Document downloaded from:

http://hdl.handle.net/10251/161046
This paper must be cited as:

Baragania, |.; Roca Matrtinez, A. (2020). Rank-one perturbations of matrix pencils. Linear
Algebra and its Applications. 606:170-191. https://doi.org/10.1016/j.1aa.2020.07.030

The final publication is available at

https://doi.org/10.1016/j.l1aa.2020.07.030

Copyright E|sevier

Additional Information



Rank-one perturbations of matrix pencils

Itziar Baragana
Departamento de Ciencia de la Computacion e [.A.
Facultad de Informatica, Universidad del Pais Vasco, UPV/EHU *

Alicia Roca
Departamento de Matematica Aplicada, IMM
Universitat Politecnica Valencia, Spain '

Abstract
We solve the problem of characterizing the Kronecker structure of

a matrix pencil obtained by a rank-one perturbation of another matrix
pencil. The results hold over arbitrary fields.
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1 Introduction

Given a matrix pencil A(s) = Ag+sA4; € F**™ the rank perturbation problem
consists in characterizing the Kronecker structure of A(s)+ P(s), where P(s) is
a matrix pencil of bounded rank.

The Kronecker structure of a matrix pencil is determined by the complete
system of invariants for the strict equivalence of matrix pencils, i.e., the invari-
ant factors, infinite elementary divisors, and row and column minimal indices.
For regular matrix pencils the Kronecker structure is known as the Weierstrass
structure and is determined only by the invariant factors and the infinite elemen-
tary divisors. In particular, the Jordan structure of a square matrix is defined
by the Weierstrass structure of the associated characteristic pencil, which is a
regular pencil without infinite elementary divisors. Analogously, the feedback
invariants of a pair of matrices, i.e., the invariant factors and the column (or
row) minimal indices are the Kronecker invariants of the associated character-
istic pencil.

In the last decades rank perturbations of matrix pencils have been analyzed
in many papers from different approaches. The problem has been studied gener-
ically, i.e., when the perturbation P(s) belongs to an open and dense subset of
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the set of pencils of rank less than or equal to r, for a given integer r. In other
cases, the pencil P(s) is an arbitrary perturbation belonging to the whole set
of pencils of rank less than or equal to r. In this paper we follow the second
approach.

From a generic point of view, changes in the Jordan structure of a square
constant matrix or in the Weierstrass structure of a regular pencil corresponding
to a fixed eigenvalue after low rank perturbations have been studied, among
others, in [3, 4, 6, 7, 16, 18, 19, 21, 22]. See also the references therein.

The case where a square matrix (regular pencil) is perturbed by an arbitrary
perturbation matrix P (arbitrary matrix pencil P(s)) has also been studied by
several authors. For square constant matrices and a constant perturbation of
bounded rank r, a solution is given in [23] and [25]. For » = 1 the problem was
already solved in [24]. The case where the perturbation has fixed rank has been
solved in [23] over algebraically closed fields.

For regular pencils the problem has been studied for » = 1 in [15]. For
arbitrary perturbations of bounded rank the problem has been solved in [2],
and for perturbations of fixed rank in [1]. In both cases the solutions obtained
do not involve any condition on the rank of the type “low-rank”, and the results
hold for fields having sufficient number of elements (fields requiring just the
condition that at least one element of the field or the point at infinity is not
included neither in the spectrum of the original pencil nor in the perturbed one).

There is less literature dealing with the case of singular pencils. The problem
is more difficult, since the row and column minimal indices of the pencils are
involved. For non full rank pencils the change of the four types of invariants
under generic low rank perturbations has been characterized in [5]. For square
singular pencils, in [17] the authors represent pencils via linear relations and
obtain bounds for the number of Jordan chains which may change under an
arbitrary rank-one perturbation. The problem of characterizing the feedback
equivalence invariants of a pair of matrices, i.e., the Kronecker invariants of the
associated characteristic pencil, under a constant perturbation of bounded rank
is solved in [11]. Here, the authors find the solution relating the problem to a
matrix pencil completion problem.

In this paper we study arbitrary rank-one perturbations of matrix pencils.
We solve the problem transforming it into a matrix pencil completion problem.
The solution obtained holds for arbitrary fields.

The paper is organized as follows. In Section 2 we introduce the notation,
basic definitions and preliminary results. In Section 3 we establish the prob-
lem which we are going to study and relate it to a matrix pencil completion
problem. Then, in Section 4 we introduce previous results about completion
of matrix pencils which will be needed later. In Section 5, a solution to the
rank-one perturbation problem is stated in Theorem 5.1. Several technical lem-
mas necessary to prove it are given in Subsection 5.1. Theorem 5.1 is proven
is Subsection 5.2. Finally, in Section 6 we summarize the main contributions of
the paper.



2 Preliminaries

Let F be a field. F[s] denotes the ring of polynomials in the indeterminate s
with coefficients in IF and F[s, t] the ring of polynomials in two variables s, ¢ with
coefficients in F. We denote by FP*9, F[s]?*¢ and F[s, t]P*? the vector spaces of
p X ¢ matrices with elements in F, F[s] and F[s, t], respectively. Gl,(F) will be
the general linear group of invertible matrices in FP*P,

Given a polynomial matrix G(s) € F[s]P*?, the degree of G(s), denoted by
deg(G(s)), is the maximum of the degrees of its entries. The normal rank of
G(s), denoted by rank(G(s)), is the order of the largest nonidentically zero
minor of G(s), i.e., it is the rank of G(s) considered as a matrix on the field of
fractions of F[s].

A matriz pencil is a polynomial matrix G(s) € F[s]?*7 such that deg(G(s)) <
1. The pencil is regular if p = ¢ and det(G(s)) is not the zero polynomial.
Otherwise it is singular.

Two matrix pencils G(s) = Gy + sG1,H(s) = Hy + sHy € F[s]P*? are
strictly equivalent (G(s) " H(s)) if there exist invertible matrices Q € Gl,(F),
R € Gly(F) such that G(s) = QH(s)R.

Given the pencil G(s) = Go+sG; € F[s]P*9 of rank G(s) = n, a complete sys-
tem of invariants for the strict equivalence of matrix pencils is formed by a chain
of homogeneous polynomials 'y (s,t) | -+ | Tn(s,t), Ti(s,t) € Fls,t], 1 <i < n,
called the homogeneous invariant factors, and two collections of nonnegative in-
tegers ¢; > -+ > cg—p and uy > -+ > Up_p, called the column and row minimal
indices of the pencil, respectively. In turn, the homogeneous invariant factors
are determined by a chain of polynomials v1(s) | ... | 7,(s) in F[s], called the
invariant factors, and a chain of polynomials t*1 | ... | t*» in F[t], called the
infinite elementary divisors. In fact, we can write

Ti(s,t) = thigdes(ni(9)., (%) 1<i<n.
The associated canonical form is the Kronecker canonical form. For details see
[13, Ch. 2] or [14, Ch. 12] for infinite fields, and [20, Ch. 2] for arbitrary
fields. In what follows we will work with the homogeneous invariant factors.
We will take I';(s,t) =1 (7;(s) = 1) whenever i < 1 and I';(s,t) = 0 (y;(s) = 0)
when ¢ > n. The sum of the degrees of the homogeneous invariant factors
plus the sum of the minimal indices is equal to the rank of the pencil. Also,
if T'(s) = G(s)T, then G(s) and T'(s) share the homogeneous invariant factors
and have interchanged minimal indices, i.e., the column (row) minimal indices
of T'(s) are the row (column) minimal indices of G(s).

Observe that if G(s) € F[s]P*? and rank(G(s)) = p (rank(G(s)) = q), then
G(s) does not have row (column) minimal indices. As a consequence, the in-
variants for the strict equivalence of regular matrix pencils are reduced to the
homogeneous invariant factors.

In this paper we study the Kronecker structure of arbitrary pencils per-
turbed by pencils of rank one. A matrix pencil of rank one allows a very simple



decomposition (see [15] for F = C). In the next proposition we analyze this
decomposition for arbitrary fields, depending on the Kronecker structure of the
pencil.

Proposition 2.1 Let P(s) € F[s]P*? be a matriz pencil of rank P(s) = 1.

1. If P(s) has a nontrivial invariant factor, then there exist nonzero vectors
u € FP, 5 € F? and nonzero pencils u(s) € F[s]P, v(s) € F[s]? such that

P(s) = uv(s)T = a(s)v?.
2. If P(s) has an infinite elementary divisor, then there exist nonzero vectors

u € FP, v € F? such that
P(s) = uwv’.

3. If P(s) has a positive column minimal index, then there exist a nonzero
vector u € FP and a nonzero pencil v(s) € F[s]? such that

P(s) = uv(s)T.

4. If P(s) has a positive row minimal index, then there exist a nonzero vector
v € F? and a nonzero pencil u(s) € F[s]? such that

Proof. Let P.(s) be the Kronecker canonical form of P(s). Then, there

T
1

exist Q = [q1 ... @] € GL,(F) and R = | : | € Gly(F) such that P(s) =

QP.(s)R.
1. If P(s) has a nontrivial invariant factor s + A, A € F, then P.(s) =

SHY 0] €. Hence, P(s) = (s + Nt = (s + )"
. . 1 0
2. If P(s) has an infinite elementary divisor, then P,.(s) = [0 O] € F[s|P=q.
Therefore, P(s) = qir¥.
s 1 0
3. If P(s) has a positive column minimal index, then P.(s) = |0 0 0| €
0 00

F[s]P*4. Therefore, P(s) = qi(sr¥ +rD).

4. If P(s) has a positive row minimal index, then P(s)? has a positive column
minimal index. Therefore, P(s)T = q;(srT +r1), i.e., P(s) = (sr1+72)q},
as desired.

O



3 Statement of the problem
The problem we deal with in this paper is the following:

Problem 3.1 (Rank-one perturbation of matrix pencils) Given two ma-
triz pencils A(s), B(s) € F[s]P*9, find necessary and sufficient conditions for
the existence of a matriz pencil P(s) € F[s]P*? of rank(P(s)) = 1 such that
A(s) + P(s) "< B(s).

First of all we analyze two particular cases.

e p=1lorg=1,and A(s) # 0or B(s) # 0. I F # {0, 1}, there always exists
P(s) = Py + sP; € F[s]P*9 of rank(P(s)) = 1 such that A(s) 4+ P(s) <
B(s). For example, if p = 1, let ¢ € F\ {0} be such that A(s) # cB(s).
Then A(s) + (cB(s) — A(s)) < B(s). If F = {0,1}, then there exists

P(s) € F[s]P*4 such that rank(P(s)) = 1 and A(s) + P(s) "< B(s) if and
only if A(s) # B(s).

e p>1orqg>1,and A(s), B(s) € F[s]P*? are such that A(s) "< B(s) and
A(s) # 0. Then there always exists P(s) € F[s]P*? of rank(P(s)) =
such that A(s) + P(s) " B(s). For example, let ¢ = 2 and let al(s) # 0,

as(s) be the columns of A(s). Then, B(s) 5 A(s) < {O
A(s) + [0 al(s)].

The next lemma shows that in order to solve Problem 3.1 the pencil A(s) can
be substituted by any other pencil strictly equivalent to A(s). It was proven in
[2, Lemma 3.2] for p = q. The proof for the general case is completely analogous.

Lemma 3.2 Let A(s), B(s), P(s) € F[s|P*? be matriz pencils. Let Q € Gl,(F),
R € Gl,(F) and A'(s) = QA(s)R. If A(s) + P(s) < B(s) then A'(s) +
QP(s)R "< B(s).

Problem 3.1 can be stated as a pencil completion problem, as we see next.

Lemma 3.3 Let A(s), B(s) € F[s]P*9 be matriz pencils such that A(s) ‘& B(s).
Then there exists a matriz pencil P(s) € F[s]P*? of rank P(s) = 1 such that
A(s) + P(s) *< B(s) if and only if one of the following conditions holds:

(i) There exist matriz pencils a(s),b(s) € F[s]*9, Ay (s) € F[s]P=1D*9 such

that A(s) < [Az(l?s)] and B(s) ~ |:A2(1(?9):|

(ii) There exist matriz pencils a(s),b(s) € F[s]pfl, Aqa(s) € Fs]P*@=1) such
that A(s) < [a(s) Aia(s)] and B(s) "~ [b(s) Aia(s)].



Proof. Assume that there exists a matrix pencil P(s) € F[s]P*? of rank P(s) =
1 such that A(s)+P(s) <" B(s). By Proposition 2.1, there exist nonzero pencils
u(s) € F[s]?, v(s) € F[s]? such that P(s) = u(s)v(s)” and u(s) = u € FP or
v(s) =v e F9.

If u(s) = u € FP, let R € Gl(p) be such that Ru = [(1)} € FU+@=1) and

let RA(s) = [AC;E?S)} € F[s]1+(P=1)%a and b(s) = a(s) +v(s)T. Then A(s) <

L] s e e = [0 [97] - L]

If v(s) = v € F9, we can analogously obtain (ii).
Conversely, let us assume that (i) holds. As A(s) X B(s), we have a(s) #
b(s). Let P(s) = b(s)ga(s) € F[s](+(P=1)xa Then rank P(s) = 1 and

A21 (S) Agl (S)
that rank P(s) = 1 and A(s) + P(s) "< B(s).
If (ii) holds, the result holds applying the previous case to A(s)? and B(s)T.
O

{ a(s) ] + P(s) = [ b(s) } By Lemma 3.2, there exists a pencil P(s) such

Remark 3.4 Observe that if the permutation P(s) is of the form P(s) =
wv(s)T, u € FP, then the perturbation problem can be transformed into a row
completion problem. Analogously, if P(s) = u(s)vT, v € F4, then the perturba-
tion problem can be transformed into a column completion problem.

4 Matrix pencil completion theorems

According to Lemma 3.3, the Problem 3.1 can be approached as a matrix pencil
completion problem. We introduce in this section some results in that area
which will be used later. To state them we need some notation and definitions.

Given two integers n and m, whenever n > m we take > .~ = 0. In the

same way, if a condition is stated for n < i < m with n > m, we understand
that the condition disappears.

Given a sequence of integers ay,...,a,, such that a; > --- > a,, we will
write a = (aq,...,a,,) and we will take a; = oo for i < 1 and a; = —oo for
i >m. If a,, > 0, the sequence a = (ay, ..., a.) is called a partition.

Given three sequences d, a and g, we introduce next the concept of gener-
alized majorization.

Definition 4.1 (Generalized majorization [9, Definition 2]) Given three
sequences of integers d = (dy,...,dn), a= (a1,...,as) and g = (g1, -, Gm+s)



such that dy > --- > dmy, a1 2> -+ 2> as, g1 = -+ 2> Gm+s, We say that g is
magorized by d and a (g <’ (d,a)) if
dz > Gi+s, 1 S 1 < m, (1)
h; hj—jy J
gi= > di<d a, 1<j<s, (2)
i=1 i=1 i=1

where hj =min{i : d;—j41 < gi}, 1 <j <5 (dmy1 = —00),

m-+s

dgi=> di+ )Y a (3)
=1 i=1 i=1

In the case that s = 0, condition (2) disappears, and conditions (1) and (3)
are equivalent tod = g.

In the case that s = 1, from condition (3) we observe that a; is completely
determined by d and g (a; = .74 gi — 32, d;), therefore we will write
g <’ (d,ay) as g <’ d and we will refer to it as 1step-generalized majorization.

Moreover, it is easy to see that g <’ d if and only if
d; = git1, h<i<m,

where h = min{i : d; < g;}.
In [9], the 1step-generalized majorization is called elementary generalized
magorization and it is denoted by g <} (d,aq).

Remark 4.2
1. If g and d satisfy that g; < d; for 1 <i<m, then h=m+1 and g <’ d.

2. Notice that if g <" d and for some index 1 < i < m we have d; > g;y1,
then i < h.

Given two pencils H (s) € F[s]("+P)x(n+m) and H(s) € F[s](ptaty)x(ntm)
of rank(H;(s)) = n and rank(H(s)) = n + z, in [12, Theorem 4.3] (see also 8,
Theorem 2]), necessary and sufficient conditions are given for the existence of a
pencil Y (s) € F[s]@+tv)x(m+m) guch that H(s) = [I}{,l((;))} The two following
lemmas are particular cases of [12, Theorem 4.3] for x + y = 1. First, we state
the result when z =0, y = 1.

Lemma 4.3 ([12, Particular case of Theorem 4.3]) Given two matriz pen-
cils Hi(s) € F[s|(ntp)x(ntm) - [(s) ¢ F[s](rtrtx(dm) of vank(H,(s)) =
rank(H(s)) = n, let i (s,t) | -+ | wi(s,t), 1 >+ > gm >0 and wy > --+ >
we > 0 = wg41 > -+ > wy be the homogeneous invariant factors, the column
and the row minimal indices of H1(s), respectively, and let w1(s,t) | -+ | mn(s, 1),



1> 2cp>0andu; > - >ug >0=wug, >+ > upy1 be the homo-
geneous invariant factors, the column and the row minimal indices indices of
H(s), respectively.

Letg = (g1,..-,9m), W= (w1,...,wp), c=(c1,...,0m), W= (U1, ..., Upt1).

There exists a pencil h(s) € F[s]"* (™) such that H(s) [51(2)} if and
only if B

6>0, (4)

mi(s,t) | wh(s,t) | miga(s,t), 1<i<n, (5)

u<'w, (6)

g=c (7)

Next, we state the result when x =1, y = 0.

Lemma 4.4 ([12, Particular case of Theorem 4.3]) Given two matriz pen-
cils Hy(s) € F[s|(tp)x(ntm) [ (s) € F[s|(vtrtx(tm) of rank(H,(s)) = n

and rank(H(s)) = n + 1, let wi(s,t) | --- | mi(s,t), g1 > -+ > gm > 0 and
wy > -+ > wp be the homogeneous invariant factors, the column and the
row minimal indices of Hi(s), respectively, and let wi(s,t) | -+ | Tpy1(s,1),
€1 2> >¢Cmo1 >0 andu; > --- > uy, be the homogeneous invariant factors,
the column and the row minimal indices of H(s), respectively.

Let g = (g1,.--.9m), W = (wi,...,wp), € = (c1,...,Cm—1), and u =
(w1, up).

There exists a pencil h(s) € F[s]'"* (™) such that H(s) = [Hh((s(z)} if and
1
only if (5),
g <'c, (8)

w=u 9)

5 Main theorem

In the following theorem we give a solution to Problem 3.1.

S,

Theorem 5.1 Let A(s), B(s) € F[s]P?*9 be matriz pencils such that A(s) /'
B(s). Let rank A(s) = nq, rank B(s) = na, let ¢1(s,t) | -+ | &ny(s,1), 1 >
e 2> Cgemy =2 0 and up > - > up_p, > 0 be, respectively, the homogeneous
invariant factors, column minimal indices and row minimal indices of A(s) and
let 1111(5,75) | | ¢n2(8’t)f dy > - > dq—n2 >0andvy > -+ > Up—nsy >0
be, respectively, the homogeneous invariant factors, column minimal indices and
row minimal indices of B(s).

Let ¢ = (c1,..-,¢4—ny), d = (d1,...,dgny), W = (U1,..., Up—p,), V =
(V1,...,Up—n,) and n = min{nq,na}.



1. Ifc =d, u=v, then there exists a pencil P(s) € F[s]P* of rank(P(s)) =
1 such that A(s) + P(s) " B(s) if and only if

1/’1‘—1(5,15) | ¢1(S7t) | wi+1(87t)7 1 < ) <n. (10)
2. Ifc#£d,u=v, let
¢ =max{i : ¢; #d;},
f=max{i e {1,...,¢} : ¢; <di—1} (dp=+00),
f':max{ie {1,,6} D d; <Ci,1} (00:+oo),

n—1 p—

G=n—-1- Z deg(ged(@iv1(s, 1), Yit1(s,t))) — D> us.

i=1 i=1
Then there exists a pencil P(s) € F[s]P*9 of rank(P(s)) = 1 such that
A(s) + P(s) S B(s) if and only if (10) and

q—n
G <Y min{e;,d;} + max{cy,dy }. (11)

i=1

8. Ifc=d,u#v, let -
C=max{i : u; # v},
f=max{ic{l,....0} : u; <vi1} (vo=+00),
ff=max{i € {1,....0} : v; <u;1} (up=-+0c0),

n—1 q—n
G=n—-1- Z deg(ged(@i+1(s, 1), it1(s,t))) — Z Ci-
i=1 1=1

Then there exists a pencil P(s) € F[s]P*? of rank(P(s)) = 1 such that
A(s) + P(s) "< B(s) if and only if (10) and

p—n
G < Z min{u;, v; } + max{ug,vp}. (12)
i=1

4. If c #£ d, u # v, then there exists a pencil P(s) € F[s]P*? of rank(P(s)) =
1 such that A(s) + P(s) " B(s) if and only if there exist homogeneous

polynomials i (s,t) | -+ | 7l (s,t) such that
lem(¢y (s, ), ¥i(s, 1)) | mi (5,1) | ged(disr (s, 1), ¥ira(s,1), 1<i<n,
and one of the four following conditions holds: "
(a)
c<'d, u<'v, (14)

p—n2

Z;deg(wil(s,t)) =n— ; ci — Z_:l ;. (15)



(b)

d<'c, v<'u, (16)

q—n2 p—n1

Zdeg (s,t)) —n—z:d—z:uZ (17)

(c) (14) and (17).
(d) (16) and (15).
For the proof of the theorem we need some technical lemmas on 1lstep-

generalized majorizations, which are presented in Subsection 5.1. Afterwards,
the theorem will be proven in Subsection 5.2.

If F is algebraically closed, the conditions of the case ¢ # d, u # v can
be written in terms of inequalities, as stated in the next lemma. The proof is
inspired by that of [26, Corollary 4.3].

Lemma 5.2 Let Qi(s,t),...,00(8,), U1(s,%),..., Upnt1(s,t) € F[s,t] be ho-
mogeneous polynomials such that Qi(s,8) |-+ | U ( t), Uy(s,t) |- | Tnr1(s,t),
and

\I/i_1(s,t) | Qi(S,t) | \I/H_l(s,t), 1<i<n. (18)

Let x© be a monnegative integer.
If F is an algebraically closed field, then there exist homogeneous polynomials
mi(s,t) | --- | wL(s,t) satisfying

lem(Q;(s, 1), Wi(s, 1)) | 7} (s,t) | ged(Qiga(s,t), Wiy1(s, 1)), 1<i<n, (19)
and

Z deg(m}(s,1)) =z (20)

if and only if
Zdeg(lem(Qi(s,t), U, ( )<z Z eg(ged(Qiv1(s, 1), Uip1(s,1))). (21)

Proof. From (19) and (20), clearly we deduce (21).
Conversely, assume that (21) holds. Condition (18) implies that

lem(Q;(s, 1), Ui(s, 1) | ged(Qigp1(s,t), Tiy1(s,t)), 1<i<n,

hence, A;(s,t) = gcfcﬁ(?zlﬁigi{;iﬁf)) are homogeneous polynomials.

Let §; = deg(lem(Q;(s,t), U;(s,t)), 0 = deg(ged(Qit1(s,t), ¥it1(s, 1)), 1 <
i < n. From (21) we have

i=1 i=1

10



Let z1,...,2, be integers such that 0 < z; < 0/ — §; = deg(A,(s,t)) and
Yoz = x— Y i 0. As F is algebraically closed, there exists homoge-
neous polynomials v;(s,t) such that deg(vi(s,t)) = z and (s, t) | Ai(s,t),
forl1 <i<n.

Let 7l(s,t) = lem(Q;(s,t), ¥;(s,t))vi(s,t), 1 < i < n. Then, 7}(s,t) |

T4 (s,t) for 1 <i<n—1, and they satisfy (19) and (20). a
Example 5.3 LetF=C,n=6,z =3. Qi(s,t) =--- = Qs(s,t) = 1,Q6(s,t) =
24+ 12, Uy(s,t) = ... Us(s,t) = 1,U4(s,t) = Uy (s,t) = s> + 2. Then

lem(Q;i(s,t), Wi(s,t)) =1, 1 <4 < 5; lem(Qg(s, 1), ¥g(s, 1)) = s + 12,
ged(Qi41(8,t), Uig1(s,t)) =1,1 <4 <4,
ged(Qig1(s,t), Uip1(s,t)) = 52+, 5 <1 <6,
and (21) holds. The homogeneous polynomials
mi(s,t) =---=mi(s,t) =1, 7i(s,t)|s+it, ws(s,t)=s>+1°
satisfy (19) and (20).

Corollary 5.4 Under the conditions of Theorem 5.1, if F is an algebraically
closed field and ¢ # d, u # v, there exists a matriz pencil P(s) € F[s]P*? of
rank(P(s)) = 1 such that A(s) + P(s) " B(s) if and only if (10), and one of
the four following conditions hold

(a) (14) and

Z deg(lcm(d)i(sv t)a ,l/}l (87 t))) é xz S Z deg(ng(¢i+1 (87 t)a wiJrl (Sa t)))a
i=1 i
(22)

— NN, NP2
where x =n i—1  Ci el Vg

(b) (16) and

> deg(lem(¢y(s, t),1i(s,1))) <y < > deg(ged(dit (s, 1), iz (s, 1)),
i=1 i
(23)

—

_ g=n2 g PR,
where y =n — Y 1% d; i U

(c) (14) and (23).
(d) (16) and (22).
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5.1 Technical results

All of the sequences involved in this subsection are ordered partitions of non-
negative integers.

Lemma 5.5 Let S > 0 be a nonnegative integer and let a = (a1,...,am) be a
partition of nonnegative integers. Then there ezists a partition of nonnegative

integers g = (g1, .-, Gm+1) such that Z?j{l gi=S5 and g < a.

Proof. Put ag = +00, Gmm41 = —oo. Then,

m m
Zaj+iai_12 Zaj+(i+1)a,», 1<i<m+1,
j=i j=itl

and S > (m+2)amy1. Let k =min{i € {1,...,m+1} : S>3 a;+ (i +
Da;}, ie.,

Zaj + kag_1 >8> Z a; + (k-‘r 1)ak = Zaj + kay,.
j=k j=k+1 j=k

Let ' =S — Z;”:k aj. Then kay_; > S’ > kay. Let ¢ and r be the quotient
and the remainder of the euclidian division of S’ by k, i.e., S’ = kq + r with
0<r<k. Then ap_1 > q > ap. Observe that if £ < m, then a; > 0, and if
k=m+1,then S’ =S >0, hence ¢ > 0.
Let us define

gi=q+1, 1<i<mr

9i = ¢, r+1<i<k,

gi = Q;—1, k+1§z§m+1

Then g1 > -+ > gmy1 >0, Y7+ g, = S and

gi<q+1<ap1<a;, 1<i<k-1,

Ji+1 = Gy, k<i<m. (24)

Let h = min{i : a; < g;}. From (24) we derive that h > k and a; = gi+1,
h <1i < m. Therefore, (g1,...,gms1) < a.
O

Example 5.6 Given the partition a = (8,6,5,5,5,3,1) (m = 7), we show some
examples of the previous result for different values of S.

1. S = 50. Then 2]7‘:1aj+‘10 >8> Z§:2aj+2a1. k=158 =5-
2]7':1 a; =17, ¢ =17, r = 0. It results g = (17,8,6,5,5,5,3,1).

2. S = 34. Then Z;‘:saj +3a2 > S > Z;=4aj +4as. k=3,95 =
S — 217:3 a; =15, ¢ =5, r=0. It results g = (5,5,5,5,5,5,3,1).

12



3.8 =05. Then Z:‘:saj +8ar > § > Zj?:gaj+9a8. k=8, 8 =5-
2]7':8%‘ =S=5,4¢g=0,r=5. Itresultsg=(1,1,1,1,1,0,0,0).

Lemma 5.7 Let E > 0 be a nonnegative integer and let a = (aq,...,a,;,) be a
partition of monnegative integers. Then there exists a partition of nonnegative
integers € = (e1,...,em—1) such that 211_11 e; = E and a <’ e if and only if

E:Zai orEzal—&—Zai. (25)
=2 i=3

Proof. Assume that there exists e = (eq,...,em,—_1) such that Z?:ll e, =F
and a <" e. Then €; > a;41, 1 <i<m—1, hence E > >, a;.

Let us suppose that E > Y ", a;. Then Z?:ll(ei —a;41) > 0, hence there
exists k € {1,...,m — 1} such that ey > agt1. Thus k < h =min{i :¢e; < a;},
which means e; > a1 and therefore

m—1 m
E:el—i—ZeiZal—l—Zai.
=2 =3

Conversely, let us assume that (25) holds. We define ¢; = a;41,2 <7 <m—1
and e; = E — " s a;. Then Z?;l e, =FE. If E=%",a; then e; = ay and

a < (e1,....em—1). f E > a1+ > ";a; then e; > a; > ag = ez. Thus,
e1 > - > em_1 >0, h =min{i :e < a;} > 1, and we have ¢; = a;41,
h <i<m—1. Therefore, a <’ (€1,...,€m_1)-

O

Given two pairs of nonincreasing sequences of integers, (d,a) and (c,b),
in [10, Theorem 5.1] the authors solved the problem of obtaining necessary
and sufficient conditions for the existence of a sequence g that is majorized (in
the sense of generalized majorization) by both pairs. The conditions are very
involved. In the first item of the next Lemma we solve the same problem for
the 1step-generalized majorization of partitions. The characterization obtained
is much more simple in this case.

Lemma 5.8 Let S,E > 0 be nonnegative integers and let ¢ = (c1,...,¢m),
d=(d1,...,dn) be partitions of nonnegative integers such that ¢ # d.

Let £ =max{i : ¢; #d;}, f=max{i € {1,...,£} : ¢; <dj—1} (do = +00),
and f' =max{i € {1,...,4} : d; < c;—1} (g = +00).

1. There exists a partition & = (g1,...,9m+1) of nonnegative integers such
that Z?j{l gi=S5,g<"cand g <"d if and only if

S < Zmin{ci,di} + max{cy,d }. (26)

i=1

13



2. If f > 1 and f' > 1, there exists a partition of nonnegative integers
e=(e1,...,m—1) such that Zzz_ll e;=F,c<"eandd <’ e if and only
if

m
E> Zmax{ci, d;} —max{cy,dy }. (27)
i=1

3. If f =1 or f' =1, there exists a partition of nonnegative integers e =
(e1,...,em—_1) such that 27;_11 e; =F,c<"eandd <’ e if and only if

E= 37" max{c;, d;} — max{cy,dy },
or (28)
E>3" max{c;,d;} —max{ci1,dp41}.

Equivalently,

E = Zmax{ci,di} or E > max{cy,d1} + Zmax{ci,di}.

=2 =3

Proof. Let us assume that ¢, > d;. If dy > ¢4 the proof is analogous.

We have ¢p_1 > ¢; > dy, hence f' = £. Moreover, ¢; > ¢;p1 > d;, [ <i <
¢ —1. Then, ¢; > dy > d¢ = dy. Hence, when ¢, > dy, conditions (26), (27)
and (28) are respectively equivalent to

f—1 m
S < Z min{c;,d;} +¢5 + Zdi, (29)
i=1 =f

f—1 m
E > Zmax{ci,di} + Z Cis (30)
=1

i=f+1
m m
E:ZciorEZQ—i—Zci. (31)
i=2 i=3

Moreover, if f/ = 1 then ¢ = 1 and as a consequence, f = 1. Therefore,
when ¢; > dy, the condition f =1 or f/ =1 is equivalent to f = 1.
Let us prove the different cases.

1. Assume that there exists a partition g = (g1, . - ., gm+1) such that Zgﬁl gi =

S,g=<'cand g <’ d.
Let h =min{i :¢; < g;} and ' = min{i :d; < g;}. As goy1 < dy < ¢g, by
Remark 4.2, item 2, we have £ < h. In the same way, as g5 < ¢y < dj_1,

f—1<hn.

Therefore,
gi <min{c;,di}, 1<i< f—1,
gf S Cf,
git1 < d;, f<i<m,

from where we obtain (29).

Conversely, let us assume that (29) holds.

14



o If S < Zf 1 min{c;,d;} then f > 1. Let

k
k=min{i € {1,...f—1} : § <> minfe; di}},

i=1

ie., Zf;ll min{¢;,d;} <8 < Zle min{¢;, d;} and define

g; = min{¢;, d; }, 1<i<k-—-1,
gL =S — Zf;ll min{c;,d;},
9i =0, E+1<i<m+1.

Then Z:'Hll gi = S and gr < min{cg,dr}. Therefore, gy > -+ >
gk—1> gk > 0=grt1 =+ = gm1. Thus, g = (g1,...,gm+1) is a
partition. As g; < min{¢;,d;}, 1 <i < m, by Remark 4.2, item 1, we
have g <’ ¢ and g <’ d.

o If S5 > Zf |, min{c;, d;}, let S =S — Z{;ll min{¢;,d;} > 0. Then
Sgcf+22: di. We define d; = dy_144, 1 <i <m— f+1, and
d= (81,...,Em,f+1), ie,d = (dy,...,dn). By Lemma 5.5, there
exists a partition g§ = (gy,...,G,_f42) such that S f+2* =S
and g < d.

Now we define

gi = min{c;,d;}, 1<i< f—1,
9i = Gi—f1s fsi<m+1l

Let us see that gy < gg_1, i.e., that g; <min{cs_1,df_1}. If g, < di,
then g, < dy = mln{cf,df} < min{es_1,ds—1}. If g, > di, then
di =G, 1 <i<m—f+1, hence § =g, + X7/ di As
S <cp+ 3L di, we obtain gy < ¢y < min{cg_1,ds—1}. Therefore
g=1(91,...,9m+1) is a partition.

Let A’ = min{i : d; < ¢g;} and B = min{i : d; < g;}. Observe
that d; > g;, 1 <i < f—1,d; =di—p1 > Gif41 = Gi for f <i<
f—i—ﬁl—l, andd, 7 | = dyr <G = 9p 471~ Then, h = f—i—ﬁl—l.
As d; = Ei_ﬂ_l = Ji—f42 = Ggit+1 for h' < i < m, we obtain that
g <'d.

Let h = min{i : ¢; < g;}. Recall that d; < ¢; for f <i < m. We
have,

| &l

gi < ¢, 1<i<f-1,
gigdi§0i7 fS'LShI_l?
gi <di—1<¢;, fH+1<i<L

Thus, h > max{h’ — 1,£} and, as a consequence, ¢; = d; = g;4+1 for
h < i < m. Therefore g <’ c.
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2. Assume that f > 1 (hence f’ > 1) and there exists a partition e =
(e1,...,em—1)such that Y /" le, = E,c<"eandd <’'e. Thene; > ¢;y1,
1<9 S m — 1. Moreover, ey_1 > ¢y > dy, by Remark 4.2, item 2, e; > d;,
1 <i<{¢-1. Hence, ef_1 > ds_1 > cy, and as before it means that
e; > ¢, 1 <i< f—1. Thus,

e; > max{c;,d;} 1<i<f—-1,
6iZCi+1, fSiSm—l,

and we obtain (30).
Conversely, let us assume that f > 1 and (30) holds. Let us define

e, = maX{Ci,di}, 2 S 1 S f - 1a
€; = Cit1, f<i<m-—1,

€1—E 21261

Then, E =Y e ea> - >ep 1 >cpq1>cpp=e > > em
and, from (30) we derive e; > max{cy,d;} > es. Therefore (e1,...,em—_1)
is a partition. Let h = min{i :e; < ¢;} and ' = min{i :e; < d;}. It is
clear that h > f and A’ > f, hence ¢; = ¢;11, h <14 < m — 1, which means
that ¢ <’ e. Moreover, for f <i</{—1, ¢; = ¢;y1 > d;, thus b’ > £ and
e; = ciy1 = dip1, W <i <m — 1. Therefore d <’ e.

3. Let us assume that f =1 and there exists a partition e = (e1,...,€m—_1)
such that Y7 'e; = E, ¢ <" eand d < e. From Lemma 5.7 we obtaln
(31).

Conversely, let us assume that f = 1 and (31) holds. By Lemma 5.7, there
exists a partition e = (e1,...,em—1) such that > 1" le;=Fand c < e.
Therefore, e; > ¢i41, 1 <4 S m — 1.

Let h = min{i :e; < ¢;} and ' = min{i :e; < d;}. As f =1, we have
ci >di_1 > d;, 2 <i <L Therefore, e; > ¢;11 > d;, 1 <i</fand h' > /.
Since ey < dpy = cpry, h < B and ¢; = ¢;01 = dig1, B < i < m—1. Hence,

d=<'e.
O
Remark 5.9 Observe that condition (28) implies condition (27).
Lemma 5.10 Leta = (ay,...,ay), € = (e1,...,em—_1) be partitions of nonneg-

ative integers such that a <’ e and S e < S a Let 0 = #{i : e; > 0}
and 0 = #{i : a; >0}. Then 6 > 6.

Proof. We have § < m — 1, 0 < m and Zle e; < Z?:1 a;. Let h = min{i :
e; < a;}. Then e; = a;4q for h <i<m — 1. B

Assume that § > 6. Then 0 < Zf:@rl e; < Zle(ai — €;). It means that
there exists i € {1,...,0} such that a; —e; > 0. Therefore, h < 8 < 6 < m, from

where we conclude that ez = ag_; = 0, which is a contradiction with ¢ > 0.
O
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5.2

Proof of Theorem 5.1

Necessity. Let us assume that there exists a pencil P(s) € F[s]P*? of rank P(s) =
1 such that A(s) + P(s) "< B(s). By Lemma 3.3, one of the two following
conditions holds:

(i)

(i)

There exist pencils a(s),b(s) € F[s]** and Ay (s) € FP~1*x4 such that

se. | a(s) se. | b(s)
A(s) |:A21(S):| and B(s) [Agl(s) .
There exist pencils a(s),b(s) € F[s]P** and Aja(s) € FP*@~1) such that
A(s) < [a(s) Aia(s)] and B(s) < [b(s) Aia(s)].
Let us assume that (i) holds. Then n > rank(A4s(s)) > max{ny,na}—1>
n — 1, hence rank(As1(s)) = n — 2z with * = 0 or x = 1. Let w}(s,t) |
v | b (st), 8 = (915 y Gg—nta) and W = (W1,... Wp_1—ntz) be,
respectively, the homogeneous invariant factors, column minimal indices
and row minimal indices of Ag;(s). By Lemmas 4.3 and 4.4,

®i(s,t) | W}(S,t) | pi1(s,t), 1<i<n-—u, (32)
Vi(s,t) | T (s,t) | iva(s,t), 1<i<n-—uz.
Thus,
wifl(sat) | (bi(Sﬂf), 1 Slgna
(bl(svt) |wl+l(87t)7 1SZSTL—$
Notice that in the case that x = 1 we have n; = ny = n, then ¢, (s,t) |
Ynt1(s,t) = 0 is also satisfied. Therefore, (10) holds.

1. Assume that ¢ = d, u = v. As it has been seen, condition (10) is
necessary.

2. Assume that ¢ # d, u=v. Then n; = ny = n. If rank(A4s(s)) = n,
from Lemma 4.3 we obtain g = ¢ and g = d, which is a contradiction
with ¢ # d. Therefore, rank(A4s1(s)) = n — 1, i.e., x = 1. Applying
Lemma 4.4, we obtain

g=<'c, g<'d, (33)
From (32) and (34),

ST g = = 1= X0 deg(mi(s,6) = YU wg
> n—1-377 deg(ged(dit1(s, 1), Yivi(s,1)))
B > myel
By Lemma 5.8,
qg—n+1 q—n
Z gi < Zmin{ci,di}eraX{cf,df/}.
i=1 i=1

Therefore, (11) holds.
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3. Assume that ¢ = d, u # v. Then ny = ng = n. If rank(As;(s)) =
n — 1, from Lemma 4.4 we obtain w = u and w = v, which is a
contradiction with u # v. Therefore, rank(As;(s)) = n, i.e., x = 0.
Applying Lemma 4.3, we obtain

u<'w, v<'w, (35)
g=c=d. (36)
From (32) and (36),
ST e = n = 30 deg(m(s,0) — X g
n = 3 iy deg(lem(@i(s, 1), ¥i(s,1)) = iy @

Zz Wi — Ez 1deg(¢z(57t))
+ >0y deg(ged(gi(s, 1), (s, 1))).

Observe that since u # v, we have ged(¢1(s,t),¥1(s,t)) = 1, hence

Al

n—1

" deglged(@i(s. 1), i(s,1)) = 3 deg(ged(dy1(s, 1), i (5.1))).

=1 =1

By Lemma 5.8 and Remark 5.9,

Zf;lnflwi > b = max{ul,vz} max{uf, v }
= Zp 1 Uit Zq 1 Vi — Zf:l min{u;, v;}
maX{uf,’Uf/}
therefore,

Zz 1 Uit Z?:l deg(wi(sv t)) - Z?:l deg(ng(¢i(3a t)v ¢Z(S, t)))
< Yoy min{ug, v} + max{ug, v}

which implies that
G < n—3 deg(ged(i(s,t), vi(s, 1) — 301" e
< Y max{ug, v} + max{ug,vp }.
Therefore, (12) holds.

4. Assume that ¢ # d, u # v. If rank(A(s)) = rank(B(s)), then
applying Lemmas 4.3 and 4.4, we obtain g =c=d or w =u = v,
which is a contradiction. Therefore, rank(A(s)) # rank(B(s)). Then
n > rank(As2i(s)) > max{ni,n2} — 1 = n, ie., rank(A4s1(s)) = n
(x = 0). From (32) we derive (13).

If rank(A(s)) < rank(B(s)), then rank(A(s)) = n, rank(B(s)) =
n + 1. Applying Lemmas 4.3 and 4.4 we obtain

g=c, u=<'w, (37)
g=<'d, w=v. (38)

From (37) and (38) we derive (14) and (15).
Analogously, if rank(B(s)) < rank(A(s)) we obtain (16) and (17).
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e Let us assume that (ii) holds. Then

a6 | ] B ]

Recall that the column and row minimal indices of a pencil are, respec-
tively, the row and column minimal indices of its transposed.

Applying the results of the previous case, the interlacing condition (10) is
satisfied and

— If c=d, u# v, we obtain (12).

— If c #d, u=v, we obtain (11).

— If ¢ # d, u # v and rank(A(s)) < rank(B(s)), we obtain (14) and
(17).

— If ¢ #d, u # v and rank(B(s)) < rank(A(s)), we obtain (16) and
(15).
Sufficiency.

Case u = v. In this case, n = ny = ns.
Assume that ¢ = d and (10) holds or that ¢ # d and (10) and (11)
hold. By Lemma 3.3, it is enough to prove the existence of matrix pencils

xq p—1)xq s.e. a(s)

a(s),b(s) € F[s|**9, Agi(s) € F[s]P=1*4 such that A(s) < |:A21(8):| and
se. | b(s)

B(s) '~ |:A21(5):|

7T11(S7t) = ng(¢i+1(Sa t)vwi+1(57t))7 1<i<n—-1
Then 7 (s,t) | -+ | wt_1(s,t) and (10) implies that
¢i(5>t) |7Ti1(8’t) ‘¢i+1(3at)’ I<i<n-—1,
Yi(s,t) | 7i(s,t) | isa(s,t), 1<i<n—L
Let § =n—1— 30" deg(n}(s,1)) — S2P—1 u; and let us see that S > 0.
We have

Sy deg(mf (s,0) + 0 wi < Yy deg(dils, ) + 0 wi
n —deg(¢1(s, 1)) — 2500 ¢,

(39)

and

Sy deg(ml (s,0) + 0 wi < M, deg(Wils 1) + 20w

n —deg(¢1(s, 1)) — 3277 di.

If 300 deg(ml (5,1) + S0, wi = m, then ¢1(s,t) = ¢a(s,t) = 1, S0 e =
97" d; = 0, and

Il I/\

S (de(ml (s, 1)) — deg(disa(s,1))) = 3 (deg(r (5.1)) — deg(tis (5,1))) = 0,
=1 =1
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therefore, ¢ = d, 7} (s,t) = ¢ir1(5,t) = Yir1(s,t), 1 <i <n—1and A(s) <
B(s). As A(s) K B(s), we derive S > 0.
Notice that in the case that ¢ # d, because of condition (11), S = G <
¢ 'min{c;,d;} + max{cy,dp}. Then, by Lemma 5.5 (in the case ¢ = d)
or by Lemma 5.8 (in the case ¢ # d), there exists a partition of nonnegative
integers g = (g1, - -, gg_n+1) satisfying 397" g; = S and (33).

As S0 deg(ml (s, ) + P us + 397" g = n — 1, there exists a pencil
Aoy (s) € FP=DX4 of rank(A (s)) = n — 1, homogeneous invariant factors
mi(s,t) | -+ | mh_1(s,t), column minimal indices g1 > -+ > g4—n+1 and row
minimal indices u; > -+ > Up_p.

From (39), (33) and Lemma 4.4, there exist pencils a(s), b(s) € F[s]'*4, such

s.e. Cl(S) s.e. b(S)
that A(s) '~ [Aﬂ(s)] and B(s) '~ |:A21(S):|.
Case ¢ =d. The conclusion follows applying the previous result of the case
u = v to the pencils A(s)? and B(s)T.

Case ¢ # d, u # v. Assume that there exist homogeneous polynomials 71 (s, t) |
- | wk(s,t) satisfying (13).

(a) If (14) and (15) hold, then ¢ —my = ¢ — na + 1, i.e.,, ny = ny — 1, hence
ny =n and ng = n+ 1. From (15), there exists a pencil Ao (s) € FlP—1xa
of rank(As1(s)) = n, homogeneous invariant factors 7} (s,t) | --- | wk(s,t),
column minimal indices ¢; > --- > c4—y, and row mlmmal indices v; >

- > vp_pn—1. Moreover, because of (13),

Zf;n_lvi =n—> 0" ei = >, deg(m} (s, 1))
<"—qucz 27, 1deg(( t) = Zplul

From Lemma 5.10, we obtain #{i : wv; > 0} < #{i : u; > 0}. Applying
Lemmas 4.3 and 4.4, there exist pencils a(s),b(s) € F[s]1*? such that

A(s) s.e. [Az(ls()s)] and B(s) s.e. [Az(ls()s)] The sufficiency follows from

Lemma 3.3.

The cases (b), (¢) and (d) are similar.
O

Remark 5.11 From the proof of Theorem 5.1 and Remark 3.4, when u = v we
can conclude that if A(s)+ P(s) 5" B(s) where P(s) is a pencil of rank(P(s)) =
1 with a positive row minimal index, then there also exists P(s) = uv(s)T (i.e.,
P(s) has not a positive row minimal index) such that A(s) + P(s) "< B(s).
Analogously, when ¢ = d, if A(s) + P(s) <" B(s) where P(s) is a pencil
of rank(P(s)) = 1 with a positive column minimal index, then there also exists
P(s) = u(s)vT (i.e., P(s) has not a positive column minimal index) such that

A(s) + P(s) % B(s).
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6 Conclusions

Given a matrix pencil, regular or singular, we have completely characterized the
Kronecker structure of a pencil obtained from it by a perturbation of rank one.
The result holds over arbitrary fields.
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