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Abstract

Many biological soft tissues are structurally composed of a mostly isotropic matrix (elastin) and
fibers (collagen) disposed in preferred directions which depend on the structural mission of the
tissue. These fibers are not perfectly aligned but their orientation is statistically dispersed around
some referential directions. The matrix is usually modelled as an isotropic, isochoric, hyperelastic
material, whereas the fibers are frequently modelled employing exponential Fung-type functions of
anisotropic invariants. In order to account for the dispersion of the fibers, a probability distribution
is assumed. The Generalized Structure Tensor (GST) models perform a pre-integration of the
distribution in order to achieve improved computational efficiency. The best known model of this
kind is the Gasser-Ogden-Holzapfel (GOH) model. However, in these models no singular treatment
of fibers is made. Whenever they suffer compression it is usual to consider that fibers should
not contribute to the overall stiffness. At this point, a switch criterion is employed. This switch
criterion is important because it changes the model predictions and may also result in unphysical
stress predictions or strain ranges at which no compatible equilibrium solution is found. We perform
an analysis of different tension-compression switch criteria from the literature for the GOH model
and show relevant physical and computational drawbacks when using these criteria. In order to
overcome these drawbacks, we make a new proposal which yield continuous stress solutions. In our
proposal, pre-integrated expressions given in terms of the usual set of invariants take into account an
average amount of fibers working either in tension or in compression for a given deformation gradient
and fiber family. Two distinct switch criteria naturally emerge from our procedure. Furthermore,
we keep the appealing GST pre-integrated approach for any proposed stored energy for the fibers,
including that of the GOH model.

Keywords: Anisotropy, Generalized Structure Tensor, biological tissues, fiber dispersion, arte-
rial wall mechanics, collagen.

1 Introduction

Soft biological tissues are usually modelled as hyperelastic materials [1], [2]. Because of the high
water content, they are typically regarded as quasi-incompressible materials [1]. Frequently, these
materials may be considered composed of an isotropic soft matrix (mostly elastin) and of stiffer
fibers (collagen) [3] in a layout disposed by nature depending on their structural task. These fibers
are distributed in a disperse manner about some preferred directions [4]. The distribution and
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dispersion of the fibers as well as the orientation of these directions themselves largely depend on
the specific tissue and even on the specific location of that tissue in the body, see for example [5],
[6], [7], [8], [9] among others.

There are several possible approaches to model these materials. One possible approach is to
address the problem in a purely phenomenological way. In this case, no information is employed
about fiber existence or distribution in the material. The material is treated as a whole. We
presented two models based on this approach for transversely isotropic and orthotropic materials
in References [10] and [11], respectively. In contrast with many typical anisotropic hyperelastic
models, these formulations use logarithmic strains and the associated invariants as a natural ex-
tension of the infinitesimal ones [12], [13], [14] in such a way that the corresponding infinitesimal
model is recovered for small strains, a desirable feature for hyperelastic large strain models [15],
along with that of material-symmetries congruency [16]. Furthermore, the number of experimental
curves employed to determine these models are the same as the number of constants that define
the infinitesimal behavior, a feature that allows to capture the transverse deformation effects in
arterial wall specimens [17]. These models are mainly computational (i.e. no analytical expression
is assumed for the stored energy) and are formulated following the spline-based approach firstly
introduced in [18] for isotropic materials, i.e. they exactly capture the prescribed behavior. This
framework can be extended to include the Mullins effect [19] and also to capture the instanta-
neous and relaxed behavior in viscous anisotropic materials [20], [21]. Since no fiber information
is employed, no tension-compression distinction for fibers is needed: all the information is already
assumed to be included in the macroscopic experimental stress-strain behavior, which is exactly
captured without the need of any parameter-fitting procedure [17].

Another approach is to use the information about the substructure of the material, i.e. the
fiber orientation and the angular distribution, and separate the nonlinear behavior of both matrix
and fibers. With these models, the influence of variations on the fiber content, orientation and
distribution may be explicitly considered, so they are particularly interesting from theoretical and
micromechanical perspectives. Also explicit analytical functions of the stored energy of the con-
stituents are assumed and usually written in terms of anisotropic invariants of the Cauchy–Green
deformation tensor [22], [23]. The composite stored energy function is assumed to be the addition
of the (distinct) energy functions of the constituents.

In these models, the fiber distribution is integrated to yield the stresses which are added to
those in the matrix. One of the first models of this kind is that of Lanir [24], [25]. Here two
main types of models may be distinguished. In the first type of models, frequently named Angular
Integration (AI) models, fibers are considered separately and the integration of the distribution is
performed during the analysis at each stress integration point for the specific deformation at hand.
Therefore, the computational cost may be important. Examples of these models which use different
probability density functions (von Mises, Gaussian, etc.) and dispersion patterns are given in Refs
[26], [27], [28] and [29], among others. See review of contributions in [30].

The second type of microstructurally-based models are computationally more economical for
finite element analysis. In these models the fiber distributions are pre-integrated and the result is
somehow encapsulated in Generalized Structure Tensors (GST). Examples are those of References
[31], [4], [32], see also analysis in [33]. These tensors contain material parameters which include
the information of the mean of the distribution and sometimes higher order moments, as in the
GHOST (Generalized High Order Structure Tensor) [34] and Pandolfi-Vasta models [32]. This
family of models is very important from a computational point of view because it allows for the
inclusion of microstructure information without a relevant penalty from a computational point of
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view. One of the first models of this kind is the model of Gasser, Ogden and Holzapfel (GOH)
[4]. In particular, this model is being extensively used in biomechanics and is now available in
commercial finite element codes, as in Abaqus [36]. The simpler precursor model in Ref. [3] is also
available in Adina [37]. Clearly, the model in Ref. [4] represents an improvement to that detailed
in Ref. [3], which has been considered one of the best contributions in the field in the last twenty
years [35].

However, one of the controversial issues of the GOH model is how to account for the fiber
distribution stiffness when the stretch in the main fiber direction is less (or equal) than one, a
relevant and nonstraightforward problem [30]. The inconvenience of the use of the GST approach
when compared to the AI one, in particular as presented by Gasser et al [4], is that since all fibers
are treated as a whole, it is not possible to distinguish different fiber contributions when some of
them are in tension (and hence contribute to the global stiffness) and some in compression (and
their stiffness contributions are neglected). This is an issue relevant even for isotropic distributions
of fibers [33], [34]. This singularity is handled through a tension-compression switch criterion which
determines both the point at which the relevant anisotropic part of the fiber family stiffness is no
longer considered and how the vanishing of the stiffness is taken into account. The original proposal
of Gasser et al. has been found to be inadequate [33] and has been modified in the implementation
in Abaqus [36], where a different switch based on an averaged structure invariant is used. This
latter implementation has been criticized recently by Holzapfel and Ogden [38], who considered
that the switch criterion should be given by the fourth structural invariant. In this recent work
[38], Holzapfel and Ogden give a proposal for the cases when fibers work in compression which
somehow goes back to the ideas of Lanir [24], [25] and which, for a general stored energy for the
fibers, requires the numerical integration of the fiber distributions at the stress integration points
during finite element simulations. Furthermore, it requires the solution of a nonlinear equation to
determine the critical angles which deppend on the components of the Green-Cauchy deformation
tensor at the given stress integration point.

From the previous lines, it is obvious that there is an important controversy regarding the proper
switch for the GOH model [4] and that there is a need for an efficient, pre-integrated approach which
give continuous stress functions and which keeps the essence of the GST models in general and the
GOH model in particular. In this work we first analyze the different proposals in the literature and
show some drawbacks in those proposals. In order to solve the detected problems, we propose a
new alternative. In our approach we properly account for the average amount of fibers working in
tension and those working in compression, determining the angle at which fibers remain unstretched
in average. However, we still keep the GST philosophy: fiber distributions are still pre-integrated
through a modified, weighted, structure invariant, regardless of the stored energy function employed
for the fibers. Two distinct physically-motivated, invariant-based switch criteria naturally emerge
from our procedure.

The layout of the remaining part of the paper is as follows. We first summarize the GOH model
without switch and particularize for uniaxial testing with fibers working in tension and compression.
Then we analyze the switch proposals by Gasser et al [4] and by Abaqus [36], highlighting the
difficulties encountered. We finally explain and analyze our proposal and show that the predicted
stresses are consistent and continuous for all strain ranges. We also remark the differences of the
present proposal with the recent one given by Holzapfel and Ogden in Reference [38].
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2 The fiber dispersion model of Gasser et al. [4]

In this work we study the mechanical behavior of arterial wall specimens under uniaxial testing
using the well-known GST model of Gasser et al. [4]. We perform a parametric analysis for
different distributed orientations of the collagen fiber bundles in the soft tissue considering different
hypothesis for the compression response of the fibers, leading to remarkably different results. It
will be assumed (throughout this work) that the arterial wall deformation is purely isochoric.

The GOH-GST hyperelastic model is formulated in Ref. [4] by means of an isochoric strain
energy function W including two main contributions. The first contribution, Wg, accounts for
the purely isotropic behavior of the ground substance, whereas the second one, Wf , accounts
for the anisotropic contribution associated with the fibers within the tissue. Specifically, Wf =
∑2

i=1 Wfi describes the behavior of two families of fibers separately, each family being characterized
by a distribution of fibers arranged with rotational symmetry about its corresponding referential
direction a0i. The strain energy function Wg is formulated in Ref. [4] in terms of the first principal
invariant of the right Cauchy–Green isochoric deformation tensor C̄, namely Ī1 =tr C̄ = I : C̄,
by means of the incompressible neo-Hookean model Wg(Ī1) = 1

2
c(Ī1 − 3), where c is the neo-

Hookean parameter. Each transversely isotropic free-energy function Wfi is represented by the
(same) single-variable Fung-type exponential function

Wfi(Ēi) = Wf (Ēi) =
k1
2k2

[
exp

(
k2Ē

2
i

)
− 1
]

(1)

which directly depends on the so-called structure invariant Ēi relative to the ith fiber family (k1
and k2 are material parameters). The structure invariant Ēi represents an averaged (or weighted)
Green–Lagrange strain measure associated with the ith dispersed fiber family defined through [30]

Ēi = H i : (C̄ − I) = Hi : C̄ − trH i (2)

where
H i = κI + (1− 3κ)a0i ⊗ a0i (3)

is a Generalized Structure Tensor that characterizes, and quantifies, the fiber dispersion effects
about the main orientation a0i through an additional (structure) material parameter κ. This
formulation is justified by a truncated series expansion of the AI model [32], [33]. Other structure-
tensor-based approaches, which take into account higher-order terms in the Taylor expansion, can
be seen in Refs. [32], [34].

For the GST model, Eq. (2)2 reads

Ēi = [κI + (1− 3κ)a0i ⊗ a0i] : C̄ − tr [κI + (1− 3κ)a0i ⊗ a0i] (4)

=
[
(κI) : C̄ − tr (κI)

]
+
[
((1− 3κ)a0i ⊗ a0i) : C̄ − tr ((1− 3κ)a0i ⊗ a0i)

]
(5)

= κ(Ī1 − 3) + (1− 3κ) (Ī4i − 1) (6)

where the pseudo-invariant Ī4i := a0i ⊗ a0i : C̄ represents the squared stretch of the fiber oriented
about the referential direction a0i. In Ref. [4], the value of the dispersion parameter was shown
to be within the range κ ∈ [0, 1/3]. For κ = 0 it is obtained H i ≡ a0i ⊗ a0i and Ēi ≡ Ī4i − 1, so
the anisotropic contributions reduce to those of the model with perfectly aligned fibers described
in Ref. [3], i.e. Wf (Ēi) ≡ Wf (Ī4i − 1). The value κ = 1/3 is associated with the case with
isotropically distributed fibers, for whichHi ≡ 1

3
I and Ēi ≡ Ī1/3−1, so each contributionWf (Ēi) ≡
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Wf (Ī1/3 − 1) becomes isotropic in the limit, i.e. there is no preferred orientation of the fibers
within each family. As pointed out in Ref. [39], the absolute upper limit on κ may be 1

2
. If

compressed fibers are not appropriately treated, both ranges κ ∈ [0, 1/3] and κ ∈ (1/3, 1/2] can
lead to unphysical results, the first range for compression along the main fiber direction and the
second one for extension along the main fiber direction [33]. For further use, the modified second
Piola–Kirchhoff stresses S̄ = 2dW/dC̄ that directly derive from the total strain energy function

W = Wg +
∑2

i=1 Wfi are

S̄ = 2
dWg

dĪ1

dĪ1

dC̄
+

2∑

i=1

2
dWf

dĒi

dĒi

dC̄
(7)

= cI +

2∑

i=1

2W ′
f(Ēi)Hi (8)

where W ′
f (Ēi) is the first derivative function of the strain energy function of Eq. (1)

W ′
f (Ēi) = k1Ēi exp

(
k2Ē

2
i

)
(9)

Uniaxial testing

In order to analyze the difficulties encountered when fibers work in compression in a specific problem,
we present some numerical results from uniaxial tensile tests performed over arterial wall specimens
using the preceding GST model. The material parameters c = 7.64 kPa, k1 = 996.6 kPa and
k2 = 524.6 are taken from Ref. [4]. The angle γ = 49.98o, that defines the main orientation of
both fiber families within the arterial layer (a01 = [cos γ,− sin γ, 0], a02 = [cos γ, sin γ, 0]), is also
taken from that Reference, see Figure 1. For the circumferential specimen the uniaxial tensile test
is performed along axis 1 (with the stretch λ1 ≥ 1) and the corresponding uniaxial tensile test for
the axial strip is performed along axis 2 (for which λ2 ≥ 1). The modified second Piola–Kirchhoff
stresses S̄ of Eq. (8) in this case specialize to

S̄ =
[
c+ 4W ′

f(Ē)κ
]
I + 4W ′

f(Ē) (1− 3κ)A0 (10)

where A0 := 1
2

∑2

i=1 a0i ⊗ a0i. The invariants Ē := Ē1 = Ē2, Ī1 and Ī4 := Ī41 = Ī42 are given by

Ē = κ(Ī1 − 3) + (1− 3κ) (Ī4 − 1) (11)

Ī1 = λ2
1 + λ2

2 + 1/(λ2
1λ

2
2) (12)

Ī4 = λ2
1 cos

2 γ + λ2
2 sin

2 γ (13)

where the incompressibility constraint λ1λ2λ3 = 1 has been used in the expression of Ī1. The only
non-vanishing components of the second-order tensor A0 in Eq. (10), expressed in the reference
frame X123 = {1, 2, 3} of Figure 1, are (A0)11 = cos2 γ and (A0)22 = sin2 γ. The corresponding
Kirchhoff stresses τ̄ = X̄S̄X̄T are readily obtained from the second Piola–Kirchhoff stresses S̄

of Eq. (10) and the isochoric deformation gradient tensor X̄ = diag [λ1, λ2, 1/(λ1λ2)]. Since the
deformation is purely isochoric, J = detX = det X̄ = 1, the associated Cauchy stress tensor is
σ̄ = τ̄ . Finally, the total Cauchy stresses are given by σ = σ̄ + pI, where p is an additional
hydrostatic pressure to be obtained from the equilibrium equations of the uniaxial tests and the
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Figure 1: Definition of circumferential and axial specimens for the tensile tests. γ = 49.98o.

consideration of the respective boundary conditions. We note that the stress tensor σ̄ may contain
a hydrostatic contribution because we have not projected it to the deviatoric space using the
proper fourth-order projection tensor. However, this operation is irrelevant in the present purely
incompressible case because this projection would only change the specific numerical value of p
obtained from the equilibrium equations at each deformation state. In the next sections, we provide
the solution to the equilibrium equations of both uniaxial tests when different treatments of the
compressive behavior of fibers are considered in the model.

For further comparison among the different tension-compression switch criteria analyzed in the
next sections, we substitute Eq. (6) into Eq. (1) and represent in Figure 2 the strain energy function
associated with the ith fiber family as a function of the invariants Ī1 and Ī4i, i.e. Wf (Ēi) =
Wf (Ī1, Ī4i), for the particular case κ = 0.226 (taken also from Ref. [4]). We will see that each
proposed switch modifies the anisotropic compressive part of this function in a different way, hence
leading to remarkably different results.

3 Model with fibers working in tension and compression

We now consider the unmodified model in which fibers are working both in tension and compression
according to their also unmodified energy functions.

Uniaxial testing

For the uniaxial tensile test performed over the circumferential specimen (axis 1 in Figure 1, λ1 ≥ 1),
the boundary conditions are σ2 = σ3 = 0. After eliminating the pressure from the system of
equations σ = σ̄ + pI, we arrive at

σ1 =
(
c+ 4W ′

f (Ē)κ
)
(

λ2
1 −

1

λ2
1λ

2
2

)

+ 4W ′
f (Ē) (1− 3κ)λ2

1 cos
2 γ (14)

0 =
(
c+ 4W ′

f (Ē)κ
)
(

λ2
2 −

1

λ2
1λ

2
2

)

+ 4W ′
f (Ē) (1− 3κ)λ2

2 sin
2 γ (15)

where Eqs. (9) and (11)–(13) are to be used. Equations (14) and (15) can be solved numerically for
each stretch λ1 > 1 to give the uniaxial (circumferential) stress σ1 (λ1) and the transverse (axial)
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Figure 2: Original strain energy function of the ith fiber family Wf (Ēi) = Wf (Ī1, Ī4i) [MJ /m3].
Equations (1) and (6) are used with k1 = 996.6 kPa, k2 = 524.6 and κ = 0.226.
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stretch λ2 (λ1). More specifically, we can obtain the transverse stretch λ2 (λ1) directly from Eq.
(15) and then substitute in Eq. (14) to obtain the corresponding stress σ1 (λ1). The computed
solution variables σ1(λ1) and λ2 (λ1), together with the invariants Ī4(λ1) and Ē(λ1) are shown in
Figure 3 for the range λ1 ∈ [0, 1.3] and for different values of the dispersion parameter κ. It is
important to note in Figure 3 that the invariant Ī4 is lower or equal than one for some values of κ
within some deformation intervals which depend on the selected value of κ. Hence, we have let the
fibers along the main orientations bear compression (Ī4 < 1) in the present analysis and we have
not applied any switch criterion for fiber compression. In other words, the strain energy function
of each fiber family being used in this section (for the case κ = 0.226) is that of Figure 2.

The results regarding the uniaxial test over the axial strip (axis 2 in Figure 1, λ2 ≥ 1), which
boundary conditions are σ1 = σ3 = 0, are shown in Figure 4. Note that in this case the invariant Ī4
also reaches values lower than one for some values of the dispersion parameter κ (although Ī4 > 1
for the special case κ = 0.226).

4 Model with the tension-compression switch proposed by

Gasser et al. [4]

If fibers do not support compressive loading at all, then some mechanism to exclude the contribu-
tion of the contracted fibers in the given potential has to be considered. The fact that the fiber
dispersion is pre-integrated in GST -based approaches (which makes these models appealing from
a computational standpoint) makes impossible to selectively suppress the compressed fibers within
the distribution from the anisotropic strain energy function at each deformation state. In contrast,
this suppression can be easily done ’fiber by fiber’ in AI -based models at each location and instant,
however at the cost of a much higher computational effort in generic simulations. In Reference [4]
it is proposed that the anisotropic part of the generalized structure tensor Hi of Eq. (3) does not
contribute to Hi when I4i = a0i ⊗ a0i : C ≤ 1 (i.e. Ī4i ≤ 1 for the purely incompressible case).
This is equivalent to drop the relevant part of the fiber family potential of Eq. (1), which leads to
a purely isotropic response —cf. Ref. [30]. That is, if Ī4i ≤ 1, the expression of the Generalized
Structure Tensor of Eq. (3) reduces to

H i = κI if Ī4i ≤ 1 (16)

whereupon the structure invariant Ēi reads

Ēi = Hi : C̄ − trH i =







κ(Ī1 − 3) + (1− 3κ) (Ī4i − 1) if Ī4i > 1

κ(Ī1 − 3) if Ī4i ≤ 1
(17)

The general definition of the structure invariant Ēi given in Eq. (2) ensures both the continuity
of Ēi(Ī1, Ī4i) at Ī4i = 1 and the continuity of Wfi(Ēi) and its derivatives with respect to Ēi at
Ēi(Ī1, Ī4i = 1) = κ(Ī1 − 3). Nevertheless, this is not sufficient to ensure continuity of stresses, in
general, at the switch point Ī4i = 1 because the gradient dĒi/dC̄ = Hi, present in Eqs. (7) and
(8), is discontinuous at that point. This becomes apparent comparing Eq. (16) (for Ī4i ≤ 1) to Eq.
(3) (for Ī4i > 1) and particularizing the stress contribution of the ith dispersed fiber family given
in Eq. (8) at Ī4i ≤ 1 and Ī4i → 1+, i.e.

S̄fi(Ēi)
∣
∣
Ī4i≤1

= 2
dWf

dĒi

dĒi

dC̄

∣
∣
∣
∣
Ī4i≤1

= 2W ′
f

(
κ(Ī1 − 3)

)
κI (18)
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Figure 3: Uniaxial test over the circumferential specimen (direction 1 in Figure 1). Clockwise
from left-up corner: (a) Uniaxial stress in circumferential direction σ1 (b) Transverse stretch in
axial direction λ2 (c) Structure invariant Ē = κ(Ī1 − 3)+ (1− 3κ) (Ī4 − 1) (d) Pseudo-invariant Ī4:
squared stretch of the fibres in the main orientations a0i.
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Figure 4: Uniaxial test over the axial specimen (direction 2 in Figure 1). Clockwise from left-up
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λ1 (c) Structure invariant Ē = κ(Ī1−3)+(1− 3κ) (Ī4−1) (d) Pseudo-invariant Ī4: squared stretch
of the fibres in the main orientations a0i.
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Figure 5: Strain energy function of the ith fiber family Wf (Ēi) = Wf (Ī1, Ī4i) [MJ /m3] modified
according to the switch Ī4i ≤ 1 proposed in Ref. [4]. Equations (1) and (17) are used with
k1 = 996.6 kPa, k2 = 524.6 and κ = 0.226.

but

S̄fi(Ēi)
∣
∣
Ī4i→1+

= 2
dWf

dĒi

dĒi

dC̄

∣
∣
∣
∣
Ī4i→1+

= 2W ′
f

(
κ(Ī1 − 3)

)
(κI + (1− 3κ)a0i ⊗ a0i) (19)

The (modified) fiber family strain energy function Wf (Ēi) from which the stresses given in Eqs.
(18) and (19) derive is represented in Figure 5 for κ = 0.226 as a function of the two variables
Wf (Ī1, Ī4i). The origin of the discontinuity of stresses at the points (Ī1, Ī4i = 1) can be observed
in that three-dimensional surface, which is a continuous function of class C0 at those points.

Remark The strain energy function of the ith fiber family given by Eq. (1) along with Eq.
(17) contains an implicit non-linear coupling between the isotropic and anisotropic parts of the
structure (weighted) invariant Ēi = κ(Ī1 − 3) + (1− 3κ) (Ī4i − 1) =: Ēiso

i + Ēani
i . This coupling

in Wf originates the stress discontinuities that have been observed in this section. If one wants to
suppress the anisotropic part of the invariant Ēi when Ī4i ≤ 1 and still obtain a continuous stress
response at the switch point Ī4i = 1, then a straightforward modification of the present GST model,
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that follows the idea of Ref. [16], consists of decoupling the isotropic and anisotropic contributions
to Ēi in the strain energy function associated with the fiber family as

Wf (Ē
iso
i , Ēani

i ) = W iso
f (Ēiso

i ) +Wani
f (Ēani

i ) (20)

where Ēiso
i = Ēiso = κ(Ī1 − 3) and Ēani

i = (1− 3κ) (Ī4i − 1). Different strain energy functions
may be used for the isotropic and anisotropic contributions in Eq. (20), thereby the dependence on
Ēiso and Ēani

i may be fitted to the specific material behavior. Note that the isotropic contribution
W iso

f (Ēiso
i ) depends on the isotropic behavior of the fiber family distribution, which is different

to the matrix constituent behavior accounted for by the energy component Wg. The fiber family
strain energy function of Eq. (20) may be formulated in order to satisfy continuity of slopes (partial
derivatives) over the points (Ī1, Ī4i = 1). Assume for simplicity that both W iso

f and Wani
f are given

by the same exponential function of Eq. (1). The next switch criterion naturally follows for the
modified second Piola–Kirchhoff stress tensor S̄fi = 2dWf (Ē

iso)/dC̄ + 2dWf (Ē
ani
i )/dC̄

S̄fi(Ē
iso, Ēani

i > 0) = 2W ′
f(Ē

iso)κI+2W ′
f (Ē

ani
i ) (1− 3κ)a0i ⊗ a0i (21)

S̄fi(Ē
iso, Ēani

i ≤ 0) = 2W ′
f(Ē

iso)κI (22)

This criterion yields continuous stresses at Ī4i = 1 due to the fact that the isotropic and anisotropic
responses are uncoupled and also because S̄ani

fi = 2W ′
f (Ē

ani
i ) (1− 3κ)a0i ⊗ a0i approaches to 0 in

the limit Ī4i → 1+ (i.e. Ēani
i → 0+). The hyperelastic response for Ī4i ≤ 1 is purely isotropic and

coincident to the one proposed by Gasser et al. [4], compare Eq. (18) to Eq. (22). Moreover, the
model of Ref. [3], Eq. (26) below, is recovered for κ = 0 because Ēiso ≡ 0 and Ēani

i ≡ (Ī4i − 1). A
more elaborated, physically-based solution is explained below in Section 6.

Uniaxial testing

In Section 3 we have computed some deformation intervals for which Ī41 = Ī42 = Ī4 ≤ 1 in the
uniaxial test over the circumferential direction, see Figure 3.d. Hence, the computed results are not
the solution for those values of the dispersion parameter κ within their respective ranges of λ1 for
which Ī4 ≤ 1.

From now on we analyze the case κ = 0.226 only, for which Ī4 ≤ 1 within the interval 1.0132 /
λ1 / 1.256. Using Eqs. (16) and (17)2, the total stress response of Eq. (10) lacks the anisotropic
contribution

S̄ =
[
c+ 4W ′

f

(
κ(Ī1 − 3)

)
κ
]
I (23)

so the (hyperelastic) response becomes isotropic. The transverse stretches are directly known in

these cases for each λ1 from the incompressibility constraint, i.e. λ2 = λ3 = λ
−1/2
1 (the same result

is obtained from Eq. (15) with the second addend in the right-hand side removed). The equilibrium
Equation (14) reduces then to

σ1 =
[
c+ 4W ′

f

(
κ(Ī1 − 3)

)
κ
] λ3

1 − 1

λ1

(24)

with Ī1 = (λ3
1 + 2)/λ1, which would give the uniaxial Cauchy stresses associated with the new

deformation states. However, in this case, we observe in Figure 6 that the invariant Ī4 (squared
stretch of the referential fiber orientations) becomes greater than one for purely isotropic responses
and also that it is discontinuous at the switch points due to the abrupt change from anisotropic

12



λ
1

1 1.05 1.1 1.15 1.2 1.25 1.3 1.35
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1.1
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κ = 0.226

Discontinuities

(Hypothetical)
isotropic solution  

Figure 6: Uniaxial test over the circumferential specimen (direction 1 in Figure 1). Pseudo-invariant
Ī4: squared stretch of the fibres in the main orientations a0i. Results using the (discontinuous)
tension-compression switch of Gasser et al. [4].

to isotropic material behavior (the uniaxial stress σ1 is also discontinuous at both points). Hence,
note that we have just arrived to a contradiction within this interval, because the response should
be isotropic if Eqs. (16)-(18) are employed (due to the fact that the fibers were in contraction),
but the main fiber orientations are in extension if the response is isotropic. Thus, we interpret this
result as that no equilibrium solution is found for this value of κ within the interval of λ1 for which
Ī4 ≤ 1 in Section 3, i.e. 1.0132 / λ1 / 1.256. Note that the conclusion at which we have arrived is
physically meaningless because, obviously, we should be able to stretch the circumferential specimen
of this hyperelastic material within the critical interval under study and reach the corresponding
equilibrium states. The interval for which no solution is found in the circumferential uniaxial test
with this model is shown in Figure 7 for the case κ = 0.226. Similar situations can be encountered
for other values of the material parameters if this (discontinuous) mechanism of compressed fiber
exclusion is considered for this model.

We may interpret the results shown in Figures 6 and 7 in another way. If, for a given uniaxial
stretch λ1 > 1, the solution with fibers being included gives Ī4 < 1 (i.e. fibers should not be
working) and the solution with fibers being excluded gives Ī4 > 1 (i.e. fibers should be resisting
load), then the main fiber orientations should deform in such a way that Ī4 = 1. In that case, the
transverse stretch λ2 that is compatible with Ī4 = 1 is given from Eq. (13)

(
λ2
2

)

comp
=

1− λ2
1 cos

2 γ

sin2 γ
(25)
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κ = 0.226

Interval without
equilibrium solutions

Figure 7: Uniaxial test over the circumferential specimen (direction 1 in Figure 1). Uniaxial
stresses σ1 corresponding to the (discontinuous) tension-compression switch of Gasser et al. [4].
No equilibrium solutions are possible at 1.0132 / λ1 / 1.256. Within that interval, if the response
is assumed anisotropic, then Ī4 < 1, see Figure 3.d; on the other hand, if the response is assumed
isotropic, then Ī4 > 1, see Figure 6.
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However, it is readily verified that the transverse equilibrium condition given by Eq. (15), with
Ī4 = 1 and the second addend in the right-hand side removed, is not satisfied for the values (λ2

2)comp.
Indeed, the fulfillment of the transverse (stress-free) condition gives the isotropic solution (λ2

2)equil =
1/λ1. In other words, we cannot ensure in general that both compatibility and equilibrium equations
are simultaneously satisfied if the present switch for Ī4 ≤ 1 is used for the present GST model.

Note that a simple way of preventing these discontinuities is to use the uncoupled model of Eq.
(20), which provides a continuous behavior for stresses and deformations when the switch Ī4 ≤ 1 is
reached. Therefore, equilibrium solutions are always obtained.

5 Model with the tension-compression switch implemented

in Abaqus [36]

For the case of perfectly aligned fibers, i.e. κ = 0, the tension-compression switching criterion is
straightforward. The strain energy function for the ith (aligned) fiber family of Eq. (1) reduces in
that case to

Wf (Ī4i − 1) =
k1
2k2

[
exp

(
k2(Ī4i − 1)2

)
− 1
]

(26)

and their associated modified second Piola–Kirchhoff stresses

S̄fi(Ī4i) = 2k1(Ī4i − 1) exp
(
k2(Ī4i − 1)2

)
a0i ⊗ a0i = 2W ′

f

(
Ī4i − 1

)
a0i ⊗ a0i (27)

Hence, in this case, we can define a (continuous) piecewise function of the invariant Ī4i as

Ī#4i(Ī4i) =







Ī4i if Ī4i > 1

1 if Ī4i ≤ 1
(28)

and set the (continuous) stress contribution with compressed fibers excluded as

S̄fi(Ī
#
4i) = 2k1(Ī

#
4i − 1) exp

(

k2(Ī
#
4i − 1)2

)

a0i ⊗ a0i = 2W ′
f (Ī

#
4i − 1)a0i ⊗ a0i (29)

That way

S̄fi

(

Ī#4i(Ī4i ≤ 1)
)

= S̄fi(Ī
#
4i = 1) = 0 and S̄fi

(

Ī#4i(Ī4i → 1+)
)

= S̄fi(Ī
#
4i → 1+) = 0

(30)
In other words, the stress response of the ith (aligned) fiber family when the fiber in direction a0i

is in compression (Ī4i < 1) is coincident to the stress response when the fiber in direction a0i is
unstrained (Ī4i = 1) and also coincident to the stress response in the limit Ī4i → 1+.

The stress contribution of the ith dispersed fiber family is given in Eq. (8) as

S̄fi(Ēi) = 2k1Ēi exp
(
k2Ē

2
i

)
(κI+ (1− 3κ)a0i ⊗ a0i) = 2W ′

f (Ēi)H i (31)

with Ēi given by Eq. (6). Hence, we can define a (continuous) piecewise function of the structure
invariant Ēi as

Ē⋆
i (Ēi) =







Ēi if Ēi > 0

0 if Ēi ≤ 0
(32)
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and set the (continuous) stress contribution of the ith dispersed fiber family, based on the tension-
compression switch Ēi ≤ 0, as

S̄fi(Ē
⋆
i ) = 2k1Ē

⋆
i exp

(
k2(Ē

⋆
i )

2
)
(κI+ (1− 3κ)a0i ⊗ a0i) = 2W ′

f (Ē
⋆
i )H i (33)

That way

S̄fi

(
Ē⋆

i (Ēi ≤ 0)
)
= S̄fi(Ē

⋆
i = 0) = 0 and S̄fi

(
Ē⋆

i (Ēi → 0+)
)
= S̄fi(Ē

⋆
i → 0+) = 0 (34)

In other words, the stress response of the ith fiber family when that fiber family is in compression
in average (Ēi < 0) is coincident to the stress response when that fiber family is unstrained in
average (Ēi = 0) and also coincident to the stress response in the limit Ēi → 0+. Clearly, the
switch criterion defined by Eqs. (32) and (33), which is continuous for stresses, represents the
generalization of the tension-compression switch of the aligned fiber model, i.e. Eqs. (28) and (29),
to the angular dispersion model using the switch Ēi ≤ 0 –note that they are coincident for κ = 0.
This switch criterion is the one implemented in the Finite Element Analysis program Abaqus [36].

The (modified) fiber family strain energy function Wf (Ī1, Ī4i) from which the stress tensor given
in Eq. (33) derives is represented in Figure 8 for κ = 0.226. This three-dimensional surface is a
continuous function of class C1 at the points (Ī1 ≥ 3, Ī4i ≤ 1) = (Ī1, 1 − κ(Ī1 − 3)/ (1− 3κ)) over
the straight line associated with the value Ēi = 0.

According to Holzapfel and Ogden [38], this computationally advantageous tension-compression
switch criterion presents a theoretical disadvantage. In that Reference it is shown that there may
exist deformation states for which the fiber family is extended in average (i.e. Ēi > 0), but the
fiber in the corresponding main orientation is under compression (i.e. Ī4i < 1). This fact becomes
apparent in Figure 8 because Ēi > 0 at the right-hand side of the line Ēi = 0. Holzapfel and Ogden
conclude in Ref. [38] that the correct switch, specialized herein to the purely incompressible case, is
Ī4i ≤ 1 and not Ēi ≤ 0. However, note that the average contribution is always in tension when the
fiber family is stretched in average, i.e. W ′

f (Ēi > 0) > 0, even if Ī4i ≤ 1. We can obtain more insight
on this issue from Figure 8. We observe in that Figure (green line) that the fiber family strain energy
vanishes for the set of deformation states (Ī1 > 3, Ī4i < 1) = (Ī1, 1− κ(Ī1 − 3)/ (1− 3κ)) defined by
Ēi = 0, which may be (a priori) justified by the fact that the fiber family is unstrained in average.
However, if both Ēi = 0 and some fiber orientations are in compression (in particular Ī4i < 1), then
there should be some other fiber orientations that are in tension. Arguably, we conclude that it
should be Wf (Ēi = 0; Ī4i < 1) > 0 in averaged terms and not Wf (Ēi = 0; Ī4i < 1) = 0.

Uniaxial testing

We have also arrived to the same conclusion as that pointed out in Ref. [38] in the uniaxial test
in the circumferential direction presented in Section 3. In that case, see Figure 3, we obtained
deformation states for which Ī4 < 1 and Ē > 0. In fact, the switch point Ē = 0 is never attained
in the cases being analyzed. The response of both arterial wall specimens when this switch is
considered is the same as the one shown in Figures 3 and 4.
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Figure 8: Strain energy function of the ith fiber family Wf

(
Ē⋆

i (Ēi)
)
= Wf (Ī1, Ī4i) [MJ /m3]

modified according to the switch Ēi ≤ 0 implemented in Abaqus [36]. Equations (1) and (32) are
used with k1 = 996.6 kPa, k2 = 524.6 and κ = 0.226.
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6 A GST -based pre-integrated proposal which distinguishes
compression from tension in fiber families and gives con-

tinuous stress functions

We have shown in Section 4 that the direct suppression of the pseudo-invariant Ī4i in both the
structure invariant Ēi and the strain energy function Wf (Ēi) when Ī4i ≤ 1 causes discontinuities in
the behavior and may lead to undesirable situations where equilibrium solutions may not be found.
Hence, the formulation of Section 4 requires some modifications in order to exclude individual fibers
which are under compression. The recent modified fiber distribution models presented in Refs. [38]
and [33] have some similarities to the structural model of Lanir [25], hence nullifying the main
computational advantage of the continuum-based GST approaches.

In this section we propose an enhanced invariant-based continuum formulation that circumvents
the difficulties that have been pointed out in the preceding sections. The present proposal is based on
the definition of a new, more elaborated, generalized structure invariant which is both pre-integrated
within the whole range of deformations and smooth, i.e. it yields continuous stresses. We provide
closed-form expressions for the weighted invariant and the associated Generalized Structure Tensors.
The resulting formulation preserves the computational advantage of the GST approach and is valid
for any strain energy function used to model fiber dispersion. As a main novelty with respect to
previous GST models, the present formulation predicts an additional tension-compression switch
to that of Ī4i ≤ 1. This additional switch will be active when the fibers in the transverse plane to
the main direction a0i are in compression in average and the fiber in direction a0i is in extension.

As aforementioned, the structure invariant Ēi represents an averaged Green–Lagrange strain
measure computed over the fiber distribution associated with the ith fiber family by means of the
normalized expression

Ēi =
1

4π

∫

Σ

ρ (θ, ϕ)
[
λ2 (θ, ϕ)− 1

]
dΣ (35)

where Σ is the surface of the unit sphere, θ ∈ [0, π] and ϕ ∈ [0, 2π] are spherical angles, λ (θ, ϕ) is
the stretch of a given fiber within the distribution and ρ (θ, ϕ) is an orientation density function
normalized through

1 =
1

4π

∫

Σ

ρ (θ, ϕ) dΣ (36)

When we specialize the preceding expressions to a transversely isotropic fiber distribution, they
read

Ēi =
1

4π

∫

Σ

ρ (θ)
[
λ2 (θ, ϕ)− 1

]
dΣ (37)

and

1 =
1

2

∫ π

0

ρ (θ) sin θdθ =

∫ π/2

0

ρ (θ) sin θdθ (38)

where the symmetry of ρ (θ) with respect to θ = π/2 (normal plane to a0i) has been used. The
squared stretch λ2 (θ, ϕ) of the fiber oriented about the material direction N (θ, ϕ) is obtained
from the isochoric Cauchy–Green deformation tensor through λ2 = C̄ : N ⊗N . For an arbitrary
deformation tensor C̄, the integral of Eq. (37) yields Eq. (6), where the dispersion parameter is
defined by means of

κ =
1

2

∫ π/2

0

ρ (θ) sin3 θdθ (39)
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Consider now the mean squared stretch λ2
πi of the fibers within the transverse plane to the main

fiber orientation a0i, say π0i, i.e.

Ī1 = λ2
ai + λ2

πi + λ2
πi = Ī4i + 2λ2

πi ⇒ λ2
πi =

Ī1 − Ī4i
2

> 0 (40)

which depends on Ī1 and Ī4i only and has a clear geometrical interpretation. The structure invariant
Ēi of Eq. (6) can be rephrased in terms of the invariants λ2

πi and λ2
ai as

Ēi = 2κλ2
πi + (1− 2κ)λ2

ai − 1 =: λ̄2
i − 1 (41)

where the invariant λ̄2
i is the average squared stretch of the ith fiber distribution. Then, we can

define a fiber angle material parameter θκ, which relates to the dispersion material parameter by
means of sin2 θκ := 2κ, so the average invariant λ̄2

i present in Eq. (41) may be interpreted as the
equivalent squared stretch of the characteristic fibers in the material-dependent direction θκ, i.e.

λ̄2
i = λ2

πi sin
2 θκ + λ2

ai cos
2 θκ (42)

For κ = 0, then θκ = 0 and λ̄2
i = λ2

ai = Ī4i. For κ = 1/3, then θκ = arcsin(
√

2/3) and λ̄2
i =

2
3
λ2
πi +

1
3
λ2
ai =

1
3
Ī1. For κ = 1/2, then θκ = π/2 and λ̄2

i = λ2
πi =

1
2
(Ī1 − Ī4i). On the other side, the

consideration of the integrals of Eqs. (38) and (39) in Eq. (41) gives

Ēi =

2κ=sin2 θκ
︷ ︸︸ ︷
(
∫ π/2

0

ρ (θ) sin3 θdθ

)

λ2
πi +

1−2κ=1−sin2 θκ=cos2 θκ
︷ ︸︸ ︷
(
∫ π/2

0

ρ (θ) sin θdθ −
∫ π/2

0

ρ (θ) sin3 θdθ

)

λ2
ai −

1
︷ ︸︸ ︷
∫ π/2

0

ρ (θ) sin θdθ

=

∫ π/2

0

ρ (θ)
[
λ2
πi sin

2 θ + λ2
ai cos

2 θ − 1
]
sin θdθ (43)

Since λ2
πi represents the average of the squared fiber stretches within the plane π0i and, obviously,

λ2
ai is the average of the squared fiber stretch(es) in direction a0i, then we recognize the average of

the squared fiber stretches for a given angle θ ∈ [0, π/2], over the domain ϕ ∈ [0, 2π], as

λ2
aver (θ) = λ2

πi sin
2 θ + λ2

ai cos
2 θ (44)

whereupon Eq. (43) reads —compare to Eq. (37)

Ēi =

∫ π/2

0

ρ (θ)
[
λ2
aver (θ)− 1

]
sin θdθ (45)

That is, although the ith fiber family does not obey a transversely isotropic deformation pattern
in general, we can compute the structure invariant Ēi by means of the integration of an equivalent
transversely isotropic deformation pattern for which the main fiber is stretched through λ2

ai = Ī4i
and the transverse plane is (evenly) stretched by means of λ2

πi = (Ī1 − Ī4i)/2, such that each fiber
is stretched λaver (θ) as given by Eq. (44). Finally, we can obtain the Generalized Structure Tensor
Hi taking the total gradient of the structure invariant Ēi expressed in terms of Ī1 and Ī4i, i.e.

Hi =
dĒi(Ī1, Ī4i)

dC̄
=

∂Ēi

∂Ī1

dĪ1

dC̄
+

∂Ēi

∂Ī4i

dĪ4i

dC̄
= κI + (1− 3κ)a0i ⊗ a0i (46)
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We have just seen that for each arbitrary isochoric deformation and distributed fiber family
we can define an equivalent transversely isotropic deformation state defined by the main fiber
squared stretch λ2

ai and the mean squared stretch in the transverse plane λ2
πi, from which we

can first compute (pre-integrate) the structure invariant Ēi (through Eq. (41)) and then derive
the generalized structure tensor Hi (through Eq. (46)). The structure invariant Ēi and the
generalized structure tensor Hi are the two only variables needed to compute the hyperelastic
stresses associated with the ith fiber family, recall Eq. (8). Indeed, this is the feature that makes
the GST approach so appealing from a numerical perspective. In what follows, above all, we try to
preserve this computational advantage. Motivated by the preceding analysis, we derive a modified
structure invariant ǭi that pre-integrates the equivalent transversely isotropic deformation pattern
excluding the respective fibers which are under compression. This enhanced approach provides
continuous stresses for all ranges of deformations. Furthermore, the corresponding stresses may be
obtained in closed-form using only the invariants Ī1 and Ī4i, hence furnishing a continuum-based
GST formulation that is well-suited for finite element implementation.

If λ2
ai 6= λ2

πi, then the squared stretch λ2
aver (θ) given in Eq. (44) is a strictly monotonic function

in terms of θ that goes from λ2
aver

(0) = λ2
ai to λ2

aver
(π/2) = λ2

πi. Therefore, either if λai ≤ 1 and
λπi > 1 or if λai > 1 and λπi ≤ 1, then Eq. (44) gives an angle Θ(Ī1, Ī4i) for which λ2

aver
(Θ) = 1,

i.e.

cos2 Θ =

(
Ī4i − 1

)
−
(
Ī1 − 3

)

3
(
Ī4i − 1

)
−
(
Ī1 − 3

) or sin2 Θ =
2
(
Ī4i − 1

)

3
(
Ī4i − 1

)
−
(
Ī1 − 3

) (47)

Consider first the case for which λai ≤ 1 and λπi > 1, i.e. the main fiber is unstrained or
in compression and the fibers in the transverse plane are stretched in average. This occurs when
Ī4i ≤ 1 and Ī1 ≥ 3 (note that Ī1 ≮ 3 for purely incompressible materials), which define the first
tension-compression switch of the present formulation. Then the fibers are shortened for 0 ≤ θ < Θ,
unstrained for θ = Θ and stretched for Θ < θ ≤ π/2, see the corresponding region in Figure 9.
We assume that only the fibers which are under extension contribute to the modified structure
invariant ǭi. Hence, if Ī4i ≤ 1 and Ī1 ≥ 3, ǭi is given by

ǭi =

∫ π/2

Θ

ρ (θ)
[
λ2
aver

(θ)− 1
]
sin θdθ (48)

=

(

1

2

∫ π/2

Θ

ρ (θ) sin3 θdθ

)

Ī1 +

(
∫ π/2

Θ

ρ (θ) sin θdθ − 3

2

∫ π/2

Θ

ρ (θ) sin3 θdθ

)

Ī4i −
∫ π/2

Θ

ρ (θ) sin θdθ

(49)

= κ1(Θ)(Ī1 − 3) + [ι1(Θ)− 3κ1(Θ)] (Ī4i − 1) (50)

where we have defined the first modified unit function ι1 and the first modified dispersion parameter
κ1, both depending on the angle Θ(Ī1, Ī4i), as

ι1(Θ) =

∫ π/2

Θ

ρ (θ) sin θdθ (51)

and

κ1(Θ) =
1

2

∫ π/2

Θ

ρ (θ) sin3 θdθ (52)

In the limit Θ → 0+, then ι1(0
+) → 1 and κ1(0

+) → κ, cf. Eqs. (38) and (39), so ǭi(0
+) → Ēi.

Equations (51) and (52) are valid for any normalized orientation density function ρ (θ). When they
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Figure 9: Schematic behavior of the ith distribution of fibers and definition of ι and κ for each
region of the plane {Ī1 − 3, Ī4i − 1} under study. The modified structure invariant is given by
ǭi = κ(Ī1 − 3) + (ι − 3κ)(Ī4i − 1). The associated modified Generalized Structure Tensor is given
by Hmod

i = κI + (ι− 3κ)a0i ⊗ a0i.

are specialized to the standard π-periodic von Mises distribution of the form

ρ (θ) = 2

√

2b

π

1

erfi
(√

2b
) exp(2b cos2 θ) (53)

where b > 0 is the concentration parameter (related to κ through Eq. (39)) and erfi(x) = −i erf(ix)
is the imaginary error function, then Eqs. (51) and (52) are given in closed-form in terms of
Θ(Ī1, Ī4i) through

ι1(Θ) =
erfi
(√

2b cosΘ
)

erfi
(√

2b
) (54)

and

κ1(Θ) =

(
1

2
+

1

8b

) erfi
(√

2b cosΘ
)

erfi
(√

2b
) − 1

2

√

1

2bπ

cosΘ exp(2b cos2 Θ)

erfi
(√

2b
) (55)

Note that ι1(0) = 1 and κ1(0) = κ [30].
Consider now the case for which λai > 1 and λπi ≤ 1, i.e. the main fiber is stretched and

the fibers in the transverse plane are unstrained or in compression in average. This occurs when
Ī4i > 1 and Ī1 − 3 ≤ Ī4i − 1, which define the second tension-compression switch of the present
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formulation. Then the fibers are stretched for 0 ≤ θ < Θ, unstrained for θ = Θ and shortened for
Θ < θ ≤ π/2, see the corresponding region in Figure 9. Thus, if Ī4i > 1 and Ī1 − 3 ≤ Ī4i − 1, the
modified structure invariant ǭi is

ǭi =

∫ Θ

0

ρ (θ)
[
λ2
aver

(θ)− 1
]
sin θdθ (56)

=

∫ π/2

0

ρ (θ)
[
λ2
aver

(θ)− 1
]
sin θdθ −

∫ π/2

Θ

ρ (θ)
[
λ2
aver

(θ)− 1
]
sin θdθ (57)

= κ2(Θ)(Ī1 − 3) + [ι2(Θ)− 3κ2(Θ)] (Ī4i − 1) (58)

where Eqs. (38), (39), (51) and (52) have been used and ι2 and κ2 are the second unit function
and second modified dispersion parameter which remarkably take the values

ι2(Θ) = 1− ι1(Θ) (59)

κ2(Θ) = κ− κ1(Θ) (60)

In this case, the limit Θ → π−

2
yields ι2(

π−

2
) = 1− ι1(

π−

2
) → 1−0 = 1 and κ2(

π−

2
) = κ−κ1(

π−

2
) →

κ− 0 = κ, so ǭi(
π−

2
) → Ēi.

Finally, if λai > 1 and λπi > 1, then all the fibers under the modified deformation state are
stretched, so there is no angle 0 ≤ Θ ≤ π/2 for which λaver (Θ) = 1. The integrals to be used in
this case are those given in Eqs. (38), (39), so ǭi = Ēi in this case. This occurs when Ī4i > 1 and
Ī1 − 3 > Ī4i − 1, see Figure 9. The case for which all the fibers under the modified deformation
state are in compression is not possible for purely isochoric materials because this case requires that
Ī1 < 3. In Figure 9 we show the different regions in the plane {Ī1, Ī4i} where the different expressions
of the modified unit functions ι and dispersion parameters κ apply. Two tension-compression switch
lines are clearly distinguished.

As a summary, we propose the use of the modified invariant

ǭi = κ(Ī1 − 3) + (ι− 3κ) (Ī4i − 1) (61)

which is to be assessed taking into consideration two tension-compression switches, the first one
being characterized by the compression of the main fiber orientation a0i and the second one char-
acterized by the average compression of the fibers within the referential plane π0i normal to a0i

ǭi(Ī1, Ī4i) =







κ1(Ī1 − 3) + (ι1 − 3κ1) (Ī4i − 1) if Ī4i ≤ 1

κ2(Ī1 − 3) + (ι2 − 3κ2) (Ī4i − 1) if Ī4i > 1 and Ī1 − 3 ≤ Ī4i − 1

κ(Ī1 − 3) + (1− 3κ) (Ī4i − 1) if Ī4i > 1 and Ī1 − 3 > Ī4i − 1

(62)

where Eqs. (39), (51), (52), (59) and (60), along with the angle of Eq. (47), are to be used. At least
for the special case of the standard π-periodic von Mises distribution of Eq. (53), the expressions
given in Eqs. (54) and (55) permit the computation of the invariant ǭ(Ī1, Ī4i) in closed-form.

We can obtain the expression of the modified Generalized Structure Tensor differentiating the
modified structure tensor ǭi of Eq. (62) through

H
mod

i =
dǭi(Ī1, Ī4i)

dC̄
=

∂ǭi
∂Ī1

dĪ1

dC̄
+

∂ǭi
∂Ī4i

dĪ4i

dC̄
= κI + (ι− 3κ)a0 ⊗ a0 (63)
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where the modified parameters κ and ι are specified in Eq. (62) and Figure 9. In the partial
derivatives present in Eq. (63) it has been taken into account that κ1 and ι1 depend on the
deformation state through the invariants Ī1 and Ī4i, recall Eqs. (51) and (52), along with (47).
However, these partial derivatives cancel to each other and the final expression of Hmod

i results as
simple as in Eq. (63). Again, Eqs. (54) and (55) allow the computation of Hmod

i in closed-form
for each deformation state of the continuum.

The fiber family strain energy function of Eq. (1) is then expressed in terms of the modified
structure tensor ǭi of Eq. (62) as

Wf (ǭi) =
k1
2k2

[
exp

(
k2ǭ

2
i

)
− 1
]

(64)

The stress contribution of the ith dispersed fiber family given in Eq. (8) results into

S̄fi = 2
dWf(ǭi)

dC̄
= 2

dWf (ǭi)

dǭi

dǭi

dC̄
= 2W ′

f (ǭi)H
mod

i (65)

As a main difference with the stresses predicted by the model based on the structure invariant Ēi

and the switch Ī4i ≤ 1 of Section 4, we note that this modified approach gives continuous stresses
for all the ranges of deformation. This is due to the fact that the modified Generalized Structure
Tensor Hmod

i given in Eq. (63) is continuous along the first switch line, defined by Ī4i = 1 (where
Θ = 0, so ι1(0) = 1 and κ1(0) = κ), and also over the second switch line, defined by Ī1−3 = Ī4i−1
(where Θ = π/2, so ι2(π/2) = 1 and κ2(π/2) = κ). In this case, both switches are activated in
a continuous way. We also note that the stress tensor S̄fi contains an anisotropic contribution in
Hmod

i even though the switches are activated.
The fiber family strain energy function Wf (ǭi), with ǭi given in Eq. (62), is represented in

Figure 10 using the material constants of Section 4. The strain energy function of Figure 10 is of
class C1 over the switch lines (Ī1, Ī4i = 1) and (Ī1, Ī4i = Ī1 − 2).

When the strain energy function shown in Figure 10 is compared to the strain energy function
shown in Figure 8 (used in Abaqus), we can also observe that the former one has a single minimum at
the undeformed configuration (Ī1 = 3, Ī4i = 1), whereas the latter one presents the same minimum
value all along the line Ēi = 0 (and also for Ēi < 0 if the switch of that section is considered)
which, as aforementioned, seems to be a physically unrealistic situation. The present enhanced
formulation circumvents that issue as well.

Uniaxial testing

We show in Figure 11 the results of the uniaxial tensile test about the circumferential direction (see
Figure 1) obtained using the present modified structure invariant ǭ. The equations to be solved in
this case are Eqs. (14) and (15), but substituting Ē by ǭ, κ by κ and (1−3κ) by (ι−3κ). We observe
that the response is continuous and that the interval for which Ī4 ≤ 1 is preserved with respect
to the case with fibers bearing compression, see Figure 3. That is, abrupt changes from Ī4 ≤ 1 to
Ī4 > 1 are prevented because the modified invariant ǭ is smooth enough. Interestingly, deformation
states for which Ī4 > 1 and Ī1 − 3 ≤ Ī4 − 1 (second tension-compression switch introduced above)
also occur during this calculation, more specifically at λ1 ≈ 1.

Remark We want to emphasize the differences between the present approach and the formulation
recently proposed by Holzapfel and Ogden in Reference [38]. The present procedure represents an
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Figure 10: Strain energy function of the ith fiber family Wf (ǭi) = Wf (Ī1, Ī4i) [MJ /m3] based
on the switches given in Eq. (62). The material parameters are k1 = 996.6 kPa, k2 = 524.6 and
κ = 0.226 (b = 1.084).
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Figure 11: Uniaxial test over the circumferential specimen (direction 1 in Figure 1) using the
modified formulation of Section 6 based on two different switches. Clockwise from left-up corner:
(a) Uniaxial stress in circumferential direction σ1 (b) Transverse stretch in axial direction λ2 (c)
Structure invariant ǭ = κ(Ī1 − 3)+ (ι− 3κ) (Ī4 − 1) (d) Pseudo-invariant Ī4: squared stretch of the
fibres in the main orientations a0i.
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invariant-based continuum approach which follows the essence of the GOH model of Ref. [4], also
similar in nature to that of the previous work of Ref. [31]. On the other hand, the proposal of
Ref. [38] represents a distributed fiber model which follows in essence the ideas of the structural
model of Lanir [25]. Our proposal is a Generalized Structure Tensor approach based on any fiber
family strain energy function Wf (ǭi), the pre-integrated invariant of Eq. (61), the invariant-based
switches specified in Eq. (62), the GST of Eq. (63) and the associated stresses given in Eq. (65),
where note that W ′

f (ǭi) can be freely selected without modifying any of the previous pre-integrated
expressions. The proposal of Holzapfel and Ogden in Ref. [38] is an Angular Integration approach
based on the fiber family strain energy function of Eq. (91) of Ref. [38], the relation between the
critical angles Φ (Θ) obtained from the solution of the non-linear Equation (113) of Ref. [38], the
associated stresses given in Eqs. (92)–(94) of Ref. [38] and the doble integral coefficients of Eqs.
(95)–(100) of Ref. [38], which note, are to be integrated numerically on the unit sphere taking into
account the deformation-dependent critical angles associated with each integration point of the
finite element mesh. Note that Eqs. (103) to (109) of Ref. [38] are obtained for the simple energy
given by Eq. (76) of the same reference, which is not that of the GOH model. Even though Angular
Integration procedures are better in the sense that they give more accurate results in general [40],
the present formulation is better in the sense that it fully preserves the GST philosophy and is
more expedient and efficient for finite element analysis, which is probably the main reason for the
use of the less accurate pre-integrated GST models.

7 Conclusions

The Gasser-Ogden-Holzapfel model is considered one of the milestones in the analysis of soft bio-
logical tissues when considering the fiber distribution, orientation and dispersion. In order to arrive
at an efficient model for finite element simulation, fiber distribution, orientation and dispersion are
considered through Generalized Structure Tensors. It is usually assumed that fibers in compression
do not contribute to the overall stiffness. Since in this model the contribution of fiber families
are pre-integrated and encapsulated in the Generalized Structure Tensor and structure invariant,
a tension-compression switch for each fiber family is usually employed. We have shown that some
choices for this switch have a strong influence on the behavior in the range of interest and may also
produce unphysical discontinuities in the stress-strain behavior.

In this paper we have analyzed different proposals regarding their physical implications and
proposed an alternative. With our proposal we analyze which part of the fiber distribution is
working in compression, determining the critical angle at which fibers are unstretched in average
terms. The procedure naturally results in two distinct switches. Modified structure tensors and
parameters are given as a function of the usual set of invariants so the appealing pre-integration
approach is still preserved regardless of the strain energy function employed for the fibers.

However, for isotropic, transversely isotropic or orthotropic materials, if the purpose is to per-
form finite element simulations using the composite material as a whole rather than to perform an
analysis employing information from the material constituents, we prefer the purely phenomeno-
logical approach [18], [10], [11]: no switch is needed, no parameter fitting procedure is employed
and up to six experimental curves are exactly captured in orthotropic materials [17].
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