and consider a normed tensor product X;(N) ®, X2(N),
where X7 = X;(N) and Xy = X5(N) are Banach sequence spaces, each of them
having the canonical basis {e, : n € N} as a Schauder basis. By ¢ we denote a
uniform reasonable crossnorm on X; ® X3. So now we have f; =e; = g;, Vj € N.
Let {f;} be the biorthogonal basic sequence of {e,} with respect to X; and let
{g% : k € N} be the biorthogonal basic sequence of {e,, : n € N} with respect to
Xo. Notice that f and gj are just the evaluation maps on j and k, respectively.
From (5.1) we have

(5-8) 171 <C lgill <€, Vi eN.

Take f = (fr) € X1,9 = (g9¢) € X2. Then fF @ g;(f®g) = f7(f)gi(9) = figr =
f®g(j, k). Hence



16 CALABUIG, FERNANDEZ, GALAZ, AND SANCHEZ

(59) f;@g;(t):t(],k), VtEXl ®X27Vj,k€N.
Thus
(5.10) (G, < 11E5 Mlgillltlg < 4C2t]lq-

Theorem 5.3. Let X1 = X1(N) and X5 = X5(N) be Banach sequence spaces with
{en : n € N} as a Schauder basis. If q is a uniform and reasonable crossnorm on
X1 ® Xo, then the normed space X1 @4 Xo C F(N?) is F-completable.

Proof. Let {t,m} C X1 ®, Xo be such that t,, - 0. Then from (5.10) follows
that t,,(j,k) = f; ® g;(tm) — 0, Vj,k € N. This shows that X; ®; Xo has the
subsequence property and also that Lemma 5.1 applies. [l

Under the conditions of the above theorem, note that (5.10) implies that in fact
X18,X, C 12°(N?).

6. APPLICATIONS: AN OPTIMAL FACTORIZATION NORM

The optimal domain of a linear operator acting on an order continuous Banach
function space was firstly represented as a concrete space of vector measure inte-
grable functions by Curbera and Ricker (see [7, 8, 18] and the references therein).
The original technique is strongly based on the lattice structure of the domain
space. Thus, as a consequence of the lack of lattice structure of the normed tensor
products analyzed in this paper, there is a deep methodological problem when the
same approach is attempted in the case of bilinear maps. In this section we show
how we can apply the results obtained in the rest of the paper to establish optimal
factorizations for this case.

Let (£2;,%;, ;) be a o-finite measure space, j = 1,2. In the following we will
consider E to be a Banach space, Z = Z(u1 ® p2) a 2-rectangular normed space
with respect to a semialgebra S contained in ¥; ® ¥ and T': Z — E a bounded

linear map. Clearly by taking j as the identity and Zr = Z the next diagram holds:
(6.1) z— T .p
. =

iy T
Zr

We are now interested in analyzing if there is some “minimal” 2-rectangular
norm on Z —associated to a “maximal” space—, say || - |7, such that the operator
T:(Z,|-|lr) — E is still continuous.

Let f € Zand R € S. Then

(6.2) ITrNI<ITI Ixefllz < CITI I f]l2,

where C' > 0 is a 2-rectangularity constant for Z. This allows us to define

(6.3) £z =suwp {IT(xr /)l : R€S},  feZ
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It is rapidly checked that || - || defines a seminorm on Z. As can be easily seen,
for example by taking 7" = 0, this seminorm may not be a norm. To distinguish
those linear operators for which it is a norm we introduce the following definition.
It can be seen as a kind of extension to our setting of the well-known notion of
p-determined operator —see Section 2 and [18]—.

Definition 6.1. A bounded linear map T : Z — F is said to be 2-rectangularly
determined, if the seminorm || - || is a norm. In this case we define Z1 := (Z, ||-||1).

From (6.2) we have that the inclusion j : Z — Zr is continuous:

£l < CITIISf || 2,

The following is our optimal norm result.

Theorem 6.2. Let Z = Z (1 ® pa) be a 2-rectangular n.s. and T : Z — E a
2-rectangularly determined linear operator. Then:

i) Zr is also a 2-rectangular normed space.
i) Tg :=T : Zr — E is bounded.
iir) If || - || is any 2-rectangular norm on the vector space Z and for W = (Z, || - ||)

the linear operator Ty =T : W — E is bounded, then the inclusion j : W — Zp
18 CONtinuous.

w) If W is dense in Z, then W is also dense in Zp.

Proof. i) Take f € Zr and consider any S € S. Note that x, X, = Xsnr, VR € S.
Hence

Ixsfll; = sup || T(xaxsf)|| = sup |T(xrnsf)|| < I1fll2
ReES ReS

ii) Take f € Zp. Since Q € S we have ||Tf|, = ||[T(xaf)lz < |Ifllz. This
shows the linear operator T is bounded and || Tg|| < 1.

iii) Assume that a normed space W = (Z, || - ||) is 2-rectangular and the linear
operator T : W — FE is bounded. Let C be a 2-rectangularity constant for . Take
feWand Re S. Then

ITOcrNNe = 1Tw (xeHlle < [Twllixefllw < ClITw [l fllw-

Hence || fllz < C[|Tw ||| fllw-
iv) Since the inclusion j : Z — Zp is continuous, the density of W in Z, implies
that of W in Zp. [l

Let us suppose additionally that the normed space Zr is L°(u)-completable.
Since T : Zr — FE is bounded let us consider its bounded linear extension T -
Zp — E. By Lemma 4.2 Z;“ is also 2-rectangular. Hence it is a 2-rectangular
Banach space with Z = Zp as a dense subspace and having a bounded linear
extension of T': Z — E. In this setting we have the following Optimal Domain
Theorem.

Theorem 6.3. Let Z = Z(u1 ® uz) be a 2-rectangular normed space, E a Ba-
nach space and T : Z — E a bounded linear operator. Assume also that T 1is
2-rectangularly determined and that Zg is L°(u)-completable.
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IfW = W (1 X ) is a 2-rectangular normed space having Z as a dense subspace
and there is a bounded linear map Tyw : W — E with Tyy = T on Z, then W is
continuously included in Zp and T extends Ty .

Proof. Let C be a 2-rectangularity constant for W. Take f € Z and R € S. Then
ITxrflle = 1Twxrflle < I Twl Ixefllw < ClTwll || fllw. Hence

(6.4) Iflle < ClTwl | fllw, Vf € Z.

Take f € W and let {f,} C Z be a sequence satisfying f, % f. It follows now
from (6.4) that {f,} is a Cauchy sequence in Zp. Hence there is some g € Zr
such that || f, — g||ZAT — 0. By Proposition 3.6 this implies that there is some
subsequence { f,(x)} that converges pointwise p-a.e. to g. On the other hand, we
also have that f, — f pointwise p-a.e. Hence f =g € Z; and (6.4) implies that

1fll 7 = Tim | fullr < CITwl | fllw-

This establishes that W is continuously included in Z;\p Moreover, we have
Twf =lm, oo Tw (fn) = lim,— 00 T(fn) = T(f). O

To end this work, we discuss the question of T" being 2-rectangularly determined
in the case 7 = Qs =N and X1 = ¥y = N.

Theorem 6.4. Let Z = Z(N?) be a 2-rectangular normed space and T : Z — E
a bounded linear operator. If w € A = {x € N? : f(x) # 0 for some f € Z}, then
X{w} € Z and T is 2-rectangularly determined if, and only if, T(Xwy) # 0, Vw € A.

Proof. Ifw € A, then we have that x,,} € Z. Assume first that T is 2-rectangularly
determined. Take w € A. Then

0 # Ixgwill7 = sup{IT(xex{u})lE : R € S} = T (x{u})ll-

Assume now that T'(x{w}) # 0, Yw € A. Take f € Z, f # 0 and fix w € N? such
that f(w) # 0. Then x(u) f = f(W)X{w}- S0 T(X(w}f) = f(W)T(x{wy) #0. O
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