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Abstract

For a compact set K C R? we characterize the existence of a linear extension operator
E : £(K) — €*(RY) for the space of Whitney jets &(K) with a certain loss of derivatives
o, that is, the operator satisfies the following continuity estimates for all n € Ny and all
F e &(K)

sup{|0*E(F)(x) : o] < n,x € RN} < CullFllouy.»

where || - [l denotes the Whitney norm and the map o : Ny — Ny is monotonically
increasing with o(n) > n and 0(0) = 0. From our main result it follows directly that if a
compact set K admits an extension operator, then it is always possible to construct a second
extension operator resembling the original Whitney operators E,, : £&"(K) — €"(RY) where
the evaluations of the jet occuring in the Taylor polynomials are approximated by measures.

1 Introduction

The question of describing the spaces of continuously partially differentiable functions on R¢
which are restricted to some closed set M has been fully answered by Whitney [Whi34]. He
established the spaces &"(M) respectively the projective limit of them & (M) which contain
families (f©)y<n respectively (f (“))meNg of continuous functions defined on M. For a compact
set K he equipped the spaces &"(K) with a norm |[|-|[,. This norm establishes a connection
between the functions f(® in a way that it is always possible to find a g € €”(R?) such that
0%g = f@ on K for all @ € Ng . In other words the mapping

rn: €"RY) - ENK). f e 0 f],)

is surjective. The same holds for the spaces &'(K), & (M) and &(M) which are all constructed as
projective limits. He overcame the problem of not having a differentiability structure on K with
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the aid of the formal Taylor polynomial and the remainder which are defined for f := (f (@) Nel<n
and x € K as follows

£

a!

x)(y -x",

IHGIOEDY

lal<n

RUN® = O = 0T 4
And with
gn(K, £,) = sup{[R:(HCW)lly = ™" : x,y € K,0 < |x = y| < t,]a| < n)
the Whitney norm ||-||,, is defined as

Fln = 1fln + supign(K, f,7) : £ > 0},

where
11 = sup{| f ()| : x € K, |e| < n).

The space £"(K) is then defined as the space of all families (f (@) iai<n for which lim;_,¢ g,(K, f, 1) =
0, equipped with this norm. The elements of spaces &,(K), &,(F), &£(K) and &(F) are referred
to as Whitney jets of n-th order and of infinite order respectively. For K ¢ R? compact, the
space &(K) is dense in &™(K) (via canonical identification) for al m € N. Furthermore, Whitney
proved that the restriction operator r,, has always a linear and continuous right inverse E,, called
extension operator. In contrast to that, the question if the restriction r : &(K) —» % *(R?) has
also a linear and continuous right inverse turned out to be much more complicated. In 1961
B. S. Mityagin in his paper [Mit61] observed that a singleton does not possesses the extension
property and posed as a problem to give a characterization of the extension property in geo-
metric terms. Tidten showed in [Tid79] that there are compact sets which are the closure of its
interior and do not have the extension property. In [GU17] it is shown that there is no such com-
plete description in terms of densities of Hausdorff contents or related characteristics. Also the
extension property cannot be characterized in terms of growth of Markov’s factors for the set.
This Markov’s inequalities however provide a complete description of the extension property
for compact sets with tame linear o no loss of differentiability [FJIW11, FJW16]. In [Gon96] it
is shown that there is a compact set K C R with the extension property but not satisfying any
Markov inequality. Hence this compact K possess the extension property but does not admit
a tame linear extension operator. In this note we show that compacts with the extension prop-
erty can be completely characterized as those admitting certain supported measures satisfying
certain conditions of uniform approach of the derivatives of any order for smooth functions.
This is far from being a geometric characterization. However, as a consequence, we obtain that
any compact K which has the extension property satisfies that there is an extension operator on
& (K) which can be obtained by a perturbation of the original Whitney’s extension operators for
finitely order jets. The results that we present form part of the PhD thesis of the second named
author [Jak18], which was advised by the other authors.

Given B c R? open, the space Z(B) is defined as the subspace of € (R%) formed by the
functions supported in B. The space Z of test functions is the formed by all *°-functions with



compact support. Our notation for functional analysis is standard. We refer to [MV97]. If E is
a nonnormable locally convex space we denote its dual by E”. If X is a Banach space X* stands
for the dual.

Before we start with the proof of the main result, we recall the special partition of unity
which Whitney used in his original work and which we also apply for our construction. Through-
out this paper we make use of the following notations. For a set M c R¢ we denote with
diam (M) = sup{|x — y| : x,y € M} the diameter of M and for z € R4 arbitrary we denote with
d(z, M) = inf{|z — x| : x € M} the distance of z to M and for N being another set we also denote
with d(M, N) = inf{|z — x| : x € M, z € N} the distance of the two sets.

1 Lemma. Whitney’s decomposition Let K ¢ R¢ be compact. Then there exists an open set
Q D K and a family (¢;)ien, € 2(Q\K)Noof posititve test functions with the following properties.

1. Y20 = 1 forall x € Q\ K and each point belongs to at most N supports supp (¢;) for
some constant N € N.

2. supp (¢;) — K for i — oo, that is, for each € > 0 there is k € N such that supp (¢;) C {x €
R :d(x,K) < el foralli > k.

3. diam(supp (¢)) < 2d (supp (¢;), K).
4. There are constants cg such that Iaﬁtp,-(x)l < cpd (x, K)_LB| forallie N,B e N9 and x € RY.
Proof. For a proof see for instance [Ste70]. O

We will now list some properties of Whitneys decomposition which will get important in
the construction of an extension operator in the main theorem. The proof of this corollary is
contained in the proof of Theorem 3 in [FIW16]. , where x; denotes the element of K in which
the distance is attained.

2 Corollary. Let K C R pe compact. Let (¢;)ien, € Z(Q\ K)o be the partition of unity
corresponding to K in Lemma 1 has the following properties. Set y; = d(K,supp (¢;)) =
d (x;, supp (¢;)), where x; is a point in K minimizing the distance of K to supp ¢;.

1. Given |a| < n,|B| < n there exist constants C,, > 0 independent of i such that for all

x € supp (¢i)
0P ((x = x) i) < Cay™ P,

2. For |B| < n and |a| > n we find constants C,, not depending on i such that for all x €

supp (¢:) |
|0P((x — x)"@iCx))| < €3 sup ——

Ial—l,b’l‘
v<B.a (Cl - '}/)‘

i

3. For |B| £ n we have

3l < &3 + 1)93",

sup
la|>n ')/Sﬁ,(l (a - 7)!



2 Main Result

For the formulation of our main result we introduce the following notation to describe the con-
tinuity of an extension operator E : &(K) —» € *°([R4). Given a map o : Ny — Ny which is
monotonically increasing with 07(0) = 0 and o(n) > n for all n € Ny, we say that E has loss of
derivatives o if and only if for each n € Ny there are positive constants C,, such that the inequal-
ity [E(f)ln < Cullfllomy holds for all f € &(K). Since &'(K) is dense in &™ for each m € N, this is
equivalent to say that E maps &7 (K) continuously into €”(R?) for all n € Ny, by identifying
E with its unique extension on the corresponding Banach spaces of jets of finite order.

3 Theorem. For K c R? compact and o : Ng — Ny monotonically increasing with o(0) = 0
and o(n) > n, the following are equivalent:

1. &(K) admits a continuous linear extension operator with loss of derivatives o.

2. Forall a € Ng, x € 0K and € > 0 there are measures v,y on K such that, for each
f e & M(K) and n € Ny,

Waxe(fO) — e f @)

lim sup — 0 and
-0 |a|<n,xedK &
0
. Ve (f O
lim  sup —————=0.
20 |g|>n,xc0K &

We prove our main result in the theorems 9 and 12.

2.1 Construction of the measures

Our first goal is to construct local measures ., supported on an arbitrary ball By ¢ R¢ con-
taining O in its interior, which approximate for |a| < n the @-th partial derivatives of the function
f € €"(R?) at the origin. For a given compact set K ¢ R? we construct in a next step measures
Ha,xo.e» Supported on a ball B containing K in its interior, simply by shifting the aforementioned
measures, having similar approximation properties not only at the origin but at each point xy of
the boundary of K. In a last step we apply the extension operator, which exists by assumption,
to simply yield the final measures v, y, . by taking he composition v, xyc = Ha.xp.c © E.

The main tool in the construction of the measures is Eidelheit’s Theorem. It provides a charac-
terization of the solvability of an infinite system of equations. Let E be a Fréchet space. If U
is a O-neighbourhood E, E7,, denotes the local Banach space span(U°) C E’ endowed with the
norm pyeo(x) :=1inf{d > 0: x € AU°}, x € U°.

4 Theorem. Eidelheit’s Theorem
Let E be a Fréchet space, (Uy)ren be a fundamental system of zero neighbourhoods in E and
let (Tj)jen be linearly independent, continuous linear forms on E. Then the infinite system of
equations

Tix=yj forall je N

4



is solvable for each sequence y € w if, and only if, the following holds:
dim((E')U; Nspan{T;: j€N}) < oo forall k € N.

In the following we deal with sequence spaces. We will now shortly recall the definitions.
In contrast to the "classical" definitions of sequence spaces, we w define them over the index set
Ng . Basically nothing changes.

5 Definition. For a given dimension d € N we define the sequence spaces of sequences over the
index set Ng :

o w9 =M,
o p(NY) = {(x(,)aeNg € wlNY) : floe N : x, # 0} < oo}.

o s(NY) = {(xa)aeNg € w(NJ) : limyy| o0 [Xallal® = 0 for all k € N}. Since this space is by
Example 29.4 in [MV97] nuclear, the topology is generated by the fundamental system
of seminorms Pk((xa)aeNg) = ZaeNg Ixollelf as well as by the system ﬁk((xa)aeNg) =

SUPgepe 1ol

. s’(Ng) = {(xa)aeNg € w(Ng) L SUP,en Ix ||| < o0 forone k € N} is the dual space of
s(NG).
We are now able to prove the following representation theorem.
6 Lemma. The mapping T : S(Ng) — w(Ng), (/l/g)ﬁeNg - (ZﬁeNg’ A ) . is surjective.
Y€EN)

Proof. The mapping T can be decomposed in countably infinite many linear forms 7, where for
each y € N4

T, ((ﬁﬁ)ﬁeNg) = Z AP,

BeNd
and all these linear forms are obviously elements of s’(Ng). A fundamental system (Up)ien for
S(Ng) is given by
U = {Gi)yersg © SO prGidgerg) < 1},

and therefore
Up = { (oo 5 ) £ Py < 1.

Let p;c((xa)aeNg) 1= SUPsend |x,|lel*. The local Banach space s’(Ng)U; can be described as
follows

S W07 = { oDy € Q) Pia)eeg) < o0}



In order to apply now Eidelheit’s Theorem, we thus have to check for each k € N that

. dy . y -k
dim (Qy)yeNg € p(Ny) : ;lg{)j ZNd 0,816l < 00,
€0 |yeNy

We show by contradiction that for each (Qy)yeNg € go(Ng) with

sup | " 0,8"| 1B < o0 (1)

'BEN(()[ yeNg

it is true that o, = O for [y| > k. So we assume that m = max{ly| : 0, # 0} > k and let
Pi(x) = Xjyj=m 0yx”. Following the assumption, there is x = (x1, ..., Xg) € R? with x,...,x; > 0
such that P,,(x) # 0. Since the set {t8 : 8 € N9 ¢ > 0} is dense in {x € R? : x > 0}, there is
Po € Ng with P,,(Bo) # 0. It is easy to see that for all 5; := By itis fory € Ng true that ﬂ;y = l'ﬂﬂg
and thus we get

> 0,8]| = IPuBoll"
lyl=m
and
DB ) 10,8
lyl<m lyl<m
Since m > k we have
lim | > 0,8]| 1817 = o,
[ylsm
which is a contradition to (1). O

The following lemma gives the solution to the central moment problem. This result can be
compared to Proposition 5 in [FIW16].
7 Lemma. Let (kw)aeNg € w(Ng) be arbitrary. Then there is (Qﬁ)ﬂeNg € S(Ng) with og > 0 for all

Be Ng such that for all a € Ng there is a sequence (/l'(;)) € S(Ng) with I/lgr)l <ogforallpB e N¢,
satisfying

Z B = (kaBay)yen-

d
ENO ')’GNg

Proof. We first observe that the set {(kaéa,y)yeNg T € Ng } is compact in the Fréchet space of all

sequences a)(Ng), which follows directly by Tychonov’s Theorem. By [MV97, Corollary 26.22]
surjective maps between Fréchet spaces lift compact sets. This gives a compact set K C s(Ng)
such that we have with the surjective mapping T of the previous lemma

T(K) o {(kaéa,y)yeNg AS Ng}

6



By [MV97, Corollary 27.6] we can choose a sequence (Qﬁ)ﬁeNg € S(Ng) fullfilling |Ag| < op for
all p € Nj and all (4p) e € K. O

In the following theorem we construct measures approximating the derivatives of functions
in & on the boundary of some compact set K ¢ R?. Given a functional x* € C(K)*, by Riesz
representation theorem there is a measure u supported in K such that x*(f) = f fdu. Ifu €
E"(K) or u € &(K) satisfies that [u(f)llo < ClIfllo, the density of &(K) in C(K) permits to
conclude that there is a (unique) measure y supported in K such that u(f) = f f%du. For such a
functional we identify u with u and we write u(f) := f gdu for every g € C(K).

8 Theorem. Let n € Ny and K ¢ R? be compact. Then for all a € N‘Ol, x € 0K and € > 0 there
are measures i, . supported on a ball B with B° > K such that for all f € &"(RY)

I/Ja,x,s(f) - 8|(Z|aaf(x)| _

1. lim sup 0,
&0 |g|<n,xedK &
2. lim sup M =0.

n
=0 |¢|>n,xe0K &

Proof. By cutting off it is enough to show the assertion for f € D(B) = {g € &(R?) : suppg C

B} where B is a fixed ball containing K in its interior. We apply the previous lemma choosing

k, = a! foreach « € Ng. Then there exist sequences (/lg’))ﬁeNd and (Qﬁ)ﬁeNd, both in s(Ng), such
0 0

that for all @ € N§

o a! fory=a,
2 AP = { 7 @)

L 0 else,
BEN

and such that |/lg’)| <ogpforala,pe Ng. With this we define for each g € D°(8B) and x € 0K

:urx,x,s(g) = Z /l(ﬂa)g(x + 8/3)

BeNg

We start with the proof of 1., so let [@| < n. With Taylor’s theorem we get £ € [x, x + g8] such
that

Haees(F) = 890 f(0)] = | > A5 f(eB) - 807 F(x)

BeNd
_ Z A(ﬂa) Z ayf'(x)gh’lﬁy + & Z ayf'(é:)ﬁy _ 8|a|aaf(x) )
et \pien ¥ T

Using (2) we get
a(l 8(1
8'“'6"f(x) = a!gl("ﬂ - Z ﬁ(a)ﬁ“glal f(X)’
a! B a!
BeNg



and
0= 3 | a0p|e |«/|‘9 f (x) S S e m?f (x>,
yisny#a | peNd BeNd l<ny#a

which results in

£ f(x) = Z 1@ Z Be |y|3 f(x)

BeNg ysn

Therefore we get

o) = €907 f(0)| = 8" | > 450 S ﬁ’ 17 1@ = 9 f )

BeNd lyl=n
<" > > opll" sup |07 (x-+ 1) = 0 (o).
yl=n gend 1€(0.2)

where the last term is independent of @. We show now that the supremum over all boundary
points of K of the last sum converges to O for each |y| = n. To do this we split the sum for some
index m € N into

sup > oglBl" sup 107 (1) — & f(01 < sup " oplBl" sup 17 f(x + 1) — & ()
xe0K ﬁeNg te(0,e) xedK Bi<m te(0,e)

+sup > gpll" sup 167 f(x + 1) — & f(x)|

X€ KL8|>m te(0,e)

Since f € D"(B) and therefore has a compact support, there exists a constant C > 0 such that
SUP, yeRd 10" f(x) — 0" f(¥)| < C for all |y| = n. And since (Qﬁ)ﬁeNg € s(Ng) with gg > 0 for all B

it follows that
Tim " oplfl" =
Iﬁ|>m

Thus the second sum converges to 0 for m — co and is independent of the choice of €. It is left
to show that the first sum converges also to 0 but for & — 0. For this we use again the fact that
since f € D"(B), all the §” f are uniformly continuous, so we have that sup,¢ . 107 f(x + 1) —
07 f(x)| — 0 uniformly for € — 0. Using then

D osla" < > oplBl",

Bsm BeNd

for all m € N, finishes the proof for the case |a| < n.
For the case |a| > n we argue now similarly. With Taylor’s theorem we find again a ¢ € [x, x+¢&f]
such that

@ @ 07 ; &
|:uw,x,£(f)| = Z /1;3 )f(x+gﬂ) = Z A(ﬂ) Z &éﬂﬁ)’_i_g Z iy(g)ﬁy

peNg BeNd byl<n 77 Iyl=n



Since |a| > n, we have that

2 4B =0

d
BEN

for all |y| < n, and therefore we get

Z 1@ Z a7 f(x) Iylﬁy —0=— Z 1@ Z o f(x)

BeNg lyl<n BeNg lyl=n

This results in

v 07 . 4
oeeP] = | 3 20| 5 LLD oty oo 52 PO ﬁy]

ﬁENg lyl<n ’ yl=n v:

- @ 97 f(x) L I f()

- Z/lﬁ —ZTSIVIIB7+8 Z ! y]
BeNd lyl=n lyl=n

<& Z Z oplBl" S(up 10" f(x + 1B8) — & f(x)l,

lyl=n ,BEN" te(0,e)

where again the last term is independent of @ which ensures that the supremum over all @ > n
exists. The same argument as in the first case shows also here the desired convergence property.
O

9 Theorem. Let K C RY such that &(K) admits an extension operator with loss o. Then for all
a € Ng, x € 0K and & > 0 there are measures vq - on K such that for each f € E7M(K) and
n € Ny

Vare(f®) — & f@ )

1. lim sup

&0 |4|<n,xedK &
|Va,x,8(f(0))|
2. lim sup —exd T
£20 |¢|>n,xedK €

Proof. Let E denote the extension operator with loss . Since &(K) is dense in &7 (K) for all
n € Ny, there exists a uniquely determined continuous and linear extension E, : &7"(K) — &"
of E. Then we get that for all f = ( f (“)) € &7™(K) and all x € K

||<o(n)

FO(x) = "En(H)().

Since E,(f) € &", we can by taking the measures (, s from the previous theorem define

Vare(f?) = EL((f) := o ve(En(f)).

The proof is complete by applying the properties of the measures iy x¢. O



2.2 Construction of the operator

The following proposition gives a sufficient condition to the existence of partial derivatives. We
will use it to show that the extension operator which we construct takes its values in the space of
continuously partially differentiable functions.

10 Proposition. Let K ¢ R? be compact, n € Ny, f : R — R such that f € €*(K¢), f =0 on

K and for all B € Ng with |B] < n, xo € 0K and &€ > 0 exists a 6 > 0 with |d(iﬁ£§ﬁw < g for all
x € Us(xp) N K€ or shorter ’
1° £(x)| = o(d (x, K)"" ) for all B € N4 with |8 < n and x — OK. (3)

Then f admits continuous partial derivatives up to order n in R%.

Proof. We will prove the existence of the partial derivatives only for those of first order, so we

show that
i G0 + he) = fxo)l _
im =
h—0 h
for an arbitrary x9 € 0K and some unit vector e. One can use the same argument for all the
other partial derivatives. First we remark that f is continuous in R\0K by assumption and the
continuity in 0K follows immediately from (3). In order to show (4) let £ > 0. With (3) we find

a 6 > 0 such that
of

0 “)

’a—(x) Jlx — xol" ! < & forall x e Us(xo) N KC. 5)
X1

We choose h € Ug(0) such that xog + he € K¢ N Ugs(xp) (if such h does not exists we have
(%fl(x) = 0). Because K is compact we find X € [xg + he, xo] N K which minimizes the distance

of xo + he to K. According to ¥ we finda 0 < |h| < |h| which fulfills x + he = % + he and we get

[f (xo + he) = flxo)l _ |f(xo + he) = f(D)|

h _h } ©
_ [fG+he) - (DN R
- - .
_ @+ he) - f)
< - .

Because [xg + he, X) C K¢, f is continuous on [xy + he, X] and % exists on (xg + he, X¥) we can
apply the mean value theorem to get X € (xg + he, X), such that
of . f(X+he)— f(®)
a—(X) = = .
X1 h

Together with (5) and (6) and observing & > |X — xg|, we have for i < 1

(o +he) = fOo) _ IfF+he) = f(B 1 _|Of
= — X
h B h =17 | 0x

1

% = xo["~!

’

which gives the desired result. Since f = 0 on K we already know that °f = 0 on K for all
B < n. The calculation above shows that this is true on the whole set K. O

10



11 Remark. The proof of Proposition 10 shows that the conclusion is true if one only assume
108 f(x)| = o(1) for all B € Ng with |B| < nand x — 0K.

Now we show that 2 implies 1 in our main result.

12 Theorem. Let o : Ny — Ny be an increasing function. If for all « € N¢, x € 0K and & > 0
there are measures vy . on K such that, for each f € &7 ™(K) and n € N,

Ve e(f?) = € @O0

1. lim  sup - 0 and
£-0 |¢|<n,xedK &
0
. Vaxe(fO
2. lim  sup —— = 0,
-0 |a|>n,xedK &

then K admits an extension operator with loss o.

Proof. We set tyj = Vo x,y, /y'l.al, and for f € &9(K) we define the operator
fO),xe K

Sient i) Tjajsi atai(fO)(x = x), x ¢ K

In order to show that E is an extension operator, we will compare it with Whitney’s extension
operator E,, which is defined as follows. For f € &"(K),

E(f) = { 0

f(o)(x), xekK
2ien Pi(OTL(f)(x), x & K

In what follows we show that for all || < n and f € &7 (K)(— &"(K)) we have

E,(f)(x) = {

|PE(F)(x) = PEL(f)(x)| = odist(x, K)" ¥ for x — IK. (8)

This shows together with Proposition 10 that (E — E,)(f) admits derivatives up to order n and
that they all vanish on K. Since the Whitney partition (¢;);e is locally finite, E(f) is clearly
onR?\ K.

Let us now prove (8). For x € R?\ K we define i(x) :=min{i € [ : x € supp ¢;}. Because of the
property 2 of the Whitney decomposition in Lemma 1 we then have i(x) — oo for x — 0K. For
I8 < n, f e &M (K), and i(x) > n we have

PES) — Ex(H)(x) =
1
Z Z a(”%i(f(o)) = FO)P(x = x) i)+

i>i(x) |a|gn

1
Y —Haif P = x) i),

i>i(x) n<|a|<i

We will now estimate both summands. Starting with the first, we use requirement 1. and the fact
that lim;_,« y; = 0 to get
e PO =)

i—o0 Y

0,

n
i

11



and therefore
e i(FO) = F D) = o(yf_lal) as i — oo.
From this and the first part of Corollary 2 we obtain

1 -
5D | 37—l ) = NP (= ) i) 1

xeRd |(I|Sn
< sup 1 e i(F) = £ NP = %) i)
B XESUPP @i |12y a! ,y;’l—|C¥| ylial—l,E|
Cn a,i 0y - f@ i
cawp 3 Sl GOSN

|
XESUpp i lal<n a i

Hence using the facts that (¢;);en is locally finite and d (x, K) > y; for all x € supp ¢;, we get

Z i) = P (30 0i()| = ©)

i, 3 ok
x—>6K d( X, K)" 1Bl
Now we estimate the second summand. By assumption we have

( £(0) Iql
lim sup P Wi

n
12 |o|>p Y

The parts 2 and 3 of Corollary 2 imply then

sup 1y

x€R4

1
> e PP (= ) i)

la|>n

1 e
< sup D7 i (FONP (= x) i)l

XESUpp @; ‘(Z|>l’l

|
< i (FONC,3 sup ———4117"
|;>n y<B,a ( - 7)‘
It i (F O™ 1
a>n Yi oo a! y<ﬁa (- 7)'

n
i

P (ONMC]
3sup[M]0ne3d(n + 13" — 0 (i > o).
a>n

From this we can conclude using again that (¢;);en is locally finite and d (x, K) > vy; for all
X € Supp @;

1
> il /P (= x) ei)| = 0. (10)

n<|a|<i

1
lim S —
0K ile(;o d(x, K) !
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With (9) and (10) we have shown (8). Now we can apply proposition 10 on E(f) — E,,(f) and get
that this linear operator is well defined and takes its values in /"(K) = {g € € "(RY) : 9% (x) =
0 forall x € K,|a| < n}. This operator is continuous if we equip .#"(K) with the topology of
pointwise convergence, what follows from the locally finite property of the Whitney partition
of unity. Hence we get the continuity of E(f) — E,(f) : £&7"(K) — €™(R%). The continuity
of E, : &"(K) — ¢"(8B) permits to get positive constants C,, such that |E(f)|, < Cyllfllo@) for
f € &7™(K). Hence the restriction to &(K) is an extension operator 0 — 0 continuous. O

3 Consequences

Now that we have proved our main result, we can extract some conclusions.
13 Theorem. The following are equivalent
1. &(K) admits a continuous linear extension operator.
2. &(K) admits a continuous linear extension operator which is 0 — 0 continuous

3. Forall a € Ng, x € 0K and € > 0 there are measures v, 1 on K such that, for each
f e &K)andn € Ny,

Ve e(f0) — €9 @)

lim  sup — 0 and
£=0|g|<n,xedK &
0
. |Va,x,s(f( ))l
lim sup —————=0.
-0 |a|>n,xe0K &

Proof. The equivalence between 1 and 2 was proved by Frerick in [Fre07]. That 2 implies 3 is
a consequence of of Theorem 3. 3 implies 2 by Theorem 12. O

As an outcome of our results we get that the Whitney operator can be seen as a standard
construction plan for any extension operator on &(K).

14 Remark. From the proof of Theorem 13 we get that whenever &'(K) admits a continuous
linear extension operator then there exist measures ,; on K, for @ € Ng and i € N satisfying

lim [ i(f) = f(x)] = 0
ieN

for each f € &(K) such that

f Ox),xe K

Sient 010 Thatsi mbai(FO)x = x)%, x ¢ K

defines an extension operator.

E(f)={

The remark above tells us that whenever &'(K) admits a continuous linear extension operator,
it is always possible to construct another extension operator in a way that it is looking similar to
the original Whitney operators for the spaces of jets of finite order.

13
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