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Mean Li-Yorke chaos in Banach spaces

N. C. Bernardes Jr., A. Bonilla and A. Peris

Abstract

We investigate the notion of mean Li-Yorke chaos for operators on Banach spaces.
We show that it differs from the notion of distributional chaos of type 2, contrary to
what happens in the context of topological dynamics on compact metric spaces. We
prove that an operator is mean Li-Yorke chaotic if and only if it has an absolutely
mean irregular vector. As a consequence, absolutely Cesaro bounded operators are
never mean Li-Yorke chaotic. Dense mean Li-Yorke chaos is shown to be equivalent
to the existence of a dense (or residual) set of absolutely mean irregular vectors.
As a consequence, every mean Li-Yorke chaotic operator is densely mean Li-Yorke
chaotic on some infinite-dimensional closed invariant subspace. A (Dense) Mean
Li-Yorke Chaos Criterion and a sufficient condition for the existence of a dense
absolutely mean irregular manifold are also obtained. Moreover, we construct an
example of an invertible hypercyclic operator T such that every nonzero vector is
absolutely mean irregular for both 7" and 7~!'. Several other examples are also
presented. Finally, mean Li-Yorke chaos is also investigated for Cpy-semigroups of
operators on Banach spaces.’

Introduction

In recent years, it has become popular in the area of dynamical systems to investi-
gate notions related to averages involving orbits or pseudo-orbits, such as mean Li-Yorke
chaos [24, 29], mean equicontinuity and mean sensitivity [31], and notions of shadowing

with average error in tracing [39].

Our goal in this work is to investigate the notion of mean Li-Yorke chaos for operators

on Banach spaces. It turns out that this notion is intimately related to the notion of
absolutely mean irregular vector. Moreover, we also establish some results on absolutely

Cesaro bounded operators.

Let us now present the relevant definitions for our work.

Definition 1. An operator T on a Banach space X is said to be mean Li-Yorke chaotic
if there is an uncountable subset S of X (a mean Li- Yorke set for T') such that every pair

(z,y) of distinct points in S is a mean Li- Yorke pair for T, in the sense that

N

N
1 . . 1 , ,
liNIri)ioréfN;HT]x—TJyH =0 and li?jipN;HTJx_ijH > 0.

If S can be chosen to be dense (resp. residual) in X, then we say that T is densely (resp.

generically) mean Li-Yorke chaotic.
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Definition 2. Given an operator 17" and a vector x, we say that x is an absolutely mean
irreqular (resp. absolutely mean semi-irregular) vector for T if

N N
1 A 1 .
liNHLioréfN ; |T’x|| =0  and li]r;ljolip N ]2_; |T?x|| = oo ( resp. > 0).
Definition 3. [28] An operator T is said to be absolutely Cesaro bounded if there exists
a constant C' > 0 such that

N
1 )

sup — Trx|| < Cllz|| for all z € X.

sup 37 2 Il < Cle

Also related to our work is the notion of distributional chaos. Actually, there are at
least four different notions of distributional chaos, namely DC1, DC2, DCZ% and DC3
(see Section 2 for the definitions). For (nonlinear) dynamical systems on compact metric
spaces, mean Li-Yorke chaos is equivalent to DC2 [20], which is not equivalent to DC1
[36]. The situation is different in our context. Indeed, we saw in [13] that DC1 and DC2
are always equivalent for operators on Banach spaces, but we will show that DC2 is not
equivalent to mean Li-Yorke chaos in this context. The paper is organized as follows.

Section 2 recalls some definitions and fixes the notation.

In Section 3 we prove that an operator is mean Li-Yorke chaotic if and only if it has
an absolutely mean irregular vector. As a consequence, no absolutely Cesaro bounded
operator is mean Li-Yorke chaotic. We also establish a Mean Li-Yorke Chaos Criterion
and present several examples, including an example of a DC1 (= DC2) operator which is
not mean Li-Yorke chaotic. Finally, we show that the Frequent Hypercyclicity Criterion
implies mean Li-Yorke chaos.

Section 4 is devoted to show that dense mean Li-Yorke chaos is equivalent to the
existence of a dense (or residual) set of absolutely mean irregular vectors. As a conse-
quence, every mean Li-Yorke chaotic operator is densely mean Li-Yorke chaotic on some
infinite-dimensional closed invariant subspace. We also establish a Dense Mean Li-Yorke
Criterion and several sufficient conditions for dense mean Li-Yorke chaos. As an applica-
tion, we give an example of a densely mean Li-Yorke chaotic operator which is not Cesaro
Hypercyclic.

In Section 5 we establish a sufficient condition for the existence of a dense absolutely
mean irregular manifold. As an application, we obtain a dichotomy for unilateral weighted
backward shifts B,,, which says that either + Zjvzl |(Bw) z|| — 0 for all z € X or B,
admits a dense absolutely mean irregular manifold. By using this dichotomy, we give an
example of a densely mean Li-Yorke chaotic operator which is not hypercyclic.

In Section 6 we give some characterizations for generic mean Li-Yorke chaos and
construct an example of an invertible hypercyclic operator T such that both 7" and 7!
are completely absolutely mean irregular.

Finally, Section 7 is devoted to the study of mean Li-Yorke chaos for Cy-semigroups
of operators on Banach spaces.

2 Notations and preliminaries

Throughout this paper X will denote an arbitrary Banach space, unless otherwise
specified, and L(X) is the space of all bounded linear operators on X.
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Let us recall that T € L(X) is said to be Li- Yorke chaotic if there exists an uncountable

set I' € X such that for every pair (z,y) € I' x I" of distinct points, we have
liminf ||7"z — T"y|| =0 and limsup ||[T"x — T"y|| > 0.
n—oo n—oo

' is called a scrambled set for T and each such pair (x,y) is called a Li- Yorke pair for T.
We easily observe that mean Li-Yorke chaos implies Li-Yorke chaos since the corresponding
conditions in Definition 1 expressed in terms of limits (inf and sup) of means obviously
imply the ones of Li-Yorke chaos without means.

We also recall that the lower and the upper densities of a set A C N are defined as

dens(A) := lim inf card(A0 1, 7)) and  dens(A) := limsup card(AN[L, nDa

n—00 n n—00 n

respectively. Given T € L(X), z,y € X and § > 0, the lower and the upper distributional
functions of x,y associated to T" are defined by

Fiy(8) 1= dens({j € N [TV — Ty < o)),
Fy ,(0) :=dens({j € N : [Tz — Ty|| < 4}),
respectively. If the pair (x,y) satisfies
(DC1) Fy, =1and F,,(¢) = 0 for some € > 0, or

(DC2) Fy, =1and F,,(e) <1 for some ¢ > 0, or
(DC23) There exist ¢ > 0 and 7 > 0 such that F, ,(§) < ¢ < F,(6) for all 0 < § <, or

(DC3) F,,(6) < F;,(6) for all 6 in a nondegenerate interval J C (0, 00),

then (z,y) is called a distributionally chaotic pair of type k € {1,2,2%,3} for T. The
operator T is said to be distributionally chaotic of type k (DCk) if there exists an un-
countable set I' C X such that every pair (z,y) of distinct points in I is a distributionally
chaotic pair of type k for T'. In this case, I' is a distributionally scrambled set of type k
for T'. Distributional chaos of type 1 is often called simply distributional chaos.

For operators on Banach spaces, DC1 and DC2 are always equivalent [13, Theorem 2],
and imply Li-Yorke chaos. Li-Yorke chaos and distributional chaos for linear operators
have been studied in [6, 8, 10, 11, 12, 13, 14, 27, 28, 32, 33, 38, 40, 41, 42|, for instance.

Let us also recall that T' € L(X) is frequently hypercyclic (FH), upper-frequently hy-
percyclic (UFH), reiteratively hypercyclic (RH) or hypercyclic (H) if there exists x € X
such that for every nonempty open subset U of X, the set {n € N : T"x € U} has
positive lower density, has positive upper density, has positive upper Banach density or
is nonempty, respectively. T is Cesaro hypercyclic if there exists x € X such that the
sequence (% Z;.:g TI x) wen 18 dense in X. Moreover, T is mizing if for every nonempty
open sets U,V C X, there exists ng € N such that T"(U) NV # @ for all n > ng, T is
weakly-mixing if T'@® T is hypercyclic, and T is Devaney chaotic if it is hypercyclic and
has a dense set of periodic points. See [4, 5, 15, 16, 25, 26], for instance.

Finally, the orbit of z is distributionally near to 0 if there is A C N with dens(A) = 1
such that lim,c4 T"z = 0. We say that x has a distributionally unbounded orbit if there
is B C N with dens(B) = 1 such that lim,cp ||T"z| = oco. If the orbit of 2 has both
properties, then x is a distributionally irregular vector for T. It was proved in [11] that
T is distributionally chaotic if and only if 7" has a distributionally irregular vector.
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3 Mean Li-Yorke chaotic operators and absolutely
mean irregular vectors
We begin with some useful characterizations of absolutely Cesaro bounded operators.
Theorem 4. For every T € L(X), the following assertions are equivalent:
(i) T is not absolutely Cesaro bounded;

(ii) There is a vector x € X such that
X
sup — T z|| = oo;
sup 5 2 17
(iii) The set of all vectors y € X such that

| N
sup — T7y|| = o0
wup 35 21731

1s restdual in X .

Proof. The implications (iii) = (ii) = (i) are trivial.

(i) = (ii): Since T is not absolutely Cesaro bounded, given § > 0 and C' > 0, there exist
x € X and N € N so that

N
1 )
lzl <o and < Z |77z > C.
7j=1
Then, we can define inductively sequences (z,,) in X and (XN,,) increasing in N so that
|z, |l < 27" for all n, and
N

1 :
N E |T7(z1 + -+ +2,)| >k whenever 1 <k <n.
k
J=1

Indeed, let 2y, ...,2, 1 in X and (N;)7Z] be chosen so that

Ny,
1 .
x|l < 27* and mjzl||Tj($1+---+xn_1)||>k for1<k<n-1.

We select y, € X and N,, > N,,_; with ||y,| <277,

Ny N,
1 , 1 '
M2||Tﬂ(xl+...+xn_1+yn)|| >k for 1<k<n-1, and FE 1T (y,)|| > 2n.

noio

Now, two cases may happen: If N * Z;\f:nl |77 (1 + -+ 4+ Tp1)|| > n, we select z,, = 0.
Otherwise, x,, = y,, and we are done.



Let :=> 7 x, € X. Then

n=1
—Z||T]x|| >k forall k€N,
]1

which gives (ii).
(ii) = (iii): Let A denote the set considered in (iii). Since

A= U {rex iumnm},

k=1 N=1

we have that A is a G set. If z € X\ A then
| XN
sup — T7z|| < <.
sup I
Let € X be a vector given by (ii). Then

su T7 (z+ Ax)|| = 00 whenever A # 0,
sup NZH )= #

which implies that z € A. Thus, A is dense in X. O

Let us now prove that mean Li-Yorke chaos is equivalent to the existence of an abso-
lutely mean irregular vector.

Theorem 5. For every T' € L(X), the following assertions are equivalent:
(i) T is mean Li-Yorke chaotic;
(i1) T has a mean Li-Yorke pair;

)
)
(iii) T has an absolutely mean semi-irreqular vector;
(iv) T has an absolutely mean irreqular vector;

)

The restriction of T to some infinite-dimensional closed T-invariant subspace Y has
a residual set of absolutely mean irreqular vectors.

(v

Proof. The implications (v) = (iv) = (iii) are trivial.

(iii) = (ii): If = is an absolutely mean semi-irregular vector for 7', it is clear that (x,0) is
a mean Li-Yorke pair for T

(ii) = (i): If (x,y) is a mean Li-Yorke pair for 7', then u := x — y is an absolutely mean
semi-irregular vector for T'. Hence, it follows easily that {\u : A € K} is an uncountable
mean Li-Yorke set for 7T'.

(i) = (v): Let (x,y) be a mean Li-Yorke pair for 7" and put u := z —y. Let

Y = span(Ol‘b(U, T))?



which is an infinite-dimensional closed T-invariant subspace of X. Consider the operator
S € L(Y) obtained by restricting 7' to Y. We claim that S is not absolutely Cesaro
bounded. Indeed, suppose that this is not the case and let C' > 0 be such that

N
1 ;
sup — Szl < Cllz|]| forall z €Y.
Sup ; [572]] < =]
Since (z,y) is a mean Li-Yorke pair for 7', we have that

N

1 )
i 1 _ J — _ J
hl{rnmf]\/' g |S7ull =0  and hmsup E |S7ul| > e,

j=1 ] 1

for some € > 0. Let § > 0 be so small that

N

1 .
lim sup — Stul| > 0 + €.
I SUp - > " ||S7ul]

There are N € N and M > N such that
1 & 1 <
N;HSMH <& and M;Hmu >0+ e

Let K € {1,..., N} be the largest integer such that ||S¥u|| < §. Then

1 &,
EZ 157u|| < 6.
j=1

Since

1 M
5+€ < M E HSJUH
7j=1
K
-K 1 .
J J
gwwu o

j=K+1

1 .
j
<5+M_K E |57 ul|,

J=K+1

we have that

1 1
< J§K+:1HS ul = —— E: 15755 u|| < O[S u|| < C6.

Hence, C' > ¢/4§. Since ¢ > 0 can be chosen arbitrarily close to 0, we have a contradiction.
This proves that S is not absolutely Cesaro bounded. Therefore, the set

N
1 .
A::{zestu— S7z :oo}
up 35 211



is residual in Y by Theorem 4. On the other hand, let

N
1 )
— . — J —
B: {zey.}vré%]vzgnszn o}.
]:
Since
0o o0 1 N ‘ 1
B:ﬂU{zeY:NZHS]zH<%},
k=1 N=1 j=1

we have that B is a G set. Since there is an increasing sequence (N) in N such that

1
. L j _
Jim < ; 157l =0,

it follows that span(Orb(u,S)) is contained in B. Hence, B is a residual set in Y. Our
conclusion is that AN B is a residual set in Y, which is formed by absolutely mean irregular
vectors for S (hence for T'). O

Corollary 6. No absolutely Cesaro bounded operator on a Banach space is mean Li- Yorke
chaotic.

The proof of Theorem 5 clearly implies the following result:

Theorem 7. For every T' € L(X), the set of all absolutely mean irreqular vectors for T
1s dense in the set of all absolutely mean semi-irregular vectors for T .

Definition 8. We say that 7' € L(X) satisfies the Mean Li-Yorke Chaos Criterion
(MLYCQ) if there exists a subset X, of X with the following properties:

N
1 )
] 1 e J = N
(a) thrLlOIgf N g 1 |T?x|| = 0 for every x € X;
]:

(b) there are sequences (yi) in span(Xy) and (Ng) in N such that

Ny

1 ;
F E HT]ka > kHka for every k € N.
k =
J=1

Let us now prove that this criterion characterizes mean Li-Yorke chaos.

Theorem 9. An operator T € L(X) is mean Li-Yorke chaotic if and only if it satisfies
the MLYCC.

Proof. (=): By Theorem 5, T has an absolutely mean irregular vector z. So, it is enough
to consider X, := {z}.

(«<): If T has an absolutely mean semi-irregular vector, then 7" is mean Li-Yorke chaotic
by Theorem 5. So, let us assume that this is not the case. Then, (a) implies that

N
1 :
lim N E |T7z]| =0 for every z € Xj.

N—o00 -
Jj=1



Let

N
1 |
— . 3 —_— j p—
v {a:eX.A}l_r)réoNilHTxH 0},
j:

which is a closed T-invariant subspace of X. Consider the operator S € L(Y') obtained by
restricting 7" to Y. Since the sequence (yi) lies in Y, (b) implies that S is not absolutely
Cesaro bounded. Hence, by Theorem 4, the set

N
1 .
A::{ €Y :sup — S7 :oo}
Y NE%N;H yll

is residual in Y. On the other hand, since the set

N
1 .
.: . Tl —
B: {yey.&%NE l||Sy|| 0}
]:

is obviously dense in Y, it is residual in Y. Thus, AN B is residual in Y, which proves
the existence of an absolutely mean irregular vector for 1. By Theorem 5, we conclude
that T" is mean Li-Yorke chaotic. O

Example 10. There are mixing operators that are not mean Li-Yorke chaotic.

Indeed, in [13, Example 23] it was given some examples of mixing operators that are
absolutely Cesaro bounded. One of them was taken from [33], and appears in the PhD
Thesis of Beltran Meneu with a proof provided by the third author (Theorem 3.7.3 in
[7]). By Corollary 6, these operators are not mean Li-Yorke chaotic.

Example 11. There are Devaney chaotic operators that are not mean Li-Yorke chaotic.

Indeed, let T" be the Devaney chaotic operator constructed by Menet [34]. Suppose
that x # 0 and

N
1 )
N § Joil
hNHigészlnT x| =0.
j:
For every 6 > 0, since
card({1 < j < N : ||TVz|| > 6}) _ 1 i ITiz|| 11 S
= 17|,

<
N A

we have that
dens({n > 0:||T"z| > d0}) = 0.

This contradicts Claim 10 in [34]. Hence, T is not mean Li-Yorke chaotic.

Example 12. There are frequently hypercyclic operators that are not mean Li-Yorke
chaotic.

Indeed, Bayart and Ruzsa [6, Section 6] proved that there exists a frequently hyper-
cyclic operator (thus this operator is DCQ% by [13, Theorem 13]) such that the orbit of no
x # 0 is distributionally near of 0. Hence, it is not DC1 and not mean Li-Yorke chaotic
[13, Proposition 20(a)].



Example 13. There are distributionally chaotic operators that are not mean Li-Yorke
chaotic.

We recall the following result that was obtained in [13]:  If X = ¢y(N) (X = ¢(Z))
or X = (P(N) (X =(P(Z)) for some 1 < p < 00, then there exists an (invertible) operator
T € L(X) which is distributionally chaotic and satisfies

N
1 )
: Jol
]\}gréo N E 1 |T?z|| = 0o for all x € X\{0}.
]:

Since these operators do not have an absolutely mean irregular vector, Theorem 5
guarantees that they are not mean Li-Yorke chaotic. Since DC1 and DC2 are equivalent
for operators on Banach spaces [13, Theorem 2], this implies that the notions of mean
Li-Yorke chaos and DC2 are not equivalent for operators on Banach spaces, contrary to
what happens in the context of topological dynamics on compact metric spaces [20].

Remark 14. The above examples are Li-Yorke chaotic, but not mean Li-Yorke chaotic.

We recall that an operator T' on a separable Banach space X is said to satisfy the
Frequent Hypercyclicity Criterion (FHC) if there exist a dense subset X of X and a map
S : Xy — X such that, for any x € X,

e > ,T"x converges unconditionally,
o > ,S™x converges unconditionally,
o I'Sy =ux.

If T satisfies this criterion, then T is frequently hypercyclic, Devaney chaotic, mixing
and distributionally chaotic [11, 16]. Since we have just seen that there are examples
of frequently hypercyclic operators, Devaney chaotic operators, mixing operators and
distributionally chaotic operators that are not mean Li-Yorke chaotic, it is natural to ask
if the Frequent Hypercyclicity Criterion implies mean Li-Yorke chaos. Let us now see that
the answer is yes.

Proposition 15. If T € L(X) satisfies the Frequent Hypercyclicity Criterion, then T has
a residual set of absolutely mean irreqular vectors.

Proof. 1f T satisfies the Frequent Hypercyclicity Criterion, then the set
{.7: € X : lim ||T"z|| = o}
n—oo

is dense in X and T is distributionally chaotic. Hence, we can apply [13, Theorem 27]. [

Concerning Figure 1, it is easy to construct a mean Li-Yorke chaotic operator which
is not hypercyclic. Indeed, let T" € L(X) be any mean Li-Yorke chaotic operator and
consider the operator 7@ I on X & X, where [ denotes the identity operator on X.
However, the following question remains open.

Question 16. Is there a Banach (or Hilbert) space operator which is mean Li-Yorke
chaotic but is not distributionally chaotic?



FHC

PSS~

mixing Devaney chaotic FH DCil= DC2 mean Li-Yorke
ﬂ
\ /UQ
RH DC23
w-mixing
H

Li-Yorke chaotic

Figure 1: Implications between different definitions related with hypercyclicity and chaos
for operators on Banach spaces.

Related to Question 16, we have the following result from [13]: If X = ¢y(N) (X =
co(Z)) or X = P(N) (X = (P(Z)) for some 1 < p < 00, then there exists an (invertible)
operator T' € L(X) which admits an absolutely mean irreqular vector whose orbit is not
distributionally unbounded.

In particular, this shows that an absolutely mean irregular vector is not necessarily
distributionally irregular. However, we don’t know if the operator admits other vectors
with distributionally unbounded orbit, or if it has a distributionally irregular vector.

4 Densely mean Li-Yorke chaotic operators

Let us now show that, in separable spaces, dense mean Li-Yorke chaos is equivalent
to the existence of a residual set of absolutely mean irregular vectors.

Theorem 17. Assume X separable. For every T € L(X), the following assertions are
equivalent:

(i) T is densely mean Li-Yorke chaotic;
(ii) T has a dense set of mean Li-Yorke pairs;
(iii) T has a residual set of mean Li-Yorke pairs;

)
)
(iv) T has a dense set of absolutely mean semi-irreqular vectors;
(v) T has a dense set of absolutely mean irregular vectors;

)

(vi) T has a residual set of absolutely mean irreqular vectors.
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Proof. (ii) < (iv): It follows easily from the fact that (z,y) is a mean Li-Yorke pair for
T if and only if x — y is an absolutely mean semi-irregular vector for 7'.
(iv) < (v): It follows from Theorem 7.

(v) < (vi): The set R of all absolutely mean irregular vectors for 7" is the intersection of
the sets

N N
1 , 1 ,
R . ¥ _ P .9 ¥ _
A= {33 €X: Sup ;Zl |T7z|| = oo} and B := {x €X: leré%N jEZl |17 x| = O}.

It follows from Theorem 4 that A is residual in X whenever it is nonempty. And we saw
in the proof of Theorem 5 that B is residual in X whenever it is dense in X. Thus, R is
residual in X whenever it is dense in X.

(vi) = (iii): If (U;) is a sequence of dense open sets in X such that every vector in (| U;
is absolutely mean irregular for 7', then the sets V; := {(z,y) € X x X : v —y € U;} are
open and dense in X x X, and every point in (V] is a mean Li-Yorke pair for 7'

The implications (iii) = (ii) and (i) = (ii) are obvious.

(vi) = (i): Let R be the set of all absolutely mean irregular vectors for 7" and let (y;)
be a dense sequence in X. Let D := Q or Q +iQ, depending on whether the scalar field
K is R or C, respectively. Since R is residual in X, we can choose inductively linearly
independent vectors x1, x5, x3,... € X such that z; € B(y;;1) N R and

1
Tpil € B(yn+1; n——|—1> N ﬂ (ixy + -+ apz, + R) (n €N).

Hence,
M :={aix1+ -+ apty :m>1and ay,...,qa, € D}

is a dense D-vector subspace of X consisting (up to 0) of absolutely mean irregular vectors
for T. In particular, M is a dense mean Li-Yorke set for T'. Since M is countable, we
need to enlarge M in order to obtain an uncountable dense mean Li-Yorke set for T'. Let

N :={asxs + -+ apry:m >2and ag,...,qp € D}.

For each y € N\{0}, let A, := {\ € K : y — Az, is absolutely mean irregular for T'}.
Since A, is a G set in K containing D, A, is residual in K. Thus, A := ﬂyeN\{o} A, is
also a residual set in K containing D. By Zorn’s Lemma, there is a maximal D-vector
subspace H of K such that D C H C A. If H were countable, then

B:= m ﬂ Bla+ A)
BeD\{0} acH

would be residual in K. By choosing v € B\H, we would have that H' := H + {f3~ :
f € D} is a D-vector subspace of K satisfying D € H' C A and H C H', which would
contradict the maximality of H. Thus, M’ := {az; : « € H} + N is the uncountable
mean Li-Yorke set for T" we were looking for. O]

Remark 18. Note that in the previous theorem the separability of X was used only in
the proof that (vi) = (i). The equivalences

(i) & (iil) & (iv) & (v) < (vi)

are valid for any Banach space.

11



In view of Theorem 5, it is true that an operator 7' € L(X) is mean Li-Yorke chaotic
if and only if there is a mean Li-Yorke set for T which is a one-dimensional subspace of
X. Nevertheless, we shall now show that the chaotic behaviour always occurs in a much
larger subspace of X.

Theorem 19. Every mean Li- Yorke chaotic operator T € L(X) is densely mean Li- Yorke
chaotic on some infinite-dimensional closed T-invariant subspace of X.

Proof. By Theorem 5, the restriction of T" to a certain infinite-dimensional closed T-
invariant subspace Y of X has a residual set of absolutely mean irregular vectors. The
proof of Theorem 5 actually constructs a separable such Y. Hence, we can apply Theo-
rem 17 and conclude that 7" is densely mean Li-Yorke chaotic on Y. O]

Definition 20. We say that 7' € L(X) satisfies the Dense Mean Li-Yorke Chaos Cri-
terion (DMLYCC) if there exists a dense subset Xy of X with properties (a) and (b)
of Definition 8.

Theorem 21. Assume X separable. An operator T € L(X) is densely mean Li-Yorke
chaotic if and only if it satisfies the DMLY CC.

Proof. (=): By Theorem 17, T has a dense set Xj of absolutely mean irregular vectors.
Clearly, X satisfies properties (a) and (b) of Definition 8.

(«<): Since X is dense in X, condition (a) implies that the set

N
1 .
— Cinf = il =
B: {xex.]lvréfNNEIHTxH 0}
]:

is residual in X. By (b), T is not absolutely Cesaro bounded. Hence, by Theorem 4, the
set

N
1 .
A::{xeX:su — T’z :oo}
zup 37 3171

is also residual in X. Thus, T has a residual set of absolutely mean irregular vectors. By
Theorem 17, we conclude that T is densely mean Li-Yorke chaotic. O]

Theorem 22. IfT € L(X) and

N
1 .
R B 3 Y —
Xo = {x € X :liminf ;_1: 1Tz o}

18 dense in X, then the following assertions are equivalent:
(i) T is mean Li-Yorke chaotic,
(ii) T has a residual set of absolutely mean irreqular vectors;

(iii) T is not absolutely Cesaro bounded;

1 o o
(iv) limsupﬁ Z | T7yo|| > O for some yo € X.

N—o0 X
Jj=1
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Proof. (i) = (iii): It follows from Corollary 6.

(iii) = (ii): Since X is dense in X by hypothesis, it is residual in X. Hence, (ii) follows
from Theorem 4.

The implication (ii) = (i) follows from Theorem 5.

The implication (i) = (iv) is trivial.

(iv) = (i): Suppose that 7" is not mean Li-Yorke chaotic. By Theorem 5, there is no
absolutely mean semi-irregular vector for 7', and so

N
1 .
— . 1 J— J frd
Xo_{xeX.]\}ggoNE 1|yT:c|| o}.
J:

Thus, Xy is a residual subspace of X, which implies that Xy = X and contradicts (iv). O

Remark 23. In the case that the space X is separable, Theorem 17 shows that condition
(ii) in the above theorem can be replaced by

(ii’) T is densely mean Li-Yorke chaotic.

As an immediate consequence of the previous theorem, we have the following di-
chotomy for unilateral weighted backward shifts on Banach sequence spaces.

Corollary 24. Let X be a Banach sequence space in which (e,)nen s a basis [26, Section
4.1]. Suppose that the unilateral weighted backward shift

By(x1, 29, T3, . ..) := (Waka, W3k3, Wyly, . . .)
18 an operator on X. Then either
(a) B, is mean Li-Yorke chaotic, or
(b) By is absolutely Cesaro bounded.

Another consequence of Theorem 22 is given in the following corollary. Items (a) and
(b) improve Theorems 27 and 28 of [13], respectively.

Corollary 25. Let T' € L(X) be such that

N
1 :
-1 1 e J =
{a:EX.hNHing El | T || O}
j:

1s dense in X. If any of the following conditions is true:
(a) T is distributionally chaotic,

(b) T is Cesaro hypercyclic,

TTL
(¢) X is a Banach space and lim sup u >0,
n—00 n
TTL
(d) X is a Hilbert space and lim sup ” T | >0,
n—oo n-2

(e) T has an eigenvalue N with || > 1,

13



Remark: If {z : T"z — 0} is a dense set in X, then:
Devaney chaos
UFH Cesaro hypercyclicity

RH
w-mixing DC1= DC2= DC3

| .

Mean Li-Yorke chaos

Li-Yorke chaos

Figure 2: Implications between different definitions related with hypercyclicity and chaos
for operators on Banach spaces when {z : 7"z — 0} is a dense set in X.

then there is a residual set of absolutely mean irreqular vectors for T'. If, in addition, X
1s separable, then T is densely mean Li-Yorke chaotic.

Proof. Any of these conditions implies that

N
1 )

lim sup — g T7yo|| > 0 for some yy € X

N—oo N ) ” yOH Yo

(for items (c) and (d) this follows from Theorem 2.4 and Corollary 2.6 of [9]). Thus, the
result follows from Theorem 22. []

Example 26. There are densely mean Li-Yorke chaotic operators that are not Cesaro
hypercyclic.

Indeed, let T be the weighted backward shift on ¢!(N) defined by

k
k—1

Te;, =0 and Te, = ( )ek,l for k > 1.

Since || 7"|| = n+1 for all n € N, Corollary 25(c) implies that 7" is densely mean Li-Yorke
chaotic. Moreover, the equalities ||7"|| = n+1 (n € N) also imply that (-%) is not dense
in /*(N), for every x € ¢}(N). Thus, T is not Cesaro hypercyclic [30].

One may think that the above example might be a good candidate for a mean Li-Yorke
chaotic operator which is not distributionally chaotic, but actually this is not the case

14



because of the following result which was generously provided to us by Frédéric Bayart in
private communication:

In general, for « > 0 and 1 < p < oo, let T be the unilateral weighted backward shift
on (?(N) defined by

k

Te; =0 and Tek:(m

)aek,l for k > 1.

Theorem 27. If a = 11—7, then T has a residual set of distributionally irreqular vectors.

Proof. In view of [11, Theorem 15], it is sufficient to prove that T has a distributionally
unbounded orbit. Let {ny}ren be an increasing sequence of natural numbers such that

1 1/p
—[ og (11| — 00 as k — oo.

kz2
Define, for k£ > 1, )
ng
T = % Z ﬁen.
n=ny
Since
Lya W _C vn _ ., (log(k)"”
lzkll, = ﬁ( Z 5) = @[log(kmk} —log(ny)] " = OT’
n=nj
we may consider x := ), x, which belongs to (*(N). Moreover, if we set B, :=

[Nk, (k — 1)ng| and B := Ugen By, we have that dens(B) = 1. Now, for n € By,

p

mn n 1 S 1 n
T, 2 7"l > ] > Gy e

T, | 1/ 1\ /p (log(ng))/?
> 5l 2wl 2w (Xg) 2o = e
7=1 7=1
Hence, x has a distributionally unbounded orbit. O]

5 Dense lineability of absolutely mean irregular vec-
tors

Definition 28. An absolutely mean irreqular manifold for T € L(X) is a vector subspace
Y of X such that every nonzero vector in Y is absolutely mean irregular for 7.

Such a manifold is clearly a mean Li-Yorke set for T'. The following dichotomy gives
us a sufficient condition for the existence of a dense absolutely mean irregular manifold.

Theorem 29. Assume X separable. If T € L(X) and

N
1 )
= N 1 —_— J =
X : {xEX'NhBioNE l||Tx|| o}
]:
1s dense in X, then either

15



N
1 ,
1 _— j pu—
(a) ]\}1_{1(1)0 N E 1 |T?x|| =0 for every x € X, or
J:

(b) T admits a dense absolutely mean irregular manifold.
Proof. Suppose that (a) is false and let us prove (b). By Theorem 22, T" has an absolutely

mean irregular vector. Let C' := ||T'|| > 1. Then, we can construct a sequence (x,,) of
normalized vectors in X and an increasing sequence (N,,) of positive integers so that

N, N,
1 o= 1 = 1
N_m igl ||TZZL‘mH > m(QC')m and N_m ZE 1 ||T15Ek” < E for k = 1,...,m—1.

Given a, 8 € {0, 1}, we say that 3 < v if ; < o; for all i € N. Let (r;) be a sequence of
positive integers such that r;1; > 147; + N, 4 for all j € N. Let a € {0, 1} be defined
by a,, = 1if and only if n = r; for some j € N. For each 8 € {0,1}" such that 8 < a and
[ contains an infinite number of 1’s, we define

L ﬁz o 51”]'
6= Z 2cy T z]: 2Cys

Nrk Nrk
Take k € N with 5, = 1. Since Z T 2, || > 7(2C)"™ and Z |7, < for
N, i=1 N, i=1
each s < 1y, we have that
NTk Nrk NT‘k /8
ann > 20 TN Zn nll = 5 ZZ 5 1T
i=1 =1 ;ék
1 [
> _ J
/rk: /rk - Z 27"]
]<k
Z T — 1.
Tk+1
On the other hand, since Z | T || < for each s < r; + 1, then
Nr+1 Npp 11 Nr, 41
- - 67“3 |T xrj zk: Z 67“] ’T mr]
v N T
i=1 j5<k =1 j>k
Ny 41
1 1 1 2 |z ||
S J
r,+ 1 ; (20) 7"k+1 Zl ; 23
- 1
rr+ 1

Thus, zp is an absolutely mean irregular for 7.
Now, let (w,) be a dense sequence in X and choose 7, € {0,1} (n € N) such that
each v, contains an infinite number of 1’s, v, < « for every n € N, and the sequences -,

have mutually disjoint supports. Define v, := >, (V’é; x; and y, = w, + %vn (n € N).

16



Then Y := span{y, : n € N} is a dense subspace of X. Moreover, if y € Y\{0}, then
we can write y = wo + Y, (—Q%)k xy, where wy € X, and the sequence of scalars (p) takes

only a finite number of values (each of them infinitely many times). As in the above proof
we can show that the vector v := », & ey Tk is absolutely mean irregular for 7. Since
y = wo + v and wy € Xy, we conclude tinat y is also absolutely mean irregular for 7. [

Here is an application of the previous theorem.
Corollary 30. If By, is a unilateral weighted backward shift on a Banach sequence space
X in which (e,)nen 1S a basis, then either

(a) hm —ZH ) x| =0 for every x € X, or

(b) B, admits a dense absolutely mean irreqular manifold.

Example 31. There are densely mean Li-Yorke chaotic operators that are not hyper-
cyclic.

Indeed, let X = ¢y(N) or X = ¢?(N) for some 1 < p < oo. Consider the unilateral
weighted backward shift B,, : X — X whose weight sequence is given by

with successive blocks of 's and 2’s. Since sup,,cy H 1 lwj] =1 < o0, B, is not hyper-
cyclic [26, Example 4.9]. On the other hand, if we deﬁne z € X by putting 5 in the
position of the last 2 in the n* block of 2’s, for each n € N, and 0 otherwise, then

|(By)"z|| > 1 for all n € N.

Hence, Corollary 30 guarantees that B,, is densely mean Li-Yorke chaotic.

Remark 32. In Corollary 25, if X is separable and we assume the stronger property that

N
1 )
N 1 —_— J =
{xEX.A}l_rgONE 1HTa:H 0}
]:

is dense in X, then we can conclude that 7" has a dense absolutely mean irregular manifold.

6 Generically mean Li-Yorke chaotic operators
We have the following characterizations of generic mean Li-Yorke chaos.
Theorem 33. For every T € L(X), the following assertions are equivalent:
(i) T is generically mean Li-Yorke chaotic;
(ii) Every non-zero vector is absolutely mean semi-irreqular for T,
(iii) X is a mean Li-Yorke set for T

The proof is analogous to that of [12, Theorem 34].

17



Definition 34. We say that an operator T € L(X) is completely absolutely mean irreqular
if every vector x € X\{0} is absolutely mean irregular for 7'

Thus, every completely absolutely mean irregular operator is generically mean Li-
Yorke chaotic. The converse is not true in general (see Remark 40).

Our next goal is to construct an invertible hypercyclic operator 1" such that both T
and T~! are completely absolutely mean irregular. The construction is a modification of
the type of examples of completely distributionally irregular operators provided in [33].
We first recall one of the main results in [33].

Theorem 35. [33, Thm. 5.1] Let v = (vj)jez be a weight sequence that satisfies the
following conditions:

1. there are sequences of integers (n;)jez and (m;)jez with n; < m; < njy1, j € Z,
and M > 1 such that Mv,, , > v; for every j € [m_g,my_1], k € N, and if we
consider

v .
Sk = Sup{ : ) € ]m—lmmk—l]}? ke N7

Vj—1
then for every e > 0 we find k € N with v,, <¢ and

_ . mindv;: m_p <1< myp_
Sllj(nk m_k) S min {M’ { (3] [~ — k 1}} ’
Un,

k
2. for every N € N, there exists k € N such that v; > N, for k < j < Nk.
Then the forward shift T': (P(v,Z) — P(v,7Z) is completely distributionally irreqular.

Actually, it was shown that, given an arbitrary non-zero vector x € ¢?(v,Z), and an
arbitrary 0 > 0, there is k£ € N as big as we want such that

(1) |Blall” <8 for any 1€ [, —m_y, k(ng —m_,)]

The type of examples that we will consider involve the inverse too, and we also need
to recall the following result:

Corollary 36. [33, Cor. 3.3] Let v = (v))jez be a weight sequence that satisfies the
following conditions:

1. there are sequences of integers (n;)jez and (m;);ez with n; < m; < nj, j € Z,

and M > 1 such that Mv,,, > v; for every j € [m_y, my], k € N, and if we consider

sei=inf {5 @ momlf, ke,

Vj—1

then for every e > 0 we find k € N with v,_, <e and

_ . mindv;; m_ <i<m
SZ(n_k my) S min {M, { Iz L k}} ’

Un_,

2. for every N € N, there exits k € N such that v; > N, for —Nk < j < —k.

Then the backward shift B = T~': (P(v,Z) — (P(v,Z) is completely distributionally irre-
gular.

18



In this case, it turns out that, given an arbitrary non-zero vector x € (v, Z), and an
arbitrary 0 > 0, there is £ € N as big as we want such that

(I2) ||B'z||P <6 for any [ € [my — n_y, k(ms —n_y)].

These results allow us to provide examples of completely absolutely mean irregular
operators, which are a modification of Example 3.5 of [33]. The sequences of integers
(nj)jez and (m;) ez with n; < m; < njiq, j € Z, are such that for every k € Z we have

vj—1 <w; when ny, < j <my, and v;_y > v; when my, < j < ngq.

In other words, the positions v,,, represent “hills” of the weight sequence, and the positions

vy, are “valleys”.

Theorem 37. There exists a bilateral shift T on (P(v,Z) such that both T and T~*
completely absolutely mean irregular, completely distributionally irreqular and hypercyclic.

Proof. We first consider

(@) ng=—1,mg=1,ny =4, m_; = —4, vy, = 1, U, = 24, v, = 2713, v, , = 214,

and

(b) mx = —n_p, k € Z, vy, = (2k) 73, vpy = (K +2)Y4 v, = 2k + )73 vy, =
(k+ 1Y% ke N, v;/viiy = vjfv;_1 if i,5 € Ing,my], or if i, € Jmyp_1,n4], k € Z,
and

(C) mg — ng > 2(mk_1 — nk_l), Nk41 — My > Q(Rk — mk_l), k e N.

We will check that the hypotheses of Theorem 35 and Corollary 36 are satisfied.
min{v;; m_p <@ <mp_1}  Un_, 2k

U, N (O N <2k— 1
and the supremum of the slope of v outside the interval [m_g, my_1] is Sy = v;/v;_; for
any ny < j < my, k € N. We set M = 2 and, since S ™ = % = (2K)Y3(k + 2)4, we
need that

1/3
Condition (b) gives ) for every k € N,

kn
SER) _ (9)2/3(k 4 2)V/2) ) <

min{v;; m_p <@ <myq} 2k 1/3
S \2k—1 '

Un,,

This can be obtained for, e.g., my, = (16k® + 1)ng, k¥ € N. Indeed, for this selection
and for any k > 2 (the case k = 1 trivially satisfies the above inequality), we have

k 2 2 ok \ /3
Sk("’“fm’k) - (2k(k+2))1/24k < <2k)1/12k < (m) .

Thus, T satisfies (I1). If [ < ny —m_y, then

Um
IT' 2] < —==flal] < (2k)*7|],

Nk

which yields that, given an arbitrary non-zero vector « € ¢?(v,Z) and an arbitrary § > 0,
there is £ € N as big as we want such that

NZHT’ ol < O e 45

19



for N = k(ny, —m_y), and we obtain that 7" is completely absolutely mean irregular as
soon as we show that condition (2) in Theorem 35 is satisfied. For this, we notice that

2k

Uy = /Umkszimk Z (k + 2)1/4Sikmk > (k: + 2)1/4 (2]{: T 1

1/3
) if my <r < (2k+ 1)my,

which yields that T is completely absolutely mean irregular. /
: . 1/3
Analogously, minfvis m_y <75 mi = e (Qk + 1) for every k € N, and
Un_y Un_y 2k
the infimum of the slope of v outside the interval [m_g, mg] is sp = v;/v;—; for any
my, < j < npy1, k € N Again, we set M = 2 and, since s, © " = ((2k+2)/3(k+2)1/4),
we need that

ST = T (2 4 22k 2 TR < (% ; 1) ,

2k

which is easily satisfied if we set, e.g., ngy = (16k% + 1)my, k € N. Thus, B = T~}
satisfies (12). If I < my — n_y, then

Um
|B'2ll < —= 2] < (2k)77 2.

Nk

As before, we obtain that B = T~ ! is completely absolutely mean irregular in case that
condition (2) in Corollary 36 is satisfied. Indeed, we easily have that

2k
2k +1

1/3
v, > (k4 1)Y4 ( ) if 2k+1)m_p <r <m_g,

which implies condition (2).

For the hypercyclicity of T', since it is invertible, it suffices to show that there is an
increasing sequence (ji); in N such that limj v;, = limyv_; = 0 (See Theorem 3.2 in
[22]). Let jy := (my, +ny)/2 = (8k* + 1)n;. We have

Uji, = S/Zk_nkvnk = ((Qk)1/6<k + 2)1/8)

(2k)1/3”

that tends to 0 as k goes to infinity. Note that Ry = v;/v;_; has the same value for any
J € |n_k, m_x], and thus for all £ € N we have Rj, < Sy and

e ; 1
_ pikno my,—
,U*jk = Rk F kvnfk < Sk k ka'
Therefore, limy vj;, = limy v_;, = 0, which concludes the hypercyclicity of 7T'. [

Corollary 38. There exists an operator T on a Banach space X such that the whole space
X is a mean Li-Yorke set for T.

Remark 39. Since mean Li-Yorke chaos and DC2 are equivalent for dynamical systems
on compact metric spaces, it follows from [23, Theorem 3.1] that the conclusion of the
above corollary is not possible for such dynamical systems.

20



Remark 40. It is possible to modify slightly the example in Theorem 37 in order to
obtain 7" such that every non-zero vector is absolutely mean semi-irregular for both T’
and T~ (thus, both operators are generically mean Li-Yorke chaotic), but neither 7' nor
T—! are completely absolutely mean irregular. To do this, the only change would be to
set v, =1, k € Z. That is,

1/3

(&) no=—1,mo=1,n1=4,m_1=—4, v,, =1, 0, =1, Uy, =27Y%, v,,,_, = 1, and

(b) mp=-—n_p, k€Z, v, = (2k) V3 vy =1, v, = 2k +1)"Y3 v, =1,k €N,
Vi [vic1 = vjfvj_y i 4, € g, my), or if i, j € Imyg_1,ng], k € Z, and

(c) mg = (163 + 1)ng, njpy1 = (16K + 1)my, k € N.

In that case, the vectors of the unit basis are not absolutely mean irregular. Also, we
observe that the hypercyclicity condition is preserved.

7 Mean Li-Yorke chaotic semigroups

We recall that a one-parameter family (7});>0 of operators on X is called a Cj-
semigroup if Ty = I, T;Ts = Ti4s (t,s > 0) and limy_, Tyx = Tyx (x € X and s > 0). It is
well-known that such a semigroup is always locally equicontinuous, in the sense that

sup ||T;]] < oo for every b > 0.
t€(0,b]

We refer the reader to the book [21] for a detailed study of Cyp-semigroups. In the sequel,
T = (1})1>0 will denote an arbitrary Cp-semigroup, unless otherwise specified.

Definition 41. 7 is said to be mean Li-Yorke chaotic if there is an uncountable subset
S of X (a mean Li-Yorke set for T) such that every pair (x,y) of distinct points in S is
a mean Li-Yorke pair for T, in the sense that

I I
liminf — [ ||Tix — Tiy|ldt =0 and limsup - / | Tix — Tyy||dt > 0.
b—oo b 0 b—00 b 0

If S can be chosen to be dense (resp. residual) in X, then we say that 7 is densely (resp.
generically) mean Li-Yorke chaotic.

Li-Yorke chaos and distributional chaos for Cy-semigroups were studied in [1, 2, 3, 17,
19, 37], for instance.

Definition 42. T is called absolutely Cesaro bounded if there is C' > 0 such that

1 [
sup— [ ||Tiz||dt < C||z| for all z € X.
b Jo

b>0

Definition 43. We say that € X is an absolutely mean irreqular (resp. absolutely mean
semi-irreqular) vector for T if

1 [° 1 [
liminf—/ |Tiz||dt =0 and  limsup —/ | Tiz||dt = oo ( resp. > 0).

b—o0
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Definition 44. An absolutely mean irregular manifold for T is a vector subspace Y of X
such that every nonzero vector in Y is absolutely mean irregular for 7.

As we did in [18] for hypercyclicity, or in [1] for distributional chaos, we will establish
equivalences between the above notions for Cy-semigroups and the corresponding ones for
the operators of the semigroup. The following simple lemma (whose proof we omit) will
be very useful for this purpose.

Lemma 45. For each s > 0, let C; 1= sup,¢)  |T3]| < 0o. Then

CNHZII pall <5 [ Imialar < c.y Zn Y,

whenever v € X and Ns < b < (N +1)s with N > 1.
The next two propositions follow easily from this lemma.

Proposition 46. Given x € X and a Cy-semigroup T, the following are equivalent:
1. z is an absolutely mean semi-irreqular (resp. irreqular) vector for T ;

2. there exists s > 0 such that x is an absolutely mean semi-irreqular (resp. irregular)
vector for Ty;

3. x is an absolutely mean semi-irreqular (resp. irreqular) vector for Ty, for all s > 0.
Proposition 47. Given a Cy-semigroup T, the following are equivalent:

1. T is absolutely Cesaro bounded (resp. (densely, generically) mean Li-Yorke chaotic,
admits a dense absolutely mean irreqular manifold);

2. there exists s > 0 such that Ty is absolutely Cesaro bounded (resp. (densely, generi-
cally) mean Li-Yorke chaotic, admits a dense absolutely mean irreqular manifold);

3. Ty is absolutely Cesaro bounded (resp. (densely, generically) mean Li-Yorke chaotic,
admits a dense absolutely mean irreqular manifold), for all s > 0.

Remark 48. With these propositions at hand, it is easy to transport many of our previous
theorems on operators to the semigroup setting. For instance, Theorems 5 (without (v)),
17 and 33 remain valid if we replace the operator T' by the semigroup 7. In particular,
absolutely Cesaro bounded Cy-semigroups are never mean Li-Yorke chaotic.

1 (b
Theorem 49. Suppose that the set {x e X: blim 5/ | Tix||dt = 0} is dense in X. If
— 00 0

any of the following conditions is true:

1 b
(a) limsupg/ | Tiyol|dt > O for some yo € X,
b—o0 0

73]
t—o00 ’
T;
(c) X is a Hilbert space and lim sup —— H - | >0,
t—o0 t2
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(d) there is some X € 0,(A) with Re X > 0, where A is the infinitesimal generator of T,

then T has a residual set of absolutely mean irreqular vectors. If, in addition, X is
separable, then T admits a dense absolutely mean irreqular manifold.

Proof. 1t is a consequence of Theorem 22 and Corollary 25 (note that (b) and (c) imply

1 ks
that limsup u > (0 and limsup “—11” > 0, respectively). For the last assertion, see
n—00 n n—00 nz
Remark 32. O

As an immediate consequence of the previous theorem, we have the following di-
chotomy for translation semigroups on weighted LP spaces.

Corollary 50. Let v : R, — R be an admissible weight function and consider the trans-
lation semigroup T, given by

T()(z) = flz+1), x>0,

on the space LP(R,) [26, Example 7.4]. Then either

1 b
(a) blim 5/ |Tif||dt = 0 for every f € LP(Ry), or
— 00 0

(b) T admits a dense absolutely mean irregular manifold.
As a consequence of Theorem 49(b) and [35, page 224], we obtain
Corollary 51. The Cy-semigroup T defined on L*(1,00) by

T+t

Tif(@) = (=) f(e + 1)

1s mean Li-Yorke chaotic.

Question 52. [s there a Cy-semigroup which s mean Li-Yorke chaotic but is not distri-
butionally chaotic?

Theorem 53. There exists a mizing absolutely Cesaro bounded Cy-semigroup T on
LP(1,00) for 1 <p < 0.

Proof. Let 0 < ¢ < 1 and consider the weighted translation semigroup (7}) on LP(1, c0)

defined by
r+t
Tif(x) = (——)

1—

" fla+t).
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Given f € LP(1,00) with || f||, = 1, and b > 0, we have that

[imsa= [ (7 () s s opar)ar
z/ (/ <$_t>ls|f(x)|pdx>dt
- [ ewr | T ) T
< / e / (1) ade
+/:b|f(a:)l”/0b (-2 ara

1426 . q 9
g/ @)z + 2 < (24 ).
1 g

So,
1 /° I 2
o) < = | \TflPde < 2+ 2
(b/outfu)_b/0||tf|| <2+ >

Thus, (73) is an absolutely Cesaro bounded Cy-semigroup. Let us now see that (7}) is
mixing. If v(z) := (1)'7%, then T} can be rewritten as

Tif0) = () S+ 1),

Since v is an admissible weight function, the translation semigroup defined as

7of (@) == flz +1)
is a Cyp-semigroup on LP(1,00). Moreover, T; on LP(1,00) and 7, on LP(1,00) are topo-
logically conjugate. Since (7;) is mixing because lim, ., v(z) = 0 [26, Example 7.10(b)],
we conclude that (7;) is also mixing. O

Corollary 54. There exists a mizing not absolutely mean irreqular Cy-semigroup T on
LP(1,00) for 1 <p < occ.

Theorem 55. There exists a forward translation Cy-semigroup T on LP(R.) which is
distributionally chaotic and not mean Li-Yorke chaotic.

Proof. 1t was proved in [13, Theorem 25| that there is a sequence w = (wy, )nen of positive
weights such that the unilateral weighted forward shift

Fy : (z1,29,...) € lP(N) = (0, wyx1, waxs, . ..) € (P(N)

is distributionally chaotic and satisfies
lim — > " [|(F,)z|| = 0o for all 2 € /(N)\{0}.

By using conjugacy, we see that there is a sequence v’ = (v,,)nen of positive weights such
that the unweighted forward shift on ¢7(v', N) is distributionally chaotic and not mean Li-
Yorke chaotic. Now, if we consider as admissible weight function v the polygonal formed by
the sequence v', then the forward translation Cy-semigroup on LP(R.) is distributionally
chaotic and not mean Li-Yorke chaotic. O
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Remark 56. The example in Theorem 37 can be easily adapted to the semigroup setting
in order to construct a completely absolutely mean irregular Cy-semigroup 7. Indeed,
the translation semigroup on LP(R) does the job if we fix v(k) = vy, k € Z, where
(vk)kez is the sequence of weights of the example in Theorem 37, and we set v(z) = v(k),
z€lk—1,k, keZ.
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