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Abstract: Isogeometric analysis and mixed finite element methods offer promising opportuni-
ties to enhance analysis results for complex problems like incompressible elasticity and are able
to cope with different locking phenomena. In this contribution, a mixed two-field isogeometric
formulation with independent approximations for displacements and stresses is derived, and its
ability to counteract different types of locking is investigated using two examples. Furthermore,
the influence of the continuity of the stress shape functions on the accurancy of results and
convergence behaviour is shown.

1 INTRODUCTION

Whilst finite element methods have become a common analysis method in engineering, more
recent approaches involve Isogeometric Analysis (IGA), which was founded by Hughes et al. [1]
and tries to unify computer aided design (CAD) and finite element analysis (FEA) by using the
same model for geometry representation and analysis. Therefore, in contrast to common finite
element analysis, non-uniform rational B-splines (NURBS) and other kinds of splines are used
as shape functions of the finite elements instead of the usual polynomials. Due to the exact
representation of the geometry, analysis results can be improved [1, 2]. Furthermore, many fast
and numerically stable algorithms have been developed that exhibit favourable mathematical
properties [3]. Other investigations examine the use of different kinds of splines as well [2, 4, 5].
In linear elasticity, different locking phenomena can occur while solving incompressible elastic-
ity problems or dealing with very slender structures for instance. Mixed formulations, where
stresses and/or strains or pressures are approximated independently in addition to the usual
displacement approximation, can counteract these effects and lead to more accurate results
[6]. Recent investigations have already combined isogeometric analysis and mixed formulations
in order to benefit from the advantages of both methods [7, 8, 9, 10, 11]. Furthermore, the
continuity can have a decisive influence on the accuracy of results [12]. In this contribution, a
mixed isogeometric method is proposed in order to improve the analysis results and to coun-
teract locking. Therefore, spline basis functions are used and the displacement shape functions
of a two-dimensional isogeometric plane stress and plane strain element are supplemented by
independent stress shape functions. These additional stress shape functions are chosen to be
of one order lower compared to the displacement shape functions, but with adapted continu-
ity. Evaluating the errors for several examples, it is shown that the proposed mixed method
can lead to improved accuracy of results compared to a standard isogeometric formulation and
ensures convergence even for very slender geometries and very fine and distorted meshes. Fur-
thermore, the influence of different continuities on the convergence behavior and the accuracy
of the results is investigated.
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2 MIXED FINITE ELEMENT METHODS

Mixed (or hybrid) formulations approximate primary and secondary variables independently
and can be derived, e.g., from weak forms [13]. The resulting finite elements can be employed
to reduce locking or cope with incompressible elasticity problems [6]. A starting point for the
derivation of a mixed formulation is the following three-field functional

ΠHW (u, ε,σ) =

∫
Ω

1

2
εTDε− σT (ε−Gu)− uTb dΩ−

∫
Γt

uT t dΓ −
∫

Γu

σT (u− u) dΓ , (1)

also known as Hu-Washizu functional. In this equation, u, ε, σ, b, t and u represent the
displacements, strains, stresses, body forces, boundary tractions and boundary displacements,
respectively. G is a suitable differential operator. Using the constitutive equation

ε = D−1σ , (2)

we can derive the two-field functional

ΠHR(u,σ) =

∫
Ω

−1

2
σTD−1σ + σTGu− uTb dΩ−

∫
Γt

uT t dΓ −
∫

Γu

σT (u− u) dΓ , (3)

which is known as the Hellinger-Reissner functional. The variation thereof reads

δΠHR(u,σ) =

∫
Ω

−δσTD−1σ + δσTGu+ σT δGu− δuTb dΩ−
∫

Γt

δuT t dΓ = 0 (4)

for strongly fulfilled boundary conditions u = u on Γu and is known as the Hellinger-Reissner
principle. In order to distinguish plane stress and plane strain formulations, the corresponding
material matrix D is used. For more details, see [6, 14].

3 SPLINE BASIS FUNCTIONS

3.1 Construction

Basing on a non-decreasing knot vector

Ξ = {ξ1, . . . , ξn+p+1} , ξi ≤ ξi+1 , i = 1, . . . , n+ p (5)

and a predefined degree p, the construction of spline basis functions follows the following re-
currence algorithm taken from [3]:

Ni,0(ξ) =

{
1 if ξi ≤ ξ < ξi+1

0 otherwise
, Ni,p(ξ) =

ξ − ξi
ξi+p − ξi

Ni,p−1(ξ) +
ξi+p+1 − ξ
ξi+p+1−ξi+1

Ni+1,p−1(ξ) (6)

The corresponding derivatives of the B-spline basis function are calculated by

N
′

i,p =
p

ξi+p − ξi
Ni,p−1(ξ)− p

ξi+p+1 − ξi+1

Ni+1,p−1(ξ) . (7)

A NURBS surface S can then be represented by

S(ξ, η) =
n∑
i=1

m∑
j=1

Ri,j(ξ, η)P i,j (8)

where Ri,j are the piece-wise rational basis functions defined by

Ri,j(ξ, η) =
Ni,p(ξ)Nj,q(η)ωi,j∑n

k=1

∑m
l=1 Nk,p(ξ)Nl,q(η)ωk,l

. (9)

In these formulas, P i,j denotes the control points building up the control net of the surface
and ωi,j represents their corresponding weights. In the following chapters the number of local
basis functions will be referred to by nen = (p+ 1)(q + 1) and the total number of global basis
functions is denoted by nnp = n ·m.
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3.2 Refinement and continuity

There are two refinement methods for B-Splines, which are recalled according to [2]:
The first refinement method increases the number of basis functions by inserting additional
knots (knot insertion). Thereby, the insertion of one knot leads to an increase in the number
of basis functions by 1. As this is equal to dividing an element, this method is often called
h-refinement in comparison to standard finite element methods. The second refinement method
elevates the polynomial order by 1 (order elevation). As both methods are hierarchical refine-
ment methods, each of the original basis function can be expressed as linear combination of the
refined basis functions.
Based on these two refinement methods, two combined refinement procedures can be derived
for isogeometric analysis. If knot insertion is performed before order elevation, this is called
p-refinement. In this way, one basis function is added for each element. Using k-refinement,
the spline order is elevated first and subsequently knot insertion is performed. In contrast to
p-refinement, this method inserts less basis functions. Furthermore, maximal continuity is ob-
tained, while p-refinement yields meshes with limited continuity. Figure 1 depicts the influence
of the continuity on the shape functions for p = 3:

(a) discontinuity (C−1) (b) C1 - continuity

Figure 1: Influence of the continuity on the shape functions for p = 3

4 MIXED ISOGEOMETRIC ELEMENTS WITH TWO UNKNOWN FIELDS

Depending on which unknown fields are chosen, different mixed isogeometric finite elements
can be developed from the corresponding variational principle. In this publication the u-σ-
mixed formulation, that was derived in [15] for instance, shall be used and adapted to isogeo-
metric analysis.
The chosen fields are approximated by independent shape functions as follows:

uh =

nuen∑
I=1

Nu
I uI and σh =

nσen∑
I=1

Nσ
I σI (10)

with

uI =

(
uI1
uI2

)
and σI =

 σI1
σI2
τI12

 . (11)

Thus, the strain-displacement relation becomes:

εh =

 εh11

εh22

2γh12

 = Guh =

nuen∑
I=1

Bu
IuI , (12)
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where

Bu
I =

 Nu
I,1 0
0 Nu

I,2

Nu
I,2 Nu

I,1

 (13)

contains the partial derivatives of the displacement shape functions in the first and second
direction (Nu

I,1 and Nu
I,2). The interpolation of the variations of u, ε and σ read

δuh =

nuen∑
I=1

Nu
I δuI , δεh =

nuen∑
I=1

Bu
I δuI and δσh =

nσen∑
I=1

Nσ
I δσI . (14)

Inserting these relations into equation (4) leads to

δΠh
HR(uh,σh) =

nσen∑
I=1

nuen∑
J=1

δσTI

∫
Ω

Nσ
I B

u
J dΩ uJ

+

nuen∑
I=1

nσen∑
J=1

δuTI

∫
Ω

Bu
I
TNσ

J dΩ σJ

−
nσen∑
I=1

nσen∑
J=1

δσTI

∫
Ω

Nσ
ID

−1Nσ
J dΩ σJ

−
nuen∑
I=1

δuTI

[∫
Ω

Nu
I b dΩ +

∫
Γt

Nu
I t dΓ

]
= 0 .

(15)

The control point displacements uI can now be assembled in the vector

û =
(
uT1 ,u

T
2 , . . . ,u

T
nunp

)T
, (16)

where nunp denotes the number of control points in the displacement mesh. The control point
stresses are assembled analogously in

σ̂ =
(
σT1 ,σ

T
2 , . . . ,σ

T
nσnp

)T
, (17)

where nσnp denotes the number of control points in the stress mesh. The virtual displacements
and virtual stresses δû and δσ̂ are interpolated akin. Replacing the summations in equation
(15) by matrix multiplications leads to:

δΠh
HR(uh,σh) = δσ̂T Ĉû+ δûT Ĉ

T
σ̂ + δσ̂T Âσ̂ − δûT f̂u = 0 (18)

This equation needs to be fulfilled for every arbitrary test function δσ̂ and δû and can hence be
splitted in two parts, which can be written in standard matrix form. This leads to the following
global system of equations [

Â Ĉ

Ĉ
T

0

](
σ̂
û

)
=

(
0

f̂
u

)
. (19)

In a standard manner, these matrices are calculated at the element level and later assembled
to the global system. Thus, using the nuen and nσen shape functions which have influence in the
respective element e, equation (15) results in:

δΠHR(uh,σh) =

nel⋃
e=1

[
δσ̂e

T

Ĉ
e
ûe + δûe

T

Ĉ
eT

σ̂e + δσ̂e
T

Â
e
σ̂e − δûeT f̂u

e]
= 0 (20)
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Defining

v̂e =

(
σ̂e

ûe

)
and δv̂e =

(
δσ̂e

δûe

)
(21)

results in the more comprehensive form

δΠHR(uh,σh) =

nel⋃
e=1

[
δv̂eTK̂

e
v̂e − δv̂eT f̂ e

]
= 0 , (22)

where

K̂
e

=

[
Â
e
Ĉ
e

Ĉ
eT

0

]
(23)

is the system matrix at element level and

f̂
e

=

(
0

f̂
ue

)
(24)

is the element load vector. The submatrices are computed by:

Â
e

= −
∫

Ωe
NσTD−1Nσ dΩ (25)

Ĉ
e

=

∫
Ωe
NσTBu dΩ

f̂
ue

=

∫
Ωe
NuT b dΩ +

∫
Γet

NuT t dΓ .

The displacement shape functions Nu
I , which are assembled in

Nu =
[
Nu

1 1 Nu
2 1 · · · Nu

nuen
1
]

, (26)

are determined as described in chapter 3.1. The stress shape functions Nσ
I are assembled

analogously in Nσ, where 1 is the identity matrix of the dimension 2 and 3, respectively. In
standard finite element formulations, the number of necessary additional stress variables has
to fulfill the stability condition

nσ ≥ nu (27)

for a two field approach, where σ is the primary variable and u is the constraint variable [6].
In this formula n denotes the number of degrees of freedom of the respective variable. Whether
this condition is sufficient in Isogeometric Analysis as well has to be investigated in further
studies. The additionally introduced stress variables can be condensed out, resulting in the
final equation

Ĉ
T
Â

−1
Ĉû = −f̂u . (28)

In the next section, the procedure leading to the shape functions for the two chosen fields is
described.

5 DETERMINATION OF THE REQUIRED BASIS FUNCTIONS

For the presented mixed isogeometric method, displacements and stresses are chosen as two
unknown fields and approximated independently. Thereby, the stress shape functions are chosen
to be of one order lower than the displacement shape functions. Furthermore, the continuity
of the stress shape functions can be adapted to study the effect on the analysis results. This is
implemented in MATLAB [16] by using different refinement procedures on the original surface
geometry, yielding two different meshes used for the displacements and the stresses, respectively.
This procedure is depicted in Figure 2. The resulting meshes are exemplified in Figure 3. The
corresponding shape functions can be seen in Figure 4.
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Figure 2: Refinement procedure for the generation of the two different meshes for the displace-
ment and the stress shape functions using k-refinement for different degrees

(a) mesh for stress shape functions
(C0 - continuity)

(b) mesh for displacement shape functions
(C2 - continuity)

Figure 3: Resulting meshes for a rectangular domain divided into 10 elements per direction
with their respective control points using pu = 3 and pσ = 2

(a) stress shape functions (b) displacement shape functions

Figure 4: Resulting shape functions for the meshes depicted in Figure 3

6 NUMERICAL EXAMPLES

In this section, the ability of the proposed mixed formulation to counteract different types of
locking and the influence of the continuity of the stress shape functions is investigated. There-
fore, the results of the proposed mixed isogeometric formulation are compared to the results of a
standard (pure displacement based) isogeometric formulation. Within these investigations, for
the mixed approach, the continuity of the stress shape functions is varied, whereas the continu-
ity of the displacement shape functions is set to maximal continuity Cpu−1 using k-refinement,
according to the procedure depicted in Figure 2. The continuity of the shape functions for
the standard formulation is varied between C0 and maximal continuity Cp−1 by using p- and
k-refinement, respectively. Starting with the initial geometry, all meshes are refined regularly
and equally in both directions using quadrilateral elements.

114



Book of Extended Abstracts of the 6th ECCOMAS Young Investigators Conference
7th-9th July 2021, Valencia, Spain

6.1 Beam subjected to pure bending

Firstly, a beam under pure bending is investigated. The initial distorted geometry including
its control points (red) and relevant material and loading data is indicated in Figure 5.

Figure 5: Initial geometry, material and loading data of beam subjected to pure bending

In order to investigate the ability of the formulation to counteract in-plane shear locking,
a linearly varying load is applied on both vertical edges for the depicted distorted mesh and
the results of the proposed mixed formulation are compared to the analytical solution given in
equation (29) using the L2-error norm of the stresses as indicated in equation (30).

σx(z) = 2 · p0 ·
z

h
, σz = 0 kN/m , τxz = 0 kN/m (29)

||∆σ||2 =
√

(σx − σhx)2 + (σy − σhy )2 + (τxy − τhxy)2 (30)
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Figure 6: Comparison of the L2 error norm of stresses for the beam subjected to pure bending

As can be seen in Figure 6(a), the proposed mixed isogeometric formulation yields better
results compared to a standard isogeometric formulation, for which only a minor difference be-
tween C0- and C2- continuity can be recognized for this example. Whereas no significant benefit
can be achieved by the mixed formulation using discontinuous (C−1) stress shape functions,
the use of C0- continuity offers a better convergence rate (O(h4)) than the standard formula-
tion (O(h3)). Particularly interesting is the behavior for C1- continuous stress shape functions,
since proper convergence behavior begins later as in the other graphs, while constantly offering
a much better result. This only holds if the L2- error norm is calculated using the results of
the introduced stress parameters (eq.(17)). If the stresses used for the calculation of the L2-
error norm are directly recalculated from the displacement parameters (eq.(16)), no benefit
of the introduced mixed formulation can be observed compared to the standard formulation,
and even partly worse results are achieved for C1- continuity of the stress shape functions of
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the mixed formulation. In order to maintain the benefits resulting from the introduced stress
parameters if static condensation is used for the proposed mixed formulation, the stresses need
to be recalculated using the equation

σ̂ = −Â
−1
Ĉû . (31)

Taking into account the number of degrees of freedom (cf. 6(b)), the benefits of the mixed
formulation only hold for C1- continuous stress shape functions. Lower continuities offer worse
results for the same number of degrees of freedom compared to the standard formulation, for
which the benefit of C2- continuity is the lower number of degrees of freedom.

Figure 6 depicts the results for a slenderness ratio of 10. Varying the slenderness of the
beam as the critical parameter (by reducing its height), the results of the mixed formulation
are constantly better as those of the standard formulation. If the height is reduced to 0.001 m
(increasing the slenderness ratio to 10000), the standard formulation diverges, whereas the
proposed mixed formulation ensures convergence even for very slender structures.

6.2 Cook’s Membrane

The Cook’s Membrane is a standard problem to examine the robustness of finite element
formulations. The initial geometry and a sample mesh are depicted in Figure 7.

(a) Geometry, material and loading (b) Sample mesh with 5x5 elements

Figure 7: Data of Cook’s Membrane problem

The relevant material and loading parameters were chosen to enable the comparison to the
results presented in [17] and in order to investigate the ability of the presented formulation to
cope with an incompressible elasticity problem and the resulting locking effects. Therefore, the
vertical displacement of point A is compared to the reference solution (black lines in Figure 8
and Figure 9) taken from [17]. As can be observed in Figure 8, the mixed formulation offers
better results in comparison to the standard formulation with maximal continuity. Using C0-
continuous shape functions, much better results can be obtained by the standard formulation
for this example. Compared to this, the mixed formulation is only beneficial using stress shape
functions with maximal continuity Cpσ−1. However, in this case, the results oscillate between
even and odd numbers of elements per direction. Hence, the stability of the mixed method
obviously depends on the continuity of the stress shape functions. Examining the eigenvalues
of the system matrix for this example, spurious zero eigenvalues occurred for maximal continuity
of the stress shape functions, which may cause this instability. This issue will be investigated
in detail in further studies. Considering only the results for even numbers of elements (dashed
lines), the convergence behavior is superior compared to all graphs. The lower the degree of the
shape functions is, the more locking occurs. Thus, the mixed formulation offers a higher benefit
for the lowest possible degree of shape functions (cf. Figure 8 (a), (b)). Taking into account the
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number of degrees of freedom resulting from the chosen continuity (cf. Figure 9), the benefit
of the mixed formulation for maximal continuity of the stress shape functions becomes obvious
(considering only even numbers of elements per direction). Especially for higher degrees, the
use of C0- continuous shape functions for the standard formulation looses its benefit in this
context.
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Figure 8: Comparison of the resulting vertical displacement of point A in dependence of the
number of elements per direction
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Figure 9: Comparison of the resulting vertical displacement of point A in dependence of the
total number of degrees of freedom

7 CONCLUSIONS

In this contribution, a mixed isogeometric method is derived and its ability to counteract
different locking effects is studied for a plane stress and a plane strain example. Furthermore,
the influence of the continuity of the stress shape functions is investigated. It is shown that a
mixed isogeometric formulation can yield results with a higher convergence rate compared to
a standard formulation and is able to counteract different locking phenomena. Additionally,
increasing the continuity of the stress shape functions yields better results of the proposed
mixed formulation but can yield instabilities due to spurious zero eigenvalues for maximal
continuity, despite offering the best results. Further research will focus on the stability for
maximal continuity of the stress shape functions. Furthermore, different ansatz spaces for the
stress shape functions should be investigated.
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