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Hardy space of translated Dirichlet series

Tomas Fernandez Vidal Daniel Galicer Martin Mereb
Pablo Sevilla-Peris

Abstract

We study the Hardy space of translated Dirichlet series #;. It consists on those

Dirichlet series }_ a,n~* such that for some (equivalently, every) 1 < p < oo, the transla-
tion ), ann‘(”%) belongs to the Hardy space #7 for every o > 0. We prove that this set,
endowed with the topology induced by the seminorms {|| . ”2,k}keN (where | X ann™ 2,k
is defined as | ¥ a,n~ G| ), is a Fréchet space which is Schwartz and non nuclear.
Moreover, the Dirichlet monomials {5} ,en are an unconditional Schauder basis of A,
We also explore the connection of this new space with spaces of holomorphic functions
on infinite-dimensional spaces.
In the spirit of Gordon and Hedenmalm’s work, we completely characterize the compo-
sition operator on the Hardy space of translated Dirichlet series. Moreover, we study
the superposition operators on ., and show that every polynomial defines an opera-
tor of this kind. We present certain sufficient conditions on the coefficients of an entire
function to define a superposition operator. Relying on number theory techniques we
exhibit some examples which do not provide superposition operators. We finally look at
the action of the differentiation and integration operators on these spaces.

1 Introduction

A Dirichlet series is a formal series of the form D = Y a,n"*, where the coefficients a,, are
complex numbers and s is a complex variable. Introduced by Dirichlet in the second half of
the 19th century, they played a fundamental role in the development of the analytic theory
of numbers. In the beginning of the 20th century they started to be studied from the point
of view of complex analysis. It was then proved (see e.g. [15] or [10]) that Dirichlet series
converge on half planes and that, then, for each Dirichlet series D there exists o.(D) € RuU
{oo} so that the series Y52, @, converges for every Res > o.(D) and diverges for every
Res < o.(D). For a given o € R we denote

Cy=1{seC: Res>o}.

We will write C. instead of Cy. With this notation C,,(p) is the maximal half plane of conver-
gence of D, and D(s) defines a holomorphic function on C,_(p). With the same idea, there
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is an abscissa 0,(D) that defines the maximal half plane of absolute convergence of the se-
ries, and an abscissa o, (D) so that the Dirichlet series converges uniformly on C, for every
o>oyu(D).

By the end of the 1990s a deep relation between Dirichlet series and different parts of analysis
(mainly harmonic and functional analysis) was discovered. Ever since, this interaction has
shown to be very fruitful, with interesting results in both sides. A key element in this devel-
opment are the Hardy spaces .#°7 of Dirichlet series, introduced by Hedenmalm, Lindqvist
and Seip for p = 2 and p = oo [13] and by Bayart for the remaining cases in 1 < p < oo [3].
Let us briefly recall the definition of these spaces. The space . is defined as consisting of
Dirichlet series that define a bounded holomorphic function on C.. Given 1 < p < oo, the
expresion

1
pdﬂ”.

N
Y apn”*
n=1

defines a norm on the space of Dirichlet polynomials (i.e. finite Dirichlet series). Then the
space AP is defined as the completion of the Dirichlet polynomials under this norm. Let us
note that . consists exactly of those Dirichlet series Y a,,n~* for which (a,,),, € £>.
Translation is a useful tool within the theory. Given a Dirichlet series D =) a,n"* and 0 € R
we define the following Dirichlet series

1 R, N y
= lim —f ‘ apn”’
p R~oo(2R “R n; "

ap
nl/o

)

Dy =

Note that o.(Dy) = 0.(D) — % and, forRes > o.(D) — % we have
DU(S):nZlanW:D(S'F E) (D

A key property in this setting is that a Dirichlet series D belongs to .#7 if and only if

Dy € AP for every o > 0 and sup Dyl p < oo.
o>0

A natural question then arises: ‘what happens if we drop the second condition?’ or, to be
more precise: ‘what kind of structure do we find when we consider those Dirichlet series
for which all translations belong to #°P?. This task was overcome by Bonet for p = co in
[6]. There the Fréchet space #7;° of Dirichlet series D so that D, € A for every o > 0 was
defined. Several properties of this space, as well as composition operators defined on these
spaces were studied. Our aim in this note is to complete this study, extending this to #”
for 1 < p < co. We define for each p the corresponding Fréchet space with the same idea
and show that, in fact, they are all isomorphic. So, we denote this space by #°; and study in
Theorem[2.5|certain properties. In particular, we investigate its relation with spaces of holo-
morphic functions defined on infinite dimensional Banach spaces.

Given two open sets Q1,Q, < C and a holomorphic function ¢ : Q; — Q,, we have that fo¢is
holomorphic for every holomorphic function f. This defines in a natural way an operator Cy
(called composition operator of symbol ¢p) given by f — f o¢. These are by now very classical
objects that have been studied from several points of view. If ¢ : C;; — C, is holomorphic



and f is represented by a Dirichlet series on C,,, then f o ¢ is holomorphic on C,, but may
not be represented as a Dirichlet series. One may then wonder under what circumstances is
f o¢ represented by a Dirichlet series on Cy,. Or, to put it in other terms, if & is some space
of Dirichlet series converging on Cy,, to find conditions on ¢ so that Cy defines a compo-
sition operator acting on % and taking values on some other space of Dirichlet series. The
first ones to address this question were Gordon and Hedenmalm in [12], who characterised
those ¢ for which Cy is a well defined (and continuous) operator on €2 taking values on 9
(see below for the definition) or on .#? and studied some of their properties. This study was
later extended by Bayart for #7 with p # 2 in [3] and Bonet for #%° in [6]. In Section [4we
perform an analogous study for operators Cy defined on #;, giving conditions on ¢ so that
the compostion operator %, — A, is well defined, continuous or bounded. We also study
when the composition operator takes values in .#<° or A for some p.

Superposition operators S, are defined with a similar idea, but with a different point of view.
Given a function ¢, these are defined as f — @ o f. When two spaces of functions are fixed
as domain and range, the questions are the same as before: to find conditions on the symbol
@ so that the operator S, is well defined and continuous. For operators on #*and be-
tween AP and #9these questions were addressed in [4]. It was shown there that ¢ defines
a superposition operator A — A if and only if ¢ is entire, whereas those ¢s leading to
superposition operators between /P — A9 correspond exclusively to certain polynomials
(where the degree depends on the involved space). In Section [5|we study superposition op-
erators defined on .#;. We show that if ¢ defines a superposition operator %, — .#;, then
it has to be entire. Moreover, .7, results a Fréchet algebra and therefore, in particular, every
polynomial defines a superposition operator. On the other hand, opposite to the case of A
(or also A#77°), we exhibit entire functions that do not define operators of this type.

A very classical operator acting on spaces of differentiable functions is the differentiation
operator, f — f'. The action of this operator and of its inverse on #%° has been studied in
[7]. In Section@]we perform a similar study within this context.

Before we proceed let us fix some basic notation that will be used all along this note. We write
2 for the space of Dirichlet series that converge at some point (and then define a holomor-
phic function on some half plane). We denote Ny = N U {0} and I\Ig\') = U5, NG x {0} is the set
of multi-indices of arbitrary length with non-negative integer entries. Then the notation Z™
is clear. Given a sequence of complex numbers z = (z,), and a = (ay,...,an,0,0,...) € AN
we denote z% = ]'[],,\[=1 zom. We write D(z, r) for the disc in the complex plane centred at z and
with radius r, and T for dD(0,1). Finally, p = (p;); denotes the sequence of prime numbers;

sometimes p will denote a particular primer number.

2 Spaces of translated Dirichlet series

As we already mentioned before, our aim is to consider the spaces of those Dirichlet series
whose translations belong to #”. Abscissas are a quite convenient way to formulate this
idea. Let us note that the space defined by Bonet in [6] can be reformulated as #° = {D €
2: 0,(D) < 0}. For 1 < p < oo, we define the #”-abscissa of a Dirichlet series D =Y a,n™*
as

op(D)=inf{o: ¥ 2an~% € #P},

n



and define the space
A ={DeD: 0,(D)<0}.

For each k € N we consider the seminorm

-s _ Gn _s
[Zanr], =12 7

0"

By [10, Proposition 11.20] we have |||, x < |- Il p,x+1, and we may endow %”f with the Fréchet

topology defined by the family of seminorms {| - ||, «} LN

Remark 2.1. If a Dirichlet series ) a,n™° belongs to #7 for some 1 < p < oo, then the trans-
lated series }_ %n_s belongs to #4 for all 0 > 0 and every p < q < oo (see [3} Section 3] or
[10, Theorem 12.9]).

The previous observation implies that o, (D) = 04(D) for every 1 < p,q < oo and, in par-
ticular, all Jff for 1 < p < oo are equal as vector spaces. Since the inclusion #7 — A7 is
continuous, the inclusion . — .#" between the Fréchet spaces is also continuous. Then
an application of the Open Mapping Theorem shows that they are all isomorphic. So, we are
dealing with only one Fréchet space (that we will denote #°;) whose topology can be de-
fined by different families of seminorms {|| “Np, k} ren I the following proposition we show
how these seminorms relate with each other. Before we proceed, let us briefly recall some
basic facts that we are going to use. First of all, we consider T, the infinite product of T
on which we consider the product of the normalised Lebesgue measures. Given a function
f €L (T®) and a € Z™ we consider the Fourier coefficient

fla) = f fle)z™%dz.
'[I'OO
It is a well known fact (see e.g. [10, Chapter 11]) that for every 1 < p < oo the Hardy space
Hy(T®) = {f € L,(T™): f(a)=0forevery a € ZM \N{V}
is isometrically isomorphic to #7.

Proposition 2.2. Foreveryl < p < q <oo and k € N there exists Cy, ,, ; > 1 so that

|Ze ], =[S

for every Dirichlet series in A/, .

, 2
P2k )

gk~ C’“’WH 2 ann”?

Proof. The firstinequality in (2) is obvious, so it is only left to show that the second inequality
holds. The proof relies heavily on [3, Section 3] and [11, Proposition 2.4 and Theorem 2.5]
(see also [10, Theorem 12.9 and Proposition 12.10]). Firstof all, fix 1 < p < g < oo, k € N and

-1
find jo = jo(p, g, k) € Ny such that p]?" < \/g for every j > jo. Then, by [11, Proposition 2.4]

there exists a unique operator
T: Hy(T™) — Hy(T™)



satisfying T( X gen da2%) = Laca a(p™?P2) for every finite A = NJ¥ and || T|| < H;:O:I 157% .

1-p’
Following [11, Theorem 2.5], by doing M(Z ann‘s) = Zann‘ﬁ n~* we define an operator
M: #P — #9 satisfying | M| = || T||. Then

a, _ Jo 1
IDlge = | X =nllq = IMD20ll < IMI1Daellp < ( [T —— ) IDlp2k
nk j=1 1_pﬁ
J

This gives (2) and completes the proof. O

Remark 2.3. A straightforward computation shows that
T < HP < I < F,

forevery 1 < p <ooand
HC A S Ay

There is, however, no relationship between the #7 spaces and #<°. On the one hand, we
take the series D =) a,n™° defined by a, =1if n = 2J for some j€Nand a, = 0 otherwise.
Note thato (D) <0,4(D) =0,s0 Y. a,n™* € A, but clearly (a,), € {2 and then )_ a,n™° does
not belong to FE? (nor to any AP for 2 < p < co0). As a matter of fact, (a,), does not belong to
¢, forany 1 < r < oo; then a straightforward application of the Haussdorff-Young inequalities
(see e.g. [9]) shows that )" a,n~° ¢ AP for every 1 < p < 2. The same argument shows that
the series Y. b,,n™° given by b, = j if n =2/ for j =0,1,2,... and 0 otherwise belongs to />
but not to . Summing up,

X & FOP

forevery 1 < p <oo.
1

On the other hand for a fixed % > € > 0 the series } —T—n"* has abscissa of convergence
n2
o> % — &> 0 and then cannot belong to #°. However, it clearly belongs to 2 and, since

it can be seen as the %-translation of the series ) 1+ n~° (that again belongs to FO?), it

[\Sl)

1
n2
belongs to /P for every 1 < p < co. Hence

AP & P
forevery 1< p <oo.

Remark 2.4. Let us also observe that if D € #,, then Dy, € % for every € > 0 and, by [10)
Remark 1.8 and Theorem 12.11] 0 4,(D) = 0 4(Dy/e) + € < % + €. This gives 04(D) < % Now, the
series ). ﬁn_s isin A, and satisfies o 4(D) = % Then

1
sup 04(D)=—. (3)
De A, 2

Our aim now is to prove the following result, parallel to [6, Theorem 2.2].

Theorem 2.5. The space A, is a Fréchet-Schwartz, non-nuclear algebra and the Dirichlet
monomials e, (s) = n~* form an unconditional, non-absolute Schauder basis.



Before we proceed, let us note that for each fixed 1 < p < co and k € N we may consider the
following space of Dirichlet series

{Zan :Z—n E%p},

nk

that, with the norm | - ||, x, is a Banach space. Note that jf,f 1 c pr , and the inclusion
is continuous. By Remark [2.1] (and the comment after it), #, is the pr0]ective limit of the

spaces Jfkp . Note that for every p we get the same projective limit, so we have

Hb, = [ 72,
k=1

endowed with the projective limit topology.

The space #; is Schwartz if the inclusions
idg: A2, | — HE7 @)

(that, as we already mentioned, are continuous) are all compact. This in the case of A#%°
is done in [6] by using a variant of Montel’s theorem for Dirichlet series due to Bayart [3}
Lemma 18]. In our case, due to the particular structure of the spaces, is particularly easy.
Let us note that the mappings A, | — S givenby Y a,n~* — ¥ —rtm~* and T — FE

given by Y a,n — Y a,n'’*n=* are continuous. Also, the operator > — 7¢? defined as

1/ k+1)
Yapnt — Y a,” 1,; n~* is compact (because it is a diagonal operator between Hilbert

spaces with a deﬁnlng sequence tending to 0). The inclusion Jf,f 1< Jflf is the compo-
sition of these three mappings and is, therefore compact.

This already gives the first statement in Theorem 2.5} namely that #, is a Fréchet-Schwartz
space (hence Montel and reflexive, see [14, Remark 24.24]). The rest of the statements are
scattered along the paper: the fact that it is an algebra is proved in Proposition5.3} the mono-
mials are shown to form an unconditional Schauder basis in Lemma 2.6, and that it is not
absolute follows from the identification with certain Kothe echelon space (see Remark [2.8).
The non-nuclearity is given in Lemma

Let us recall that a sequence {e;}, in alocally convex space E is a Schauder basis if for every
x € E there is a unique sequence (x,), of scalars so that x = 377, x,e,. We now move to
the proof of the fact that the monomials {n~*} form a Schauder basis of .#,. This is already
known for the Hardy spaces . for 1 < p < oo [I] and for A% [6]. In this case we even have
that the basis is uncoditional (that is, the series }.7” | X (»)ex(n) converges for every permuta-
tion 7 of the natural numbers.

Lemma 2.6. The Dirichlet monomials {n™"°} form an unconditional Schauder basis of 7.

Proof. Take ) a,n~° € #; and fix k € N. Given N € N and a permutation 7, let us denote
={n(1),...,7m(N)}. Then
=

N
()Zann_s— Y. axmr(n)~*
n=1

1
_( Z |an|2)7
72\ nPk

y

neN\F nk

6



2
But the sequence ('ZZ",I,C ),, is absolutely summable (since .~ n~* € #7), hence it converges

unconditionally. This gives the conclusion. O

Let us recall that a locally convex space E is nuclear if for every seminorm p there exist a
seminorm ¢q such that the identity operator I : (E, q) — (E, p) is nuclear. Every nuclear space
is Schwartz and has a fundamental system of Hilbert seminorms (see [14, Corollary 28.5 and
Lemma 28.1]). The space #, shares these two properties (note that the family (|| - |2, «) cisa
fundamental system of Hilbert seminorms). It comes then naturally to ask whether or not it
is nuclear.

Lemma 2.7. The space /¢, is not nuclear.

Proof. Once we have that the monomials form a Schauder basis, this follows from a straigh-
forward application of the Grothendieck-Pietsch criterion (see e.g. [14, Theorem 28.15]). [

Remark 2.8. A Kothe matrix is a sequence B = (by)en, Of functions by : I — R (where [ is a
countable set of indices) satisfying that 0 < by (i) < by (i), for all ke Nand all i € I and that
for each i € I there exist k € N such that bi(i) > 0. Given a Kéthe matrix and 1 < p < oo, the
corresponding Kéthe echelon space is defined as

1
Ap(B) := {xe ¢ g 0= (Z Ibk(i)xilp) P < oo, forall ke N}.

iel

These are all Fréchet spaces endowed with the topology given by the increasing sequence of

seminorms qip ) < qép J<i < q,(cp ) <.... Observe that taking I = N and defining the matrix B
as )
br(n)=— )
nk

for k, n € N a straightforward computation shows that
Sy = A2(B) (6)

as Fréchet spaces.
Let us recall that a Shauder basis {e,}, of a locally convex space E is absolute if for every
continuous seminorm p on E there is a continuous seminorm ¢q on E and C > 0 so that

Y 1xalplen) = Cqx)
n

for every x € E. Let us note that [|[n™°%|lyx = ﬁ for every n, k. If the monomials were an
absolute basis of A, then, by [14, Lemma 27.25], #; would be isomorphic to 1;(B). But
(14, Proposition 28.16] shows that this is not possible. Hence the monomials cannot build
an absolute Schauder basis.

Remark 2.9. Recall from Remark2.3|that #° < A, (as sets), and by the definition of the
seminorms, the inclusion is continuous . Furthermore, being /%° a Fréchet-Schwartz space
(6, Theorem 2.2] it is Montel [14, Remark 24.24], and the inclusion #° — #, is Montel.
From [6, Proposition 2.3] and (6), both spaces are not isomorphic.



3 Connection with spaces of holomorphic functions

It is a well known and important fact within the theory that Dirichlet series are closely re-
lated with holomorphic functions on infinite-dimensional Banach spaces. The space #
is isometrically isomorphic to the the space of bounded holomorphic functions on B, (the
open unit ball of ¢y) and each A7 is isometrically isomorphic to a certain Hardy space of
holomorphic functions on ¢, DN (see [15], [10, Chapters 3 and 13] or [5] for details). Our
aim in this section is to see to what extent can we connect the new spaces with spaces of
holomorphic functions.

First of all, let us recall that a function f: U — C (where U is an open subset of some normed
space X) is said to be holomorphic if it is Fréchet differentiable at every point of U. We say
that X is a Banach sequence space if it is a vector subspace of C! (where I is either a finite
set or N) endowed with a complete norm and satisfying that, if x,y € C! are so that x € X
and |y;| < |x;| for every i, then y € X and ||y|l < [Ix]l. An open subset R < X is a complete
Reinhardt domain if whenever x e R and y € C! are so that | vil < |x;| for every i, then y € R.
If R is a complete Reinhardt domain, then every holomorphic function f : R — C defines a
unique family of coefficients (¢, (f)), (where a runs over NJ if I is finite and on I\I(()N) if TisN).
If 1 is finite then f(z) =} 4 cq(f)z“ for every z € R, while if I = N this may not be the case. A
detailed account on these topics can be found in [10, Chapter 15].

For N and k we write
-1/k -1/k -1/k -1/k ;
pl [I]>N:pl1 I]])x---xle ID:{ZECN:IZjI<pj1 ,]zl,...,N}

1/k|DN

and define the space H” (p~'/¥D") as the space of holomorphic functions g : p~ —Cso

that )
lgllp:= sup (fTNIg(rlzl,...,erN)l”dz)p < 00.

0<rj<p]_.l/k
To functions of N variables correspond Dirichlet series that depend only on the first N primes.
We denote 2y = {p}' €N---p3¥: (a1,...,an) € N{'} and consider the space

(N)

Jf,f’ :{Zann‘seif,f: an7£0:>n€97’N}.

Proposition 3.1. For every k,N e N and 1 < p < co we have ]ﬁ,f’(N) = Hp(p_“k[DN) and, if
Y a,n® and g are related to each other, then a,, = c,(g) whenever n = p“.

Proof. Choose some ) a,n"* € Jf,f’(N), then ), ’ﬁ’]k n~*® € #P and depends only on the first

N primes. Then (see for example [10, page 316]) we can find f € H” (DY) so that c,(f) =
whenever n = p® and

an
LR

11y =12 585 Ler = | Eann ™| ep-

Define now a function g : p~/*DY — C by g(z2) = f(p}’kzl, . ..,p}\;kzN). This is clearly holo-

morphic and

1 1
sup (f |g(r121,---,rNZN)|de)p = sup (f |f(5121;---y5NZN)|de)p =1l gr @y -
‘U'N '|]'N

cen—1/k 0<s;<l1
0<rj<pj J



Hence g € HP (p~V/*D") and, moreover,

g(z):f(pi/kzl,---;pjl\;kZN): Z Ca(f)(pl/kZ)a: Z Ca(f)(pl/k)aza

N N
ael\lo aeNO

l/leN

foreveryzep~ . By the uniqueness of the monomial coefficients,

_ Vkye _ 9n 1k _
Ca(g)—Ca(f)(p ) —W” = ap
if n=p® and #7" — HP(p~V/kDN).
On the other hand, given g € H”(p_”kDN) define a, = c,(g) for n = p® and consider the
Dirichlet series )} a,n™*® (note that a, = 0 for every n ¢ &y). Essentially the same compu-

tations as before show that the function f: DV — C given by f(2) = g(p7"*z1,...,p5+ *2n)

belongs to H” (DY) and ¢, (f) = (;‘f/(,f”))a . Then (recall again [10} page 316]) we can find }_ b, n°® €
F€P so that b, = ca(f) = (;?,(,f’;)a = . This gives Y a,n™° € j‘f]f’(N) and completes the
proof. O

In H(DYN), the space of all holomorphic functions on DY we define, for each k and p,

1
Pr,p(f) = (fTN|f(p1_1/kZ1,...,pl_vl/kzN)|pdz)p.
Proposition 3.2.
AN = {Yapnn=Se #,: an#0=>nePy}=HDY)
and, if f and ) a,n~* are associated to each other,

IXann™|, ;= prpH
foreveryk and1 < p < co.

Proof. Fixsome 1 < p < oo and take }_a,n° € sz’J(rN ). Then, for each k, the Dirichlet series
belongs to Jﬁ,f’(N) and, by Propositionwe can find g € HP (p~V*DV) so that c,(gx) = an
for every n = p®. By the uniqueness of the coefficients one easily gets that gil,-1/p~v = g; for
k = j and, therefore, we may define a holomorphic function f : DY — C so that ¢, (f) = ay.
Moreover pk, () = 18kl g -vipy) = || Zann_s”pyk.

On the other hand, the restriction of every holomorphic function f : DY — C clearly belongs
to H? (p~V*DY) (and the norm equals Pr,p(f)). Proposition gives that }_a,n™* (where
an, = cq(f)) belongs to Jf: M for every k and, hence to JfﬁN ), O
Proposition 3.3. Let E be either #.° or /€, and ||-|| . denotein each case either |-l oo,k OT II*ll2, k-

Then'¥. ayn~" € E ifand only if ¥ pes, ann”* € E for every N and supy || ¥ pegy, ann™* |, < oo
for every k.

For each 1 < p < oo we define the space H' (¢, nDV) as consisting of those holomorphic
functions f: ¢, NDN — C satisfying

= =

sup(f |f(p1_1/kzly---,p]_Vl/kZN,O,O,...”pdz) < oo 7)
N ™

9



for every k.

Given f € H? (¢, nDV) we may consider coefficients a, = c,(f) (with n = p%) and the Dirich-
let series 1(f) = ¥ a,n~°. Note that the restriction fy of f to DY is obviously holomorphic
and (p k,p )  is bounded by the supremum in (7). Then Propositions and yield
Y ayn”*® € #;, and therefore the mapping

v HY (6, nDN) — 72, (8)

is an inclusion for every 1 < p < oco.

It is very natural to wonder if the previous identification is in fact an isomporhism of Féchet
spaces. The following example shows that this mapping is not surjective.

Example 3.4. The series D = Y. \/%pgs is in ./, but it does not belong to t(H? (¢, nDV)). To
see that this is indeed the case, suppose there is a function f € H? (¢,nDN) such that ((f) = D.
Then, c4(f) = \/% if a = e, and ¢, (f) = 0 otherwise.

Define now the sequence z = (z,) as z; = 1/2, z, = 1/2 and z, = 1/(y/nlog(n)loglog(n)) for
n = 3. Itis easy to see that z lies in the set £, "DV. For each N € N we have

N
f(Zly---)ZN,O,O,...): Z Ca(f)za:Z Zl’l'
aeN)y n=1V¥Pn

On the other hand, the truncates ((zl,...,zN,O,O, . ..)) y Clearly converge (in ?5) to z. Thus,
continuity and the prime number theorem yield

N N
C
(2) = lim f(z,---,zn,0,0,...) = lim zp = lim = +00
! N—»oof ! N N—»oong’l,/pn " N—»oong‘3 nlog(n)loglog(n)

This is a contradiction and proves our claim.

We give a characterization of the space /, in terms of holomorphic functions in Corollary
To do that we begin by considering the following two weighted sequence spaces

loo(p"*) = {2 € CV: |zll o uux := sup| 24P}, | < 00}
n

and 1
[2(}31/]6) = {zeCN: ”ZHZ,p”’C = (Z|an}1/k|2)2 <oo}.
n

Both are Banach sequence spaces, and the set £, (p'/) n By_ 1k is an open, complete Rein-
hardt domain in #»(p'’'¥), and note that ([g(p”k) N Bgoo(pllk)) NCN = p~VkDN for every N.
Now, for each 1 < p < oo we define the space H” (¢, (p”k) N Bgoo(pllk)) as consisting of those
holomorphic functions on ¢, (p'/*) N By k) so that

1
| fll:=sup sup (fw|f(r1z1,...,erN,O,O,...)|pdz)p<oo.

cen— 1k
O<rj<pj
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Proposition 3.5. Let k € N, then
H7 = H (L,(p"*) N B, k)

as Banach spaces.

Proof. Let us begin by taking some f € H*(¢(p''*) N B,_ k), defining as usual a, = ca(f)
for n = p% and considering the Dirichlet series }_ a, n~°. Fix N and define fy as the restriction
of f to p~*DY, which is holomorphic and satisfies that

1

sup (f |fN(r1Z],...,T’N,ZN)|2dz)5
0<rj<p;.1”C ™
j=1..,N

1
2 2
= sup (fTN|f(rlzl,...,erN,O,O,...)| dz) < ”f”Hz(fz(P”k)ﬁBgoo(plxk)) <00

Hence fy € H>(p~/*DY) and, by Proposition if by, = cq (fn) for every n = p® with a e NY,
then the Dirichlet series }_ b,n™° belongs to in’(m . But, since cq (fn) = cq(f) for every a €
NJ, this implies that ¥ e, ann~* € in'w ) for every N or, in other words, ¥ e, “en' e
%W for every N. Moreover,

N N

2 ” Zne,@N anpn-

an - —
H ZnE@N _I’ll/k n 2 JLD]% - ”fN”HZ(p—l/k[DN) =< ”f”Hz([Z(pllk)mBgoo(pl/k)) .

With this [10} Corollary 13.9] gives Y n‘i;’k n~Se A% ThenY a,n e Jf/? andalso | X ann™llzk <
1AWz 1008, ik

Take now Y. a,n~* € #; and define c, = gy for each a € I\I(ON). For z € £>(p''*)n By pirky We
have

u lcal | ke a lcal? \z ok 21\ 2
O e or R E (D M7 M (D M U b R

(N) (N) N)
a(—:NO ael\lo aENO aeNO

Observe that (p%/¥z2) € ¢1n B, and therefore the last sum in (@) converges (see e.g. [10,

Remark 2.18]). On the other hand, >, |:2",|,f < oo (because the Dirichlet series belongs to

2 lcq|® . s
) and, so, ). e (pa”)‘z,k also converges. This altogether shows that the power series in

(9 converges (absolutely) and, then f(z) =)

2Cxiols B, k- [10, Theorem 15.57].

Consider for each N the restriction of f to p
H2(p~'/*DV) (see Proposition[3.1) and

~ cq 2% defines a holomorphic function on

aeN,

~kpN and denote it by fy. This belongs to
||fN||H2(p‘1/kUJ>N) = ” ZﬂE?f”N ,f{’/k n_S”Jfg = ” >z n(—l?/k n_s”a"ﬁz'

This immediately yields f € H2(¢2(p"'*) N B,_ ,ux) with || fIl < | X @,n~|, . and completes
the proof. O
Corollary 3.6.

2, = (\ H* (60" N B,_ k),
k=1

where in the intersection the topology of the projective limit is considered.
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4 Composition operators on the space ./,

If ¢ : Cy — C, is holomorphic and D = ¥ a,n™° € 2 converges on C,, then one can consider
the composition Do ¢ = ¥ a,n~?¥. This defines a holomorphic function on Cy. Following
the work performed in [12,3}/6], in this section we analyse those functions ¢p: Cyg — C 1 (since
every Dirichlet series in .#; converges at least on C 1 we are led to consider functions taking
values in this half-plane) whose associated composition operators are bounded or continu-
ous. We begin by looking at the case /#, — 9, that goes essentially along the same lines as
[12, Theorem A].

Theorem 4.1. A function¢:Co — C 1 defines a composition operator Cy : /€, — 9 if and only
if it is an analytic function on some half-plane C,, and there it has the form

¢(s) =cos+ @(s), whereco e NU{0} andpeD. (10)

Proof. 1f Cyp is a composition operator, then 27¢® and 379 are holomorphic and nowhere-
vanishing functions on some half-plane C, with y = 6, so with the same proof given in [4}
Lemma 2.1] we have that ¢ is an analytic function on C,. On the other hand, the fact that
F? € 76, and [12, Theorem A] immediately give that ¢ : C u—C 1 has to be as in (10).
Suppose now that ¢(s) = cos + ¢ (s) with cp € NU {0} and ¢ € 2. Then ¢ generates a composi-
tion operator on .. For each fixed & > 0 we define ¢ (s) = cys + ¢(s) — &, which also defines
a composition operator on .#2. Given a Dirichlet series D = ¥ a,n~* in ., we have

a
Do)=Y apn 9 =% n—'Zn‘("’(”_f’ =Djjeope(s) €D

O

We move on now to characterise the continuous composition operators on /7, following
the spirit of [12, Theorem B].

Theorem 4.2. Let ¢ be as in (10). Then Cy : S, — FE, defines a continuous composition
operator if and only if ¢ has an analytic extension to C.., such that

1. (P(C.'.) c G:+ ifC() € N,
2. ¢(Cy) < C% ifco=0.
Let us make a short comment before we proceed to the proof. Suppose ¢ : C; — C is a holo-

morphic mapping as in that defines a composition operator Cy : /£, — 2. Given k € N
and 6 > 0 we define a function ¢ 5: C_ 1= C by

Prs(8)=P(s+1)—0. (11)
This is obviously holomorphic, but even more
Prs(s) =co(s+1)+@(s+1)—6=cos+Prs(s), (12)
where
Pr,5(8) = C—]: -0+ @r(s) = C—]: —-0+c + :X; ,Z’/lk s

12



is a Dirichlet series that converges at least in the same half-plane as ¢ (and that, as ¢, has a
holomorphic extension to C). Then, by Theorem 4.1} ¢; 5 defines a composition operator
Cors : H+ — D. Let us note that, if D =} a,n™° € #,, then Do ¢ € P and, whenever this
converges, for k € N'we have (recall (1))

(Do¢)(s)=Dod(s+3) =Y apn 10 = Zna n TR = Dy 50 drs(s),

that is (note that D,,s again belongs to #;)
(Dod)i = Cipyep (D176 (13)

proof of Theorem[4.2, Take ¢ such that Cp : #, — A, is continuous. For each fixed k we
consider ¢y o asin and observe that it defines a continuous composition operator 2 —
% and (as in (13)) Cy, ,(D) = (Do ¢), for every D € #*. Suppose that ¢y = 0; then by [12]
¢r(Cy)cC 1 whichyields ¢(C 1 ycC L. Since this holds for every k the conclusion follows. The
same argument gives also the conclusion for ¢y # 0. This completes the proof of necessity.
To prove sufficiency, let us note in first place that if ¢ is such that for every k there is § > 0 so
that the function in defines a continuous composition operator Cy, , : £ — #7, then
we just have to choose m with 0 < % < 6 and take into account to get

1Cp(Dll2,k = (Do P)ll2 < 1Cpy 5l 1 D175 ll2 < 1 Cpy 5 | 1 Dll2,m

for every D € #;; and this shows that Cyp : #, — A, is continuous. It is then enough, then
to show that if ¢ satisfies any of the conditions in Theorem 4.2} then for each k we can find
6 > 0 so that the operator Cy, , F? — A7 is continuous. We consider different cases. First
of all, if ¢y = 0, then ¢ = ¢ and, by hypothesis ¢(C;) = ¢p(C;) < C%. Given k € N, by [12,
Proposition 4.2] (see Remark | we can find § > 0 so that ¢(C 1 ycC Lige Taking this 6 we
define ¢y s as in (1I). A simple computation shows that ¢ 5(C;) € C 1 and [12, Theorem B]
gives that Cyp, ; FE€? — F€? is continuous. This completes the proof in this case.

Suppose now that ¢y # 0 and ¢ # 0. In this case ¢(C.) < C, and, by [12, Proposition 4.2], given
k € N we can find 6 > 0 so that (p(C%) ¢ Cs. Then ¢ 5(C4) < C4 and again [12, Theorem B]
yields that Cy, , : F€? — 7 is continuous, giving the result.

The remaining case (cy # 0 and ¢ = 0) follows by a direct computation. Note that in this case
¢(s) = cps and, for each fixed k, we have

=

forevery D=) a,n° e ;. O]

oo |an|2 |an|2
Z

— —CoS
ICo (Do = | @nn 2 < L

= [IDll2,k

An operator T : E — F between locally convex spaces is said to be bounded if there is a 0-
neighbourhood U in E for which T'(U) is bounded (in F).

Remark 4.3. Suppose that (DY) is a sequence of Dirichlet series (say DY =Y, a(N) ) in
F€? that converges to some D = Y. a,n™* € #?. Then for each s€ C 1 we have

X 1

(% sames)

D=

[e.°] 1 [e.°]
DY) =D = . 10"~ anl e = (1Y - anP?)
n=1

n=1

and DV (s) — D(s) as N — oco.
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Theorem 4.4. Let ¢, defined as in (10), be such that the composition operator Cy : 7y — F,
is continuous. Then Cy is a bounded composition operator in /¢, if and only if there exists
€ >0 such that

1. $(C4)SCe ifcoEN,

2. $(C)SCy,, ifcy=0.

Proof. Let us begin by assuming that ¢y € N and ¢(C.) < C, for some ¢ > 0. Take 0 < % <€
and consider the following neighbourhood of 0 in A,

Un={De A : ||Dnll2 <1}.

For each k € N we consider the function ¢y 1, defined in and note that, if Res > 0 we
have

1y L 1
Redi,1/m(s) :Recp(s+%) —E >g_E >0.

In other words, ¢ 1/,(C+) € C, and, by [12, Theorem B], the composition operator Coriim*
J?% — FF? is continuous. Having this, if D € Uy, (note that D,, € A% and recall (I3)), then

1Cp (D) lI2,k = 1Cpy 11 (Pmll2 < 1 Coppyy 1 Dimll2 = 1Coppey 1 Dll2,m < 1 Cpy ), I

and Cy is bounded. The case ¢ =0 and ¢(C,) =C lie follows in the same way.

Suppose now that ¢ generates a bounded operator. Then there exists N € N (that we may
assume N = 2, since the sequence of seminorms | - [|2 x is increasing) such that for each ke N
there is My > 0 such that [|Cy(D)|l2x < Mgl D|2 n for every D € #,. Fix now some k € N
and consider the function ¢ 1, defined in (II). By Theorem (check (I2)) it defines a
composition operator #, — 2, and our aim now is to show that in fact Cy, , : #2 — #* is
continuous.

Ifp= ny:l a,n~* is a Dirichlet polynomial, we may consider P_y = Zﬁ”zl ann% n~S. This is

again a Dirichlet polynomial, and as in we have Cy, ,, (P) = (P_y o). Hence

1Cp1/n (P2 = IP-n o Pliokx = Mil| P-nll2,n = Ml Pll2.

This shows that Cy, , , defines on the Dirichlet polynomials a continuous operator taking
values in 2. This operator extends by density to a continuous Gy y : #2 — 2. Our aim
now is to see that this operator in fact coincides with Cy,,,,. Choose some D € 6% and
take a sequence (Py) s of Dirichlet polynomials converging in /2 to D. Then Gy, n(Py) —
Gi,n(D). Since Cy is continuous we know from Theoremthat ¢(C4) €Cs. Then, by [12}
Proposition 4.2] (see Remark, @(Cy/x) € Cy. Let us see now that, if Res > 1, then

1

1
Re((Pk,l/N(S)) :coRes+C—]:—N+Re(<p(s+%)) > (14)

Indeed, the case cj # 0 is clear. On the other hand, if ¢y = 0 then ¢(C;) < Cy/24, for some e >0
and therefore taking N sufficiently large, we have the inequality.

Once we have established (T4), Remarkimplies that Py(dr,1/n(8)) — D(dk,1/n(s)). Hence
Gi,n(D) and Do ¢y 1/ coincide on Cp, and they have to be equal in all the half-plane where
they are defined. Therefore Gy y = Cy, |, and the composition operator is continuous from
S% to A2, Then, by [12, Theorem BJ, ¢ 1/n(C+) € Cy, where 0 =0 if ¢y #0 and o = % if
¢o = 0. This gives ¢p(C 1 )eC,, L and, since k was arbitrary, yields our claim. O
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We finish this section by finding conditions so that the operator takes values in a smaller
space, in the spirit of [3, Theorems 12 and 13], where conditions where given so that #7 is
mapped to A9 for 1 < g <oco.

Our first result in this matter gives sufficient conditions on the composition operator to take
values in AP . Its proof is modelled along the same lines as [3} Theorem 12]

Theorem 4.5. Let ¢p(s) = cos+ @(s), with co = 1 and ¢ € D be such that $(C.) < C, for some
£>0. Then Cy(H,) € AP foreveryl < p <oo.

Proof. Let us consider the function
Y(S)=p(s)—e=cos+@(s)—e=cos+y(s),

and note that ¢ = (¢} —€)+)_ ;=2 cpn~* € 2. On the one hand we have ¢(C..) < C,. This, by [12}
Proposition 4.2] (see Remark, gives @(C 1 ) € C¢+5, which together with the fact that ¢y = 1,

yields ¢(C%) - C%%. Then y(C%) - CE% and y(C,;) € C,. By [3, Theorem 11] Cy : #F — AP
is a well defined composition operator for every 2 < p < co. Fix some 2 < p < co. Given
D=Y a,n*e A, wehave D: € AP and

_ an _ an _
CpD) = ann™ 9 =) —Cn P =) “En T = Cy(Dy) € AP
This and the fact that #2 < #P < #" for every 1 < p <2 complete the proof. O

Theorem 4.6. Let¢p:C, —C ! be as in (10). Then

1. Cyp(Ay) € A if and only if $(C,) < C%H forsomee >0,

2. Cp(A) = A ifand only if (C4) = C%.

Proof. First of all, if Cy(#,) S Hx then, in particular (recall Remark, Co(HP) S Ho
and [3, Theorem 13] gives ¢(C4) < C%% for some € > 0.

Let us conversely suppose that there is € > 0 so that Re(¢(s)) > % +¢eforall se C,. Take a
Dirichlet series D =Y a,n"*®in /, and s € C,, then

00 () 00 B 00 |an|2 % 00 1 %
CoDI@I=1Y. ann = Y lagin ¢ < (Y 22 (3 ).
n=1 n=1 n=1 N n=11

The last term is finite because D € #; (and obviously does not depend on s). Hence Cy (D) €
#~ and the proof of the first statement is completed.
For the second statement let us assume that ¢(C,) € C L and fix € > 0. From [12} Proposi-

tion 4.2] we know that we can find 6 > 0 so that ¢(C;) = C Lige Define a function
V() =¢d(s+e)=cos+coe+@i1(s)

and observe that v = cpe + 91 € 2. Clearly Y(C4) = ¢p(C;) < (IZ%JF(S and, therefore the compo-
sition operator Cy maps ;. into /. For D € #; we have

sup|Cyp(D)(s)| = sup|D(¢p(s))| = sup |D(¢p(s + €))| = sup |Cy (D)].

seCe¢ seCe¢ seCy seCy

Being the latter finite (because Cy (D) € A#"°) and ¢ > 0 arbitrary this yields Cy (D) € A7°.
Necessity follows just by hypothesis. O
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We finish this section by looking at vertical limits, a topic that in our view is interesting by
itself and which eventually will lead to an alternative (though longer) proof of the necessity
in Theorem[4.2] We begin by fixing some concepts and notations. First of all, a character is
a function y : N — T satisfying y(nm) = y(n)xy(m) for every n, m. We write = for the group
of all characters that, as a matter of fact, is the dual group of the multiplicative group Q. of
positive rationals. With this in mind = is a compact abelian group that has a unique (up to
normalisation) Haar measure. In [13] it was shown how = can be identified with T* and the
Haar measure corresponds to the product of the normalised Lebesgue measure.

Given a Dirichlet series D =) a,n~* and a character y € Z we denote

Dy =) anx(myn~".

We know from [13} Lemma 2.4] that the functions D, for y € Z correspond exactly with the
vertical limits of D. Clearly, if D belongs to 2 (or to #;), then so also does Dy. Now, if ¢ is
defined as in (10), then we write

Py () =cos+ @y,
which can no longer be seen as a vertical limit. Our first step is to see, following [12, Propo-
sition 4.3] how this action of the characters relates with composition. Let us recall that if ¢ is
as in (10), by [12] equation (4.2)], we have

(n7%), () = x(m®n~4r® (15)
for s € Cyp(¢)-

Remark 4.7. If ¢ is defined as in (10), then [12 Proposition 4.2] provides us with a good
control of the behaviour of ¢ in half-planes. More precisely, if ¢(Cq) < C,,, then for every
€ > 0 there is some 6 > 0 so that ¢ (Cg¢) S Cyy5-¢y0-

Proposition 4.8. Suppose¢:Cgo — C 1 is a holomorphic mapping as in (10), then for D € /£,
and y € E, the following relation holds:

(Do) y(s) = Dyeo 0 by (5) (16)

forseCy.

Proof. On the right hand side, by [12, Proposition 4.1], we have that ¢, maps the half-plane
Cy into Cl On the other hand, D, is in #,, since D € /£, and y“ € Z (because ¢y € Np).
Then (see @3)) it converges absolutely on Cl , and Dy o ¢, defines a holomorphic function
on Cy.
On the left hand side, since D =) a,n"*® € #,, it converges absolutely on C 1 (see again (3)).
Then .

Do¢(s) = i ann P = i apn” 84 ]o_o[ 1+ i —(_cklg?—(m)] k=S
n=1 n=1 k= Jj=1 J:
can be rearranged as a Dirichlet series on some Cy for 6 big enough.
Then, (Do ¢), is a Dirichlet series that converges absolutely (an then defines a holomorphic

function) on Cy. The idea now is to see that these two functions coincide. We distinguish
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several cases.
First of all, if ¢ is constant, then ¢ = ¢, = cos + ¢1, and

(Do) y(s) = (Z (ann‘cl)(nC‘J)‘s)
X
=2 (@nn™ )y () () = 3y ann”? = Dy o gy (5)

for every s € Cg, which gives our claim.
Suppose now that ¢ is not constant and fix 8’ > o,(¢) = 6. By [12, Proposition 4.2] (see
Remark , we can find some € = €(f) > 0 such that ¢(Cy) =C1,,_. , and

+€ Co
1 1
Re(¢(s)) = coRe(s) + Re(@(s)) = cob + PR cof = S te

for every s € Cg/. Hence

In~?lic, = sup In~*¥| < —.
s€Cyr n2te

For each N let D™ = Zl,yzl a,n~* denote the N-th partial sum of D. Fix k with 0 < % <E,
then

— S lanl _1 .1 |an|2 3 1 z
Ylanlln e, < Ylagn = =Y Zon =ik < (¥ 2P (X —— ),
nk k

nk n1+26—E

and these two series are convergent. This implies that D™ o p = Zf;’zl an,n~? converges uni-
formly on Cy to Do ¢p. Using again we have

N
(D(N) o(,b)x(s) — Z anx(n)con_(yb)((s) = ((D(N))XCO O(,bx)(s)
n=1

on Cy . Since taking vertical limits is continuous with respect to the uniform convergence,
this gives

(Dog)y =Dy oy
on Cy. So, these are two holomorphic functions on Cy that coincide on a smaller half-plane.
The identity principle yields the claim. O

The proof of the following result follows word by word that of [12, Proposition 5.1], so we
omit it.

Proposition 4.9. Let ¢ : <E1 — C1 be a holomorphic function for which the composition op-

erator Cyp : SOy — Sy is well deﬁned and continuous. Then almost every (with respect to y)
function ¢y has an analytic extension to C,.

We need one more result before we proceed to the proof of Theorem[4.2] We know from [13}
Theorem 4.1] that if D € #? then for almost every y € = the vertical limit Dy extends to a
holomorphic function in C.. We need the counterpart in #; of this fact.

Proposition 4.10. Let D € #,, then D, extends to a holomorphic function on C,. for almost
everyy € E

17



Proof. Take D =Y a,n"* € #, and observe that, for each fixed k, since Dy, € #7?, [13}, Theo-
rem 4.1] implies that (D), has a holomorphic extension (let us call it f ,) to C,. Define the
set

A :={x € E: (D), extends holomorphically to C+}

and A = () Ax (note that Z\ A has null measure in Z). We fix now y € A and k € N and
keN

observe that, for s € (Ci +1 we have
Dy(9) =) any(m)— = Z X — = Dy(s= 1) = fiy(s— %)
n=1 n n=1 nk ns~ k

Define now gi,y : €1 — C by gy (s) = fi, 1(s— 1), that is clearly holomorphic and satisfies
8k,y(8) = Dy (s) for every SE Ci 1. Note now that, if k < I then g , and g;,, coincide on C 1,
and we can define g, : C, — C by 8y(8) =gk (s)ifseC 1. This is a holomorphic function that
extends Dy to C,. O

We can now give the announced alternative proof necessity in Theorem4.2]

Alternative proof of necessity in Theorem[4.2 The proof follows essentially the same lines as
the proof of necessity in [12, Theorem B], so we only sketch it. Let us assume that¢:C1 — C 1
generates a continuous composition operator Cy : 4, — #;. Then, by Proposmon for
every D € #; and every y € = we have

(DO(P)X:DXCOO(,DX 17
onC L. If we can find y € Z for which ¢, extends to a holomorphic function on C, satisfying

$2(C)SCy if coeN or ¢y (€4 SCyif =0, (18)

then since ¢ = (¢y) o 12 Proposition 4.1] yields our claim.

By assumption Do ¢ € A/, and, by Proposition (Do), extends to a holomorphic func-
tion on C, for almost every y. On the other hand, by Proposition ¢, extends to a holo-
morphic function on C, for almost all y.

Suppose that ¢p = 1,2,.... Since the y — y“ preserves measure, the function Dy« extends
holomorphically to C. for almost every y € Z. Then there is a set of full measure in = for
which D, (Do ¢), and ¢, can be extended analytically to C; and then holds on C,.
Take one such y and, following exactly the same argument as in [12, page 323], to see that
holds in this case it suffices to find some D € .77, for which D, does not extend analyti-
cally to any region larger than C, for almost all y.

If ¢ = 0 then we can only assure that Dyq = D defines a holomorphic function on C1 The
argument in [12} page 324] shows that if we can find a Dirichlet series D € ./, that cannot be
extended to a half-plane larger than C 1 then (18) holds in this case.

The series }_ a,n"* given by a,, = if n is prime and 0 otherwise clearly belongs to ;.

1
Vnlogn
and in [12} page 325] it is shown that satisfies the two required conditions. O
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5 Superposition operators

If ¢ : C — C is some function and f belongs to some space of functions (say E) defined on a
subset of C with complex values we may consider S, (f) = ¢o f. In this way we define an op-
erator S, (called superposition operator) on E. We draw now our attention to the existence
of superposition operators between spaces of Dirichlet series. This was first considered in
[4], where it is shown that a function ¢ defines a superposition operator S, : A — A if
and only if ¢ is entire, and S, : #7 — A7 is well defined if and only if ¢ is a polynomial
degree less or equal to | 2]. In this section we carry on with this study, considering opera-
tors defined on A7° or A,. We show that S, : #77° — A;° is well defined if and only if ¢ is
entire (as in the case of #7°°). The case of A, is different. We give examples of entire func-
tions ¢ that are not polynomials but that define superposition operators S, : #; — /4, but
that there are entire functions that do not define superposition operators. We begin with a
technical lemma.

Lemma5.1. Letg: C\{0} — C be such that fr(s) = ¢(£) € D forevery R > 0 andsupp o ¢(fr) =
o < oo.Then @ extends to an entire function.

Proof. Fix some R > 0, then the function s — (p(%) defines a holomorphic function on C,.
Then, taking two different branches of the complex logarithm we have that ¢ is holomorphic
on D(0, R/29) \ {0}. Since R > 0 was arbitrary, we have that ¢ is holomorphic on C \ {0}. Now,
the Dirichlet series defined on C; by s — (p(%) is bounded on some half plane Cy and, then,

sup |¢(z)| = sup (p(z—lb)’ < 00.

lzl<55 s€Cy

Hence 0 is an isolated singularity of a bounded function in D(0, 2%,). Hence ¢ can be extended

holomorphically to 0 and this completes the proof. O

Proposition 5.2. Let ¢ : C — C be any function. Then,

1. Sy : AX — F° is well defined if and only if ¢ is entire,

2. if Sy : A — A, is well defined, then ¢ is entire.

Proof. First note that, in both cases, if S, is well-defined then ¢ is holomorphic at the origin.
Indeed, if D(s) := —1+17° then ¢ o D is holomorphic in Cy,, and then ¢(s) = ¢ o Do D! is
holomorphic at s = 0. The fact that ¢ is entire then follows from Lemma/5.1

It is only left to show that if ¢ is entire, then S, : #° — A77° is well defined. Take, then,
D € #° and fix k € N. Then

o(D(s+3))|= sup lpDiI,
Re(s)>0

sup lpoD(s)|= sup |p(D)(s)|= sup

Re(s)>1 Re(s)>1 Re(s)>0

and this supremum is finite because Dy € A and the superposition operator is well defined
from A to A (because ¢ is entire). Since this holds fore very k we conclude that po D €
JECX. O
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So the behaviour of superposition operators on #°° and on #7%° is essentially the same.
This is not the case when we look at superposition operators defined on .#;. In this case,
every polynomial (of any degree) defines a superposition operator. The reason for this is
that (unlike for #7), the space # is an algebra.

Proposition 5.3. The space A, is a Fréchet algebra.

Proof. Fix m and take two Dirichlet polynomials P and Q. Then PQ is again a Dirichlet
polynomial and (recall 2))

.17 . .
IPQll2,m < CullPQll1,2m = Cml(PQ)2mll1 = Cpy lim —f |P2m (1) Q2m (i 1)|dt
T—-o02T J-T

1 -T 3¢ 0T 3
< Cp, lim —(f |P2m(it)|2dt) (f |Q2m(it)|2dt)
2T\ ) .

T—o0 T

Nol=

Co li (lfT|P ('r)|2dr) i (lfR|Q (inf2d )
= m | — l m | — lr r
m oT 7 2m 2R R 2m

|
T—o0 R—o0

= CmllP2mll21Q2mll2 = Cmll Pll2,2mll Qll2,2m -

Take now two Dirichlet series D;, D, € #’, and choose sequences of Dirichlet polynomials
(P;)jand (Qj;)j converging to Dy and D, respectively. Our first step is to show that (P;Q;) ; is
a Cauchy sequence. Note that for each k we may find My so that || Pjll2 x < My and [|Qjll2,x <
M. With this at hand we immediately have, for each m

I1PjQj—PiQillz,m < Cn(IPjll22mlQj — Qill22m + I1Pi = Pjll2,2m | Qi ll2,2m)
< CnMom(1Qj — Qillz2m + 1Pi — Pjll2,2m) -

Hence (P; Q i)j is a Cauchy sequence and then converges to some D € ;. Given s € C1 we
2

have
D(s) = li;n(Pij)(s) = li§npj(s)li§an(s) = D1 (s)D2(s),

and this shows that Dy D, € /#;, and a standard argument shows that
I D1D2ll2,m < Cru Mam | D1ll2,2ml D2 l2,2m -
O

Corollary 5.4. If ¢ :C — C is a polynomial, then the superposition operator S, : /€, — Sy is
well defined.

We address now the question of whether or not there are entire functions other than polyno-
mials that define a superposition operator on ;.

Theorem 5.5. There are entire functions that are not polynomials that define a superposition
operator on A, but not every entire function does so.

There are two questions here to be answered. We deal with each one of them separately. The

key point for the first question (on the existence of entire functions defining superposition
operators that are not polynomials) is to have a good control of the seminorms of the powers
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of a given Dirichlet series. Let us recall that if 7(x) =) p<x 1 then, by the prime number
p prime
theorem
. om(x)
lim ——~=1. (19)
e (logx)

Lemma 5.6. Given m €N there exist Cy,, b, > 1 so that
2m+1
1D (12, m < Crn€” ™ DIl 41

forevery D € #, and every k € N.

=1
Proof. Let m, k € N and choose ji ,, to be the smallest natural number so that p4’" < %
(recall that pj,  is the ji n,-th prime number) Then, for every Dirichlet polynomlal P we
have (recall the proof of Proposition[2.2)

1 (7 .
IPFll9,m < Coll PXIly 2m = Cpy lim — |P2m(zt)|kdt
T—oo 2T

1k
1
:Cm(Tlggok (f |P2m(zt)|kdr) ) = Cll Pamllf = Cmll Pl 5,
Jk,m 1 k %
SCm(l_[ —__1) ||P||2,4m-
j=11—p}%’”

Take now D € /£, and choose a sequence of Dirichlet polynomials (P;); converging to D.
Then, for each fixed k, the sequence (Pf),- converges to DF (check again the proof of Propo-
sition[5.3) and, then,

jk,m k jk,m 1 k
ID* 2, = im | Pf 12, < lim cm( __1) 1PiN5 4 = cm( H —_) DI 4,

for every m. As a straightforward consequence of (19 - we can find A,, > 1 so that n((%)zm) <

X+cm

Apk?™ for every k. Taking c,, = —log(27 — 1) + p-log(2), we have - < e
X € [0

for every

] Then, taking b,, = ¢, + A, We get

24m

Jk,m -1

1 Z 1 i, am

Tn . j=1 _am
j

k i Amk’.L b kZm A k2m kZmb
1_[ m=elmlkme” P < gfmlkm e " Pglkm) < @PmKTT @AmKTE — oKTEOm

jk,m
[1

=1
m

~.
—

1=p;

\_,;

Now we can already answer our first question in Theorem5.5} giving an example of an entire
function that is not a polynomial and that produces a well defined superposition operator
on A,.

[e @]
Example 5.7. The entire function given by ¢(z) = ). %zk defines an superposition opera-
e

toron /.. Fix me N and D € /.. Then we have

k
b k2m 2m
M 1 M (e m&H Do 4m) M obmk™™ | D k
k k ’ _ 24m
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7 2m
bk Dl am

for every M > N. Since < T < 1 for big enough k, the latter term tends to 0 as M and
e

N
N go to oco. Then } %Dk is a Cauchy sequence in £, and therefore converges to some
k=0 ¢

~ N ~
D e A£,. In particular this implies ) %Dk(s) — D(s) forevery se C L. On the other hand,
k=0¢
N 00
Y —D*(s) = ¥ —D¥(s) = ¢(D)(s). This shows that ¢(D) € 7, and S, is a
e

k=0 ¢ k=0
well defined superposition operator on /.

if se C1, then
2

This example settles the first part of Theorem 5.5 In order to address the second part (if ev-
ery entire function ¢ defines a superposition operator S, : #; — #;) we change slightly our
perspective. Let H(C) be the space of entire functions endowed with the topology of uniform
convergence on compact sets. Given a Dirichlet series D € .#,, we say that D is of composi-
tion in A, if ¢ o D remains in #;, for every entire function ¢ (in other words, the operator
Cp : H(C) — A, given by ¢ — @ o D is well defined). It is plain that every entire function
defines a superposition operator if and only if every Dirichlet series in /7, is of composition.
So, our goal in order to answer (in the negative) the second question in Theoremis to find
a Dirichlet series in ./, that is not of composition.

Let us suppose that D is such that the operator Cp is well defined and let us see that it is
also continuous. Take a sequence (¢,;,) < H(C) converging to some ¢ € H(C) and assume
that Cp (@) = @m0 D converges (in ;) to D. On the one hand, since ¢,,, — ¢ in H(C) then
©m(D(s)) — @(D(s)) for every s € C%. On the other hand ¢,,0D — D in #, soin particular

@moD(s) — D(s) forall se C L. Therefore @ o D coincides with D in the half-plane C 1,50 they

must be the same Dirichlet series. The closed-graph theorem gives that not only is Cp well
defined, but also continuous.

In order to find the series that is not of composition we provide now a necessary and suffi-
cient condition for a Dirichlet series to be so.

Proposition 5.8. Let D € A,, then D is of composition in A, if and only if for every m € N

there is a constant C > 0 such that .

ID*15, <C, (20)
forevery k e N.

Proof. Suppose D is of composition in #; then the operator Cp : H(C) — #; is continuous.
Given m €N, there is a constant A> 0 and j € Nso that || Cp(p)ll2,m < Asup|z|5j lp(2)]. Taking
¢(z) = zZF we have

ID*llo,m < Asup |z|* < Aj* < CF.

|zI<j
for C > 0 sufficiently large.
For the converse if ¢(z) = 77 axz¥, note that if holds then

Y lagllD¥lla,m < Y laglC* < oo

k=0 k=0
for every m € N. Then the series converges and the operator given by Cp(¢) = 372, apD¥ is
well defined. O
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With this we can give an example of a Dirichlet series in #, that is not of composition,
answering the second question in Theorem|5.5] Let us recall that he first Chebishev function
9(x) =) p<x log(p) satisfies

p prime

lim @ =1. 21)

X—oo X

This is equivalent to the prime number theorem, and an accurate estimate can be found at
[160).

Example 5.9. Let us consider D = Z \/_ n~%, that obviously belongs to #;, and let us see

that it is not a composition Dirichlet series. Observe first that D(s) ={(s + 2) forevery se C:
2
(being ¢ the Riemann’s zeta function) and that, then,

S di(n) _
Dk: S’
PIANG

where the dj.(n)s are the coefficients of(k, thatis di(n) =%,,. =n1
Fix meN, define o = ﬁ and consider 0 < 6 < 1 such that w = 2(1 5) (1 +0)(1+0) >0 (note
that such a § exists because the previous expression is positive for 6=0).

By and we can choose x so that

(1-8)—— <)< (1+6)—— and (1-8)x<9(x) < (1+6)x 22)
logx logx

for every x = xy. Pick now ky € N so that ko = x¢ and, for each k = ky define xj = k'*% and
ng = [p<x, b = €?*%. Observe that in this case dj (1) = k"™ Then, taking (22) into account
we get

(dlzc(nk))% _ ( fe2m (xe) )% = exp (%(2”(3%) log(k) — (1 + U)Q(Xk)))

nHﬁ e (1453
k
> k1+5 2(1-6) _ Ko
exp S —(A+o)(1+0))| =" ©.
Hence
. o di(n) % di(ng) % Bw
1D 54m = 2 —| =\ | >¢ *-
n=1n 2m n 2m

k
Proposition[5.8|gives that D cannot be a composition Dirichlet series in A,

Our last result shows that, in some sense, if we want ¢ to define a superposition operator,
then its coefficients have to go to 0 quite fast (recall also Example[5.7).

Let us note thatif S, is of superposition then S, ({ (s+1)) € #,, in particular ¢ ({(s + 1 +€)) €
F¢* for all € > 0. Rearranging terms we have

i (Z dkdk(n))

k=0

n~Se 2.

What we are going to do now is to show that there are functions for which this does not hold.
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Proposition 5.10. For every0 < C < 2 there exists some € > 0 so that the series
i’: (i dk(n)) Lp—
=1 \izo ek I pate

o) 1

k
k=0 10 % does not define a super-

does not belong to 7. In particular the function ¢(z) =
position operator.

Proof. Considering as before n :=[],<,p with large enough x we get

X di(n) 1 dir(n) 1 _ o 1
(kgo e ) = > i =exp (log(k)n(x)—k - 9(x) > +e ) (23)
For a given 6 > 0, this last exponent is bounded below by
logk 1
x£(1—6) - kC—x(— +£) 1+
logx 2
as long as holds.
Let us choose C’' such that C < C' < 2, xj.:= k€ and 0,€ > 0 small enough to that
1-6 1
w:= o §+£ 1+6)>0.
Then becomes
®d 1 /
(Z k(?)) — =exp (wkc — kc) (24)
=0 ek n§+£
which tends to +oo with k. O

. . . . c
The same argument shows thatif ¢(z) = ‘,’COZO akzk is such that there exist m > 0 with a; ek >

m for large enough k and 1 < C < 2, then it cannot define a superposition operator. In par-
ticular, the exponential function exp(z) = Y. zX/ k! does not define a superposition operator,
since log(k!) = klogk + O(k).

6 Differentiation and integration operators

We finish this note by looking at the classical differentiation operator (that brings a holo-
morphic function to its derivative) and at its inverse, the integration operator. These two
operators, defined on the space #7;° have been studied in [7]. The situation in ./, is quite
close and the arguments are rather similar, so we sketch them, only pointing out the steps
on which they are different.

As we have already explained a Dirichlet series D =) a,n~* defines a holomorphic function
on C,, (p). Then its derivative is again a Dirichlet series obtained simply by differentiating
term by term, that is

o0

D'(s)=-)_ aplog(mn~,

n=2
and has the same abscissa of convergence as D (see e.g. [2, Theorem 11.12]). We can then
consider the differentiation operator D : 2 — 2 defined as D(D) = D'.
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Proposition 6.1. The differentiation operator D : /€, — F; is continuous and satisfies

D) = Hsg:={ Y ann™* € #;: ar =0},

Proof. Let D=3} a,n™*®e /., fix ke Nandset C =sup,, %. Then

| a,|? log(n)?\3 ® |a,l?\3 ® lapl? \3
/ _ n n n _
||D||z,k—(nz2 T ) SC(,;Z nl/k) SC(,;W) = CIIDll2z2x,

and D is well defined and continuous.

Clearly D(#,) € £, 9. On the other hand if D = ¥, a,n™° € A, o, then is plain that D =
*, m_cg%”_s € #, and D(D) = D, hence Q(H#;) = #4 o. O

A simple computation shows that, for each fixed N, the coefficient operator }_ a,n™° — ay is

continuous on .7, . Then the space ., o that we have just defined is closed.

We are also interested in the inverse operator J defined for Dirichlet series ) a,n™° for which
a; =0 as follows

00 S 00 a s
](nzz‘,zann ) nZ:"ZlOg(n)n .

Considered as an operator /2, o — A4 o, it is clearly well defined and continuous, since

X lad* (& anfe
J(D) = —S7 5 = =D
DOk =( 3 e o) = (X ) =10l
forevery D = Y57, a,n™° € #; o. A straightforward computation shows that DJ(D) = D =
JD(D) for all D € .7, . Exactly the same argument as in [7, Theorem 2.3(iii)] shows that nei-
ther D, nor J are compact operators.

Suppose that D and E are two Dirichlet series with o 4(D), 0 ,4(E) < co. By [2, Theorems 11.12
and 11.10] D’ has also finite abscissa of absolute convergence and the product D'E =Y ¢, n"*
again converges absolutely at some half-plane. Note also that ¢; = 0, and then we may con-
sider J(D'E). In this way, fixing D we define a Volterra-type operator Vp : 2 — 9 given by
Vp(E) =J(D'E). The action of such operators on Hardy spaces was thoroughly studied in [8],
where deep results were given. Later, in [7, Corollary 2.4], it was shown that the situation in
J€2° is much easier to handle. Exactly the same arguments as there show that this is also the
case in A, and Vp : &, — A, is well defined (and continuous) if and only if D € ;.

We finish this note by looking at the spectrum of the differentiation and integration opera-
tors, in the same spirit as [7, Theorem 2.6]. Let us recall that the resolvent of a linear operator
T: X — X (where X is some Fréchet space) is defined as the set p(T, X) consisting of those
A € C for which (AI — T) is bijective and its inverse is continuous. Then the spectrum of T is
o(T,X)=C\p(T, X).

Proposition 6.2. We have the following characterization of the spectrums:
1. oD, A, p) ={-logn: neN, n=2}.
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2. oD, #;)=1{0tu{-logn: neN, n=2}.

3. 00, 71,0) = {~5gn: NEN, n 22},

Proof. Take some 0 # A € C so that A # —logn for every natural number n = 2 and let us see
that A € p(D, #, o). Note first that, for }_,-» a,n™° € #, o we have

(/II—D)(Z,,ZZ ann_s) =Y (A+logmann~".

n=2

Choosing p > 0 so that |A| > p and |logn + A| > u for every natural n = 2 we have

a sl (2 aglt 1 i 1 & apl*y: 1 s -
|’Zn22,1Tognn “2’k_(,;2|10gn+7l|2n2/k) <p(’;2n2/k) _ﬁ“2n22ann ||2,k (25)

for every k. This shows that ¥ -, #{)’gnn_s € /4 and, then (AI —D) : ;g — H4 g is sur-

jective. Also shows that the inverse (AI —D)~! is continuous, giving our claim. The rest
of the proof follows exactly as that of [7, Theorem 2.6]. O

Acknowledgements. We would like to warmly thank José Bonet, Andreas Defant and Manuel
Maestre for enlightening remarks and comments and fruitful discussions that improved the
paper. We would also like to thank the referees for their careful reading and helpful com-
ments.

The research of T. Ferndndez Vidal was supported by PICT 2015-2299.

The research of D. Galicer was partially supported by CONICET-PIP 11220130100329CO and
2018-04250.

The research of M. Mereb was partially supported by CONICET-PIP 11220130100073CO and
PICT 2018-03511.

The research of P. Sevilla-Peris was supported by MICINN and FEDER Project MTM2017-
83262-C2-1-P and MECD grant PRX17/00040.

References

[1] A.Aleman, J.-E Olsen, and E. Saksman. Fourier multipliers for Hardy spaces of Dirichlet
series. Int. Math. Res. Not. IMRN, (16):4368-4378, 2014.

[2] T. M. Apostol. Introduction to analytic number theory. Springer-Verlag, New York-
Heidelberg, 1976. Undergraduate Texts in Mathematics.

[3] E Bayart. Hardy spaces of Dirichlet series and their composition operators. Monatsh.
Math., 136(3):203-236, 2002.

[4] E Bayart, J. Castillo-Medina, D. Garcia, M. Maestre, and P. Sevilla-Peris. Composition
operators on spaces of double Dirichlet series. Rev. Mat. Complut., to appear, 2020.

26



(9]

(10]

(11]

(12]

(13]

(14]

(15]

(16]

E Bayart, A. Defant, L. Frerick, M. Maestre, and P. Sevilla-Peris. Multipliers of Dirichlet
series and monomial series expansions of holomorphic functions in infinitely many
variables. Math. Ann., 368(1-2):837-876, 2017.

J. Bonet. The Fréchet Schwartz algebra of uniformly convergent Dirichlet series. Proc.
Edinb. Math. Soc. (2), 61(4):933-942, 2018.

J. Bonet. The differentiation operator in the space of uniformly convergent Dirichlet
series. Math. Nachr., 293(8):1452-1458, 2020.

O. E Brevig, K.-M. Perfekt, and K. Seip. Volterra operators on Hardy spaces of Dirichlet
series. J. Reine Angew. Math., 754:179-223, 2019.

D. Carando, E Marceca, and P. Sevilla-Peris. Hausdorff-Young type inequalities for
vector-valued Dirichlet series. Trans. AMS, to appear, 2021.

A. Defant, D. Garcia, M. Maestre, and P. Sevilla-Peris. Dirichlet series and holomorphic
functions in high dimensions, volume 37 of New Mathematical Monographs. Cambridge
University Press, Cambridge, 2019.

A. Defant, A. Pérez, and P. Sevilla-Peris. A note on abscissas of Dirichlet series. Rev. R.
Acad. Cienc. Exactas Fis. Nat. Ser. A Mat. RACSAM, 113(3):2639-2653, 2019.

J. Gordon and H. Hedenmalm. The composition operators on the space of Dirichlet
series with square summable coefficients. Michigan Math. J., 46(2):313-329, 1999.

H. Hedenmalm, P. Lindqvist, and K. Seip. A Hilbert space of Dirichlet series and systems
of dilated functions in L2(0,1). Duke Math. J., 86(1):1-37, 1997.

R. Meise and D. Vogt. Introduction to functional analysis, volume 2 of Oxford Graduate
Texts in Mathematics. The Clarendon Press, Oxford University Press, New York, 1997.
Translated from the German by M. S. Ramanujan and revised by the authors.

H. Queffélec and M. Queffélec. Diophantine approximation and Dirichlet series, vol-
ume 2 of Harish-Chandra Research Institute Lecture Notes. Hindustan Book Agency,
New Delhi, 2013.

J. B. Rosser and L. Schoenfeld. Approximate formulas for some functions of prime num-
bers. Illinois J. Math., 6:64-94, 1962.

T. Fernandez Vidal, D. Galicer, M. Mereb

Departamento de Matemadtica, Facultad de Cs. Exactas y Naturales, Universidad de Buenos
Aires and IMAS-CONICET. Ciudad Universitaria, Pabellon I (C1428EGA) C.A.B.A., Argentina,
tfernandezvidal@yahoo.com.ar, dgalicer@dm.uba.ar, mmereb@gmail.com

P. Sevilla-Peris
Insitut Universitari de Matematica Pura i Aplicada. Universitat Politecnica de Valencia. Cmno
Vera s/n 46022, Spain, psevilla@mat.upv.es

27



