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Abstract 

The electrification of propulsion systems in light passenger vehicles is essential to reach 
the objectives set by the different organizations that protect the environment. However, 
due to various aspects such as politician decisions, bad press, high powertrain 
production costs and a moderate reduction in energy consumption, purely electric 
vehicles are being a priority for several car manufacturers as well as for governments 
instead of hybrid vehicles. This article shows how hybrid electrification, using a low 
temperature combustion engine, is capable of reducing the energy consumption while 
drastically minimizing the particle matter (mainly soot) and NOx emissions, in a power 
split propulsion system. This is possible by means of a precise control of the operating 
conditions of the engine. To operate in the hybrid powertrain efficiently and with low 
emissions, several energy managements controller strategies are studied. In this work, 
adaptive Equivalent Minimization Control Strategy (ECMS) and Rule-Based Control (RBC) 
are used as online controller, and the dynamic programming optimal control is used to 
size the powertrain. In this sense, the electric machine maximum power, battery energy 
content, power split device gear ratio as well as the control parameter are studied. Both 
emissions and fuel consumption are included in the optimization function. The results 
show that it is possible to reduce the fuel consumption by 17.5% with an energy 
minimization-oriented strategy. In addition, ECMS is more effective to control both 
emissions and fuel economy. If a double target is applied, the fuel consumption is 
reduced to 5% while achieving Euro 6 emissions levels without the need for NOx and 
particulate matter aftertreatment systems. This strongly reduces the total cost of the 
propulsion system compared to a conventional vehicle, thus compensating the cost 
increase due to the hybridization without considering the fuel saving costs. 
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1. Introduction 

Advanced combustion technologies represent a valuable option to meet the new 

limitations imposed to internal combustion engines in terms of greenhouse gases (GHG) 

and harmful pollutants emissions [1]. Other option, more used nowadays, is the use of 

complex aftertreatment systems (ATS). The main reason is the effectiveness to reduce 

emissions with low system control complexity. However, the global context is shifting 

towards a stricter era of polluting emissions and electrification. Therefore, the current 

ATS will not achieve future emissions levels without the engine modification to reduce 

the raw engine-out emissions. Also, the increase in cost and size of more complex ATS 

make a favorable scenario for advanced combustion concepts as low temperature 

combustion (LTC). In spite of LTC being able to reduce NOx and particle matter (PM) 

among others, it is not possible to strongly reduce the CO2 emissions. The maximum 

brake thermal efficiency (BTE) of the LTC modes is close to a conventional diesel 

combustion (CDC). Therefore, powertrain electrification is crucial for the overall vehicle 

efficiency improvement [2]. The degree of improvement depends on the value of the 

hybridization factor but also the type of hybrid architecture [3] and control system [4]. 

In this sense, also the supervisory control strategies play a fundamental role since the 

actuation of the electric machine/s and the ICE should be optimally coordinated [5]. 

Low temperature combustion modes (LTC) for compression ignition engines (CI) 

have a great potential due to offering ultra-low NOx and soot emissions together with 

high brake thermal efficiency [6]. Several research centers are developing different LTC 

strategies as the homogeneous charge compression ignition (HCCI) [7], partially 

premixed combustion (PPC) [8], premixed charge compression ignition (PCCI) [9], 

reactivity controlled compression ignition (RCCI) [10] and gasoline compression ignition 

(GCI) [11]. They are differentiated by the injection strategy and the fuel composition as 

well as the number of fuels used. For example, the RCCI concept uses two fuels with 

different reactivity to control the ignition timing and the heat release rate profile 

promoting early injection timings to ensure a sufficient air–fuel mixing before the 

combustion to avoid the soot production [12][13]. Unfortunately, none of the proposed 

LTC modes can cover the entire engine map due to the excessive pressure gradients that 

appear at high loads and the low combustion efficiency that occurs under low load 

conditions. Therefore, these combustion concepts are still limited to moderate loads 

within the engine map. Garcia et al. [14] combines RCCI in low and medium loads with 

conventional diesel combustion (CDC) at high load in order to allow the operation in all 

the engine map. In spite of the advantages that this multi-mode combustion approach 

offers in terms of NOx and soot emissions, in a conventional non-hybrid and parallel 

hybrid powertrain, it was not possible to achieve the engine-out Euro 6 emissions levels 

due to transient peaks in CDC combustion [15]. Also, both powertrains not allow a 

controlled engine operation in the RCCI zone. 

Many hybrid electric architectures have been introduced in the market up to now: 

the series architecture was among the first to be used [16], but nowadays it is hardly 

employed [17]; the parallel configuration has gained a lot of success especially with the 



mild-hybrid vehicles, but it can offer remarkable advantages at low integration efforts 

with respect to the conventional no-hybrid platforms. The pros and cons of the two 

solutions are well known, for example the series hybrid requires the implementation of 

two powerful electric machines, but in this case the ICE can be operated at will being it 

decoupled from the driven wheels; the parallel hybrid only asks for one electric machine, 

but the ICE is coupled to the driven wheels and its operation can be improved only 

through a suitable energy split with the EM. In addition, as in a non-hybrid powertrain, 

the ICE suffers hard transient conditions due to the vehicle speed dependency. A third 

commonly diffused architecture exists, the so-called power-split, which was introduced 

by Toyota with the name “Toyota Hybrid System” (THS) [18,19]. The peculiarity of this 

solution is the planetary transmissions through which the ICE can simultaneously be 

controlled independently from the wheel dynamics and output traction power to satisfy 

the power demand [20]. Since the first appearance in the market in 1999, the THS has 

undergone several upgrades, but also other car manufacturers have suggested different 

uses of the planetary transmission in an automotive powertrain. In addition, other than 

the powertrain architecture, the control strategy, which is in charge of coordinating the 

power split between the ICE and EMs, has a very important job that is the key to fuel 

consumption and emissions production [21]. In the scientific literature [22], the 

equivalent minimization control strategy has shown good characteristics in terms of 

design and implementation for HEV powertrain control. However, in the case of the 

power-split HEV few examples can be found: the work of Zou et al. [23] is an interesting 

example that presents a similar implementation of the ECMS algorithm as the one used 

in this work. 

The goal of this work is to complement the study on the feasibility and potentials of 

the implementation of the dual-mode RCCI-CDC engine, operating under the RCCI and 

CDC technologies in a power split hybrid electric vehicle. The methodology used to 

assess the potential of this concept is the same used for the P2-parallel HEV in previous 

work [14]. At first, the optimal components sizing is investigated with DP, then the 

powertrain is studied in the situation where it is controlled via a real-time energy 

management control strategy. The WLTC driving cycle, which is used for the vehicle 

homologation, is adopted to test the vehicle’s fuel consumptions and emissions. 

Therefore, the main novelty of the work is to show the effect of different energy 

management strategies to precisely control the ICE operation with an advanced 

combustion mode. This methodology is aimed to achieve both the energy consumption 

reduction and achieve ultra-low engine-out emissions. The work is based in a power-

split full HEV architecture for a passenger car. In addition, this manuscript brings more 

novelties in terms of proposing a sizing methodology based in an optimal algorithm as 

the Dynamic Programming. To apply in a real-demonstrator, a rule based and energy 

consumption minimization strategy on-line algorithms are calibrated. The paper content 

is structured to introduce the reader to: the dual-mode RCCI-CDC engine, HEV power-

split powertrain characteristics; the sizing methodology based on DP; the design of the 

on-line control strategies and, finally, the results. To increase the manuscript overview, 



results from a previous parallel hybrid study under the same conditions are added in the 

conclusions section. 

2. Materials and Methods 
2.1. Dual-Mode RCCI-CDC  

The RCCI technology was investigated in a single-cylinder engine that had the 

characteristics of a commercial GM 1.9L four-cylinder turbo diesel engine. The 

commercial ICE was calibrated by the OEM to homologate under Euro 4 legislation. RCCI 

combustion requires the in-cylinder mixing of two fuels that have different reactivity: 

the data used in this work are derived from experimental data where the low reactivity 

fuel is gasoline and the high reactivity fuel is diesel. Hence the engine retrofit just 

involved to integrate a secondary fuel injection at cylinder intake port (PFI). Table 1 

summarizes the most relevant characteristics of the engine. More details of the test bed 

configuration and characteristics can be found in previous works [24,25]. 

Table 1. Single cylinder engine characteristics adapted from a 1.9 GM CI Engine. 

Engine Type 4 stroke, 4 valves, direct injection 

Number of cylinders 1 

Displaced volume  477 cm3 

Stroke  90.4 mm 

Bore  82 mm 

Piston bowl geometry Re-entrant 

Compression ratio 17.1:1 

Rated power @ 4000 rpm 27.5 kW 

Rated torque@ 2000-2750 rpm 80 Nm 

 

The operation of the RCCI combustion is limited to the medium loads, since at higher 

IMEP the high stock compression ratio of the engine caused too early autoignition of the 

mixture, which led to excessive pressure rise rates. At high engine speeds, it is not 

possible to work with a single-cylinder engine due to mechanical limitations of the 

testbed. For this reason, conventional diesel combustion (CDC) is actuated beyond the 

limits of RCCI to enable a reliable usage of the full engine map: the concept is named 

dual-mode RCCI-CDC . The most significant maps are reported from Figure 1: the black 

points indicate the successful calibration of the RCCI combustion mode, while the white 

points are operated with CDC. Overall, the main advantage of RCCI combustion is the 

low temperature characteristic, which improves the break thermal efficiency of the 

engine due to the lower heat losses [26], and thanks to the premixed nature of the 

charge together with the high EGR rates (average of 40%) it enables to achieve ultra-low 

NOx and soot engine-out emissions simultaneously. However, at the low loads, due to 



the low temperatures, the increase of HC and CO emissions requires serious 

consideration for the implementation of a reliable DOC converter in the aftertreatment 

system. In this sense, conventional converters are not enough unless the catalyst size is 

increased [27], so that novel technologies should be explored, such as the use of novel 

catalytic additives proposed in the work conducted by Binder et al. [28,29]. Further 

information about RCCI testing and the dual-mode RCCI-CDC concept can be collected 

from other works of the authors [30–32]. 

(a) (b) 

(c) (d) 

(e) (f) 

Figure 1 – Brake specific fuel consumption (a), brake thermal efficiency (b), Gasoline fraction (GF) (c), 
exhaust gas recirculation (EGR) rate (d), Brake specific NOx emissions (e) and brake specific soot 

emissions (f) for the dual-mode RCCI-CDC calibration concept. 

2.2. Full electric hybrid Power-split vehicle model 

In the power-split HEV powertrain architecture, the planetary transmission is used 

as a speed coupling device. Figure 2 shows that the ICE is coupled to the carrier gear, 

one electric machine (EM1) is connected to the sun and the other one (EM2) to the ring. 



Finally, the differential/final-drive is the torque-coupling device and it is linked to the 

ring gear. The planetary transmission enables to split the engine power between two 

paths: the electrical path, where part of the power delivered by the ICE is sent to EM1 

(generator mode) and stored in the battery or directly sent to the motor EM2 (traction 

mode) via a controlled power bus, and the mechanical path that brings the remaining 

power to the transmission output. 

 

Figure 2 – Power-split e-CVT hybrid vehicle. ICE-internal combustion engine, EM1-motor/generator 1, 
EM2-motor/generator 2, K0-clutch, FD-final drive, HV Batt-high voltage battery 

The clutch K0 differentiates this architecture from the original one adopted by 

Toyota for the first generation of the Prius. The clutch introduces another operating 

mode, in fact the carrier ring of the planetary transmission, hence the ICE, can be 

grounded so that the vehicle can operate in pure electric driving mode. Considering the 

torque demand at the wheels, the torque at the final-drive input 𝑇𝐹𝐷,𝑖𝑛 can be calculated 

with the final-drive ratio 𝜏𝐹𝐷 and its efficiency 𝜂𝐹𝐷
𝑣 (the exponent 𝑣 = 1 when 𝑇𝑤ℎ𝑒𝑒𝑙𝑠 >

0 and 𝑣 = −1 when 𝑇𝑤ℎ𝑒𝑒𝑙𝑠 < 0): 

𝑇𝐹𝐷,𝑖𝑛 =
𝑇𝑤ℎ𝑒𝑒𝑙𝑠
𝜏𝐹𝐷𝜂𝐹𝐷

𝑣
(1) 

Also, the input shaft speed (𝜔𝐹𝐷,𝑖𝑛), which is connected to the ring gear (𝜔𝑟) of the 

planetary transmission, is calculated from the vehicle speed 𝑣𝑣𝑒ℎ𝑖𝑐𝑙𝑒 and the wheel 

radius (𝑅𝑤ℎ𝑒𝑒𝑙): 

𝜔𝐹𝐷,𝑖𝑛 = 𝜔𝑟 =
𝑣𝑣𝑒ℎ𝑖𝑐𝑙𝑒
𝑅𝑤ℎ𝑒𝑒𝑙

𝜏𝐹𝐷 (2) 

Solving the forces balance in the power split device and the rotational speed 

dependency between the components (ICE, EM1 and EM2) it is possible to understand 

the powertrain behavior. A detailed explanation was added in the Appendix A.  

{
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where the subscripts “s”, “r” and “c” indicate the sun, the ring and the carrier gears 

respectively. 𝐾 is the transmission ratio in the power split device (𝐾 =
𝜔𝑠

𝜔𝑟
), 𝑃𝑙𝑜𝑎𝑑 is the power 

demand and 𝜂
𝑝𝑠

, 𝜂
𝑝𝑟

 the efficiency in the power split transmission. 

 It can be understood that the way in which the ICE power is split into the mechanical 

and electrical paths depends on two aspects: first, the torque exerted by EM1 is linked 

to the ICE one through the planetary transmission ratio 𝐾; second, the speeds of the ICE 

and EM1 depend both on the transmission ratio 𝐾 and on the ring speed. This suggests 

that there is the possibility to conveniently regulate the ICE operation so that it works 

at its best efficiency. In order to have an ICE speed greater than idle (i.e 850 rpm), 

especially at moderate vehicle speeds, EM1 has to rotate in the positive direction (same 

as the ICE). Therefore, EM1 supplies a negative power and it works as a generator. Part 

of the ICE power is hence absorbed by EM1 and the remaining part is transferred to the 

ring gear [33]. On the other hand, if the vehicle speed is too high and the clutch K0 is 

opened, the angular speed of EM1 may fall to zero or can even turn negative (opposite 

to the ICE speed): in this particular condition, EM1 absorbs no power (zero EM1 speed) 

or outputs positive power, hence all the power produced by the ICE is output to the ring 

gear. In this case, EM2 modulates the power output from the ring gear to satisfy the 

power demand at the wheels by working in generator mode: this situation is called “re-

circulation”. This mode of operation is not efficient since the power flow undergoes 

many mechanical-to-electrical conversions and vice-versa [34]. 

The EM1 regulates the ICE speed, but at the same time the torque output of EM1 

must balance the torque output from the carrier gear. This implies that the desired 

torque signal to actuate EM1 (𝑇𝐸𝑀1) is made of two parts, as also discussed in [35]: a 

feed-forward part and a feed-back one. Figure 3 represents the concept of the EM1 

feed-forward and feed-back controller used in the modeling of the power-split HEV. 

 

Figure 3 – EM1 feed-forward and feed-back controller for the torque output. Reprint from [35]. 

The last part is needed to track the reference speed signal. The resulting torque 

signal for EM1 can therefore be written by considering a PID (𝐾𝑃,𝐾𝐼,𝐾𝐷) type feedback 

control: 

𝑇𝐸𝑀1 = −
1

(𝐾 + 1)
𝑇𝐼𝐶𝐸𝜂𝑝𝑠

𝑞 +

+ [𝐾𝑃(𝜔𝐸𝑀1
𝑑𝑒𝑠 − 𝜔𝐸𝑀1) + 𝐾𝐼∫(𝜔𝐸𝑀1

𝑑𝑒𝑠 − 𝜔𝐸𝑀1(𝜏)) 𝑑𝜏 + 𝐾𝐷
𝑑(𝜔𝐸𝑀1

𝑑𝑒𝑠 − 𝜔𝐸𝑀1)

𝑑𝑡
] (4)
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The PID tuning of the EM1 controller is fundamental for a correct functioning of the 

system: overshoots must be prevented with anti-windup solutions. In fact, as the EM1 

power output is constrained, for example by its mechanical limitations and also by the 

battery BMS limitations, the EM1 controller can saturate and windup eventually occurs, 

so it will produce a too high EM1 torque (overshoot) which will accelerate the ICE away 

from the target optimal speed. An advanced anti-windup function is implemented into 

the built-in GT-Suite PID block. 

There exist other types of architectures which use planetary transmission devices 

and have this CVT function: they can be classified in input-split, output-split and 

compound split [36]. The difference lies in the location of the power-split devices.  

2.3. Energy management system 
2.3.1. Dynamic Programming 

The EM coupled to the sun gear of the planetary transmission, must have a rotational 

speed range that can sustain the regime of operation of the engine for different vehicle 

speeds, and it must be able to absorb the necessary power which is transferred from the 

ICE to recharge the battery. On the other hand, EM2 must have a power rating such to 

compensate the ICE power output that flows to the ring gear of the planetary 

transmission to satisfy the driver power demand. The transmission ratios of both the 

planetary gear-train and the final drive are also important design parameters since they 

influence the speed and torque relations between the electric machines and the engine. 

Finally, the battery capacity should be enough to store at least all the energy 

recuperated through regenerative braking, but it must as well guarantee adequate ICE 

boosting and electric drive. Moreover, the number of parallel cells, apart from 

determining the overall battery capacity, also set the maximum current output. In 

general, an optimal design of these key powertrain components depends on the way 

the vehicle is used and on the energy management strategy which regulates the power 

flow between the ICE and EMs. The sizing procedure is applied in the two scenarios of 

fuel-economy and engine-out emissions reduction and the WLTC driving cycle can be 

adopted as the average use case of the vehicle. 

For the power-split HEV, there are many design parameters and this fact clearly 

increases the computational burden for exploring the factorial number of combinations 

to find the best set. Therefore, a sizing procedure formulated as an optimization 

problem and solved with Dynamic Programming (DP), is more indicated for the task. A 

similar study was done by Vinot [37], where different power-split architectures were 

analyzed and compared through a DP-based global optimal design method. With this 

shortcut, the list of design parameters is outlined below together with the chosen range 

of variation (a unique scale factor was used to dilate the map of the EMs): 

 Scale factor for EM1 𝑓𝑠𝑐𝑎𝑙𝑒,    ∈ [0.7, 1.4] 

 Scale factor for EM2 𝑓𝑠𝑐𝑎𝑙𝑒,  2 ∈ [0.5, 1.5] 

 Number of parallel cells connections 𝑁𝑝 ∈ [3, 4] 

 Planetary gear-train transmission ratio 𝐾 ∈  [1.5, 3.5] 



 Final-drive transmission ratio 𝜏𝐹𝐷 ∈  [2, 4] 

The initial sizes for the EM1, EM2 and battery capacity were set equal to 30 kW, 50 kW 

and 6.9 Ah respectively. The EMs sizes are in line with the data available for the Toyota 

Hybrid System (THS) [38] the battery capacity value corresponds to the optimal one 

determined for the P2-parallel case [14], obtained with cylindrical A123 (3.3 V and 2.3 

Ah) in 3 parallel (6.9 Ah) and 121 series cells (400 V) connections. 

The code of the vehicle model to be used with the DP algorithm is built with:  

- two control variables (the ICE speed and torque) 

- one state variable (the battery SoC).  

Although the number of the control variables could be reduced by forcing the ICE to 

operate on the minimum BSFC line for instance, the following solution would not be 

optimal. In fact, as explained by Muta et al. [19], the optimal system efficiency does not 

always correspond to the ICE optimal efficiency point for a given power demand. 

Moreover, the objective function of the optimization problem is given by the sum of the 

fuel consumption and NOx emissions by means of a penalty factor 𝛽: 

𝐽(𝑢(𝑡)) = ∫ [�̇�𝑓𝑢𝑒𝑙(𝜏) + 𝛽�̇�𝑁𝑂𝑥(𝜏)]𝑑𝜏
𝑡𝑓

0

 

where 𝑢(𝑡) is the vector of control variables. To optimize the fuel economy alone,  𝛽 is 

set to zero; on the other hand, to also minimize the engine-out emissions of NOx (soot 

emission levels are always compliant with the regulations) 𝛽 is set to values not greater 

than 1000. 

Despite using DP for the optimal powertrain design, it is necessary to investigate 

how online energy management control strategies impact on the final fuel consumption 

and emissions. In this work, rule-based control (RBC) and adaptive equivalent 

consumption minimization strategy (a-ECMS) are calibrated and compared against the 

optimal solution (DP) and the baseline case (non-hybrid diesel powertrain). 

2.3.2. Online Management Strategy 

On the contrary to DP, online management control strategies do not solve an 

optimization problem defined all over the time horizon, which is of course unknown a-

priori. Furthermore, the additional degree of freedom for powertrain operation, 

provided by the adoption of the planetary transmission, makes the design and 

calibration of an RBC strategy trickier. In the original Toyota Hybrid System (THS), a 

divide-and-conquer architecture is suggested to decouple the multi-input control 

structure in two parts: the system optimization, which specifies the ICE power demand; 

the ICE optimization that selects a pre-calculated optimal ICE speed according to the 

power demand  [18,39]. Recalling Figure 3, EM1 is used to achieve the desired ICE speed, 

however this type of control may be limited by the characteristics of EM1 in terms of 

torque capability and speed range as it occurred in the first generation of the THS. 

Moreover, there is always a transient before the target ICE speed is achieved. This issue 



was improved with the second generation of the THS by implementing a different 

generator EM1 (speed range from 6500 rpm to 10000 rpm). EM2 finally complements 

the power output to satisfy the driver’s demand. The same control approach is 

maintained for the second-generation Prius whose architecture is used in this work.  

In the THS, the ICE control may be done by taking into account the minimum BSFC 

operating line [38], however as also noted in the design phase with DP, the ICE optimal 

operating region does not necessarily provide the optimal vehicle fuel economy so that 

it becomes clear that with RBC strategy the task of achieving a good fuel economy is 

harder than with an adequately designed optimization based control (OBC). As also 

analyzed in the work of Vinot et al. [34], the target space of operating points of the ICE 

for the THS concept is represented by a curve, which is obtained during experimental 

campaigns of the average vehicle use: although it is close to the minimum BSFC line, it 

does not correspond to it and this suggests once again that the tank-to-wheel efficiency 

rather than the ICE efficiency alone would determine the best operation of the ICE for 

the power-split hybrid concept.  

2.3.2.1. Rule-Based Control strategy 

The RBC control strategy implemented for the power-split HEV is a combination of 

the thermostat and power follower RBC types. In fact, the power output of the ICE and 

EM is decided mainly on the traction power demand and the battery SoC level is the 

most important parameter which decides the switching between the operating modes. 

Similar to the case of the P2-parallel HEV [14], the RBC control is structured with a state 

machine: the main operating modes are given as states and the transitions between 

them are governed by precise rules. 

The following Table 2 and Table 3 give information regarding the actuation of the 

ICE, EM1 and EM2 for each state and the transition rules. The signal of the desired power 

𝑃 𝑒𝑠 is calculated by the driver PID control. The type of control strategy, as can be 

inferred from Table 2, is engine-centric, which means that when running under the “HEV 

drive” mode the entire driver power demand is addressed to the ICE and EM2 has the 

task to complement it, since not all the power produced by the ICE is actually output at 

the ring gear. However, during a braking event the ICE can only produce enough power 

to win the mechanical friction losses and to recharge the battery (𝑃𝑐ℎ𝑎𝑟𝑔𝑒 + 𝑃𝑙𝑜𝑠𝑠𝑒𝑠): 

𝑃 𝑒𝑠 is set equal to the regenerative braking power as calculated by the regenerative 

braking system (RBS) controller. The ICE power should always be lower than its rated 

maximum power output 𝑃   
𝑚𝑎𝑥. Also, it should be greater than a minimum value 𝑃   

𝑚𝑖𝑛 

which is to be calibrated so to avoid inefficient use of the engine. At any instant, also the 

mechanical constraints of the two electric machines are satisfied. 

The sub-states “boost” and circulation” are reported to indicate that under “HEV 

drive” mode, according to the speed of EM1 and the power output of the ICE, it may 

happen that EM2 outputs positive power to aid the ICE (boost), or it may exert a negative 

power to absorb the extra ICE power output with respect to the one required at the 

wheels (circulation). Moreover, as already discussed, the EV drive mode can be 



performed by EM2 alone, or by EM2 and EM1 simultaneously, since when the ICE is 

grounded, the planet gears behave as idler gears. However, the rated power of EM2 is 

enough to cope with the usual demand over a WLTC driving cycle.  

It can be noted that there is no state which enables battery recharging when the 

vehicle is stopped: in this way, the battery SoC level can be sustained only through an 

adequate control when the vehicle is moving. The vehicle starts moving under EV mode, 

unless the battery SoC is below a given threshold 𝑆𝑜𝐶𝑚𝑖𝑛: its value can be calibrated and 

it may be higher than the lower boundary of the admissible SoC range (0.4-0.8). When 

the ICE is to be switched on, “ICE start” state is enabled and the clutch that grounds the 

engine is opened. The power request to recharge the battery 𝑃𝑐ℎ𝑎𝑟𝑔𝑒 is produced by a 

PID controller whose proportional and integral factor must be tuned (𝐾 
𝑆𝑜 , 𝐾𝑃

𝑆𝑜 ).  

Table 2.  RBC strategy for the power-split HEV: main states of operation. 𝑻𝒅𝒆𝒔 – desired driver 

torque demand, 𝑷𝒅𝒆𝒔 – desired driver power demand,  𝑷𝒍𝒐𝒔𝒔𝒆𝒔 – estimated mechanical power losses of 

the transmission, 𝑷𝒓𝒊𝒏𝒈 – ring output power, 𝑷𝑰𝑪𝑬
𝒊𝒅𝒍𝒆 – ICE power output at idle, 𝑷𝒄𝒉𝒂𝒓𝒈𝒆 – battery 

charging power request, 𝑷𝑰𝑪𝑬
𝒎𝒊𝒏 – minimum ICE power, 𝑷𝑰𝑪𝑬

𝒎𝒂𝒙 – maximum ICE power. 

State EM1 torque EM2 power ICE power 

Vehicle 

Stop 
0 0 0 

EV drive 

max
𝑇𝑑𝑒𝑠>0

[(𝑇𝑑𝑒𝑠

− 𝑇𝐸𝑀2), 0] 
𝑃𝑑𝑒𝑠 − 𝑃𝑟𝑖𝑛𝑔 + 𝑃𝑙𝑜𝑠𝑠𝑒𝑠 0 

min
𝑇𝑑𝑒𝑠<0

[(𝑇𝑑𝑒𝑠

− 𝑇𝐸𝑀2), 0] 

ICE start 𝑇𝐸𝑀1 𝑃𝑑𝑒𝑠 − 𝑃𝑟𝑖𝑛𝑔 + 𝑃𝑙𝑜𝑠𝑠𝑒𝑠 𝑃𝐼𝐶𝐸
𝑖𝑑𝑙𝑒 

HEV drive 𝑇𝐸𝑀1 𝑃𝑑𝑒𝑠 − 𝑃𝑟𝑖𝑛𝑔 

min [max[(𝑃 𝑒𝑠 > 0)

+ 𝑃𝑐ℎ𝑎𝑟𝑔𝑒

+ 𝑃𝑙𝑜𝑠𝑠𝑒𝑠, 𝑃   
𝑚𝑖𝑛] , 𝑃   

𝑚𝑎𝑥] 

 

Table 3. RBC strategy for the power-split HEV. Rules for the transitions between the states. 𝒗𝒗𝒆𝒉,𝒅𝒆𝒔 – 

desired vehicle speed, 𝒗𝑬𝑴𝟐,𝒎𝒂𝒙 – maximum vehicle speed to enable EV drive, 𝑺𝒐𝑪𝒎𝒊𝒏 – minimum 

battery SoC, 𝑺𝒐𝑪𝒄𝒉𝒂𝒓𝒈𝒆,𝒎𝒂𝒙 – maximum battery SoC, ∆𝒕 – time spent in a state, ∆𝒕𝒎𝒊𝒏
𝑰𝑪𝑬  – minimum time 

for engine continuous operation. 

 States transitions rules 

1 Vehicle Stop 

– EV drive 
𝑣𝑣𝑒ℎ,𝑑𝑒𝑠 > 0 AND 𝑆𝑜𝐶 >

𝑆𝑜𝐶𝑚𝑖𝑛 

2 Vehicle Stop 

– ICE start 
𝑣𝑣𝑒ℎ,𝑑𝑒𝑠 > 0 AND 𝑆𝑜𝐶 ≤

𝑆𝑜𝐶𝑚𝑖𝑛 



 

3 EV drive – 

Vehicle Stop 
𝑣𝑣𝑒ℎ,𝑑𝑒𝑠 = 0 

4 EV drive – 

ICE start 
𝑣𝑣𝑒ℎ,𝑑𝑒𝑠 > 0 AND (𝑣𝑣𝑒ℎ ≥

𝑣𝐸𝑀2,𝑚𝑎𝑥 OR 𝑆𝑜𝐶 ≤ 𝑆𝑜𝐶𝑚𝑖𝑛 

OR 𝑃𝑑𝑒𝑠 > 𝑃𝐸𝑀2,𝑚𝑎𝑥) 

5 ICE start – 

Vehicle Stop 
𝑣𝑣𝑒ℎ,𝑑𝑒𝑠 = 0 

6 ICE start – 

EV drive 
∆𝑡 > 5 AND 𝜔𝐼𝐶𝐸

𝑎𝑐𝑡 < 𝜔𝐼𝐶𝐸
𝑖𝑑𝑙𝑒 

AND 𝑣𝑣𝑒ℎ,𝑑𝑒𝑠 > 0 

7 ICE start – 

HEV drive 
𝜔𝐼𝐶𝐸
𝑎𝑐𝑡 > 𝜔𝐼𝐶𝐸

𝑖𝑑𝑙𝑒 AND 𝑣𝑣𝑒ℎ,𝑑𝑒𝑠 >

0 

8 HEV drive – 

Vehicle Stop 
𝑣𝑣𝑒ℎ,𝑑𝑒𝑠 = 0 

9 HEV drive – 

EV drive 

∆𝑡 > ∆𝑡𝑚𝑖𝑛
    AND 𝑆𝑜𝐶 ≥

𝑆𝑜𝐶𝑐ℎ𝑎𝑟𝑔𝑒,𝑚𝑎𝑥 AND 𝑣𝑣𝑒ℎ <

𝑣𝐸𝑀2,𝑚𝑎𝑥 AND 𝑃𝑑𝑒𝑠 <

𝑃𝐸𝑀2,𝑚𝑎𝑥 AND 𝑣𝑣𝑒ℎ,𝑑𝑒𝑠 > 0 

10 HEV drive – 

ICE start 
𝑣𝑣𝑒ℎ,𝑑𝑒𝑠 > 0 AND 𝑆𝑜𝐶 ≤

𝑆𝑜𝐶𝑚𝑖𝑛 

2.3.2.2. Adaptive Equivalent Consumption Minimization Strategy 

The concept behind ECMS is the minimization of the equivalent fuel consumption, 

which was originally developed for the parallel HEV concept [40], but it can also be 

applied for the power-split HEV. The equivalent fuel consumption considers the mass of 

fuel that is actually consumed by the ICE to produce power and an equivalent fuel mass 

that involves the power produced by EMs. In fact, since HEVs cannot be recharged 

externally as PHEVs, the battery energy is in the end provided by the ICE and through 

regenerative braking. The equivalent fuel consumption is thus expressed as follows: 

�̇�𝑓𝑢𝑒𝑙 𝑒𝑞𝑣 = �̇�𝑓𝑢𝑒𝑙    + �̇�𝐵𝑎𝑡𝑡 = �̇�𝑓𝑢𝑒𝑙 + 𝑠𝑒𝑞𝑣
𝑃𝐵𝑎𝑡𝑡
𝑄𝐿𝐻𝑉

(5) 

�̇�𝑓𝑢𝑒𝑙     is the fuel burnt by the ICE to move the vehicle and it is proportional to the ICE 

power output 𝑃   ; �̇�𝐵𝑎𝑡𝑡 is the equivalent fuel mass used to sustain the battery SoC 

level that can be formulated by considering the battery power output 𝑃𝐵𝑎𝑡𝑡 that is 

multiplied by the low heating value of the fuel 𝑄𝐿𝐻𝑉 and at last it is scaled by the 

equivalence factor 𝑠𝑒𝑞𝑣, which must be calibrated. To explicitly consider the efficiency 

of the ICE, 𝑃    must be calculated with the fuel mass-flow rate and the low heating 

value:
𝑃   = 𝑄𝐿𝐻𝑉�̇�𝑓𝑢𝑒𝑙    (6) 
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On the other hand, 𝑃𝐵𝑎𝑡𝑡 is related to the power output of the two electric machines 

EM1 and EM2: 

𝑃𝐵𝑎𝑡𝑡 = 𝑃   (𝜂   𝜂𝑏𝑎𝑡𝑡)
𝑥 + 𝑃  2(𝜂  2𝜂𝑏𝑎𝑡𝑡)

𝑦 (7) 

The exponents 𝑥 and 𝑦 are equal to −1 when the EM discharges the battery, 

otherwise they equal to 1. At this point, equation (5) can be written in its full form in 

terms of powers: 

𝑃𝑓𝑢𝑒𝑙 𝑒𝑞𝑣 = 𝑄𝐿𝐻𝑉�̇�𝑓𝑢𝑒𝑙    + 𝑠𝑒𝑞𝑣(𝑃   (𝜂   𝜂𝑏𝑎𝑡𝑡)
𝑥 + 𝑃  2(𝜂  2𝜂𝑏𝑎𝑡𝑡)

𝑦) (8) 

In the power-split HEV powertrain, 𝑃  2 = 𝑃 𝑒𝑠 − 𝑃𝑟𝑖𝑛𝑔 (𝑃 𝑒𝑠 is the driver power 

demand reduced at the final-drive input). Equation (8) therefore becomes: 

𝑃𝑓𝑢𝑒𝑙 𝑒𝑞𝑣 = 𝑄𝐿𝐻𝑉�̇�𝑓𝑢𝑒𝑙    + 𝑠𝑒𝑞𝑣(𝑃   (𝜂   𝜂𝑏𝑎𝑡𝑡)
𝑥 + (𝑃 𝑒𝑠 − 𝑃𝑟𝑖𝑛𝑔)(𝜂  2𝜂𝑏𝑎𝑡𝑡)

𝑦) (9) 

The previous formula must be further handled: the objective is to explicitly write the 

instantaneous cost function of the ECMS problem as a function of the main control 

variables. It is known that EM1 is used to regulate the ICE regime, hence its speed is a 

control variable, but in terms of design of the control algorithm, it is equivalent to 

choosing the ICE speed 𝜔   , since they are kinematically related. Moreover, this choice 

presents an advantage that will be later discussed. The other control variable is the ICE 

torque 𝑇   . In fact, the ICE operating point can be suitably decided at any instant, 

provided the mechanical and electrical limitations of the powertrains are always 

satisfied. The characteristic relations of the power-split transmission are here recalled 

for clarity: 

{
  
 

  
 𝜔   =

(𝜔   + 𝐾𝜔𝑟𝑖𝑛𝑔)

(𝐾 + 1)

𝑇   = −
𝑇   

(𝐾 + 1)
𝜂𝑝𝑙𝑎𝑛𝑒𝑡𝑠−𝑠𝑢𝑛

𝑇𝑟𝑖𝑛𝑔 =
𝐾

𝐾 + 1
𝑇   𝜂𝑝𝑙𝑎𝑛𝑒𝑡𝑠−𝑟𝑖𝑛𝑔

(10) 

Therefore, the system of equations (10) is used to derive the formula for 𝑃    and 

𝑃𝑟𝑖𝑛𝑔. The angular speed 𝜔𝑟𝑖𝑛𝑔 is equal to the driveshaft speed and it is related to the 

vehicle speed via the final-drive ratio and the wheel radius. 

𝑃   = −
𝑇   

(𝐾 + 1)
𝜂𝑝𝑙𝑎𝑛𝑒𝑡𝑠−𝑠𝑢𝑛[𝜔   (𝐾 + 1) − 𝐾𝜔𝑟𝑖𝑛𝑔] (11) 

𝑃𝑟𝑖𝑛𝑔 = 𝑇𝑟𝑖𝑛𝑔𝜔𝑟𝑖𝑛𝑔 =
𝐾

𝐾 + 1
𝑇   𝜂𝑝𝑙𝑎𝑛𝑒𝑡𝑠−𝑟𝑖𝑛𝑔𝜔𝑟𝑖𝑛𝑔 (12) 

Finally, the previous relations are substituted into equation (9) to result into the 

instantaneous cost function employed in the ECMS algorithm. 

The ECMS-based control algorithm evaluates the instantaneous cost function for 

different candidate control pairs (𝜔   
𝑖 , 𝑇   

𝑖 ) which are selected from a pool of feasible 

solutions, which must satisfy several constraints. It is now easy to grasp the benefit of 

using 𝜔    in place of 𝜔    for the control variable: the power-split architecture of 



interest has a clutch to ground the carrier of the planetary transmission when the ICE is 

shut-off, for example during the electric-drive mode. In this case 𝜔   = 0 and 𝑃   =

0, but 𝜔    would still rotate. Therefore, the use of 𝜔    as the second control variable 

allows to avoid the use of another control variable that should consider the clutch 

activation. 

All the constraints are listed below. The torque limitations for both EM1 and EM2 

are calculated at each instant by interpolation on the respective torque-speed maps: 

indeed, as the rotational speed (EM1) and torque (EM1, EM2) depend on the set ICE 

operating point, the EMs torque boundaries are calculated for all the possible power 

flows of the powertrain, defined by each candidate control pair. It is also assumed that 

the EM2 is correctly designed to sustain the vehicle speed range of the driving cycle 

(𝜔  2 ∈  [𝜔  2,𝑚𝑖𝑛, 𝜔  2,𝑚𝑎𝑥]): anyway, this aspect was considered in the preliminary 

design phase: 

1. 𝜔    s.t. 𝜔   ∈  [0, … , 𝜔   ,𝑚𝑎𝑥] 

2. 𝑇   (𝜔   
𝑖 ) s.t. 𝑇   (𝜔   

𝑖 )  ∈  [𝑇   
𝑚𝑖𝑛(𝜔   

𝑖 ), … , 𝑇   
𝑚𝑎𝑥(𝜔   

𝑖 )] 

3. 𝜔    s.t. 𝜔   ∈  [𝜔   ,𝑚𝑖𝑛, 𝜔   ,𝑚𝑎𝑥] 

4. 𝑇   (𝜔   
𝑖 ) s.t. 𝑇   (𝜔   

𝑖 )  ∈  [𝑇   
𝑚𝑖𝑛(𝜔   

𝑖 ), … , 𝑇   
𝑚𝑎𝑥(𝜔   

𝑖 )] 

5. 𝑇  2(𝜔  2
𝑖 ) s.t. 𝑇  2(𝜔  2

𝑖 )  ∈  [𝑇  2
𝑚𝑖𝑛(𝜔  2

𝑖 ), … , 𝑇  2
𝑚𝑎𝑥(𝜔  2

𝑖 )] 

Each candidate control pair must satisfy the power balance, given the power request by 

the driver: 

𝑃   + 𝑃   + 𝑃  2 − 𝑃 𝑒𝑠 = 0 (14) 

It must be noted that in case of a braking event (i.e. 𝑃 𝑒𝑠 < 0), 𝑃 𝑒𝑠 is not set equal 

to the total requested braking power (which also includes the mechanical friction 

brakes’ power demand), but only the regenerative braking power that can be actuated 

by EM2, as it is calculated by the RBS controller. Also, the battery charging and 

discharging power limitations influence the operating range of both EM1 and EM2, in 

fact the BMS logic may limit the power flow of EM1 and EM2 when they are working 

simultaneously. This aspect is taken care of at a lower level than the ECMS one as it was 

already explained for the RBC control strategy. Eventually, the cost function (equation 

9) is calculated for the resulting admissible pairs (𝜔   
𝑖 , 𝑇   

𝑖 ) and the optimal control 

pair is found (𝜔   
𝑜𝑝𝑡
, 𝑇   

𝑜𝑝𝑡
). The control-strategy that has been described so far was 

implemented in Simulink.  

A penalty function is added to avoid too high oscillation of the ICE power output and 

it is formulated with a quadratic function, explained in equation: 

𝑝(∆𝑃   (𝑡)) =  𝛾 (
𝑃   
𝑖 − 𝑃   

𝑎𝑐𝑡

∆𝑃   
𝑎 𝑚 )

2𝑡

(16) 

where 𝛾 is the weight factor (its order of magnitude is usually 103), 𝑃   
𝑎𝑐𝑡 is the current 

ICE power output, ∆𝑃   
𝑎 𝑚 the admissible power deviation (it is not set higher than 10 

kW per second), 𝑡 is the order of the penalty term which has been set to 1. As indicated 



by the superscript “i”, a different value of the penalty is associated to each candidate 

control couple (𝜔   
𝑖 , 𝑇   

𝑖 ). In addition, also a constraint on the ICE state is 

implemented, which means that the ICE must continuously produce power for a 

minimum time interval: during this period of time, the control candidates which either 

have 𝜔   
𝑖 = 0, or 𝑇   

𝑖 = 0 are discarded from the pool of admissible control cadidates.  

When, the objective is the reduction of the engine-out emissions, the ICE operating 

points should be moved towards the RCCI region. Consequently, a penalty on the NOx 

emissions is incorporated in the same fashion of the P2-parallel HEV control strategy 

[14]. 

𝑝 (𝑁𝑂𝑥(𝑡)) = 𝛽 (
|𝑁𝑂𝑥𝑚𝑖𝑛 − 𝑁𝑂𝑥(𝑢(𝑡), 𝑡)|

𝑁𝑂𝑥𝑚𝑎𝑥 − 𝑁𝑂𝑥𝑚𝑖𝑛
)

2𝑟

(17) 

The calibration of the equivalence factor is a fundamental task in order to obtain the 

most convenient SoC trajectory: 

𝑠(𝑆𝑜𝐶, 𝑡) = 𝑠0 (1 − (
𝑘𝑃(𝑆𝑜𝐶(𝑡) − 𝑆𝑜𝐶𝑟𝑒𝑓)

∆𝑆𝑜𝐶𝑛𝑜𝑟𝑚 2⁄
)

𝑞

) (18) 

where 𝑠0 is the constant equivalence factor, which is calibrated off-line for a driving cycle 

so that final SoC target is achieved. The term within the brackets is a penalty function 

based on battery SoC feedback signal, and the two parameters 𝑘𝑃 and 𝑞 can be tuned 

to adjust the severity of the penalty. ∆𝑆𝑜𝐶𝑛𝑜𝑟𝑚 = 0.6 ± 0.2 is the desired SoC range. 

Due to this formulation of the equivalence factor, the ECMS-based algorithm is also 

named adaptive-ECMS. 

The desired calibration is performed through iterative search. In addition, the weight 

factor of the penalty applied on NOx emissions, 𝛽, is to be calibrated to reduce as much 

as possible the NOx and soot engine-out emissions. 



 

Figure 4 – Schematic of the control model structure of the power-split HEV. 

Figure 4 shows a schematic of the powertrain control logic. Within the virtual 

supervisory energy management control unit, there can be found the ECMS optimization 

block and the state coordinator. The ECMS block produces the optimal desired torque 

and speed signals to control the ICE; these signals are sent to the supervisory state 

coordinator that has the task of coordinating the control signals to the actuators (EM1, 

EM2, ICE), depending on the state of the vehicle. In particular, when the ICE is switched 

off and the ECMS requests positive power to the ICE, the state coordinator has the task 

to first enter the “ICE start” state if the engine speed is below idle: in this way the EM1 

is actuated so that it can drag the ICE up to the minimum required idle speed to enable 

the ICE fueling. Table 5 and Table 6 give an overview of the operative states and rules 

used to coordinate the powertrain.  

Table 4. State Coordinator: main states of operation of the powertrain and actuation control signals. 

𝑻𝒅𝒆𝒔 – desired driver torque demand, 𝑷𝒅𝒆𝒔 – desired driver power demand, 𝑷𝒇𝒓𝒊𝒄𝒕𝑩𝒓𝒂𝒌𝒆 – mechanica 

frictionl brakes power, 𝑷𝒍𝒐𝒔𝒔𝒆𝒔 – estimated mechanical power losses of the transmission, 𝑷𝒓𝒊𝒏𝒈 – ring 

output power, 𝑷𝑰𝑪𝑬
𝒊𝒅𝒍𝒆- ICE power output at idle. 

State EM1 torque EM2 power ICE power ICE speed 

Vehicle 

Stop 
0 0 0 0 

Supervisory control
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controller

EM2 
controller

EM2EM1
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𝑇   𝑃  2
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𝑜𝑝𝑡
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𝑜𝑝𝑡

ECU
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𝑎𝑐𝑡
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𝑎𝑐𝑡
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𝑎𝑐𝑡

𝑇   
𝑜𝑝𝑡

Driver power demand
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𝑜𝑝𝑡



EV drive 

max
𝑇𝑑𝑒𝑠>0

[(𝑇𝑑𝑒𝑠

− 𝑇𝐸𝑀2), 0] 
𝑃𝑑𝑒𝑠 − 𝑃𝑓𝑟𝑖𝑐𝑡𝐵𝑟𝑎𝑘𝑒 + 𝑃𝑙𝑜𝑠𝑠𝑒𝑠 0 0 

min
𝑇𝑑𝑒𝑠<0

[(𝑇𝑑𝑒𝑠

− 𝑇𝐸𝑀2), 0] 

ICE start 𝑇𝐸𝑀1 𝑃𝑑𝑒𝑠 − 𝑃𝑓𝑟𝑖𝑐𝑡𝐵𝑟𝑎𝑘𝑒 + 𝑃𝑙𝑜𝑠𝑠𝑒𝑠 𝑃𝐼𝐶𝐸
𝑖𝑑𝑙𝑒 𝜔   

𝑖 𝑙𝑒 

HEV drive 𝑇𝐸𝑀1 
𝑃𝑑𝑒𝑠 − 𝑃𝑟𝑖𝑛𝑔 − 𝑃𝑓𝑟𝑖𝑐𝑡𝐵𝑟𝑎𝑘𝑒

+ 𝑃𝑙𝑜𝑠𝑠𝑒𝑠 

𝑃𝐼𝐶𝐸
𝑜𝑝𝑡

= 𝜔𝐼𝐶𝐸
𝑜𝑝𝑡

∗ 𝑇𝐼𝐶𝐸
𝑜𝑝𝑡

 
𝜔𝐼𝐶𝐸
𝑜𝑝𝑡

 

 

Table 5.  State Coordinator: description of the conditions for the transitions between the states. 

State Coordinator States transitions descriptions 

 

1 Vehicle Stop – EV 

drive 
𝑣𝑣𝑒ℎ, 𝑒𝑠 > 0 AND 𝑃   

𝑜𝑝𝑡
= 0 

2 Vehicle Stop – ICE 

start 
𝑣𝑣𝑒ℎ, 𝑒𝑠 > 0 AND 𝑃   

𝑜𝑝𝑡
> 0 AND 

𝜔   
𝑎𝑐𝑡 < 𝜔   

𝑖 𝑙𝑒  

3 EV drive – Vehicle 

Stop 
𝑣𝑣𝑒ℎ, 𝑒𝑠 = 0 

4 EV drive – ICE start 𝑣𝑣𝑒ℎ, 𝑒𝑠 > 0 AND 𝑃   
𝑜𝑝𝑡

> 0 AND 

𝜔   
𝑎𝑐𝑡 < 𝜔   

𝑖 𝑙𝑒  

5 ICE start – Vehicle 

Stop 
𝑣𝑣𝑒ℎ, 𝑒𝑠 = 0 

6 ICE start – HEV 

drive 
𝑣𝑣𝑒ℎ, 𝑒𝑠 > 0 AND 𝑃   

𝑜𝑝𝑡
> 0 AND 

𝜔   
𝑎𝑐𝑡 > 𝜔   

𝑖 𝑙𝑒  

7 HEV drive – Vehicle 

Stop 
𝑣𝑣𝑒ℎ, 𝑒𝑠 = 0 

8 HEV drive – EV 

drive 
𝑣𝑣𝑒ℎ, 𝑒𝑠 > 0 AND 𝑃   

𝑜𝑝𝑡
= 0 

3. Results 
3.1. Vehicle components sizing 

The DP algorithm was used together with a DoE analysis to sweep through the design 

parameters of interest to look for the optimal sizing of the powertrain components. 

Furthermore, the design procedure through DP was split in two phases, given the high 

number of parameters: the first phase involves a sweep through 𝐾 and 𝜏𝐹𝐷; the second 

phase uses the best solution of the first phase and explores the combinations of 

𝑓𝑠𝑐𝑎𝑙𝑒,   , 𝑓𝑠𝑐𝑎𝑙𝑒,  2 and 𝑁𝑝. The optimal design study is performed for both the fuel-

economy than emissions-reduction cases.  

EV drive

Vehicle 
Stop

HEV drive

ICE start

2

5

1

3

4

6

7

8



As explained in section 2.3, the optimal control operation of the power-split HEV is 

enacted through the speed and the torque of the ICE. The distribution of the ICE 

operating points for the best solutions of the fuel-economy and emissions-reduction 

scenarios can be seen in Figure 5: the minimum BSFC and BSNOx lines are also displayed 

to highlight the fact that forcing the ICE operation onto those lines would unlikely lead 

to optimal results. 

 

 

(a) (b) 

Figure 5  – ICE operating points distribution for the best solutions found in the first optimization phase: 
(a) fuel-economy optimization; (b) emissions-reduction optimization. 

The results of the first optimization phase are reported in Figure 6 (fuel economy 

optimization) and Figure 7 (emissions-reduction). In the latter, the emission levels for 

NOx are less than half the Euro 6 limit (¡Error! No se encuentra el origen de la 

referencia. 6b). Furthermore, for the fuel-economy optimization, the soot emissions 

maximum levels were 2.6x10-3 g/km, but with the emissions-reduction strategy they 

reached ultra-low levels below 4x10-4 g/km. Given that the emissions levels were 

compliant with the regulations for all the studied cases with DoE, the selection of the 

optimal configuration for the emissions-reduction scenario was based on the fuel 

consumption (Figure 7a).  

  

(a) (b) 

Figure 6 – DoE analysis results of the 1st phase of the fuel-economy optimal design procedure with 
dynamic programming. The best solution is encircled in red. 

4.37 L/100km



 

 

(a) (b) 

Figure 7 – DoE analysis results of the 1st phase of the emissions reduction optimal design procedure 
with dynamic programming. The best NOx emissions solution is encircled in red; the best fuel-economy 

solution is encircled in green. 

To summarize the results, Table 4.6 reports the best configurations of (𝐾, 𝜏𝐹𝐷) for 

the fuel-economy and emissions-reduction optimal strategies. 

Table 6. Best setup of planetary gear-train and final drive transmission ratios, determined through DoE 
analysis for the fuel economy and emissions-reduction strategies. 

Free control variables in DP Fuel-economy optimization Engine-out emissions 

minimization 

𝑇𝐼𝐶𝐸, 𝑛𝐼𝐶𝐸 
𝐾 = 1.9 

𝜏𝐹𝐷 = 3.6 

𝐾 = 2.3 

𝜏𝐹𝐷 = 3.6 

 

It must be noted (Figure 6a) that in the fuel-economy optimization, the fuel 

consumption variation for different values of 𝐾, at the resultant best 𝜏𝐹𝐷, is almost 1 %. 

Also, the fuel consumption for the nearest explored configurations of 𝜏𝐹𝐷 increases by 

1 %. Moreover, both parameters influence the vehicle performance and in particular 

higher values of 𝜏𝐹𝐷 improve the vehicle hybrid boost mode at the low vehicle speeds, 

even though 𝐾 has a smaller effect. However, too high values of 𝜏𝐹𝐷 decrease the 

maximum vehicle speed. The vehicle hybridization with the power-split architecture is 

less capable of improving the vehicle performances as it occurred with the P2-parallel 

one. Even though this is not the objective of this work, the vehicle baseline 

characteristics should not be excessively altered (i.e. deteriorated). Furthermore, it can 

be noted from Figure 8, that the HEV powertrain under study cannot rival the 

conventional ICE-powered vehicle at the low speeds, but this is due to the high 

multiplication ratio of the ICE torque output to the wheels, given by the combined effect 

of the OEM transmission ratio of the first gear of the six-speed gearbox and the fixed 

final drive transmission ratio. For this reason, the choice of the best configuration for 

the planetary transmission ratio and the final drive ratio in this scenario is made by also 

4.99 L/100km

0.033 g/km



considering this aspect (i.e. torque capability) and to reduce the gap with the baseline 

ICE-powered platform. At last, 𝜏𝐹𝐷 is set to 3.6, while 𝐾 to 2.7. The fuel consumption 

corresponding to this case is 4.38 L/100km, that is 0.45 % higher with respect to the best 

solution found with the DoE study. In this way, the same setup can also be applied for 

the emissions-reduction strategy and also in this case there is a marginal increase in fuel 

consumption (less than 1 %), the engine-out emissions are anyway still very good. 
  

(a) (b) 
Figure 8 – Power-split HEV performance map: (a) 𝑲 and 𝝉𝑭𝑫 resulting from the fuel-economy DoE 

optimization; (b) upgrade of 𝑲 and 𝝉𝑭𝑫 to improve the vehicle torque capability. The black continuous 
curves represent the tractive torque output of the baseline ICE-powered vehicle, equipped with a six-

speed transmission. 

The second phase of the optimal sizing procedure is to choose EM1 and EM2 and the 

battery size (the number of parallel connections 𝑁𝑝 is the only design variable). As 

explained in the previous paragraph, the two strategies are now tested for fixed values 

of 𝐾 and 𝜏𝐹𝐷, set to 2.7 and 3.6, respectively. 

Figure 9 reports the results for the fuel-economy strategy. A power rating below 38 

kW for EM2 is not enough to satisfy the power demand at the wheels. Overall, there is 

a maximum variation of fuel consumption of about 2 % for the different sizes of EM1 

and EM2, and the best solution can be found when the sizes of EM1 and EM2 are smaller 

than the original ones. However, as previously highlighted, the vehicle performances 

should not be excessively altered and for this reason the size of EM2 is maintained equal 

to the baseline value. Furthermore, the effect of increasing the number of parallel 

connections for the battery pack improves the overall trend: it appears to have a positive 

effect on the charge power voltage limitation (19) hence it allows greater charging 

power input to the battery.  

𝑃𝑐ℎ𝑎𝑟𝑔𝑒,𝑉𝑚𝑎𝑥 = 𝑂𝐶𝑉 (
𝑂𝐶𝑉 − 𝑉𝑚𝑎𝑥,𝑐𝑢𝑡𝑜𝑓𝑓

𝑅0
) − 𝑅0 (

𝑂𝐶𝑉 − 𝑉𝑚𝑎𝑥,𝑐𝑢𝑡𝑜𝑓𝑓

𝑅0
)
2

(19) 

In fact, by increasing the number of parallel cells, the internal resistance of the 

battery decreases. Figure 10 better highlights this behavior: the zoomed plot shows one 

event during which the extended charging power limitation on voltage allows more 

power to be input to the battery when 4 parallel cells are used in place of 3. At last, the 

bigger battery pack allows on average almost 9 % more charging power. However, 



compared to the first phase of the design procedure, if the number of parallel cells is 

increased to 4 and the sizes of EM1 and EM2 are not changed, there is an overall 

improvement in fuel consumption that is lower than 1% (Figure 9). The same result also 

applies if the size of EM1 is reduced as suggested by the contour plots. In truth, the 

choice for a larger number of parallel connections would consider battery ageing effects 

as well, but this aspect is not accounted for in this work. For this reason, it was finally 

chosen to maintain the original sizes of these two components. 

  

(a) (b) 
Figure 9 – DoE analysis results of the 2nd phase of the fuel-economy optimal design procedure with 
dynamic programming. (a) Fuel consumption; (b) NOx emissions. All the dots represent the analyzed 

cases: blue dots are feasible; the red ones are infeasible. 

 

Figure 10 - Battery power limitation signals in two situations: the continuous and dashed lines refer to a 
number of parallel cells equal to 3, and 4 respectively. The same color is used to plot similar quantities. 

 



 

 

(a) (b) 

Figure 11 – DoE analysis results of the 2nd phase of the emissions-oriented optimal design procedure for 
𝛃 = 𝟏𝟎𝟎𝟎. (a) Fuel consumption; (b) NOx emissions. All the dots represent the analyzed cases: blue 

dots are feasible; the red ones are infeasible. 

In the emissions-reduction case the results are very similar to those obtained with 

the first phase of the design procedure (NOx = 0.032 g/km). Both the sizes of EM2 and 

of the battery pack (i.e. the number of parallel cells) have a negligible effect on the fuel 

consumption and emissions. The optimal design would prescribe a reduced size for EM1 

since the power output by the ICE which can be absorbed by the EM1 is constrained in 

the RCCI region. 

In general, it can be noticed that the Euro VI limits are amply satisfied (soot emissions 

score at maximum 2.4*10-4 g/km). For the same emissions-reduction scenario, the P2-

parallel HEV scored a fuel consumption equal to 4.72 L/100km while NOx emissions 

were equal to 0.057 g/km (soot emissions 6*10-4 g/km) [14]. For this reason, the penalty 

on the NOx emissions could be softened to improve a little bit the fuel consumption. 

Hence, after some iterations it was found that a good compromise is achieved when the 

DP penalty factor for NOx engine-out emissions β is set to 100: the new results of the 

DoE analysis are reported in Figure 12. With a lower NOx penalty, the fuel consumption 

is equal to 4.82 L/100 km, instead of 5.1 L/100 km, when EM1 and EM2 are set to 30 and 

50 kW respectively (different battery sizes do not change the result significantly). 
  



(a) (b) 

Figure 12 – DoE analysis results of the 2nd phase of the emissions-oriented optimal design procedure for 
𝛃 = 𝟏𝟎𝟎. ICE speed and torque are free control variables. (a) Fuel consumption; (b) NOx emissions. All 

the dots represent the analyzed cases: blue dots are feasible; the red ones are infeasible. 

3.2. Operation optimization with on-line energy management strategies 

This section assesses the problem of the on-line control for a power-split HEV 

equipped with the dual-mode RCCI-CDC engine. The analysis is equivalent to that made 

for the P2-parallel HEV: the RBC and the aECMS are tested. Both control approaches are 

employed to exploit the best fuel-economy capability of the vehicle and the best 

emissions-reduction potential.  The power-split HEV powertrain presents more 

challenges compared to the P2-parallel HEV, but especially the sub-optimal strategy 

(aECMS) offers an analytical way to tackle the control problem, finally proving to be 

superior to RBC. Furthermore, the possibility to gain both the advantages of the parallel 

and series HEV architectures, stimulates the interest to investigate whether under real-

time operation the power-split HEV is able to effectively reduce the engine-out NOx and 

soot emissions by operating with improved efficacy in the RCCI region of the dual-mode 

RCCI-CDC engine. 

3.2.1. Rule-Based Control strategy 

The power-to-speed curve is a fundamental piece of information for the current 

strategy because it allows to set the operation point of the ICE at any instant: it was built 

by considering the results obtained with DP (Figure 5a). The power-to-speed curves are 

displayed in Figure 13. The fuel-economy oriented strategy is performed by 

implementing the blue curve, which is compared against the minimum BSFC curve 

(dashed blue curve). Since the same design of the control strategy is also used to try to 

minimize the NOx (and soot) engine-out emissions, the ICE should be able to work in the 

RCCI region. For this reason, another power-to-speed curve was created for this case 

(magenta curve). The slight deviation between the power-to-speed curve used for the 

emissions-reduction strategy and the minimum BSNOx curve can be neglected since the 

RCCI region is limited under 3000 rpm (Figure 1). 



 

Figure 13 – Power-to-speed curve for the RBC strategies of the power-split HEV. n-PFC and n-PNOx are 
adopted for the fuel-economy oriented and emissions-reduction oriented strategies respectively. 

The values of all the parameters which have been implemented in the control 

strategy are calibrated via a genetic algorithm in GT-Suite: the target functions are the 

minimization of the fuel consumption and the minimization of the engine-out NOx 

emissions. Furthermore, the deviation between the final and target SoC values should 

not exceed 1%, as well as the upper and lower SoC limits should not be violated. The 

calibration parameters for the two control strategies are reported in Table 6.6. 

Table 7. Best calibration of the control parameters of the RBC strategies. 

RBC 
parameters 

𝑃𝐼𝐶𝐸
𝑚𝑖𝑛 𝑃𝐼𝐶𝐸

𝑚𝑎𝑥 𝑆𝑜𝐶𝑚𝑖𝑛 𝑆𝑜𝐶𝑐ℎ𝑎𝑟𝑔𝑒,𝑚𝑎𝑥 𝑣𝐸𝑀2,𝑚𝑎𝑥 ∆𝑡𝑚𝑖𝑛
𝐼𝐶𝐸  𝐾𝐼

𝑆𝑜𝐶 𝐾𝑃
𝑆𝑜𝐶 

RBC Fuel 
oriented 

21.3 - 0.538 0.71 50 10 46.144 34.308 

RBC 
emissions 
oriented 

19.5 24.1 0.542 0.689 0 0 20.861 5.638 

 

At last, the results are presented in Figure 14 14: the plots show the behavior of the 

main powertrain components when operated under the RBC strategy in the two 

scenarios. 

 

 

 

Fuel-Economy oriented RBC NOx emissions-oriented RBC 



 (a)  (b) 

(c)  (d) 

(e)  (f) 



(g) (h) 

(i) (j) 

(k) (l) 

Figure 14 – Characteristic plots of the optimal calibration for the RBC fuel-economy-oriented strategy 
(left column) and RBC emissions-oriented strategy (right column) for the power-split HEV. 

For the fuel-economy oriented strategy the first thing to be noticed is the 

narrower SoC trajectory compared to the one given by DP (Figure 14a): the battery SoC 

level deviates at maximum 0.05 from the reference value. The battery is discharged 

only during EV drive (Figure 14c), while when in “HEV drive” mode the designed 

strategy makes the ICE operating at high loads, so that its output is usually greater 

than the traction power request and promptly recharges the battery. The EM2 is used 

under input-split boost mode, but it mostly operates in re-circulation mode to absorb 

the extra ICE power. The distribution of points of the ICE (Figure 14g) presents a major 

cluster due to the implementation of the power-to-speed curve that has the purpose 



to control the ICE at an improved tank-to-wheel efficiency, according to the results 

given by DP analysis. 

The RBC emissions-reduction strategy performs very differently from DP. In fact, 

there are still parts of the driving cycle where the engine is shut-off and the vehicle is 

driven in “EV drive” mode. Then, as the SoC reaches the set minimum SoC level, the ICE 

is switched on and it continuously operates for at least 80 s. The distribution of the ICE 

operating points is spread out at the upper edge of the RCCI region. Its speed and torque 

output are kept almost steady (Figure 14d and Figure 14f), quite resembling the behavior 

of the series HEV. Although, the final engine-out NOx emissions are close to being 

compliant with the Euro VI legislation, the fuel consumption is even higher than for the 

conventional vehicle. The clear difference between the obtained SoC trajectory and 

optimal one achieved with DP gives evidence that the powertrain is not being operated 

in the best possible way, further indicating that there is much room for improvement 

for the design of the RBC strategy. 

3.2.2. Adaptive Equivalent Consumption Minimization Strategy 

The results obtained from the design and calibration of the ECMS-based control 

algorithm, are presented for the best fuel-economy and emissions-reduction cases. Also, 

the values of the main calibration parameters are reported in Table 8. 

Table 8. Calibration parameters of the control strategies based on the a-ECMS algorithm. 

 Fuel-economy 

strategy 

NOx-emissions-oriented 

strategy 

Constant equivalence factor 𝑠0 2.34 2.9 

Proportional factor of SoC adaptation 𝐾𝑝 0.4 0.2 

NOx penalty weight factor β 0 3.0*106 

NOx penalty exponent multiplier 𝑟 1 1 

ICE power variation penalty weight factor 5000 5000 

ICE power variation penalty exponent 

multiplier 𝑡 

1 1 

The most significant results for the powertrain operation under the a-ECMS control 

strategy are displayed in Figure 15. It is interesting to note how the operating points are 

clustered when the objective of the ECMS algorithm is to minimize fuel consumption 

(Figure 15g): the distribution resembles the one obtained with DP, hence the operating 

points are close to the minimum BSFC line, but do not exactly match it because the tank-

to-wheel efficiency may not be maximized there. On the other hand, the main 

differences are: operating points falling in the highest load region (i.e. peak torque ~ 

300 Nm); higher density of operating points in the lower efficiency region of the engine 

map (ICE torque and speed less than 100 Nm and 3000 rpm respectively). This behavior 

could not be easily corrected despite the calibration effort of the ECMS parameters, 

together with the design of the penalty functions to smoothen the ICE power output. 



Anyway, in terms of fuel consumption the ECMS is worser than DP by 5 %, which is a 

reasonable deviation because ECMS is not a predictive control strategy and the 

algorithm only implements an adaptation of the equivalence factor based on the 

feedback battery SoC signal. 

Figure 15¡Error! No se encuentra el origen de la referencia.h reports the ICE 

operating points on the BSNOx map when the supervisory control strategy is oriented 

to minimizing the engine-out NOx emissions. The operating points appear to cluster 

within the RCCI region. Also, they distribute at the top boundary of this region to 

enhance the ICE power output, which is severely reduced. In comparison to the P2-

parallel HEV, since the EM coupled to the wheels has a greater torque/power capability, 

and since the ICE is decoupled from the vehicle dynamics, it is possible to a have a tighter 

control of the ICE regime: EM2 can compensate at any time for the power output 

requested at the wheels, while EM1 sets the most convenient ICE speed. 

Fuel-Economy oriented a-ECMS NOx emissions-oriented a-ECMS 

(a)  (b) 

(c)  (d) 



(e)  (f) 

(g) (h) 

(i) (j) 

(k) (l) 



Figure 15 – Characteristic plots of the a-ECMS fuel-economy-oriented strategy (left column) and a-ECMS 
emissions-oriented strategy (right column) for the power-split HEV. 

The fact that the torque output of the ICE is reduced also reflects on the operation 

of EM1 and EM2. Due to the transmission ratio of the planetary geartrain, the torque 

produced in generator mode by EM1 is very low (Figure 15c): the distribution of these 

points is mostly concentrated in the low efficiency region of the EM1 map. This implies 

that the part of ICE power which is absorbed by EM1 undergoes a quite inefficient 

energy transformation with an average loss of 30%. Even though this issue was also seen 

in the analysis made with DP, it suggests that in the end the power-split architecture 

may result less efficient than the P2-parallel one to operate the emissions-reduction 

strategy, despite it is capable of a better control than the latter.  

The EM2 exhibits a quite different behavior when operated under the emissions-

reduction strategy: comparing 15c and 15d, it can be seen that EM2 operates most of 

the time in input-split boost mode and less in recirculation mode. Of course, this is due 

to the need to complement the reduced power output of the ICE as  it is forced to work 

in the RCC region of the map, but even if this observation may seem trivial it actually 

indicates that an adequate size of EM2 is necessary to satisfy the power demand at the 

wheels even for more challenging drives than the WLTC. In this situation, the operating 

points of EM2 (Figure 15l) are distributed more or less in a similar fashion than in the 

fuel-economy case (Figure 15k). 

At last, a final emphasis on the battery SoC trajectories shows that the two strategies 

have an opposite way of operating the powertrain. While the first one (Figure 15a) 

readily discharges the battery to favor pure electrical driving (the first 120 s are run only 

via the EM2), the second one (Figure 15b) switches on the ICE much sooner. The fuel-

economy strategy uses the ICE to refurbish the battery energy content after it has been 

used and it mostly operates at the medium-high loads to improve the efficiency; the 

emissions-reduction strategy switches on the ICE in advance so that when the requested 

torque is greater than the admissible ICE torque for operating in the RCCI region, the 

EM2 can be activated. Furthermore, the SoC deviation is smaller than DP, but again this 

reflects the fact the ECMS does not provide a global optimal solution: while DP optimal 

SoC trajectory is unique, the solution obtained with ECMS may be one of many solutions, 

where the number of feasible solutions depends on the design of the control algorithm, 

but also on the calibration of the control parameters. 

Table 9 gives a conclusive outlook of the fuel consumption and main engine-out 

emissions that are achieved with the power-split HEV controlled via the fuel-economy 

and the emissions-reduction control strategies. 

 

 

 

 



Table 9. Results of the best fuel-economy calibration of the RBC and a-ECMS control strategies, 
compared with the baseline no-hybrid platforms and the results obtained with DP. The percentage 

relative deviations are calculated with respect to the CDC no-hybrid vehicle.  *Euro 6 NOx limits for CI is 
0.080 g/km and Euro 6 Soot is 0.0045 g/km. 

Platform 

Hybrid 

Control 

Strategy 

Fuel 

Consumption 

Relative Fuel 

Consumption 

difference 

NOx 

Emissions 

Relative 

NOx 

difference 

Soot 

Emissions 

Relative 

Soot 

difference 

Unit - [L/100km] [%] [g/km] [%] [mg/km] [%] 

No-hybrid 

CDC 
- 5.65 - 0.48 - 11.0 - 

No-hybrid 

CDC + 

RCCI 

- 5.73 + 1.4 0.31 - 36.3 4.0 - 60 

Power-split 

HEV 

CDC+RCC

I 

DP - FC 4.38 - 22.5 1.27 + 164.4 2.5 - 77.3 

Power-split 

HEV CDC 

+ RCCI 

DP - 

NOx 
4.83 - 14.5 0.04 - 91.5 0.2 - 98 

Power-split 

HEV CDC 

+ RCCI 

RBC - 

FC 
4.78 - 15.4 1.20 + 150 3.5 - 68.2 

Power-split 

HEV CDC 

+ RCCI 

RBC - 

NOx 
5.97 + 5.7 0.07 - 82.5 0.4 - 96.3 

Power-split 

HEV CDC 

+ RCCI 

aECMS 

- FC 
4.66 - 17.5 1.40 + 192.9 2.4 - 78.2 

Power-split 

HEV CDC 

+RCCI 

aECMS 

- NOx 
5.37 - 4.9 0.06 - 86.3 1.1 - 90 

*Marked in red underline the cases that exceed the No-Hybrid CDC fuel consumption or in terms of 

emissions exceed the Euro 6 limits. 

4. Conclusions 

This work has investigated the power-split HEV concept and its performance when 

equipped with the dual-mode RCCI-CDC engine. The power-split HEV is among the most 

diffused powertrain’s architectures and it allows to encompass the advantages of both 

the parallel and series HEV architectures, such as the capability of driving the vehicle 

through the ICE and EMs in parallel, as well as to decouple the ICE from the wheel 

dynamics. However, this comes at the expense of an increased complication due to the 

implementation of the planetary geartrain and an additional EM. 

Similarly, to the P2-parallel HEV, the a-ECMS control strategy appears the most 

promising choice for the supervisory energy management of the vehicle. First of all, its 

analytical approach allows to make it enough flexible to cope with different objective 



functions: the addition of ad-hoc penalty functions is straight-forward and only requiring 

the calibration of an additional weight factor. Of course, this is possible as long as the 

objective functions do not involve different state variables, which would instead make 

the algorithm more intricate. 

The results show that it is possible to reduce the fuel consumption by 17.5% with an 
energy minimization-oriented strategy. In addition, ECMS is more effective to control 
both emissions and fuel economy. If a double target is applied, the fuel consumption is 
reduced to 5% while achieving Euro 6 emissions levels without the need for NOx and 
particulate matter aftertreatment systems. This strongly reduces the total cost of the 
propulsion system compared to a conventional vehicle, thus compensating the cost 
increase due to the hybridization without considering the fuel saving costs. 
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 Abbreviations 

ATS – After-Treatment System LPS – Load Point Shifting 

BTE – Break Thermal Efficiency LTC – Low Temperature Combustion 

CDC – Conventional Diesel Combustion MPRR – Maximum Pressure Rise Rate 

DI – Direct Injection NEDC – New European Driving Cycle 

DOC – Diesel Oxidation Catalyst PFI – Port Fuel Injection 

DP – Dynamic Programming 
RCCI – Reactivity Controlled 
Compression Ignition 

ECMS – Equivalent Consumption 
Minimization Strategy 

RDE – Real Driving Emission cycle 

EGR – Exhaust Gas Recirculation RBC – Rule-Based Control strategy 

EM – Electric Machine 
REESS – Rechargeable Electric Energy 
Storage System 

FHEV – Full Hybrid Electric Vehicle SoC – State of Charge 

GF – Gasoline Fraction THC – Total HydroCarbons 

GM – General Motors 
WLTC – World-wide harmonized Light-
duty Test Cycle 

ICE – Internal Combustion Engine 

 

Appendix A 

In the configuration represented in Figure  the ring gear and the planets internally 

mesh. The previous equations (1) – (10) apply for the HEV architecture represented in 

Figure A1, where the different gears of the planetary transmission are coupled to the 

power units: the sun gear to the EM1, the carrier to the ICE and the ring to the EM2. 

 

 

Figure A1 – Schematic diagram showing the transmission of forces in a planetary transmission. The letters 
s, p, c, r stand for sun, planet, carrier and ring respectively. 

From considerations derived from the gears meshing relationships, the transmission 

ratio 𝐾 between the ring gear and the sun gears can be used to characterize the 

planetary geartrain (a minus sign multiplies the transmission ratio since the primitive 

circumferences of the two gears are external to each other): 

s

r

𝐹𝑠𝑝 𝐹𝑝𝑠

𝐹𝑝𝑟

𝐹𝑟𝑝

𝜔𝑠, 𝑇𝑠

𝜔𝑟 , 𝑇𝑟

p𝜔𝑝
𝜔𝑐 , 𝑇𝑐
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−𝐾 = 𝐾𝑟𝑖𝑛𝑔−𝑝𝑙𝑎𝑛𝑒𝑡 ∗ −𝐾𝑝𝑙𝑎𝑛𝑒𝑡−𝑠𝑢𝑛 =
𝜔𝑠

𝜔𝑟
=
𝑟𝑟

𝑟𝑠
=
𝑧𝑟

𝑧𝑠
=
𝑇𝑟

𝑇𝑠
(𝐴1) 

Hence, using the Willis equation [41] provides the characteristic kinematic 

relation for the planetary transmission: 

𝜔𝑐 =
1

(𝐾 + 1)
𝜔𝑠 +

𝐾

(𝐾 + 1)
𝜔𝑟 (𝐴2) 

Moreover, the dynamic equilibrium on the transmission is useful to derive the 

relationships between the exchanged torques: 

𝑇𝑠 + 𝑇𝑐 + 𝑇𝑟 − 𝑇𝑙𝑜𝑎𝑑 − 𝐽𝑠�̇�𝑠 − 𝐽𝑐�̇�𝑐 − 𝐽𝑟�̇�𝑟 = 0 (𝐴3) 

where 𝑇𝑙𝑜𝑎  is the load torque applied at the transmission output, which corresponds 

to the shaft coupled to the ring gear of the transmission; 𝐽 is the inertia of a gear. Also, 

the power balance can be written as follows: 

(𝑇𝑠 − 𝐽𝑠�̇�𝑠)𝜔𝑠 + (𝑇𝑐 − 𝐽𝑐�̇�𝑐)𝜔𝑐 + (𝑇𝑟 − 𝑇𝑙𝑜𝑎 − 𝐽𝑟�̇�𝑟)𝜔𝑟 = 0 (𝐴4) 

Finally, combining the previous equations and making some simplifications results 

in a relationship between the torque applied on the sun gear and that one applied on 

the carrier gear: 

𝑇𝑠 = 𝐽𝑠�̇�𝑠 −
1

(𝐾 + 1)
(𝑇𝑐 − 𝐽𝑐�̇�𝑐) (𝐴5) 

Equation (5) can be interpreted as the torque which is transferred from the carrier 

to the sun or vice-versa, depending on the power flow: in this mechanical conversion 

there also are inefficiency losses which depend on the quality of the meshing between 

the sun and planets gears. To account for the meshing efficiency 𝜂𝑝𝑠, equation (5) 

becomes: 

𝑇𝑠 = 𝐽𝑠�̇�𝑠 −
1

(𝐾 + 1)
(𝑇𝑐 − 𝐽𝑐�̇�𝑐)𝜂𝑝𝑠

𝑞 (𝐴6) 

where the exponent 𝑞 = 1 when the input torque is 𝑇𝑐, while 𝑞 = −1 when 𝑇𝑠 is the 

input torque. Substituting equation (6) into the torque equilibrium equation (3) it is also 

possible to obtain the relationship between the torque applied on the ring gear, the load 

torque and the one applied on the carrier: 

𝑇𝑟 = 𝑇𝑙𝑜𝑎 −
𝐾

(𝐾 + 1)
(𝑇𝑐 − 𝐽𝑐�̇�𝑐)𝜂𝑝𝑠

𝑞 + 𝐽𝑟�̇�𝑟 (𝐴7) 

The second term of equation (7) stands for the torque that is transferred from the 

carrier to the ring. The efficiency of the meshing between planets and the ring gear 𝜂𝑝𝑟 

may be considered, and the exponent 𝑡 = 1 if the power flows from the transmission 

input to the ring output, and 𝑡 = −1 when the power flow is opposite. Equation (7) can 

then be rewritten into equation (8): 

𝑇𝑟 = 𝑇𝑙𝑜𝑎 −
𝐾

(𝐾 + 1)
(𝑇𝑐 − 𝐽𝑐�̇�𝑐)𝜂𝑝𝑠

𝑞𝜂𝑝𝑟
𝑡 + 𝐽𝑟�̇�𝑟 (𝐴8) 



At steady state (i.e. no member is accelerating), the presented relations further 

simplify, as highlighted by the following system of equations: 

{
 

 𝑇𝑠 = −
1

(𝐾 + 1)
𝑇𝑐𝜂𝑝𝑠

𝑞

𝑇𝑟 = 𝑇𝑙𝑜𝑎 −
𝐾

(𝐾 + 1)
𝑇𝑐𝜂𝑝𝑠

𝑞𝜂𝑝𝑟
𝑡

(𝐴9) 

The system of equations (9) can be used to derive an equivalent set of relations in 

terms of power, since 𝑇𝑠 = 𝑃𝑠 𝜔𝑠⁄ , 𝑇𝑐 = 𝑃𝑐 𝜔𝑐⁄ , 𝑇𝑟 = 𝑃𝑟 𝜔𝑟⁄ , 𝑇𝑙𝑜𝑎 = 𝑃𝑙𝑜𝑎 𝜔𝑟⁄ : 

{
 

 𝑃𝑠 = −
1

(𝐾 + 1)
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𝜂
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(𝐴10) 

By using the kinematic relation of Willis (Equation 2), the system of Equation 10 can 

be used to understand the power flows in the transmission for different cases. In 

particular, it is noteworthy to observe what happens when one of the three members 

(i.e. sun, carrier, ring) is blocked, similarly to the study performed in [42]. It is possible 

to employ for this objective the lever analogy for planetary gear sets, which was 

introduced by Benford and Leising [43] and further exploited by Liao [44,45]: a gearset 

may be schematically replaced by a single vertical lever; the input, output, reaction 

torques are represented by horizontal forces that act on the lever and the angular 

velocities of the gears are represented by the lever motion relative to the reaction point. 

A rightward movement corresponds to clockwise rotation.  The planetary transmission 

can be entirely represented with a vertical lever and its properties (i.e. the distance 

between the points of application of the forces) are determined by the characteristics 

of the gears in mesh, that are the number of teeth or the radii. The procedure to use the 

lever analogy for planetary gear sets was further exploited by Liao [44,45]. The relative 

rotational speeds can be calculated by treating the angular velocities as forces that act 

on the nodes of the lever, hence by applying the momentum equilibrium. The concept 

is better understood from Table 2.1, where it is put into practice for four representative 

operational cases, where for simplicity no load is applied on the output shaft (coupled 

to the ring gear) of the transmission. 

Free members Sun blocked Carrier blocked Ring blocked 



    

−𝑇𝑟(𝑍𝑠 + 𝑍𝑟) + 𝑇𝑐𝑍𝑟
= 0 

−𝑇𝑟𝑍𝑠 + 𝑇𝑠𝑍𝑟 = 0 

𝑇𝑟 − 𝑇𝑐 + 𝑇𝑠 = 0 

𝑇𝑟 − 𝑇𝑐 + 𝑇𝑠 = 0 

(𝜔𝑟 − 𝜔𝑠)

(𝑍𝑠 + 𝑍𝑟)
=
(𝜔𝑐 − 𝜔𝑠)

𝑍𝑟
 

𝑇𝑟(𝑍𝑠 + 𝑍𝑟)

+ 𝑇𝑐𝑍𝑟 = 0 

𝜔𝑟
(𝑍𝑠 + 𝑍𝑟)

= −
𝜔𝑐
𝑍𝑟

 

𝑇𝑟𝑍𝑠 + 𝑇𝑠𝑍𝑟 = 0 

𝜔𝑟
𝑍𝑠

= −
𝜔𝑠
𝑍𝑟

 

𝑇𝑠(𝑍𝑠 + 𝑍𝑟)

+ 𝑇𝑐𝑍𝑠 = 0 

𝜔𝑠
(𝑍𝑠 + 𝑍𝑟)

= −
𝜔𝑐
𝑍𝑠

 

Table A1. Lever analogy applied on the planetary transmission for four representative operating 
conditions. 
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