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MONOMIAL CONVERGENCE ON /¢,

DANIEL GALICER, MARTIN MANSILLA, SANTIAGO MURO, AND PABLO SEVILLA-PERIS

ABSTRACT. We develop a novel decomposition of the monomials in order to study the set of monomial
convergence for spaces of holomorphic functions over ¢,, for 1 < r < 2. For H(¢,), the space of entire
functions of bounded type in ¢, we prove that mon Hy, (¢,) is exactly the Marcinkiewicz sequence space
my, where the symbol ¥, is given by ¥, (n) :=log(n + 1)!™V/" for n € N.

For the space of m-homogeneous polynomials on ¢,, we prove that the set of monomial conver-
gence monZ?("¢,) contains the sequence space ¢ g where g = (mr")’. Moreover, we show that for any
q < s < oo, the Lorentz sequence space £ 4 s lies in mong?("*¢}), provided that m is large enough. We ap-
ply our results to make an advance in the description of the set of monomial convergence of Hy,(By,)
(the space of bounded holomorphic functions on the unit ball of ¢,). As a byproduct we close the
gap on certain estimates related to the mixed unconditionality constant for spaces of polynomials over

classical sequence spaces.

1. INTRODUCTION AND MAIN RESULTS

A basic fact taught in every course of functions of one complex variable is that every function that is
differentiable at all points of a disc centered at 0 can be represented as a power series, and vice versa.
In other words, the derivative f’'(z) exists (i.e. f is differentiable at z) for every |z| < r if and only if

there is a sequence of coefficients (c,(f)), < C so that

f@=) ca(f)Z" 6y
n=0

for every |z| < r (i.e. it is analytic). In this case the coefficients can be computed either by differ-
entiation or by the Cauchy integral formula, and the convergence is absolute and uniform on each
compact subset of the disc. It also rather elementary to see that in fact this extends also to functions
on several complex variables: a function defined on a Reinhardt domain % < C" (all needed defini-
tions in this introduction can be found in Section[2), is differentiable at every z € Z if and only it is
analytic (and has a power series representation as in (I)). So, differentiability and analyticity are two
equivalent ways to define holomorphy in one and several complex variables.

The idea of developing a sort of function theory in infinitely many variables (or, to put in cur-
rent terms, on infinite-dimensional spaces) started at the beginning of the 20th century with the
work, among others, of Hilbert, Fréchet and Gateaux. Here the problem becomes much more sub-

tle. To begin with, while a notion such as differentiability can be considered for functions on any
1
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Banach space the idea of analyticity, where one needs power expansions with monomials of the
form z% = zf“ ---z,%”, is much more restrictive. A Schauder basis, where an idea of “coordinate”
makes sense, is at least needed. This shows that the approach to holomorphy through differen-
tiability is much more far reaching than the one through analyticity. We say, then, that a function
f:U — C (where U is some open subset of a Banach space X) is holomorphic if it is Fréchet differ-
entiable at every point of U (or, equivalently, continuous and holomorphic when restricted to any
one-dimensional affine subspace, see [Mujica, 1986, Dineen, 1999]).

It is also worth exploring the analytic approach whenever it makes sense (for example, in Banach
sequences spaces the definition is given below). Let us succinctly explain how this works (a detailed
account on this can be found in [Defant et al., 2019, Chapter 15]). Let f be a holomorphic function
on some Reinhardt domain £ in a Banach sequence space X. For each fixed n, the restriction of f to
R, =2%NC" (which is a Reinhardt domain) is holomorphic and, therefore, has a monomial expan-

sion with coefficients (c,(x”) ( f))ae,\,g. It is easy to check that cfx”) = cfx”“) for a e Njj I\Jg“. In other

words, we have a unique family (¢4 (f)) ;™ such that
0
f@)= ) cqz” 2
aeNg\”

for all n e Nand all z€ £,,. The coefficients can be computed, for each a = (ay,...,a,,0,0,...), by

0 f(O)_ 1 f Md
flzl=r

= z,
al rin } za+l

ca(f) = 3)

where r > 0 such that {|z| < r} € Z. As usual, the power series Y, ¢, z% is called the monomial expan-
sion of f.

One could expect that in the settings where these two approaches coexist they are equivalent,
just as in the finite dimensional setting. But this is not the case. When dealing with a totally differ-
ent problem, related to the convergence of Dirichlet series, [Toeplitz, 1913] gave an example that,
for what we are concerned with here, provided a holomorphic function on ¢y and a point in ¢y for
which the monomial expansion does not converge absolutely. This shows that there are holomor-
phic functions that are not analytic (the converse, however, holds true: every analytic function is
holomorphic).

Then the question arises in a natural way: for which z’s does the monomial expansion of every
holomorphic function converge absolutely? (note that when this is the case the series converges to
f(2)). From (2) we have that this happens for every z € Z,, but, are there other ones? |[Ryan, 1980]
showed that the monomial expansion of every holomorphic function on ¢; converges at every z € ¢;.
Later [Lempert, 1999] proved that the monomial expansion of every holomorphic function on pBy,
(for p > 0) converges at every z € pBy,. This is a somewhat extremal case, where the analytic and
differential approaches coincide. What happens in other spaces or if we consider smaller families

of holomorphic functions? To tackle these questions the set of monomial convergence of a family



MONOMIAL CONVERGENCE ON /¢ 3

F (Z) of holomorphic functions on £ was defined in [Defant et al., 2009| as

monZ (%) = {z eCV: Y |calf)z¥| <oo forall fe 97(%)},
aeNg”
and a systematic study was started. We are mostly interested in studying the set of monomial con-

vergence of the following three families:

e Hy(¢,) (the space of holomorphic functions of bounded type on ¢;)
e H(By,) (the space of bounded holomorphic functions on the open unit ball of ¢;)

o 22(™¢,) (the space of m-homogeneous polynomials on ¢;).

It is worth mentioning that exact results concerning monomial convergence sets are only known,
so far, for /1 and ¢,. The results of Ryan and Lempert mentioned before imply mon Hy(¢;) =
monZ?("¢,) = ¢, for every m and mon Hy(By,) = By,. On the other endpoint of the scale (p = co)
[Bayart et al., 2017] gives a precise description of mon ("¢ ,) as ¢ ml oy and lower and upper inclu-
sions for mon H,,(By_ ) that, although not optimal, are pretty tight. On the other hand, following the

results and techniques in [Bayart et al., 2017] one can show that

v B )
mon Hy (£ ) = {z eC ig}fm < oo}

(see [Mansilla, 2019], where a proof is provided and it is also noted that this result can also be ob-
tained with the tools we develop in this article). The study for 1 < r < cowas started in [Defant et al., 2009]
and continued in [Bayart et al., 2019], where several interesting results in this direction for polyno-
mials and bounded holomorphic functions were obtained. To our best knowledge, nothing has been
done so far to describe the set of monomial convergence of the holomorphic functions of bounded
type. In this note we make progress towards the description of this set of monomial convergence in
thecasel<r<2.

In Theorem[4.1|we provide a complete characterization of the set of monomial convergence of the

space of holomorphic functions of bounded type for 1 <r <2 as

n_ Z*
mon Hy(¢;) = {ze cN: sup$ <oo}.
n=1 log(n+1)1-1r

The proof is given in Section 4| and the main tool developed is a novel decomposition of the multi-
indices, which allows us to construct any multi-index from two very particular classes (namely, the
tetrahedral and the even ones). A proper treatment for each of these classes provides bounds for the
sum of all the monomials. This technique is quite different from the usual one, which involves the
partition of the multi-index set into suitable subsets (see, for example [Defant et al., 2011} Bayart et al., 2019,
Bayart et al., 2017, |Galicer et al., 2020a, |Ortega-Cerda et al., 2009]). The difference now is that one
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studies two subclasses of multi-indices which decompose all of them (in the fashion of the funda-
mental theorem of arithmetic, to make an analogy) and manages to conclude something about the
entire sum. We believe that this new decomposition is interesting in its own right and could probably
be useful in other problems in the area. For example, one can obtain the set of monomial conver-
gence of Hy(¢, ) for r = 2 (see [Mansilla, 2019]).

Regarding the set of monomial convergence of bounded holomorphic functions on By, there are
a number of deep results (see [Defant et al., 2009, Example 4.9 (1a)]) that in the case we are dealing

with here (1 < r <2) imply
By, n¢; C mon Hy(By,) € By, N4 for every € > 0. 4)

We give here some upper and lower inclusions, in the spirit of the ones obtained for Hy(By_). We
show in Theorem[5.1] that

n

Y12k
{ZEB[r : 2eCylimsup k=1"k

P gt s < 1 € mon Hes(Be)

Zn_ Z*
C{ZEB[ : limsup ——&=Lk < 1}.
" h—oo log(n+1)17

where
0<Cr=

5w

and depends on the interplay between ¢, and the Marcinkiewicz sequence space my, (see Remark[4.4).

% 2log(k + 1)’-1)1”

Let us point out that this is connected with the question stated in [Bayart et al., 2019, Remark 5.8].
We will see in Remark[5.5]that these lower and upper inclusions recover (). As a consequence of all
this, we also strengthen some known results in literature (see Corollary|5.6).

Regarding m-homogeneous polynomials we know from [Bayart et al., 2019, Theorem 5.1] and
[Defant et al., 2009, Example 4.6] that £, . € mon2(""¢,) c £, for every € > 0 (where 1 < r <2
and q := (mr’)). Using elementary methods we show in Theorem [6.3| that we can even take € = 0
(this proves a conjecture made by Defant, Maestre and Prengel in [Defant et al., 2009]). We go one
step further, showing in Theorem [6.1]that

for every m = 5 (we also give lower inclusions for m < 4). The proof is technically involved and uses
interpolation of linear operators defined on cones. Although this technique appears in other con-
texts, it is the first time that it is involved (as far as we know) in problems related to convergence of
analytic functions. All this is presented in Section|6]

Finally, as a byproduct, in Section [7| we provide correct estimates of the asymptotic growth of

the mixed-(p, g) unconditional constant (a notion introduced by Defant, Maestre and Prengel in
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[Defant et al., 2009, Section 5]) as n tends to infinity for every 1 < p,q < oo, closing the gap of the

remaining cases of [Galicer et al., 2020Db].

2. PRELIMINARIES

Forevery x,y € CcN we denote by |x| the sequence (|x1],x2l,...,|xxl,...). If |x;| < |y;| for every i e N we
write |x| < |y|. A Banach sequence space is a Banach space (X, || - || x) such that ¢, c X c ¢, satisfying
that, if x € CN and y € X with |x| < |y|, then x € X and || x|l x < llyllx. A nonempty open set Z c X is
called a Reinhardt domain if given x € cNand y € Z such that | x| < |y| then x € Z. Given a bounded
sequence x its decreasing rearrangement x* is the sequence defined as x; = inf{sup jeny s 11 1 J ©
N, card(]) < n}. A Banach sequence space (X, || - || x) is said to be symmetric if x* € X whenever x € X
and, moreover ||x|x = |x*|x. Aset Ac X is symmetric if x € A if and only if x* € A. For every x € ¢y
there is some injective mapping o : N — N such that x}, = |xs)| for all n € N. We will say that a se-
quence x € CN is decreasing whenever | x| is decreasing.
We are going to deal basically with three classes of Banach sequence spaces: the classical Minkowski

¢, spaces, the Lorentz ¢, ; spaces and the Marcinkiewicz sequence spaces. Let us recall some defini-
tions. For 1 < p, g < co the space ¢, ; consists of those sequences z for which (we use the convention

1/00=0)
1/p-1/
I2lle,,:= | (zan P75,
Observe that in general this is a quasi-norm and only defines anorm for1 < g < p <oo. Forze ¢, 4

we define
1/q

qlp-1 1 ¢ !
* . § p— § *

Z = n z

” ”lp,q n=1 k=1 g

It should be noted (see [Bennett and Sharpley, 1988, Lemma 4.5]) thatfor 1 < p,g<ocoand z€ ¢, 4,
it holds

< o<y
Izl <zl <Pz,

so we can always work with the quasi-norm || - || Cpa and treat (€ 4, [l - |l ‘0, q) as a Banach sequence
space at the expense of p’ (the conjugate exponent of p) every time we do so . Let ¥ = (¥(n))52,
be an increasing sequence of nonnegative real numbers with ¥(0) =0 and ¥ (n) > 0 for every n € N.
These functions are usually known as symbols. The Marcinkiewicz sequence space associated to the

symbol ¥, denoted by my, is the vector space of all bounded sequences (z;), such that

I zll e := SUP ————— < 0oO.
me = S )
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An m-homogeneous polynomial in 7 variables is a function P of the form

P(2)= ). cCaz ' zp"

aENg
ay+-+tap=m
Given a € I\I(’)l we write |a| =a; +---+ayand A(m,n) ={a e I\I(’}: |a| = m}. We also consider the set

Fm,n)={j=(ji,-.., jm) EN"™: 1 = jy <--- < ju < n}. Bach a € A(m, n) defines
Jo=01,%1,2,%2,...,n%n)e_¢(m,n).

Conversely, each j € _#(m, n) defines a € A(m, n) by ay = card{i: j; = k}. In this way these two index-
ing sets are injective and, writing zf .. zy" = z% and zj, -+~ zj,, = zj We can write each homogeneous
polynomial in two alternative ways
P(2)= ) cq2%= Y CityimZii Zjm = >, CjZj. (5)
aeA(m,n) l<sjis<jm=n Jj€Z(m,n)
We will freely change from the a to the j notation whenever it is more convenient (always assuming

that @ and j are related to each other). We write
|jl = card{i e N"": there exists a permutation o of 1,..., m so that i, ) = ji for all k}.

Note that if j and «a are associated to each other, then
. m! m!
ljl= m = R (6)
We will sometimes denote this by |[a]|l. We write 22("*C") for the space of all m-homogeneous
polynomials in n variables. Each ¢,-norm on C” induces a different (though equivalent) norm
||P||?}(m£?) =SUpjz,<1 |P(2)].

We follow the theory of holomorphic functions on arbitrary Banach spaces as presented in [Mujica, 1986,
Dineen, 1999]. If X is a (finite- or infinite-dimensional) Banach space, a function P : X — C is a
(continuous) m-homogeneous polynomial if there exists a (unique) continuous symmetric m-linear
form (denoted by P) on X such that P(x) = P(x,..., x) for every x. A function f: U — C (where U is
some open subset of a Banach space X) is holomorphic if it is Fréchet differentiable at every point
of U. If U is balanced there are P,,(f) for m=0,1,2,..., each an m-homogeneous polynomial on X,
such that f =3}, P;,(f) uniformly on U. The space of all holomorphic functions on U is denoted
by H(U). The space of bounded holomorphic functions on Bx (the open unit ball of X) with the
norm || f| = sup;, <1 |f(x)| is denoted by Hw(Bx). The space of m-homogeneous polynomials on
X is denoted by (" X), and is endowed with the norm || P| = sup <1 1P(x)|. Every homogeneous
polynomial is entire (holomorphic on X) and, then, its coefficients can be computed through (3). Let

us note that ¢4 (P) # 0 only if |a| = m and that, if j € _#(m, n) is associated to «, then

m! .
cq(P) = EP(ejl,...,ejm).
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An entire function is said to be of bounded type if it is bounded on every bounded set of X. The
space of entire functions of bounded type is denoted by Hy(X). It is a Fréchet space with the family
of seminorms defined by p, (f) = sup <, | f(x)I.

We denote by I\Ig\” the set of eventually zero multi-indices. In other words, I\Ig\]) =Uos; Ng x {0}.

From now on we will identify N} x {0} with Nj without further notice.

3. REARRANGEMENT FAMILIES OF HOLOMORPHIC FUNCTIONS.

A very useful tool in the study of sets of monomial convergence (see [Bayart et al., 2017]) is that
usually, a sequence belongs to the set of monomial convergence if and only if its decreasing re-
arrangement does (see also [Defant et al., 2008]). We isolate this property, and say in this case that
F < H(Z) is a rearrangement family (where £ is a Reinhardt domain in a Banach sequence space X).
In [Bayart et al., 2017] it was proved that H(B,,) and 22(" cp) are rearrangement families. The fact
that this is also the case for ¢, for 1 < r < oo is implicitly used in [Bayart et al., 2019]. Our aim now is
to find other rearrangement families of holomorphic functions (compare this with [Schliiters, 2015,
Chapter 7] where similar results appear).

To this purpose we introduce another concept. We say a family & c H(Z) is linearly balanced if
fo Ty e F forevery fe % and T: X — X linear with || T|| =1 and T(%) c Z%.

Remark 3.1. Rather straightforward arguments show that Hj(X), <, (By) (all uniformly continuous
and holomorphic functions on By), Hx(Bx) and 2 (" X) for every m = 2 are linearly balanced fami-

lies.

Theorem 3.2. Let Z be a symmetric Reinhardt domain of a symmetric Banach sequence space X and

F < H(Z) a linearly balanced family such that mon % c ¢, then & is a rearrangement family.

We give a series of preliminary results needed for the proof of Theorem Given an injective

mapping o : N — N we define two mappings. First
Ty:CN =Y, x— (X)) ken - (7)

Second, S, : CN — CN is defined for x € CN by

0 if k¢ o(N)
(SoX)k = (8)
xa-—l(k) ifke U(N)

Both are clearly linear and T, (Ss x) = x for every x.
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Remark 3.3. Let us see now how these two mappings behave with the decreasing rearrangement of
a bounded sequence x. Fixing n € N and J € N such that card(/) < n we have
sup ng(j)lz sup Iles sup Ile.
a(jHeNJ JEN\DNT(N) JENJ
Thus
(Ta(x)); =inf{ sup |xo(j)l:JcN,card(J) < n} <inf{sup |x;|: J <N, card(J) < n} = x;,.
o(jHeNS jeENJ

That is, Ty (x)* < x*. A similar argument shows that (Syx)* = x*.

The following lemma shows that the restrictions of S; and T, to symmetric Banach sequence

spaces are endomorphisms of norm 1.

Lemma 3.4. Let X be a symmetric Banach sequence space and o : N — N an injective mapping. Then
Ts,Ss : X — X defined by (7) and (8) respectively are well-defined, | T; || = 1 and S, is an isometry.

Proof. Remark together with the symmetry of the space implies that both operators are well-
defined, that S, is an isometry and || 75|l < 1. The fact that || 75|l = 1 follows from the equality

Now we are able to give the proof of Theorem[3.2]

Proof of Theorem[3.2, To begin with we take z € mon.% and see that z* € mon%. As mon% c ¢
there is some injective mapping o : N — Nsuch that z; = |z, ()| for every k € N. Observe that | T, (2)| =
z*. We take f € &, then f o T, also belongs to % and what we want to see first is that, if a(o) € I\Ig\”

denotes the multi-index that fullfils T, (z)® = z%©, then

Ca(f) = Cq(0) (fo Ts) 9)

for every a. Take, then, some a € I\IS\D and set N = max{k: aj # 0}. Thus we have

(foT)w)= Y cp(foTHwh,
peNyY
for all w € CN N %. Define M = max{o(k): k=1,..., N} and note that T, (w) € CM N %. Thus
(foTy)w)=f(To(w)= Y ¢(NTew) =Y ¢ (Hw'?.
yeNYY yeNYY
The uniqueness of the Taylor coefficients gives (9). Once we have this we obtain (recall that fo T, € &

and z € mon %)

Y lea(NEHY = Y leaDNTe@) = Y lca@(Fo T2 Y Icalfo T)z"| < oo,

(N) (N) (N) (N)
a(—:l\lo a(—:l\lo aENO aeNO
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which proves our claim.
For the converse, suppose z* € mon.%. Again, as mon.% c ¢y, there is some injective mapping
o : N — N such that z; = |z )| for every k € N. Now it will be useful to notice |z| = S;(z*). Given
f €% we have
Y. lealPZ1= ) leaDIISa(z™ ). (10)

(N) (N)
aENO aENO

Additionally
Y ca(foSw®=f(Sew) =Y calNSew)*= ) ca(f)Ssw)®.
aeNéV aENéV aENéV
Observe that for @ € N™ | if there is k € N\ o(N) such that a; # 0 then S;(w)?® = 0; otherwise we
define a(c~1) e N™ as the only multi-index which fulfils S, (w)* = wr@ ™, By the uniqueness of the

coefficients of the Taylor expansion for fo S, : CN — C it follows

e 0 if there is k ¢ o(N) such that a; #0
ca(f)So(27)" =

Caio-1y (f0S5)(29)%@ ) otherwise,

then

Y. lea(Pz¥= Y lea(DISe ")

(N) N)
aEl\IO ael\lo

= Y eaey(FoSn @) N = Y leal(foSll(z)) <00, (11)

ac(@Muon™ aeN(

as we wanted. O

Remark 3.5. Let Z be a symmetric Reinhardt domain in a Banach sequence space X and consider
a family of holomorphic functions &% < H(£) such that for some m = 2 the space 22(" X) lies inside
& . Then, as X c ¢, continuously we have ("¢ ;) c 2("X) c &. With this, [Bayart et al., 2017,
Theorem 2.1] yields

mon% c mon?("ly) = € 2myi(m-1),00 < Co-

Corollary 3.6. For every symmetric Banach sequence space X the families of holomorphic functions
Hp(X), <ty (Bx), Hx(Bx) and 22("™ X) with m = 2 are rearrangement families.

Proof. Each of these families satisfies the condition in Remark[3.5| Then Remark[3.1Jand Theorem3.2]

give the conclusion. U

Remark 3.7. As we have already pointed out, we are mainly interested in Hy(By,), Hp(¢;) and
2 (™¢,). The set of monomial convergence of each one of these spaces is, by Remark 3.5 contained
in ¢p. But, as a matter of fact, we can say more. By [Defant et al., 2019, Proposition 20.3] we have

mon H,(By,) € By,. Noting that every functional f € ¢} belongs to Hy,(¢,) and using the definition
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of the set of monomial convergence we have mon Hj,(¢,) < ¢,. Finally, exactly the same argument as
in [Defant et al., 2019, Remark 10.7] shows that mon2?("¢,) c 2 ¢,) = mon/; =/¢,.

4. MONOMIAL CONVERGENCE FOR HOLOMORPHIC FUNCTIONS OF BOUNDED TYPE ON £,.

We can now describe the set of monomial convergence of Hy(¢,) for 1 < r < 2. It happens to be a

Marcinkiewicz space my, where the symbol is given by
¥, (n):=logn+1)71'",
for n e Np.

Theorem 4.1. Forl<r <2,
n

Z*
mon Hy(¢,) = my :=4zeCN:sup——Kk=L"k }
pler) = my, { uoh log(n+ D11 =%

We handle the upper and the lower inclusions separately in the following two subsections.

4A. The upper inclusion mon Hy(¢,) € my,. Typically, the way to prove upper inclusions for a set
of monomial convergence goes through providing polynomials satisfying certain convenient prop-
erties. Over the last years probabilistic techniques have shown to be extremely helpful to find such
polynomials. This is, for instance, what is done in [Bayart et al., 2017, Theorem 2.2], where the
probabilistic device is the well-known Kahane-Salem-Zygmund inequality. Here we follow essen-
tially the same lines, replacing the polynomials provided by this inequality by other ones. Following
techniques of [Boas, 2000]and [Bayart, 2012] (see also [Defant et al., 2019, Corollary 17.6]) for every
1 < r <2 thereis a constant C, > 0 such that for all n and m = 2 we can find a choice of signs (£4)4 SO
that

< C,(log(m)mH V" pt=1/r, (12)

m!
a
su E —
p’ Eq 'Z
Izl <1' aeA(m,n)

These polynomials are the main tool for the proof of the upper inclusion. We also need the following

result, an extension of [Defant et al., 2009, Lemma 4.1] whose proof follows the same lines.

Lemma 4.2. Let Z be a Reinhardt domain in a Banach sequence space X and let (¥,(q,)n) be a
Fréchet space of holomorphic functions continuously included in H,(%). Then, for each z € mon(%),

there exist C > 0 and n such that
Y leaz®I = Can(f).
at—:Ng\”
forevery f € &. In particular, if z € mon Hy,(X), there exists C > 0, such that
Y. lea(P)2% = C™IPllgpmx),
ae/AN(m,n)

forevery P e 22("X).
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We have now everything at hand to proceed with the proof of the upper inclusion.

Proof of the upper inclusion in Theorem[4.]] Fix 1 < r <2 and choose z € mon Hy(¢,). Now fix n, m,
choose signs as in and define the polynomial P(w) := ¥ 4er(n,n) €a(M!/ a)w®. By Corollary
we know that z* € mon Hy(¢,). Using first the multinomial formula, then Lemma and finally

we have

n " | !
m! m!
(Z|z;|) = Y @)= )Y |ea— (2"
j=1 aeA(m,n) & aeA(m,n) a:
<Clsup| Y e e <CI (log(mym!m)'~'" (13)
= z* p a ) ey Z*,r g . .
UEBW; aeA(m,n) P

Taking the power 1/m and using Stirling’s formula (/! < v2rme! 12 m™ e~ yields

n 0 M 1-1/r
Z Iz;fl <Cger [log(m)”m(Zer)”(Z'")e”(lzm )?nl/m ) (14)
j=1

Finally, choosing m = [log(n + 1)] gives that the term

1 n

Y 1z

log(n+ D=V =

(for every n = 2) is bounded independently of n, so z € my, . U

4B. The lower inclusion my, < mon Hy(€,). We face now the proof of the lower inclusion in Theo-
rem[4.1] The main tool is the following result, the proof of which requires some work, that we perform

throughout this section.

Theorem 4.3. Fix1 < r <2. For everye > 0 there is C, = C,(€) > 0 such that for every m,n € N, every

m-homogeneous polynomial in n complex variables P and every z € C", we have

Y. lej(Pzil < Crem* (A +e)2e)™ N1id: my, — £, 2], IPlgpenen.
jeZ(m,n)

Before we start with the proof of this result, let us see how, having it at hand, we can prove the

lower inclusion we are aiming at.

Proof of the lower inclusion in Theorem[4.1, Choose z € my, and let us see that z € mon Hy(¢,). By
Corollary[3.6)we may assume without loss of generality z = z*. Given f € Hj(¢,) (recall that we write
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P, (f) for the m-homogeneous part of the Taylor expansion) and Theorem [4.3] (with € = 1) we have

Y lea(Nz%=sup Y, D Icj(fzjl

aeN(()N) neN m=0 je_¢(m,n)
o 2+1/ /
<sup ) C,m* @)™ id 1"zl sup | Y. ¢j(Ny;
neN m=0 ueByn | je ¢ (m,n)

o0
=Cr Y. m@VIUM 4V id 2l g, )™ I P (Pl gpme,)-
m=0

Let us see that this sum is finite. Take R > sup,, (m(2+1/r)1/m(4e)”r lid Izl M\Pr)’ then by the homo-

geneity of Pp, (f)
[e.°]
Y (m@ VDA GV id [ 2l g, )" NP () e
m=0
oo (m@HUNMIM )l id ||zl "
= Z ( — sup  |[Pp(f)(w)l
Py R l,UER'Bfr
oo [ mEHUNAM )T id ||| 2|l "
_ Z ( my, Sup |f(I/U)| <00,
Py R WER'B[r
where the last step is due to Cauchy’s inequality. O

We start now the way to the proof of Theorem[4.3] We begin with a simple remark.

Remark 4.4. If z € my , then

n
1/
nizyl < ) z; < lzllmy, logn+1)"".
=1

That is

!
. log(n+1)Y'"
1251 < 2y, Bt

for every n € N. This gives

n n . n 1o (-+1)r/r’
Y Izl < Y 1251 < Mzl Y 2
j=1 j=1 j=1 J

This implies

lid: my, — £, <( Y

X log(j + 1)5)1”
=

(note that this series is convergent for 1 < r).
Our first ingredient is the following lemma, which follows with a careful analysis of the proof of

[Bayart et al., 2019, Lemma 3.5], that relates the summability of certain coefficients of a polynomial

and its uniform norm in #7. It has been very useful to provide a proof “at an elementary level” (in the
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sense that it does not require tools from the local theory of Banach spaces) of the asymptotic growth
of the unconditional constant of the space of m-homogeneous polynomials on ¢} as n goes to infin-
ity with suitable care on the dependence of m (in fact this has been proved for general index sets, see
[Bayart et al., 2019, Theorem 3.2]). As a consequence the behavior of the Bohr radii of holomorphic
functions on ¢, for 1 < r < 2 has been described in [Bayart et al., 2019, Theorem 3.9]. It has recently
been used also to study the asymptotic growth of the mixed Bohr radii in [Galicer et al., 2020a]. In

some sense, for 1 < r < 2, it plays the role of the Bohnenblust-Hille inequality for the case r = co.

Lemma 4.5. Let1 < r < oo and P be an m-homogeneous polynomial in n variables. Then for each

i € _¢(m-—1,n) with associated multi-index a (i) € A(m — 1, n) we have

1/r'

n o (m-1)""1ur

Y. e P SQW(W) IPllgogmeny. (15)
k=jm-1

Since
M<em—l|i|
a(@ed =
we immediately have

n 1/r
( Y |c(,-,k)(P)|’) < me" VIV Pl gom gy (16)
k=jm-1

This is in fact the statement of [Bayart et al., 2019, Lemma 3.5.]. With it we can give the first step
towards the proof of Theorem[4.3]

Lemma 4.6. Let1 < r <2, there is A, > 0 such that for every m,n € N, every P € 22("'C") and every

decreasing z € C"" we have

" Jog(k+1)%'"
1+1 2 8 .11
Y lej(Przjl= AmeM Mzl | Y = X 1zl 1P,
Jj€#(m,n) k=1 ie ¢ (m-2,k)
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Proof. Consider P € 22("'C") asin (5) and z € C" decreasing. Using first Holder’s inequality and then
we have

n

Y o leiPzil= Y Y 1 jm(P)z5),,]

je#£(m,n) jeFZ(m-1,n) jm=jm-1
n N1/ n 1/r
< ) |Zj|( > IC(j,jm)(P)lr) ( 2. |ij|r)
jefZ(m-1,n) Jm=Jjm-1 Jm=Jm-1
1-1/r mir = 1/r - T
<e me™"" || Pllgpime,) Z |zl ] ( Z 1Zj,! )
jeZ(m-1,n) Jm=Jm-1
1-1/r mlr & . . 1/r < r 1/r
—e me™ " |Plgpmey Y. zj, | Y 1Zi 1@, jm-1)I ( > lzj,l )
jmo1=1 i€ #(m=2,jm-1) Jm=Jjm-1
1-1/r mlr 1/r < & r Ur . 1/r
< me™ N Pllgpney m=D"" Y 1z (Y 175,0) Y lalit
Jm-1=1 Jm=Jm—1 i€ #(m—2,jm-1)
(17)
where the last inequality is due to the fact that |(i, j,—1)| < (m —1)[i| forevery i € #(m -2, jy,-1).
1/r
We now bound the factor |zjm_1|(2’? _i lzj |’) . For each 1 < j < n we use Remark to
Im=]m-1 m
obtain

n Ur log(i+ D" [ & log(k+ 1) \1/r
21 X 12l") " = Nal, —H e (Y )
k= Y k=j

log(j+ DY i O log(k+1)y1/r
< Nk, —————log(j+ D" (3 ==2—=)
k=]
notethatr/r'-1=r-2<0.
We deal with the last sum:
" log(k+1 Iy K log(k+1 tl Jog(k ntl]
Y logk+1) r+ )s (1+—.)r > loglk+1) +r) <2" ) —Og(r )sz”zf —Oggx)dx
=k J iz e+ 1) ko1 K j x
52r+2(r—1)10g(.j)+1S2r+2 2r log.(j+1),
(I’ _ 1)2]r—1 (I’ _ 1)2 ]r—l
d
" n YT _ 2 2T ,  log(j+ 1"
|Zj|(kX::j|Zk| ) <2 m”ZHm%W
This and give the conclusion O

In view of Lemma now we need to bound } ;¢ F(m-2,k) Izillill/ " in a suitable way (depending
on k). To this purpose we switch to the a-notation of multi-indices (recall (5)), which is going to be
more convenient. Then the sum reads

Yo Iz et (18)

aeA(m-2,k)
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and the strategy is to analyze smaller pieces of the sum: a tetrahedral and an even part and use the
bounds obtained for each of these parts to conclude something about sums which involve general
monomials.

Let us be more precise and introduce some notation. A multi-index « is tetrahedral if all its entries

are either 0 or 1. We consider the set of tetrahedral multi-indices
Ar(m,n)={aeA(m,n):a;€{0,1}}.

A multi-index is called even if all its nonzero entries are even (note that this forces the multi-index to

have even order). We consider then the set

Ap(m,n)={a € A(m,n): a; is even for every i = 1,..., n}.
Observe that for every a € Ag(m, n) there is a unique € A(m/2, n) such that a = 20.
Remark 4.7. Given a € A(M, N) define at (the tetrahedral part) and ag (the even part) as

( ) 1 ifa;isodd d ( ) a;—1 ifa;isodd
ar). = an agl; = .
' 0 ifa;iseven ' a; if a; is even

If 0 < k < M is the number of odd entries in «, then clearly a7 € Ar(k, N) and ag € Ag(M — k, N) and
a=ar+ag. As (ag); < a; for every i we have ag! < a!. On the other hand, ar! =1, then ar!lag! < al,
and

M! M M! k' (M-k)!

all=—< = —
Iall a!  arlag! M-B'k'ar! ag!

M M
( r ) arllllagll <27 [[ar]ll[akg]l.

Our next step is to bound a sum as in when we just consider even or tetrahedral indices. We
start with the latter.

Lemma 4.8. Foreveryl <r <2 and M, N € N, and every decreasing z € CN we have

Z |Za||[a]|l/r < 2(1 + E)M/r ”Z”%I%Nll((l+£)r ),
aeAr(M,N)
for everye >0 and
> 2ant <zl < llid: my, — €171z, -
a€Ap(M,N)
Proof. We begin with the first inequality, observing that it is obvious if N = 1. We may, then, assume
N =2. Then, given a € A7(M, N), note that a! = 1 and |[«]]| is exactly M!. Then,

Y Eme =Y 12— <(§|zk|)M :
aeAr(M,N) aeAT(M,N) el M\ MIr
1 log(N)M\1/7'
M Mir M
<zl logN + )M s <2lally, (=)
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A simple calculus argument shows that the function f : [1,c0[— R given by

log(x)M
fx) = /4o

is bounded by ((1+&)M/e)™, then

(1+8)M]M.

log(N)M < Nl/(1+£)(
e

On the other hand M! = (M/e)™ . This gives the conclusion.
For the proof of the second inequality let us recall first that for each a € Ag(M, N) there is a unique
p e A(M/2,N) such that @ = 25 and, moreover,
M! :( (M]2)! )2 M! N B;1B;!
arl--an! \Bil--- Bt (MI2)U(M2)! ;2 (26)!
where last inequality holds because 2* < (2k)!/ k!? < 22F and then

| N p.14.1 N
> Hﬁl'ﬁ"szM 1o
(M/2)}(M/2)! ;5 2B)! iy 2P

[a]| = <1817,

Then (note that, since 2/r = 1, the £; norm bounds the ¢,,, norm)

2/r
Yot Y @@= Y (1)

aeAg(M,N) BeA(M/2,N) BeA(M/2,N)
2ir (N Mir
: M M
<( ¥ ) =(Xlar) <lidimy, — 620, O
BeA(M/2,N) 1=1

Lemma4.9. Givenl <r <2 thereis a constant K, = 1 such that for every M, N € N, and every decreas-

ing ze CN we have

Y 1%l < KM+ 1A+ )M 2MITINYOEOD id sy — 2, 2013,
aeN(M,N)

for everye > 0.
Proof. Choose some decreasing z and use Remark[4.7jand Lemmal4.8Jto get

M
Yoot =y. Y Y 1299 |[ar + ap] M

aeA(M,N) k=0areAr(k,N) age Ag(M—k,N)

M
szM’rZ( Y |z%||[aﬂ|”r)( Y |zg||[aE1|”’)

k=0 (ZTEAT(]C,M (XEEAE(M—]C,N)

M k ’
< 2M/r Z ((1 +€) Py ”Z”’]fn\erl/((lﬁ-E)r )) (” ld m\Pr — gr”M—k”Z”%‘;rk)
k=0

M
. —1_ _2
<2 A+ oMlid: my, — 1Mzl NGy 2K,
k=0

For r = 2 the last sum is exactly M + 1. If 1 < r < 2 the series converges to 22/7/(22/" - 2). O
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We are finally in the position to give the proof of Theorem [4.3|from which (as we already saw) the

lower inclusion in Theorem [4.1] follows.

Proof of Theorem[4.3, Fix 1 <r <2 and n,m. Pick then P € P € 22("C") and z € C". Since |z, =
lz* | my,, We may assume z = z*. Applying Lemma with M = m -2 and N = k after Lemma
yields

Y lcj(P)zjl
Jje€Z(m,n)

< 2Arml+l/rem/rllzllfn\yr

n 10g(k+ 1)2/F’k1+1/r,Kr(m _ l)z(m—Z)/r(l + 8)(7’)1—2)/7" .

[ ! [
> id |2 O 2 T2 I Pllgpney
k=1 I '
2+1/r mirysypm m < 10g(k+ 1)2”,
<2A;Kim ((1+¢€)2e) lid || ”Z”m% ;;1 W Il Pllgp(meny -
Since r > 1 the series ¥, log(k + 1)?/™'/ k' *¢/(1+8)7 j5 convergent. This completes the proof. O

5. MONOMIAL CONVERGENCE FOR BOUNDED HOLOMORPHIC FUNCTIONS ON Bgr .

We change now our focus to the space Hy(By,) of bounded holomorphic functions on By,. Our
main contribution in this area is the following theorem, which provides lower and upper inclusions
for the set of monomial convergence of these spaces. It recovers (see Remark[5.5/and Corollary 5.6)

some previously known results.

Theorem 5.1. Letl < r <2 then,

r

{ €(]:N'2€||id'ﬂl -/ ”r limsu _ Tk=lTk Z + | ”r <1}C
Z . Iy, r pl ( 1)1_1/r < ly
n

Z*
. k=1%k
mon Hy, (B )c{zeB s limsup ———————— < }
il S P logn+ 177
The upper inclusion follows using probabilistic techniques, as in the case of mon H,(¢,). The
lower inclusion, on the other hand, relies on Theorem [4.3|and requires some preliminary work that

we start with the following remark.

Remark 5.2. Given a Reinhardt domain £ in a Banach sequence space X, a simple closed-graph
argument (see [Defant et al., 2009, Lemma 4.1] [Defant et al., 2019, Remark 20.1]) shows that z €
mon H, (%) if and only if there is a constant C, > 0 such that

Y. lea(Nz¥ = Celflla

(N)
aeNO
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for every f € Hoo ().

Lemma5.3. Letl <r <2 then,
1
lid: my, — £, ](2e)!/"

By, cmon Hy (By,).

Proof. In order to keep things readable we write K = ||id : my, — £, (2e)1'". We first show that if
z € (1/K) By, is nondecreasing, then z € mon Hu(By,). The general result follows from the fact that
B, and mon Hy(By,) are both symmetric (Corollary. We choose now f € Hy(By,) and fixe >0
so that (1+&)Y" |zl my, K <1. By Theoremwe can find C, (¢) > 0 so that

Y lea(Nz%=sup ), Y. Icj(f)zjl

aeNy” neN m=0 je_# (m,n)
o0
241/ /
<sup Z Creym "1 +e)™ rK'”IIzII%% sup Z cj(fuj
neN m=0 ueBw Jjef£(m,n)

o0
<Y Co@(mY™EN A+ VK zlmy )" 1Pm(Pllene,
m=0

o0

m

<Iflls,, Crle) Y, (mM™ED A+ ) K]zl )" -
m=0

The choice of € and fact that m/"@*+1/1) _ 1 a5 m — co immediately give that the series converges

and complete the proof. 0

A useful tool when dealing with mon Hy,(B,) is that if a sequence belongs to such a set of mono-
mial convergence and we modify finitely many coordinates, then the resulting sequence remains in
the set of monomial convergence (see [Defant et al., 2008, Lemma 2] r [Defant et al., 2019, Proposi-
tion 10.14]). It is unknown whether or not an analogous result holds for ¢, (see the comments regard-
ing this problem in [Schliiters, 2015, Chapter 10]). We overcome this with the following proposition,

a weaker version of this, but enough for our purposes.

Proposition 5.4. Let 1 <r <oo and u,z € By, be such that |u,| < |z,| for1 < n < N and |u,| = |z,|
for n > N. Suppose that there exists p > eryzl |zu|" so that u € mon Hy((1 — p)”ngr). Then z €
mon Hy,(By,).

Proof. Let ay, ..., an be positive real numbers such that |z;| < a; for every 1 <i < N and

N
a:=)y a,<p.
n=1
Given f € Hy(By,) and ki, ..., ky € N, we define (following the proof of [Defant et al., 2008, Lemma 2])

f(wl""r LUN,VN+1,VN+2,...)
ki+1 kn+1 dw;---dwy.
lwyl=ay lwy|=an L T

wy N

Jeyky V) =
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Note that fi, i, is well-defined on the contracted ball (1 - a)’' By, and in fact, belongs to Hy((1 —
a)''"By,) (because f € Hy(By,)) and

I £l s,

.

||fk1,...,kN||(1_a)1/r.B,r = & kv (19)
al --caN

Our next step is to understand the coefficients cq (f%,,.. k) in relation to those of f. For each multi-

.....

index a = (ay,...,a,,0,...) with a, # 0, an application of the Cauchy integral formula yields

Clkeyyknsanstmay) ) i@y =--=an=0,
Ca(frey, k) = bt (20)
0 otherwise.

We have now everything we need to proceed. Note that, since a < p, we have
u € mon Hyo (1 - p)''"By,) c mon Hoo(1— @) By ).

With Remark[5.2|and we get
I flls,

Y 16pfik 1y U1 = Cll fi ol a-airs,, < Cup—e 1)
peNdy ay’ - ay
Now using (20) and (2I) (recall that |u,| = |z,| for n = N + 1) we have
k k
Y oleaNNzf= Y 1Y e ke (DNUE b2 ]
aeNy¥ (ky,.. en)ENY BeNGY
_ k k B B2
- Z |le"'ZNN| Z |C'3(fk1 ..... kN)||uN+1.“uN+2“-|
(k1,...kn)eNYY penNgY
K kn ”f”B[r
< Z IZI Tt Zyy ICuﬁ
(ky,...kn)ENY a, -ay
N BN
= Cullfls, [T X (—) <o,
n=1k,=0 an
as we wanted. OJ

Let us make a last observation before we proceed with the proof of Theorem|[5.1} Given a Banach
sequence space X, for every f € Ho(tBx) and ¢ > 0 the function f; given by f;(x) = f(tx) for x € Bx
belongs to Hy, (Bx) and cu(f;) = t'* ¢y (f) for every a. Then, if z € mon Hy,(Bx) we have

Y lea(PD = Y lea(NEY2% = Y lcalf)z®] < oo

CK€N(()N) (XENBN) CKEN(()N)
This implies t mon H,(Bx) € mon Hy,(¢By) for every Banach sequence space X and every ¢ > 0.
Noting that #By is the open unit ball of the Banach sequence space (X, ¢l - [ x), the previous inclu-
sion yields

' mon H,,(tBx) cmon Hoo(t_1 IBx) = mon Hy,(Bx).
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This altogether shows
mon Hy,(tBx) = tmon H,,(Bx) (22)

for every Banach sequence space X and every ¢ > 0. We are now able to prove Theorem|5.1]

Proof of Theorem|[5.1} Let us start with the upper inclusion

n

: L1 %
mOIlHoo(Bgr) c {Z € B[r : llgln—)Sip W = }

Fix z € mon Hy(By,). Arguing as in the proof of the upper inclusion of Theorem proceeding as
in (I3), replacing the role of Lemma[4.2]by Remark[5.2} and as in we get

n 2ym
Z |z;_<| < Cl/m [log(m)l/m(znm)l/(Zm)el/(lZm RPN

1-1/r
"
e

where C+ , is a positive constant that depends only on z* and r. Choosing m = [log(n + 1)] we get

lims p—ZIz <1,

n—oo log(n+1)1-1r

which gives our claim.

We now face the proof of the lower inclusion
.

Zn_ Z*
{ZECN: 2ellid: my, — 0" (limsup k=1"k ) + ||z||;r < 1} cmon Hy (By,).

n—oo log(n+1)1-1r

In order to keep the notation as simple as possible, let K = 2e|lid: my, — ¢,||". Take z € CN such that

r

. Y% r
K|{limsup ————————| +|zll, <1,
00 log(n + 1)1—1/r r
and note that this implies z € By, . Set
Yi-1 %k

L:=limsup———————,
e log(n+1)1-1/r

choose € > 0 so that
K(a+eL)" +lzly, <1, (23)

and N € N for which
Yio1 %

— = < (1+¢€)L.
Zgglog(n+l)1‘”r (1+¢€)

Let us observe that

. log(N+1)=Vr
zZy < N (1+e)L, (24)

(this follows essentially as in Remark[4.4) and define

— ZN,...,ZN,ZN+1,ZN+2,... .
N———
N
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On the one hand, for every n < N we have, using (24),
Zn_ u*
ksl ko (1+¢)L.
log(n+1)1-1/r

On the other hand, for n = N,

n * n
k= e X Fn

log(n+ 1=V log(n+1)1-1/r

<(1+¢)L.

This altogether gives || Ullmy, < (1+¢€)L. We choose p > leyzl |zx|" such that
lid: my, — €,1I"(2e)(L(1+€)" +p <1,

and, using we get
(1 _ p)l/r
lid: my, — £,112e)V/7
Lemma and imply u € mon Hoo((l—p)”ngr) and then Propositiongives z* €mon Hy,(By,).
Finally, Corollary[6.7]yields z € mon Hu,(By,) and completes the proof. U

el oy, < (X +€)L<

Remark 5.5. Theorem|5.1]implies other known results which try to characterize the set of monomial

convergence of Hy,(By,). Note first that, if z € ¢;, then
n

Z*
n—»oop log(n+1)1-1/r

Thus

r

DI
By.n¢ C{ZECN:Ze id: my. — £,|" [limsu _—lk) +1zl7% <1}.
¢, N I v, rll n-»ooplog(n+1)1‘”r Izlly,

On the other hand, if z € By, is such that
n

Z*
. k=1"k
limsup———— <
isup log(n+1)1-1/r

then there is a constant ¢ > 0 so that
1-1/r
+
. - Clog(n 1) .

n- n

From this we easily get that z € ¢, for every € > 0, and we recover (@) from Theorem5.1}

The following corollary extends [Bayart et al., 2019, Theorem 5.5(1a) and Corollary 5.7] for 1 < r <
2.

Corollary 5.6. Letl <r <2. Then
1
nt'"log(n+2)%/ .,

- By, cmon Hy,(By,) (25)

for every0 > 0. Also, letting
1

"~ (2ellid: my, — £, ]+ DV
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we have

1
(m) 'B[rCmOHHOO(Bgr).
=1

Proof. Let us begin by proving (25). Fix # > 0 and choose

1
€ - By..
(n”’ 10g(n+2)9)n21 b

We can find w € By, so that
Wn
nt'Mlog(n+1)¢

Zn =

for every n € N. Since z € ¢y, there is an injective o : N — N such that

| We )l
o)l log(o(n) +2)¢"

Z, = zgml =

Using Holder’s inequality we get

L ZZ10)
/ Z /

log(n + DV = a (DY loglo (1) +2)9

Zzl_

log(n+ 1)1”'

1 n 1/r n 1
7 Z|w0(1)|r) (Z

P
“log(n+ )V i = aloglol)+2)r?

1/r
S 1 | i 1 )

log(n+ 1) \ /= a(Dlog(a (D) +2)""0

1 n 1/r
< , Z :
log(n+1)V/r llog(l+2)’9
where the last inequality holds because
1

—

xlog(x+2)r'0

defines a decreasing function for x > 1. The last term,

1/r
1 i 1
log(n+ DY | llog(l +2)™0 ’

goes to 0 as n — oo, and therefore

limsup—— Z* =0.
ol Tog(n+ )17 ; !

)l/r’

(26)
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Indeed, suppose that 8 < 1/r" (which we may always assume since is decreasing on 0).

1
llog(I+2)"'®
Thus, there is some C, g > 0 such that

n 1 1/7'/ n 1 1/7”
N L | SR
= llog(l+2)r"0 1=2 xlog(x)""®

1/7'

log(m) 7 —0+1/1r'
= Cr/'e (f Wdy) < Cr’,g log(n) y
I=log2) ¥

Then,

1 n 1 /7'
<C,glogim)™—0
log(n+1)V/" (lzzi llog(l+2)"9) ro108(1)

On the other hand, z € By, (note that |z,| < |wj,| for every n and w € By,). Then

r

Zn Z*
2ellid: 2.7 i k=1<1 ro_ r 1
ellid: my, — £,]" [limsup lall =2l <1,

n—oo log(n+1)-1r

and, by Theorem(5.1} z € mon Hy(By,).
We give now the proof of (26). Take

1
=07 w
(Kn”r, n)nzl

with w € By,, and note that | z|| 2 < 1/K". Proceeding as before we get

n 1 n 1/r
K—— — ) -] =L
10g(n+1)1” ; " log(n+ 1)V (; l)

Since K = (2ellid: my, — £,[" + 1)1/,
.

. ZZZI Zl* r : r 1
2ellid: my, — £,|I" |limsup + ||z||[r <(elid:my, — £,|" + DF =1.

00 lo (n + 1)1—1/r
Again Theorem 5.1|gives the conclusion. O
An easy consequence of Theorem 5.1]is the following.

Corollary 5.7. Let1<r<2. Thenifc= e id: my, — 2,07t

. Y1 %k . k=17
c{hmsup—, 1} N By, © mon Hy(By,) © {hmsup—, < 1} NBy,.
n—oo log(n+1)Vr n—oo log(n+1)Vr

Note also that if, as in the ¢, case (see [Bayart et al., 2017, equation (11)]), there exists a normed

space X, such that

Bx cmon Hy(By,) € By,
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then X mustbe ¢, N my, and || - | x must be equivalent to

Yoz
z— maX{llZlIg,;limsup k——lkl}
n—oo log(n + 1)l/r

6. LOWER INCLUSIONS FOR THE SET OF MONOMIAL CONVERGENCE OF Z2("/¢,.).

We turn now our attention to the set of monomial convergence of homogeneous polynomials. We

fix1 <r<2and m =2 and define

mr

q=(mr) :r(m—1)+1'

As we already pointed out, we know from [Bayart et al., 2019, Theorem 5.1] and [Defant et al., 2009,
Example 4.6] that

ly—ecmonP("l,)cly

for every € > 0. Our aim now is to tighten this lower bound. We find a lower inclusion that gets

narrower when m gets bigger.

Theorem 6.1. Fix 1< r <2 and, for each m = 2, define q := (mr')'. Then {; < mon@((,); {4, <
mong”(e’[,);[q 34y C mon2(*¢,) and
2

lq m_cmonZ("l;).
> log(m)

form =5.

We start with Theorem[6.3] which proves the case m = 2 in the previous theorem and also provides
an elementary proof of the fact that ¢, is contained in mon2?("¢,). We even get a very good esti-
mate for the sums. We will show later in Remark (see also the comments after it) that for m = 3

something more can be achieved. We need first a lemma.

Lemma 6.2. Letr > 1. There exists C, > 0 such that, for every m,

Ir
m"™" ! ny! 1(r-1)_
sup{ :keN,nl,...,nkeN\{O},nl+---+nk:m}SCrm(e n/z.
m)! mlr nilr
nl nk

Proof. We proceed by induction on m. The statement is trivially satisfied for m = 2 and we assume it
holds for m — 1. Fix then k and choose ny, ..., ni €N, all nonzero, such that n; +--- + ny = m. We may

assume n; = --- = ng = 1. We consider two possible cases. First, if k < er-1 Stirling’s formula and the
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fact that n; < m for every j yield

1/(12n)
m™r p! ! 1 e ﬁ V27N n] !
m! n{ll/r nZk/r - \/me/r i=1 et

T
0

ni /
n - n 1/r ni---n 1/2
] e
mm m

< (Zn)(k—l)/zeZ] 11/(121)m(k—1)/2

U(r-1)_ _ (-1 _
< (27T)(e r 1)/Zer/(12(r 1))m(e r 1)/2.

On the other hand, if k = ¢!~V we have

mlr (m_l)(m—l)/r n!

m n;! ng! ( m )(m—l)/r 1 Ng—1! ng! ©7)
m! n{h/r nlrclk/r_ m—1 ml/r (m—=1)! n{lllr nZkT/r nZk/r'

If ny = 1then ny +---+ nx_; = m—1 and we may use the induction hypothesis and the fact that k < m

to have
mm™r ng! m \m-D/r 1 (/=D _1)/2
T s( ) — C/(m-1)
m! p™ r i im =1 kT

1/(r—1)_1)/2

1 1/r-1)_
<Crel" - (m-1)¢® V2 <c,om'®
e—nr’

Finally, if ny > 1 then

(e =D Dy g =1\ i .V
= e N

nilr n
nk k

We may use again the induction hypothesis and the fact that ny < m/k to obtain from

Ir ’
m n! ng! m \m-=D/rpg\l/r -1 _
e s( 1) (_) Co(m—1)¢ 1)/2
m. nl nk m—
m \m=-1/r 1 /(r-1) _
5( ) ——Cr(m-1)" niz,
m-1 kYT
From here we conclude as in the previous case. 0

Theorem 6.3. Foreachl < r <2, there exists d, > 1 such that for each m and n, every P € 22("C") and
allzeC"

Z |Cj(P)Zj1...

d
2l S MNP gpmep 1217, (28)
1<ji<<jm<n

where q := (mr') . In particular

lqycmon@("Y,).
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Proof. Clearly it is enough to show and, by (see also [Defant et al., 2019, Lemma 10.15]), we

may assume without loss of generality z = z*. First of all, by Holder’s inequality we have

n

X 1GPzzi iz, l= X gzl X 1Pz,
1<sjis<jm=sn l<sjis<jm-1=n Jm=Jm-1
n W 1/ n . 1/r
< Y ezl X og@rr) (X 18,
lsjisSjm-1sn Jm=Jjm-1 jm=im-1
Using Lemma4.5]together with the fact that for every (i, k) € ¢ (m — 1, n) we have
(m—l)m_l (m_z)m—z
(—) < e(m—1)(———),
a(i, k)a(l,k) a(,)a(t)
we obtain
Y gzl
je Z(m,n)
n _om=2.1/r n 1/r
1+1/r 1/r (m-2) .
<" =0 miPlpmey 3 1zl Y lal( S ) (X 1l
Jm-1=1 i€ #(m=2,jm-1) Jm=Jm-1

For each fixed 1 < k < n we have, using (6) and Lemmal6.2|(we write a, = (¢!~ —1)/2) and the fact
thatg<r
n m— 2)(m—2)/r

(m—2)""2\1r 1r ( L 1/r
Y ) (X lal) slad Y el (12l Y 1251)
i€ #(m-2,k) a(i) j=k ic_#(m-2,k) a(i) || j=k

k n 1/r
2—ql
:Cr(m_z)ur|zk| ar Z Izil"'zimle(Z'Z]'lq)

i1y im—2=1

~
1
taul

aryondlT o 2—qir & m=2
= Cr(m =220 1z~ Y 12
i=1

Ir+m=2 2—qgl -2)/q'
< C(m=2)" |1zl 7y EM R S

Now

n

2—q/ -2)/q' 2—qlr 2-qlr
1z PTITE I < 2], T <z,
k=1 q.2—qlr q

because 2 — g/r = g for m = 2. This altogether gives

Y 1Pzl = Krm(m =Y (m=2)" | PllgmenllzllJh. O
je Z(m,n) q

This gives the case m = 2 in Theorem 6.1} We face now the problem of getting the result for other
m’s. The general philosophy is always to try to get a bound as that in (28), where in the right-hand-
side we have some constants that depend on r and m (but not on n, the number of variables), the

norm of the polynomial and the norm of z in some space X. This then implies X ¢ mon2?("¢,).
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What we do is to take the sum as depending on m different variables; that is, for each polynomial P
we consider

D om)
) |C](P)Zj1 ik | (29)

1<jis<jm=n

with z1,..., 2™ € C" and then try to get an estimate that involves the norms of the z/) in (possibly)
different spaces. This then gives that the smallest of these spaces is contained in the set of monomial
convergence (see Remark|[6.10). We do this (giving the proof of Theorem|[6.1) in two stages (that we
present in the following two subsections). First we give an estimate for the sum that involves both
¢4, and ¢, norms (the precise statement is given in Proposition . Then we interpret this in-
equality as operators from £ g oo -+ - x € g oo x € g 1 X g oo %+ X € g o 10 £1(_# (m, n)) and use interpolation
techniques to improve the ¢, ,-norm (by weakening the ¢, ,-norm). This is done in Theorem
What happens here is that, since in the estimate in Proposition [6.4] some of the variables have to
be decreasing, we cannot use general multilinear interpolation, but interpolation in cones (a more

detailed explanation is given in Section[6B).

6A. First bound for the sum. As we announced, our first step towards the proof of Theorem|6.1]is to

get a bound for a sum like that in (29). This becomes the main result of this subsection.

Proposition 6.4. Let1 <r <2 and m = 2. Define q := (mr')". There exists C,, » > 1 so that for every

neN, every P e 22("C"), everyz(l),...,z(m) eC"andl <k<m-1 wehave
(p, ) (kD% (m)x ®) (i)
. > . |C](P)Zj1 Zj e Zim | < Cinr12¥1le,, H 1251l o0 1Pl g2 (memy -
15]1s-~-51m5n ik

The proof requires some work, which we prepare with a few lemmas. But first let us make a couple

of elementary comments. By definition,

* 1
= ”Z”[””OOW (30)
for every z € C" and then
M M 1
z.<|z —. 31
ng p=lzlle, k;v 7 (31)
Also, for1 #a <0,
M M M 1
Y n*=N%+ ) n“sN“+f x*dx=N%+——(M**1 - N**1). (32)
k=N k=N+1 N a+1
Lemma6.5. Letn,k=>1andl < g <oo. Then foreveryz1,...,z¥ e C* and 1 < j < n we have
1) (k) k:kiq 0]
X 1)z =@ T 1200

1sjis<ji<j 1<i<k
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Proof. We proceed by induction on k. For k = 1 the statement is a straightforward consequence of
and (32). Assume that the result holds for k— 1. Then

., (k) _ (k) 1) (k 1)
2. lzglezl= Z 12 '( X el ')

1<jis-<jks<] Isjis-Sje1<jk
k-1 ] (k=1)/ k
<@ T 12P0,, 55" §:|z‘H
1<i<k-1 k=1
k-1)/q ;11q '
< (gh*j e Y T 12P0,,.
1<i<k
which concludes the proof. ([l

Lemma6.6. Letl<r<2, m=3andneN. Fixq:= (mr') and1< k< m-2. Foreveryz'",...,z\" ¢

C"and1 < t < n we have

'
(i) * (zk)* 1/r-1/q mr 1 (k+1)/q'-1/7' (i)
Z |Z].1 . |ji <( H ( l—1+;) 4 H Iz l”[q,oo )

ISjiS<jrsn 1=i<sk M~ 1<i<k

Proof. First of all let us note that a simple computation shows that s/g' —1/r' < —1/(mr’) < 0 for

every 1 < s < m—1. We now proceed by induction on k. For k = 1 we use and to get

n n
. —_ . ,— ,—
j=t j=t

2ig -1 (2 I\ a1
<2l (#77 — (S - <)
q
!
rm 1 / /
2/q'-1/
==+ )zl
m-2 ’
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Let us suppose now that the statement holds for k — 1 and prove it for k:

()= U=, .1/ir=1/q
. Z’ lzjl ZJk |
<1< <jr=n
(l1)* (i) * (zk)* 1/r-1/q
= Z |2;, . Y gz
]1 t ]15]25---S]k5n
< (i1)* mr' 1 kiq'-11r (i)
e T ey P R
=t 1<i<k-1 T J1 2<i<k
! n
s( ( mr +1))( ”Z(”)” ) y |Z(11)*| kiq'-1/7'
1=<i<k-1 m—-Il-1 t 251<k 1=t
< a0 1
1<i<k-1 m=1=1 1 1sl<k ji=t
!
< ( ( mr N 1))( ”Z(,,)” )t(k+1)/q/ 1/r (1 _ (m 3 l)—l)
1<i<k-1 Mm—1=-1 1 1<l<k e t q 1
/ /
:( ( mr +l))( ”Z(l[)” )t(k+1)/q -1/7' (1 + mr ) 0
1<i<k-1 m—-Il-1 ¢ lsl<k t m—-k-1

Next we need the following well-known Hardy-Littlewood rearrangement inequality (see for ex-

ample [Hardy et al., , Section 10.2, Theorem 368]).

Lemma 6.7. Let (ay)ren and (by)xen be two nonincreasing sequences of nonnegative real numbers.

Then, for every m € N and every injection o :N — N we have
m m
Z ag (k) bk < Z akbk.
k=1 k=1

Lemma6.8. Letl <r<2,m=3. Fixq:=(mr') andl < k< m-2. Foreveryz,...,z% € C* we have

@, k) k+D=* _ (m-1)x* 1/r-1/q < (k) )
X gzl e D L = (@ D g, [T 12
15]15..-5],",1511 1SI.S¢7]7€1—1
1

Proof. We begin by splitting the sum in a convenient way:

m . k) (k+Dx* _ _(m-1x .1/r=1/q
1<j< ; <nlzj1 Zje Zjen Zjm1 /in-1
ShsSim-1=
(k) (k+1)= (m-1)* ;1/r=1/q 1) (k-1)
Z |Z |( . Z’ . |z Zjgr R -1 ) Z ) |Z]'1 o Z )
Jjx=1 JkSJk+1=<Jjm-1=n 1<sji1=<jr1=Jk

We fix j; and bound the first block using Lemma6.6) taking into account that we have now m— k-1

z’s and that

1 mr' ,
—+———=<qg+1
jg m—-1-1
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foreveryl<l<m-k—-1, we have

y kD% m=D)x LUr=1lg
. : i im-1 m-1
JkSJk+1="S m-1=N

/
.(m-k)/q' -1/r' 1 mr i
<jr e =) T 120
l<ism—k-1Jk M=1=1Y o

.(m-k)/q'-1/r' —k-1 J
= P S Vi [T 127,

k+1<ism-1

With this, and bounding the second block using Lemmal6.5, we get

— d/r—-1
y 120 B gkt s m=) LIr=1lg

. . 71 Jk Tkl Jm-1 m-1
1=j1=<jm-1=n

2 K, :(k-1)/q'+(m-k)/q'-1/r'
<@ +0" 2 T112%1e,,, Z Erll -
ik

It easy to see that
k-1 m-k 1 1

/ + T A 1
q q roq
Therefore, using Lemma6.7/we have
1/g-1 _ 1/g-1
Z 1231 Z 1% 1 = 12% g, O

Je=1 Je=1
As was the case for the study of holomorphic functions, Lemma[4.5|(in fact (I6), which is [Bayart et al., 2019,

Lemma 3.5]) is a crucial tool for the proof of Proposition

Proof of Proposition[6.4 We begin by using Holder's inequality and (noting that |i| < (m—1)! for
everyie _¢(m-1,n))and to have

@, (k) (k+1)x _(m)*
. Z |C](P)Z ]k Z]k+1 ij |
1=j1=<=jm=n
n
1 -1
-y £ e
11 <jm-1=n Jm=Jm-1
n 1/r' n 1/r
1 -1 !
< Y LAy g@n) (X 1emer)
112 <jm-1=n Jm=Jm-1 Jm=Jjm-1
n 1/r
1/r 1+(m-1)/r (m) (1) (m—1)* .—rlq
<(m-D!""me IPlgemem 12 oo Z |z 25 |(Z Jm )
Isjis<jm-1=n Jm=Jm-1

Observe now that, for each N € N'we have N~"/9 < 274 x~"4 for every N <x < N+ 1. Then

/ - d-r/
Z jora <2r/qf r/quszr/q%]m_rlq.
Jm=Jm-1 Jm-1 q

The proof now finishes with a straightforward application of Lemma6.8] UJ
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6B. Real interpolation on cones. What we are going to do now is to look at the inequalities for sums
like in (6) from the point of view of multilinear mappings. We fix a polynomial P € 22("C") and

consider the mapping C" x --- x C"* — ¢, (_# (m, n)), given by

(2", 2" = (P12 .2 (33)

im )jej(m,n) :
Note that, since everything here is finite dimensional, the mapping is well-defined. The idea is, then,
to consider norms on the domain spaces so that the norm of this mapping is bounded by a term
involving the norm of the polynomial and some constant independent of n. Since the inequality
that we get in Proposition [6.4]requires some variables to be decreasing we have to restrict ourselves
to cones of decreasing sequences. To be more precise, if we define f;{,s ={z € lys: |z| = z"} for
1 < s < oo, Proposition [6.4]tells us that there is a constant C,,,, > 1 (independent of P and n) such
that, for every 1 < k < m—1, the mapping

Tk : €Z,oo X eee X (Z’oo XZZ,I x ((Z,Oo)d X +ee X (ZZ'OO)d — 01( ¢ (m,n)), (34)
) k-1 ’ ) m—k ’
given by satisfies
I Tkl = Con,r I Pllgogmeny. (35)

All these mappings have the same defining formula (which is m-linear), so it is tempting to apply
multilinear interpolation. But, since we need to restrict ourselves to the cone of nonincreasing se-
quences in the last m — k variables, we are not able to directly apply the classical multilinear interpo-
lation results, but interpolation in cones.

For the general theory of interpolation we follow (and refer the reader to) [Bergh and Lofstrom, 1976].
Since (as we have already explained) we have to consider linear operators on cones, we use the
K-method of interpolation for operators on the cone of nonincreasing sequences, as presented in
[Cerda and Martin, 1996]. Then the main result of this section, from which Theorem follows is
the following.

Theorem 6.9. Let1 < r <2 and m = 3. Define q := (mr')" and
2 ifm=3
s={B+vh)/2 ifm=4
m/log(m) ifm=5
There exists a constant Cy, , = 1 such that, for every P € 22("C") the m-linear mapping

T:(0) ) x - x (0 ) x(08 )* — 01(F(m, )

-

m-1

given by

(z,...,2""") (C](P)Zjl Z]m )jej(m,n)
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satisfies
ITN < Co,rIPllgpmeny -
Remark 6.10. If we take z'!) = --- = 2" = z and observe that ||zl ¢, < llzll¢,,, Theorem m gives
Y 1gP)z} ) 1= Crllzly, IPlomen
l<ji<-<jm=n '

forevery P € 22("'C") and z € C". A standard argument shows that z* € mon2?("'¢,) forevery z€ £ 4
and, then, Corollaryimplies l4s cmon2(™¢,). This gives Theorem

Before we proceed, let us fix some notation. Given a Banach function lattice X (in particular a
sequence space or a finite-dimensional Banach space, on which we are mainly interested), we write
X4 for the cone of nonincreasing functions in X. If Y is any Banach space and S: X — Y is a linear

operator we can restrict it to the cone and set
I1S: X4 — Y| =inf{(|S(x)|ly: xe X%, |x]l <1}. (36)

Clearly neither is X d q vector space, nor is ||S|| a norm. We will later use an analogous notation for
m-linear mappings. We are now ready to state our main tool to interpolate in cones. It is a direct
corollary of [Cerda and Martin, 1996, Theorem 1-(b)] (recall that we are using the notation as intro-
duced there).

Theorem 6.11. Given a pair of quasi-Banach function lattices (Xy, X1), a pair of quasi-Banach spaces
(Yo, Y1) and a linear operator S defined both for Xo — Yy and X, — Y1 with

I1S: X8 — Yol <My and |S: X! — Y1l <M.
Then for every0 < 0 < 1 the operator S : (Xd,de)g_a — (Yo, Y1)g,4 is well-defined and

I1S: (XZ, Xg, 4 — (Yo, Y)o,all < MO MY,

We are going to apply this to Lorentz sequence spaces. In this case, it was proved in [Sagher, 1972]
(see also [Cerda and Martin, 1996, Theorem 4]) that

d d _ da
(fq,po, [677771)&“ - ([%PO’ gﬁhpl)e,a .

On the other hand, it is known (see for example [Bergh and Lofstrom, 1976, Theorem 5.3.1]) that

whenever
1 1-6 6
_ = 4 —
p Po p1
we have

(€ q,p00q,p)o,p = Cq,p>
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and therefore

d  ,d _d
wq:Po’ [67:171)947 - gq,p' (37)

Finally [Bergh and Lofstrom, 1976, Theorem 3.7.1] gives that (if py, p1, p are related as before)

w,q,po’ glq,pl)&p = wq.porfqypl)é,p = glq,p' (38)

The idea now is to use Theorem to interpolate multilinear mappings. Let us explain how we
are going to do this. Let Xj,..., X;;, be Banach function lattices (in our case they will always be finite-
dimensional Lorentz spaces), Y some Banach space (¢ (_# (m, n)) for us) and take some continuous
m-linear T: X} x --- x X;;; — Y (for us given by (33)). Now we fix 1 < j # k < m and, for each i # j, k
pick z¥) € X; and ¢ € Y’ and consider v = (z\V,..., 2z, ). Now we define

Ty:Xj— X, by (Tp(z)E®)=e1",...,2")). (39)
An easy computation shows that

1Tl < Nl TI T 121 (40)
i#j,k
Observe that in this procedure we may consider X l.d for every i except for i = k, getting the same

estimate for the norm (defining the “norm” for multilinear mappings on cones with the same idea as
in (36)). We are now ready to present the main technical tool for the proof of Theorem 6.9}

Lemma6.12. Letm =3,1<r <2, defineq:= (mr') and let Cy, ; be the constant from Proposition
Foreach0<0 <1, every Pe 22("C") and all1 < k < m — 2 the m-linear mapping

d d d d d
TEO): (00 ) 5 (00 ) e (€0 ) (Eh) e (€)= €1 )

[ J "

‘k' m—k-1

given by satisfies
IT*@)1| < Con,r I Pllgogmen.

Proof. We proceed by induction on k and begin with the case k = 1. We consider the mappings (see

(34))

Ty: €, x (L o) x (L o) x - x (0] )T — 01 (m,n))

m—1

Tyl oo x Op ) x (U o) X x (05 ) — £1(F (m,n)).

V”

m-2
We fix z9,...,20 € (¢7)% and ¢ € (¢1(_# (m, n)))’ and writing v = (z9,...,2™, @) define, following
(39), two linear operators

d

(To: (€0) = (¢0)) and  (T),: (£2,) = (¢200)'
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that, by and (40), satisfy (for i =1,2)
(T vl < ComyrIPlgpemem 12PN gy - 12" M0y o 10N 21 o momyy -
Now we interpolate, using Theorem6.11]and and (38), to have
0 (T'®),:( 2,1/9)d - (32,1/(1—9)),

for every 0 < 0 < 1. This immediately gives (just taking supremums)

3
< CorIPlgpmemy 129000, oo - 127 e, NPl ey o (mmyy

1T @) 07 | 0g % ( g,l,g)d x (€7 ) %o x (€0 ) — €1 (F(m, )| < Con I Pl

q
mtz
Now let us assume that,for1<k<m -2,
k-1 . pn n d, .. n d n \d. . . . n o yd _,
TENO 0y gy X Cae) X (0 11)" X C0) X2 x (C0) ! = 1 (mym)
ktl mtk

has norm < Cy;, /[|Pl|go(m¢ny. On the other hand consider the mapping defined by Theorem (see
(34))

Tier1: 00 oo % oo X O o xO0 X (08 ) x o x (00 ) — 01,7 (m, n))

-~ -

k m—k-1
that (recall (40)) also has norm < C,, , I Pll go(m ¢ny. Since MZ,I/B — (Zyooll =1 we have (recall (36))

Tk+1 :BZ,OO x (82,1/9)61 Xoeee X (ny”Q)d qu,l ngg,oo)d Xoeee X (ggyoo)dj—’gl(j(m, n))

-

k-1 m—k-1

has again norm bounded by C,;, Il Pllgomeny. We fixpe ([1 (£ (m, n)))/ and zY € (C"¥ for i # 1, k and,
taking v = (2@, ...,2®0, 2+ 2™ ) we have by (39) and

k-1 . (ph d n !
[(T5 00 (UG = (€0 1y agyyer) |
2 k k+2
< Con,r IPIgmem 19l ey g mmy 1290 00 12500y o 1252 N0y 0 - 127 0

and

. d !
||(Tk+1)y : (82,1) - ([Z,OO) ”
9 k k+2
< Cm,r”P“@(mﬂ’) ||(P||€1(f(m,n))/ ||Z( )||éq'1/0 ||Z( )ng,lm ||Z( + )“[q’Oo cen ||z(m) ||/q,Oo .

Once again, we may interpolate using Theorem|6.11} and to have

IT* @) (€] 9" = (22,1/(1-9)’6),“

2 k k+2
< Con,r IPIgmem 1ol ey g mmy 1290 00125 N0y o 1252 N0y 0 - 127 0
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for every 0 < 0 < 1. Taking supremum as before this gives

[T ®): ¢"

d d d d
oo * L) X ) o) o x € = S|

}; m—7c—1

< Cm,r”P”gz(mg?) . O

Proof of Theorem[6.9 For m =5, we choose

log(m +3)

- m—1+log(m+%)'

Then 1/60 = m/log(m) and

( 1 )k:(1+log(m+%))m—2> m

1-6 m-1 “logm’
n n _ n n _ : : _ _
Therefore ||gq,(1/(1_0))k . gq,m/log(m) | = ||zqy1/0 s zq,m/log(m) | = 1. Using Lemmal|6.12|with k = m -2
the result follows. For m = 3 and m =4, take 0 = % and 0 = % - § in Lemma|6.12) respectively. O

We finish this section with some comments on the hypercontractivity of the inclusion of ¢, s in
monZ?("¢,). For the ¢, case it is known (see [Bayart et al., 2017, Theorem 2.1]) that the inclusion
?om)lim-1),00 INMONZ? ("¢ ) is hypercontractive in the sense that there exists a constant C > 0 such
that for every P € 22("{ ),

m m
iej% . lj(P)zl = C™llzlly,, -

" IPllpeme,)-

For 1 < r <2, although we do not know if £, lies in the set mon2?("*¢,) it is easy to see that we

cannot expect to have a hypercontractive inequality as above.
Remark 6.13. Proceeding as in the proof of the upper inclusion in Theorem [4.1] (see (I4)) with m =
[log(n +1)] we would have that

1
log(n+1

n

*

i1 i 2 1]
Cq10gm j=1

is bounded independently of n for every z € £ 1og ;. Take now z = (j ~Ud]og(j)~?/loglm)y j- Then

0o 1 )l/logm

|mwmms(2_

j=1 jlog?(j)
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But,
1 1 1 1l 1
|27 1> : .
”lefq,logm log(n + 1)1—1/r ]; J log(n + 1)1—1/r ]; jl/qlog(])Z/log(m)
eZ n 1 e2

!
nl/q 6]’-

Z jl/q =

>
clog(n+ 1)1~V 5 clog(n+1)-1/r

)llr

Since g’ = mr’ = [log(n + 1)]7/, the last expression is > log(n)'/". This shows that there exists no

constant C > 0 such that for every n and m and all P € 22("C") we have

Y. lgPgl=C™zly IPlgmep.
je ¢ (m,n) 708

On the other hand, applying carefully the ideas developed in this section, it is possible to obtain

hypercontractive inequalities in some cases.

Remark 6.14. Given ¢ > 0, there exists a constant C > 0 such that for every m = 3, n € N and every
Peap(™mCh

Y. lg(P)zjl = CA+&)™IPlgpmenllzll]n
je£m,n) a2

To see this fix 1 < r <2, m = 3, and take z, 22, z"=D 1 e C" such that z™ D = zm=D* gnd

w = w*. Then we have, using Lemmal4.5(see also (I5)) and Lemma6.2}

(m-2) (m-1)
Z |C](P)Z]1 “Z jm- SZ]m 2 Z]m 1 w]m|
je g (m,n)

n

1/r
,
= em”P”'@(mM) Z |Zj1 *Zjm- 3Z] Jm-1 a(j)ed wjm)
jeg(m-1,n) J Jm=im-1

L n ) . n ] 1/r
zem’cm WPl Y, A X gl X (Y w)

]'m—2:1 ].Ef(m_&jm—z) jm—lzjm 2 ]m ]m 1

(m— g)z(m 1)| ((m—l)m—l)ur(

/ n jm—z m n
r -2 1 l/r 1/
<Cm Wl IPlgmey Y 122X tal) X 12l

]'m72:l I=1 jm71=]'m72
o n 2 1-1/ 3 1 21q'-1/1"
<Cm Wy IPlgmeny Y 12" P1Gm-2)' " 2l g )" 212 Pl (' + D2,
jm—2:1

/ e m-3 _(m—2) (m-1)
<(r'+1)Cm ||w||£,,m||Z||gqyoo||Z e, Iz 2400 1 Pllimeny,
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where in the penultimate inequality we used the bound of the identity from ¢ ’f to ¢ ’;,oo that may be

found for example in [Defant and Michels, 0506, Lemma 22]. On the other hand, we also have,

(m=-2) (m-1)
Y. 16j(P)zjy ...z, 52" P2 P
jef(im,n)

ol

m-1 n

(m-2) _(m-1) (m-1) Lr 1/r

<emlPlomey Y 1222 DAV () (Y w))
JjeF(m-1,n) a(]) Jm=Jm-1

n Jm=1 n
IPlomeny Y. 12770 X lilyl) YAy w)Y

Jm-1=1 Jj€EF(mM=3,jm—2) Jm-2=1 Jm=Jjm-1

N n ( ) jm—2 m-3 jm—l ( 2 1
m— m-2), -
<Cm wle, I Ploeey Y 12X 1zl) Y 122
=1

Jm-1=1 Jm-2=1

3 e’ -1
<em°Cm

v 1 1 . -1 m-3 1-1 _2 1.1
<Cm® lwle, NPlpmen Y. |Z§~::_1)|((]m—2) quzngqm) Y Pl VO A
jm—lzl

r/
-3 -2 -1
=Cm Nwle, N217 21272 e, 127 Ve, IPIppner.

Thus, proceeding as in Lemma we may construct an operator which is bounded from ¢ Z,oo to
(¢41)" and also from !Z'l to (¢4.00) - Applying the K-interpolation method restricted to the cone of

nonincreasing sequences to this operator we can conclude that for any z = z*,
T, _
Y, lejPzjl sV A+1Cm® Nzly 2zl , IPloemen < CA+&)™ IPllgmey 1217
jegmn ‘ ‘ I

Therefore, by (L1), we have proved our claim.

With some extra work it can proved, in a similar way, that given any s = 1 and € > 0, there exist
some my and some C > 0 such that for every n € N, all m = m, and every polynomial P € 22("'C") we
have

Y. lg(P)zjl = CA+&)™IPlgmenllzlln .
Jjeg(m,n) s

7. SOME CONSEQUENCES

We now provide several consequences of the results obtained in the previous sections.

7A. Mixed unconditionality for spaces of m-homogeneous polynomials. Let usrecall that, if (P;);eca
is a Schauder basis of 22("C"), for1 < r, s <oco and n, m € N, the mixed unconditional basis constant
Xr.s((Pi)ien) is defined as the best constant C > 0 such that

Z 0;c;P; < C” Z ciP; “
ieA 2mes) ieA Per)
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FIGURE 1. Graphical overview of the mixed unconditional constant described in Theorem|7.1}

for every P = Z ciP; € 22(™C") and every choice of complex numbers (0;);ex of modulus one. Once
ieA
we have this, the (r, s)-mixed unconditional constant of 22("C") is defined as

Xr,s(@P(MC™M) :=inf{y,s(Pi)ieca) : (Pi)ien basis for 22("C")}.

This notion was introduced by Defant, Maestre and Prengel in [Defant et al., 2009, Section 5].

In [Galicer et al., 2020b] the exact asymptotic growth of the mixed-(r, s) unconditional constant as
n tends to infinity was computed for many values of p and g’s. To achieve this the authors proved
that

Xr,s(gz(mcn)) ~ Xr,s((zj)jej(m,n))-
We complete the result given in [Galicer et al., 2020b, Theorem 3.4] by providing the exact asymptotic
growth for the remaining cases. In this way we have the behavior of y, (22("C")) for every1 <r,s <

Q.

Theorem 7.1. For each m € N we have
Xrs(@(MC™M) ~ 1 for(D: r+Zt<inl/r<jlor[Zls L <lns<1/r],
Ar,s(PNCM) ~ pAT=USHUD=UZ 0 for (1) (11 + 22 = T A1/r < 5],

Ars(PCM) ~ ptm=DAVIRUI=US  for(I1) : [1-1/m+ =21 A 3 <1/r<1].

Proof. The behavior of y, ;(2("C™)) inregions (I) and (/1) was already given in [Galicer et al., 2020b),
Theorem 3.4]. We now deal with (/7). By Theorem [6.3|we know that £, < mon2("¢,). Thus, for
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every polynomial P(z) = Y |4)=m Caz“ € 22("C") we have

Z lcaz®| < Cm||Z||Z||P||9(mz,)» (41)
lal=m
where g := (mr')’. Since
lzllg, < n" TNz, (42)
combining and yields
Xr,s(f@(m([:n)) < p/a=-1/9)m _ n(l—l/(mr’)—l/s)m — nm(l—l/s)—l/r’ — n(m—l)(l—l/s)+1/r—1/s, (43)
completing the proof. 0

7B. Mixed Bohr radius. Let K (Bgz,BgZ) be the n-dimensional (p, q)-Bohr radius for holomorphic
functions on C”. That is, K (Bgn, Ben) denotes the greatest number r = 0 such that for every entire

function f(z) =Y, a,z% in n-complex variables, we have the (mixed) Bohr-type inequality

sup Y laqz® < sup |f(2)!.

zer-Ben’a 2€Byn
The exact asymptotic growth of K (B[g,Bgz) with n was given in [Galicer et al., 2020a, Theorem 1.2].
More precisely, K(B[Z, B[{l) ~1foreveryl<p<oo,andforl < p,q <oo, with g #1,
1 if(I):ZSpSOO/\%+%S%,
K(Bgg, Ben) ~{ /log(m)/n!/#* /P14 if(I):2< p<oo A 3+ >
log(n)!~1/P/pt-14 if(I):1<p<2.

1
E;

As a consequence of our result we can give an alternative proof of the lower bounds for K (Ben, Ben)
forthe case 1 < p <2 (and every 1 < g < 00). It should be noted that this is the most complicated part
of [Galicer et al., 2020a, Theorem 1.2]. Let us see how.

By [Defant et al., 2009, Theorem 5.1] and Lemma there is a constant C := C(p) > 0 such that
for every polynomial P in n complex variables we have

,-ef%,n) 16(P)zl < C™ Izl o, IPlpimen), (44)

where (my ), is defined as the quotient space induced by the mapping
Tp:my, —C", x—=(x1,...,X).

Note that there is a constant D = D(p, g) > 0 such that

1-1/q

Izllmy ), = D Izl gz

10g(n)1—1/p
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Therefore, by we have

1-1/q m
Y |Cj(P)Zj|S(CD)m( ) ||Z||Z£z||P||32’(ng),

je g im,m) log(n)!=1'7

This implies that
nl—l/q
log(rl)l_”p .

It should be noted that here it is important to have control of the growth of the (p, g)-mixed uncon-

ditional constant also in terms of m (the homogeneity degree), contrary to the problem treated in
the previous subsection. The result now follows using that (see [Galicer et al., 2020a, Lemma 2.2.])
foreveryneNand 1 < p, g < co we have

1
SUP 21 X p,q (P (MCM)H ™

K(Bgz,Bg;) ~

7C. Multipliers. A sequence (ay),en is @ multiplier for mon22("¢,) if
(@n)pen-¥r mont@(mtﬂr);

where the product (a,),en - €5 is just the coordinatewise multiplication. Let p = (p1, p2,...) be the
sequence of the prime numbers. It is well-known that for r = 2, the sequence 1/p=D/2" jg 5
multiplier for mon22("¢,) (this can be as an immediate consequence of [Bayart et al., 2019, Theo-
rem 5.1(3)]).

For 1 < r <2 in [Bayart et al., 2019, Theorem 5.3] prove an analogous result up to an ¢, showing

that for each m and every e > 1/r

1

— ./, cmon2?("¢,), (45)
pon(log(p))° '
where
m—l( 1)
Om=——\(1—-—]|.
m r

As a consequence of our results, we can improve this, showing that, for 1 < r < 2, even the sequence

(1/n°m),en is @ multiplier for mon 22 ("¢ ,).

Theorem 7.2. For1<r<2andm=3 puto,, = "1 (1-1). Then,

(L)n-ér cmonZ?("¢,),

nom

and o, is best possible.

Proof. As a consequence of Theoremwe know that £, , c mon2?("¢,), thus to prove the result it

is sufficient to see that if z € ¢, then, (1/n°"),-z € £, ,. Suppose that z € ¢, is an arbitrary element
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(not necessarily equal to z*). Since r > g we know that the norm || ||, o is equivalent to the following

maximal norm (see [Bennett and Sharpley, 1988, Lemma 4.5])

r\1/r
* S /g—1 1 & *
rla—
lwly,,, = 2 n" ;Zwk -
' n=1 k=1

Then, if w = (z,/n’m),,, by the Hardy-Littlewood rearrangement inequality (Lemma|6.7) it is easy to
see that

for every n € N. Then

(x)
nomly

IA
18
S
g
{
L
—_—
S|
B
N
%
Q‘»—l
3
N —
N
—
oy

lyr

*

* *

B Zn) (Zn)
o o
nmnéq‘, n=min

1/r
o0 Z* % r
n 1/g-1/
= Z((—) T =iz, <oo,
n=1

nom

lgr

where, in the last equality, we have used the fact thato,,, =1/g—1/r.

To see that the exponent is optimal take, as always, g = (mr’)’. Now, if

1
(Zp)n = (n”’log(n+1)2/r)n€[r

for every £ > 0 it is easy to check that (z,,/n?"m %), ¢ € 4 oo > mONZP("¢,). ]

For m = 2 we cannot show that the sequence (1/1n°2),, is a multiplier for mon2(%¢,) but using the
fact that ¢, monZ2?(2¢,) (Theorem it is easy to see that we have the inclusion

1
- .¢,cmonZ(?*¢,),
PUZ(IOg(p))E r ( T)
for every € > 0 extending [Bayart et al., 2019, Theorem 5.3.] (see also (45)). We leave the details for

the reader.
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