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Abstract. We introduce a global wave front set using Weyl quantizations
of pseudodifferential operators of infinite order in the ultradifferentiable
setting. We see that in many cases it coincides with the Gabor wave front
set already studied by the last three authors of the present work. In this
sense, we also extend, to the ultradifferentiable setting, previous work
by Rodino and Wahlberg. Finally, we give applications to the study of
propagation of singularities of pseudodifferential operators.
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1. Introduction

In the theory of partial differential equations, the wave front set locates the
singularities of a distribution and, at the same time, describes the directions of
the high frequencies (in terms of the Fourier transform) responsible for those
singularities. In the classical context of Schwartz distributions theory, it was
originally defined by Hérmander [27]. There is a huge literature on wave front
sets for the study of the regularity of linear partial differential operators in
spaces of distributions or ultradistributions in a local sense; see, for instance,
[1,2,9,10,23,36,37] and the references therein.

In global classes of functions and distributions (like the Schwartz class
S(RY) and its dual) the concept of singular support does not make sense, since
we require the information on the whole R?. However, we can still define a
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global wave front set to describe the micro-regularity of a distribution, where
the cones are taken with respect to the whole of the phase space variables.
In fact, in [28] Hormander introduces two different types of global wave front
sets addressed to the study of quadratic hyperbolic operators: the C* wave
front set, in the Beurling setting, for temperate distributions u € S’(R?) using
Weyl quantizations, and the analytic wave front set, in the Roumieu setting,
for ultradistributions &4 (R?) of Gelfand-Shilov type, defined in terms of a
very general known version of the FBI transform as introduced originally by
Sjostrand [40]. Unfortunately, these global versions of wave front set have been
almost ignored in the literature. Only very recently, Rodino and Wahlberg [37]
recover the concept of C* wave front set of [28] and show that it can be refor-
mulated in terms of the short-time Fourier transform (or Gabor transform),
very related to the FBI transform. Moreover, in [37] the authors show also that
the original wave front set coincides with the Beurling version of the analytic
wave front set introduced by Hormander and that it can be described merely
by a Gabor frame, i.e. with the information of the decay of the Gabor coeffi-
cients in a sufficiently dense lattice. The latter is what the authors in [37] call
the Gabor wave front set. On the other hand, Nakamura [30] introduces the
homogenous wave front set for the study of propagation of micro-singularities
for Schrédinger equations, and it turns out to be equal to the Gabor wave front
set [38]. Cappiello and Schulz [17] recover the analytic wave front set of [28]
and show that it can be written using the Gabor transform (with Gaussian
window) and study some cases not treated by Hérmander for Gelfand-Shilov
ultradistributions of Gevrey type.

Here, we work in the classes of ultradifferentiable functions S,,(R?), where
w is a weight function in the sense of Braun, Meise, and Taylor [16], originally
introduced by Bjérck [7] as follows: a function u € L*(R9) is in S, (R?) if (u
and 4 € C°°(R4) and)

YA > 0,a € N sup 2@ max{|D%(z)|, | DU(x)|} < +oo,
xeRd

where Ny := NU{0} and D® = (—i)/*l9®. The classes under consideration are
suitable for our purposes, since they are invariant under Fourier transform and
provide a big scale of spaces that contain as a particular case the Schwartz
class when the weight function is w(t) = log(1+t) for ¢t > 0 (example of weight
function that we do not consider in this paper). We have seen in the literature
the benefits of time-frequency analysis when applied to such classes (see [26]),
even in combination with the global theory of (pseudo)differential operators
(see e.g. [11] and the references therein, or [33,35] when the classes are defined
by sequences in the sense of Denjoy—Carleman). We have to mention also
that our classes always contain compactly supported functions (they are non-
quasianalytic) and we recover Gelfand—Shilov spaces of Beurling type of index
s > 1 when the weight function is w(t) = t'/%, i.e. a Gevrey weight.
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In [12] the last three authors of the present paper introduce the ultrad-
ifferentiable version of the analytic wave front set found in [17,28,37] in the
(Beurling) setting for S, (R?)-ultradistributions, show that it can be described
also in terms of Gabor frames for subadditive weight functions (as it is done
in the setting of temperate distributions in [37]) and apply it to the study of
the global regularity of (pseudo)differential operators of infinite order (in [37]
the authors cannot treat operators of infinite order, since they consider sym-
bols with polynomial growth only). However, the question if the latter wave
front set can also be described in terms of Weyl quantizations, as in [28,37],
remained open in the ultradifferentiable setting.

The first author in [4] studies the change of quantization in the class
of global pseudodifferential operators introduced in [6] and gives sufficient
conditions to obtain parametrices for any quantization. This is the starting
point to define a new wave front set in terms of Weyl quantizations for S/, (R?).
The purpose of the present paper is twofold: on the one hand, we define a Weyl
wave front set and study when it coincides with the (continuous version of the)
Gabor wave front set of [12] for the ultradifferentiable setting; on the other
hand, we give applications of this set to the regularity of pseudodifferential
operators in the very general setting of [6].

The paper is organized as follows: in the next section we give some pre-
liminaries, in Sect. 3 we study the kernel of some operators given by Weyl
quantizations for symbols as in [6]. We already observe in this section that,
just to give examples of symbols with a prescribed exponential growth from
above and from below, the range of weight functions w we need is quite re-
strictive; see Example 3.3 (in fact, to give an example for the Gevrey weight
w(t) = t* we need that 0 < a < 1/2). In Sect. 4 we introduce the Weyl wave
front set and see that it can be characterized in terms of symbols of order
zero. In Sect. 5, we extend the inclusion on the Gabor wave front set [12, The-
orem 4.13] to any differential operator with variable coefficients and, later, we
compare the Gabor wave front set, given in terms of the short-time Fourier
transform in the continuous form, as in [12, Definition 3.1] (see Definition 5.1)
with the Weyl wave front set. We need also here to impose that our weight
functions be smaller than some Gevrey weight (see Remark 5.8). We could not
circumvent this restriction, since we use similar techniques as in [37]. Finally,
in Sect. 6 we study the propagation of singularities of Weyl quantizations with
respect to the Weyl wave front set. For instance, for a suitable weight function
w, any 0 < p < 1 and a symbol a(z, &) as in [6], we are able to prove that
(Theorem 6.8)

WE (a* (z, D)u) € WF} (u) N conesupp(a) C WF, (u)
C WF} (a"(x, D)u) U char(a),

where u € S, (R?), a¥(z, D)u is the Weyl quantization of u, conesupp(a) is
the conic support of a(z, ) (Definition 4.4), char(a) is the characteristic set of
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a(z, &) (the set of points which are characteristic for a(z, £); see Definition 4.1)
and WF(u) is the Weyl wave front set of u.

2. Preliminaries

We denote the Fourier transform of f € L'(R?) by

fie)= [ ey,

with standard extensions to more general spaces of functions and distributions.
We work with weight functions as in Braun, Meise, and Taylor [16].

Definition 2.1. A (non-quasianalytic) weight function w : [0, +oc0[— [0, +o0[ is
an increasing and continuous function that satisfies

(o) There exists L > 1 such that w(2t) < L(w(t) + 1), t>0;

—+oo
w(t

(B) /1 T(z)dt < 4005

(7) Tog(t) = ofw(t)) as t — oo;

(8) o @t w(e') is convex.

For z € C? we denote w(z) = w(|z]), where |z| denotes the Euclidean
norm of z. These weight functions satisfy from Definition 2.1(«),

w(@+y) < Lw(z) + Lw(y) + L; w(z,y) < Lw(z) + Lw(y) + L
(2.1)

for all 2,y € R?. We also recall that
(sc +y
w
2

) < wlmax{lel,[y}) Sw(@) +oly),  wyeRL (22)

We shall assume that the weight functions vanish on the interval [0,1]. Then
it holds, for (z)2 =1+ |z|?, z € R4,

w((z)) < Lw(z) + L, z € RY
We define the Young conjugate as follows:

pu(t) == sup{st —pu(s)},  t=>0.
s>0

When the choice on the weight is clear, we will write ¢ and ¢* for short. From
the convexity of ¢ (Definition 2.1(4)), we have that ¢* is a convex function,
©*(t)/t is increasing and tends to infinity as t — oo, and ¢** = ¢. Furthermore,
since wlj,1] = 0, we have ¢*(0) = 0. Here we gather some well-known facts
and estimates involving the Young conjugate. See for instance [13, Appendix
A] for their proofs, in a more general context.
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Lemma 2.2. Given a weight w as in Definition 2.1, we have
(i) For all x>0 and k € N,

tk} < eAw*(g)eAw(t)j t> 1.

(i) For all o > 0 there exists C, > 0 such that for each X > 0,

inf 177727 (%) < 0L e=O-De® 4>
Jj€Ng
(#ii) Let L > 1 such that w(et) < Lw(t) + L, t > 0. Then, for all A\ > 0 and

n €N,
AL" ( ! )+ t< A *(3>+Azn:y' £>0
2 ) T = =t ="
(iv) For all X\ > 0,

2 () < (§) e (D) < (1), wezo

(v) For all \, B > 0 there exists C > 0 such that

Blolal < ce¢” (%), a e N&.
From now on L > 1 stands for the constant in Lemma 2.2(4i7). When
considering a suitable change of weights, the following estimates included in
[6, Lemma 2.9] will appear on the stage.

Lemma 2.3. Let a > 1. If w and o are weight functions such that
(i) w(t*) =o(co(t)), t — oo, then for all A\, > 0 there exists Cx , > 0 such
that
. 1 )
Np?i@) <COaut uwi(i), Jj € No.
A a W
(il) w(t*) = O(o(t)), t — oo, then there exists C > 0 such that for each
A >0,

A@;(%) <A+ /\C%cp:(%), j € No.

We have that w is (equivalent to) a subadditive weight function if and
only if w satisfies [32, Proposition 1.1]:

(Cto) dC1 >03dtg >0VA>1VEt>ty : w()\t) < )\Clw(t).
See [8,21,32] for more information on property (cp).

The setting of this work is the space of ultradifferentiable functions de-
fined by Bjorck [7]. This space is characterized by different systems of semi-
norms (see, e.g. [11,13,26]). In fact, S, (R?) consists of all u € S(RY) such
that

[

YA u>0,3C\,>0,YaeN:, 2R |D(z)| < CA,Me)‘“’*(T)e_““(’”),
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or, equivalently,

WAS03Cy>0,Va,BeNL 2 eRY: 08D u(z)| < Cre* (52,
(2.3)
and also

VA >0, sup (max{|u(z)], |E(m)|}e’\“’(m)) < 400. (2.4)
z€R4

The strong dual of S, (R?) is denoted by S’ (R9).
We use the following notation for the translation, modulation and phase-
shift operators:

Tfly)=fly—2);  Mef(y) =€ fly);  T(2)f(y) =V fy — ),
for all z,y,¢ € R? and 2z = (z,&).

Definition 2.4. Let ¢ € S, (R%) \ {0} be a window function. The short-time
Fourier transform of f € S/, (R%) is defined, for z = (r,&) € R?4, by

Vyf(2) := (£, T(2)9)
Rd

F)W(y —z)e ¥dy,  z= (&) € R*.

We note that the conjugate linear action of S/ (R?) on S, (R?), (-,), is
consistent with (-, -) ;2(ga). We also observe that
wa(z) =f- Tm@(g)ﬂ z = (.f,f) € R*. (25)

If ¥ € S,(RY) \ {0} is a window function and F is measurable on R?? the
adjoint operator is

ViF = /R Ry (2.6)
and it follows from [12, (2.25)] that
ViV = 2m) 10172 ga) Lsy @e)- (2.7)

We recall from [26, Theorem 2.7] that given ¥ € S,,(R?)\ {0} and u € S, (R%)
we have u € S, (R?) if and only if for all A > 0 there exists C > 0 such that

Vou(z)| < C’Ae*)“”(z), z € R,
Ve

Some results involving the short-time Fourier transform for the Schwartz
class are known. See e.g. [25, Chapter 3]. The proofs are the same for the
ultradifferentiable setting.

Lemma 2.5. If T € S'(RY) and g € S,(R?), then

gT:(QW)*d(fj*f), gxT=7-T.
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Lemma 2.6. If f,g € S,(R9)\ {0}, then
thf(xag) = e_ixifvfg(_xv _5)1 Qj,é- € Rd-
Lemma 2.7. [25, (1.8),(1.9)] If ¢ € S,,(R%)\ {0}, then

Myp(n) =T-yb(m),  Myd(n) = T,d(n),  y,n€R™
By applying formula (2.5) and Lemmas 2.5 and 2.7 , we get
Lemma 2.8. If f € S (R?) and ¢ € S,,(R?) \ {0}, then

Vif(a,€) = (2m) U (Fx M_0)(€)  z,EeR

3. The Weyl Quantization

In this section we study properties of the kernel of an operator given by a
Weyl quantization and the short-time Fourier transform. First, we recall the
definition of the global symbols defined in [4,6]. From now on, m € R and
0<p<l1.

Definition 3.1. We define GS;"* as the set of symbols p(z,§) € C*>(R??) such
that for all A > 0 there exists C\ > 0 with

D2 DEp(x,6)] < C((w,€))Plotfleree (52 gmue) o geNg, .6 € RY,

We observe that the only difference with the global symbols in [6, Defi-
nition 3.1] is the factor €™~ (%) instead of €™« (*)em« (&) which is more conve-
nient for our purposes here, but the corresponding theory of pseudodifferential
operators remains the same. The constant m is called the order of the symbol.

For b € GSJ"*, we consider the Weyl quantization for u € Su(R?) (see
for example [39, Definition 23.5] or [37, page 631]):

b (z, D)u = (27T)_d/ eilz— e)gb(.%‘-i-s
R24

By [4, Lemma 3.3] and [6, Theorem 3.7], given a global symbol in G
the corresponding Weyl quantization is well defined and continuous from S, ( )
into itself. Given two symbols a(x, ) and b(x, £), we write a#b(z, £) to denote
the Weyl product of the two symbols, i.e. the symbol corresponding to the
composition of the Weyl quantizations of a(z,§) and b(z, §):

(a#b)*(x, D) = a*(z, D)b"(z, D).

By [39, Theorem 23.6 and Problem 23.2] (cf. [4, Corollary 4.5]), the Weyl
product of a and b has the following asymptotic expansion:

a#b(x Z Z 2 Bt107 Dl a(z,€) 0 DYb(x,€).  (3.1)

J=0|B+~]=j

§)u(s)dsd§, z e R%

Smw
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When dealing with asymptotic expansions, a special type of operator appears,
usually denoted by R, and called globally w-regularizing operator, which acts
R : S, (RY) — S,(R?), see [6, Proposition 3.11]. We also have that given
a global symbol r(z,§) € GS;*, the pseudodifferential operator associated
R = r(x, D) is globally w-regularizing if and only if r € S, (R??) (see [6,
Proposition 3.11], [31, Proposition 1.2.1]).

The following result provides sufficient conditions for a symbol to admit a
left parametrix and is an extension of [22, Theorem 3.4] for global pseudodiffer-
ential operators. These conditions are the basis to define the Weyl wave front
set. By [4, Theorems 3.11 and 5.4], it is easy to see that the same conditions
are valid for any global quantization. In particular, for Weyl quantizations.

Theorem 3.2. Let w be a weight function and let o be a subadditive weight
function with w(t'/?) = o(c(t)) as t — co. Let p € GSLm"“’ be such that, for
some R > 1:

(i) There exists Cy > 0 such that |p(z)| > Cre™ ™M@ for |z| > R;
(ii) There exist Co > 0 and n € N such that

[Dp(2)] < O3 (z)PIlenmen (el p(2)),
for a € N3%, |z| > R.
Then, there exists q € GS‘pml’“’ such that g#p = 1+, for some r € S, (R??).
The following example is inspired by [3, Capitolo 4]. [39]

Ezample 3.3. Let w(t) = t* be a Gevrey weight, for some 0 < a < 1/2. For
m € R we consider

p(z) = elml* z € R%,
We want to show that (i) and (ii) in Theorem 3.2 hold. It is clear that
Ip(z)| = elmlw(z) > lmlw(z) > g=Imlw(z) 2 e R4,

On the other hand, by using Faa di Bruno formula for several variables (see,
for example [29, Page 234]), we obtain that there exists C' > 0 such that, for
p= 1- a,

|D(z)| < C1al(z)~Plolp(z),  aeN2¢ 2 e R (3.2)
Let o be as in Theorem 3.2. By Lemma 2.2(v) there exists C’ > 1 such that
al < Clevsllal)
Therefore
[Dp(z)] < (CC")IHle# oD (z) =1l z)),

for all @ € N3¢ and z € R?¢. We claim that p € GS‘pm"“’. Indeed, from Lem-
mas 2.2(v) and 2.3(i), for all A > 0 there exist C, C, > 0 such that

|| la]

clolal < C,\e)‘”:(T) < Cf\e’\”“":(7>, o€ N2,
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So, from (3.2) and the subadditivity of the weight w, for all A > 0 there exists
C% > 0 such that

|Dp(2)] < C;\e’\p@:(%) (z)Pledglmlw(())
< C/Ae\m\ekpcp:(%“) <Z>—p\a|e|m\w(z)7

for all @ € N3% and » € R2?%.
We observe that in this example we have the restriction 0 < a < 1/2,
since a = 1 — p, w(tl/p) = tﬁ, and w is non-quasianalytic.

Since S,,(R*?) is nuclear [14,15,19,20], for b € GS;"“, there exists K €
S’ (R*) such that

Vypb® (z, D)V, : Su(R*) — S (R*),

where

Vi (b" (x, D)V F)(y' ') = (2m)* /de K 0 y,n)F(y,n)dydn,  F € Su,(R>?),
in the sense that

(Vb (z, D)V F,G) = 2m) (K (', 0, y,m), G, 0" ) F(y,m)), G € Su(R??).
For u € S,(R%) and v € S,,(R?), Y]l 2 (ray = 1, we denote F' = Vyu, which
belongs to S,,(R??) by [26, Theorem 2.7]. We have by (2.7) (see [12])

Vo (@ DY)y, n) = | Koy m)Vouly,nydydn, (') € R*.

(3.3)

We analyse the kernel of this operator:

Theorem 3.4. Let b € GS;™ and ¢ € S,(RY) such that [ ey = 1. If
u € S,(R?), then we have

K@'\n',y,m)
= (%)*”/ (/ et (=) i (= Oy (T2 )=y (s - y)ds) dgde,
R2d Rd 2
(3.4)
for all (v',n',y,n) € R* where K is the kernel in (3.3).
Proof. Let us consider V; : S, (R2%) — S, (R?) as in (2.6). For F € S, (R??)

we have

b (x, D)V F(z)

- (2m)~d /R e“w—S)'ﬁb(”” ; 8,5) ViF(s)dsd¢, =z eR%
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Then, by using the definition of VJ F'
Vy (0" (2, DYV F)(y', ')
— (2m)1 /]R d /R e y/)ei@—S)'ﬁb(x ts g) Vi F(s)dsddz

oo [ s
Rd JR2d JR2d

x F(y,n)e"* (s — y)dydndsdédr

for all (y/,n') € R*!. We shall assume that m > 0; otherwise, the proof is
easier. We want to use Fubini’s theorem for the variables y, n, s. To this aim, we
estimate the modulus of the integrand as follows: Since ¢ € S,,(R?),b € GS)"*,
and F € S, (R?9), for all A1, A > 0 there exists Cy, x, > 0 such that, by (2.2),

we have
[0 = (552 €) Flys (s — )

<Cy, ,\Qem“’(%ﬁf)e—hwwm) —Aow(s—y)

<Cy, AQQme(m)eme(s)eme(f) mL f—w(y)e s w(n)ef%w(s)e)\zw(y)e)\2

which belongs to Ll(]Rgci7 ¢) if we choose Ay > mL? (the integral depending

on s converges) and \; > 2)s (the integrals depending on y and 1 converge).
Therefore, we use Fubini’s theorem, and we obtain

Vy (0" (2, D)V F)(y' ') = (2m) ¢ /R /R/ e EF (y, )y (x — y')e
' (3.5)

y (/ eis.m—&)b(x*s,g)l/,(s_ )dydndgdz.
R4

We want to use again Fubini’s theorem, now in dydndédz. To that aim, we
need some preparation for

I(y,n, & x) = /Rd eis'(nfﬁ)b(x—'_s,g)q/}( y)ds.

Similarly as before, since b € GS}"* and ¢ € S,,(R?), for all A > 0 there exists
C'y > 0 such that

N

< C«)\emLu.)(:c)ernLu)(s)em,Lu)({)emLef%w(s)e)\w(y)e)\7

which belongs to L'(RY) if A\ > mL?. Moreover, it tends to 0 as |s| — +oo.
Let us assume | — | := maxi<p<a |9 — &n| = |n; — &| > 1 for some
1 < j <d. For any N € Ny, we integrate by parts as follows:
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‘/}Rd j— J (DN is-(n— E))b<$;s7£)w(57y)ds
- ‘/Rd ﬁeis-(nf@mg( (x+s’§)¢( y))ds

ek (1) L

We observe that |n — &| < Vd|n — €|le = Vd|n; — &|. We put p € N so that
2v/d < eP, and since b € GS;» and ¢ € 8,(R?), by Lemma 2.2(iv) and (2.2)
we have that for all n € N there exist Cy,, CJ, > 0 such that

f
0 Z( )
X/ Cn<(x+8,§)>_p(N_k)e(n+1)Lppw(ﬁ)emw(l;s’5)
[Rd

x CI, e(n+1)Lp‘P*(<n+£>LP)e*(mLQJrL)W(sfy)dS

DY ~*b(*5 2 €)|IDE us - w)lds.

N
<Cp C' (f) e<n+1)Lp‘P*((n+1¥)LP) Z (ZZ)/ emw(z;S76)67(mL2+L)w(sfy)dS
Rd

_ &N
"Tn— € P

<C.c emLemL%rLM (n+1)LP¢*($)
- In—¢IN
X/ o Lw (@) +mLw(s)+mLw(§) ,— "Lt w(s)+(m L2+ L)w(y) 4o
[Rd

From the choice of p € N, Lemma 2.2(iii) gives
|]| < CnC;LemLemLQJFLe(”Jrl)Z LJ|77 £| N (n+1) (%)

> eme(x)eme(g)e(mL2+L)w(y) / €7w(s)d8.
Rd
The integral depending on s converges by property (7). We take the infimum
on N € Ny and we use Lemma 2.2(ii) (for o = 1) as follows: for each n € N
there exists CJ/ > 0 such that

|I| < Cgefnw(gfn)eme(x)eme(E)e(mL2+L)w(y)
< C;llene —%-‘rmL)w(f)enw(n) eme(:v)e(mL2+L)w(y) .

Thus, for all z,y,vy',&,n € RY satisfying [€ — n]sc > 1, we have that for all
A, A1, A2 > 0 there exists C x,,a, > 0 so that

[y, m(z — ')
< Cha, >\Qe—>\1w(ym)e—>\2w(z_y/) (*%+mL)‘“(§>e)‘“"(’7)eMLw(z)e(mL2+L)w(y)

< COxoa, AQe_%“(y)e_%“’(’?) =P w(@) Aaw(y')
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w er2p(— 2 HmL)w (&) Aw(n) gmLuw(z)  (mL*+L)w(y)

= Cxx, Nexze(f*2—1+mL2+L)w(y>e(f%+A)w(n)e(ff+mL)w(s)

% e(_%"'ml‘)“’@)ekzw(y')’

which belongs to L' (Rf,fln,g,x) provided A > mL? (the integral in d¢ converges),

A2 > mL? (the integral in dz converges), and A\; > max{2(mL?+ L),2)} (the
integrals in dy and dn converge).

On the other hand, if |€ —7]s < 1, then [£] —|n| < |€—71] < Vd|E =] <
Vd, so |€| < |n| + Vd. Hence

w(€) < w(ln| + Vd) < Lw(n) + Lw(Vd) + L.
Then, as before, for all A, A1, Ay > 0 there exists C x, x, > 0 such that

Flymdle =y b( 52, €)vis — )

< Cyay ye N0 (o) gis(552.6) = a (o)

< C)\ A1 )\26_%w(y)e_%w(n)e_%w(x)eklw(y/)e)\l

% eme(w) eme(S)e(mLJFl)W(&)e*W(f) 6mL67>\Tzw(s)€>\2w(y)€>\2
< Chay €T BT (= 322 )o )
- s N1 N2

w e(=3HmLI+L)w(m) —w(©) o= +mL)w(@) Jaw(y)

for some C1  ,, > 0. It belongs to Ll(Ri’,d%m&E) if Ao > mL? (the integral

depending on s converges), A > max{2\a, 2mL?*+2L} (the integrals depending
on y and 7 converge), and A\; > mL? (the integral depending on = converges).
We can therefore use Fubini’s theorem in (3.5), and we obtain

Vi (0 (z, DYV F)(y' ')

— (Qﬂ)fd/ (/ el (€=n") gis(n—€)
R2d R3d

0 )T s — s ) Fo. v

We put F = Vyu, with u € S,(R?). Then, by (2.7) it follows by assumption
Vo F =ViVyu= (27)%u. Hence

Vi (b (x, D)u)(y', ') = /de K\ n',y,n)Vyuly, n)dydn,

for all (y',7') € R?? where the kernel K (y',n',y,n) is as in (3.4). O



Vol. 77 (2022) Global Wave Front Sets in Ultradifferentiable Classes Page 13 of 40 65

Now we recall some facts about entire functions [6, Theorem 2.16, (2.18),
(2.19)]: for any weight function w, there exists an entire function

G(z) = Z anz”, z € CY, (3.6)
a€eNg
with
lao| < ece_c“":(%), o€ NY, (3.7)

for some C > 0, satisfying
log|G(z)| Sw(z)+ C1,  zeC
log |G(2)| > Caw(z) — C4, for z€ U ={zeC?%: |Im(z)| < C3(|Re(2)| + 1)},

for some C1,Cs, C3, Cy > 0. Moreover, for n € N, the n-th power of GG, G", is
a power series

G"(z) = Z baz®, zeC? (3.8)
aEeNg
satisfying
bal < €l () 0 eng, (3.9)

for the same constant C' > 0 as in (3.7). For this C' > 0, by using Lemma 2.2(v)
we have that for all A > 0 there exists C > 0 such that

1
G™(§)
for some K > 0. We integrate by parts using the ultradifferential operator of

(w)-class associated to G (see [6, p. 3483] for the definition) in (3.6) with the
next formula, which follows from [6, (3.3)]:

ei@—y)€ _ 1
G™(y — )

Under the assumptions in Theorem 3.4, we estimate the kernel (3.4) as done
in [12, Proposition 4.4], with the corresponding modifications for the general
symbols of [4,6].

D7 | < crone (R)emnke®, geng Rl (3.10)

G (—Dyg)e'@=v) e, (3.11)

Theorem 3.5. Let b € GS)™ and ¢ € S,(R) with [l 2ay = 1. If u €
S.(RY) and K(y',n',y,n) is as in (3.4), then for all X > 0 there exist Cx, ) >
0 such that
K/ 0, y,m)| < Oy e~ 20 W=y) g=Aw(n=n") guaw(n’) gmax{0,mL*}(w(y)+w(y))
(3.12)
for all (', y,n) € R

Moreover, if b(z) = 0 for z € T'\ B(0,R) for an open conic set I' C
R24\ {0} and for some R > 0, then for every open conic set I C R?¥\ {0}
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such that TN Saq_1 C T (where Saq_1 denotes the unit sphere in R*?) we
have that for all A > 0 there exists C\ > 0 such that

Ky 1y, m)| < Cae MW=y e Ael=n") g =22e(y’) =22 (i) (3.13)
for all (y', 1) €T, (y,n) € R,

Proof. Let m > 0. We use the following change of variables in the kernel (3.4)
x—vy =2a, s—y=5s.
By abuse of notation, we will denote ' by x and s’ by s. We have, by Theo-

rem 3.4,

K(@y'.n',y.m) = (2m) ¢ / i@ ty') (6=n)+i(s+y)(n—€)
R3d

« b(w, f)mw(s)dsdmdf

2
_ (27_‘_)—2de—iy’-n’+iy‘n/3d b(%ﬂ,f)mws)

R
x et (1=8) giz-(6=1") 18- (' ~¥) g g ¢ (3.14)

Let G € H(C?) be as in (3.6). For ¢,h € N, k € Ny, we use (3.11) as follows:
eils (=8 +z-(§—n")+& (v —v))

1 ; ’ ’
= GY=D,)[e!s =&t (E=n)+& (' ~v))
e ¢ P ]
1 . . ’ /
= GY(—D,)e (1=OGh(—D,)[e® (E=n)+& W —y)
& oo —g° P =0l }

1
CGUE-Gh () &)y — )k
x GY(=Dy)e> =G (=D, e E1) (1 — Ag)keié(y/—y)_
We want to apply this into (3.14) and then integrate by parts in order to write

IK(y' 0 y,m)| = (2m) ">y — y’>‘2’“’ /M W=, Ly, n,s,%&)dsdwd&’
R
(3.15)
with

Af,h,k(yl7 n/a Y,1,8,T, 5) = (1 - Ag)k[G—@(g - n)G_h<nl - 5)61%(5—71’)61'8'(71—5)
% G (DG (D) (b )R }.

We can integrate by parts in ds and dx since ¢ € S, (R?). To check if we can
integrate by parts also in d¢, & = (&1,...,&4) € R, we estimate
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el = (1= 02 = = 2)F G (€ = mG (0 = '™ (E=mete (=9

r+y +s+y N\

VTS |

2
k! 271 25ar—~ —hy !
]jl GO G e G =)

x Gh(Dx)G‘(DS){b<

<
Jittdatiai=k
’
x eiz~<5*"’>ei5'<"*€>eh(DZ)GE(DS){b(i‘” Ty sty

2 ,é)@zﬁ(s)}”

i
Jit o tja=k— J/Jl ~Jat

k k (k—] 25 23 —¢ —hy, !
:Z<> > 079 G E =G (' —€)

z+y +s+y

x etz (€=t (1m0 Gh (D) G (L) {b( .

€)@ ]|

Then, for j = (j1,...,ja) € N,

k

k— ) 2j)!
|>\£,h,k|§2(jk/> > M > ﬁ

!
§'=0 i Tt da o T s
X |07 G E = mlog=G™" (0" — ©)||age et (=) ||gg et (19|

< |oge 6 (a)c (D) {b( ZHE 1Y ey )|
“ [k (2(k —4)! (241)!- - - (24a)!
- J'Z::o (j/) m:zk:ﬂ" (272)t -+~ (230! ol+~;rs:2j o1t---os!
x 108G € = mIIOF G — ©)llal! 7 |s[!7!

x ‘a”sch(Dw)Ge(Ds){b(%ﬂ’5)@’“5)}‘

sy (5) X Mg popaher o

...
01 (o
3'=0 lovt-+osl=2(k—j5) 71 5

o r+y +s+y
c’)g”Gh(Dz)Ge(Ds){b<7

T g)d@us) }-

We take M € N, to be determined later. By (3.10) there exist Cps, C1,C3 > 0
so that

X ‘x||03\|3||04\

971G (€ — )| < CECp M () - tCauten),
022G — )] < Cr Oyl (i) -hcuwtn' =),
By Lemma 2.2(7), it holds that for M € N,
jz]los! < SMHDL2" (280 ) (1) L2u((a))
< e(M+1)L2w*(W—'jl)‘%)e(z\/fﬂ)mwmewﬂ)m

Analogously,

2 x logl
‘8“04\ < e(MH)L ® (W)e(MH)L%(s)e(MH)LS
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We also have

! [
07 G (D) G (D) { (S Y@} < Y fasllbe
5,7ENg
o 7! Cmmaosr(THY Fsty o
D D e e N P el Ol

01 +02 =90
TL+To =T

where as and b, correspond to the coefficients of G" and of G* in (3.8). More-
over, by (3.9) there exists Cy > 0 so that they can be estimated by
las| < ehc“e_hcw*(%);

|b7—| < 666’46*504@* (%)

Since b € GS[" and ¢ € S,,(R%), for the above M € N and for all i > 0 there
exists Cyr,, > 0 such that

TR ) IDE @) | D)

2 w15y 4 +os Iy
AM+1) L pp ( 4(M+1)L2 )emw(w,g)

D3 D7 o7

< Cum,ue

* S * T
X e]\/"L%J (%)e_“w(x)eMLQ‘P (%)6_““’(3),

Similarly as in (2.2), we have
emw(w,ﬁ) S eme(%)eme(f)emL
< gmLwmax{lely'],Is],lyl}) gmLu(E) gmL

2 2 o 2 2 2
6mL w(z) emL w(y )emL w(s)emL w(y)eme(ﬁ)emL +mL.

IN

Since 0 < p < 1 and ¢*(z)/x is increasing, we obtain

2 x(l01+7T1405] * 5 wf |7 2 _x losl
LAMEDL2pp (—W ) < ML% (—]{d‘z)eMngp (—Jllig)e(M-&-l)L ® (WH)L )

Then, as |01 + -+ + 05| = 2(k — j') < 2k,

loql 51

2 2 g 2 % 2k
(MNP (i) e () o ML (<M+1>L2),

and also
! 7! 2« (1811 2w ( 152l 2w (11l 2« (172l
E eML™e (ML?)eML ¥ (ML?)eML ¥ (MLE)eML ¥ (ML?)
51!62!7’1!7’2!
51+02=0
T1+T2=T

< gl ML (53) M2 (553).
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On the other hand, we have

k

Sy ey

3 . g1- 5-
3'=0 lor+--+os5|=2(k—3") °

Z( )52k: 7' — g2k <1+512)k(26)’“.

65

By all these estimates, we have that for all M € N and p > 0 there exists

Cir,, > 0 such that

(26)k (M+1)L? ((Miﬁ) (C1eCs )£+he—€Csw(£—n)e—h03w(n’—5)

" e(<M+1>L3+mL2w)<w<z>+w(s))emm(y’)emm(y)6me<§)
X Z 9l8l ML2¢" (577 ) —hCap” (hc4) 7| ML? *(Alfgz)*zcw*(%).
5,7eNg

For any ¢,h € N, let M € N satisfy
M > Cymax{/{,h}.

Then, by Lemma 2.2(iii), we obtain

Mo () =hese (#8) < hoa?e” (ipm) mhowe (25)

:( )\6\ 2(8|+hCy L *(hc‘i‘Lz)ethw*(%)
62

L ‘5‘ehC4L2+hC4L
e2 '

IN

Analogously,
2, ( _Inl ) _ w(1rl 1\
ML (W)e tCap (504) < ( 2) lCaL* +HCAL,
e
The series

S &) ()

5,7eNg 5, TENG

converges (see for instance [6, (3.6)]). Again Lemma 2.2(iii) yields, as 26 < e*,

that

(26)ke(M+1)L2w*(W) < e(M+1)L2+(M+1)Le(M+1)¢*(M?il)_

Then, for all g > 0 there exists C}/ ,, > 0 such that (for M so that M >

Cymax{l,h})
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Aens| < C//Me(MH)w*(M%J (CleC4+C4L+C4L2)€+h
R = s
s e((MAD L2 +mL? —p) (w (@) +w(s) gmL*w(y’)

x eML?w(y) gmLw () g—C3w(E—n) g —hCsw(n'—¢€) (3.16)
By estimating

e O3(E) o =hCoo(n'~€) < o=t Grw(m) (1 FHOs)w(&) hCsw(n') ((L+h)Cs.

given ¢ € N we take h > ¢L +mL?/C3, and we choose p > (M + 1)L + mL?
so that |Agpk| is estimated by a function that belongs to L'(R2%) for all
k € Ny, and that goes to 0 as || — 4o0o. From this, it follows that we can
integrate by parts also in d¢, putting the d¢-derivatives inside the integral in
dsdz. Therefore, since

ot GEw(n) ShCaw(n’) < 6—e%w(n—n/)e(z%mcg)w(n')ee%7

there exists Caso,n,, > 0 such that, by (3.15)

_ M1 2k 2 ’
KW' s y,m) < Caryenply —y' )~ 2FeMTH? (325) gmL2 (@) +w(u)
g e tiiwm—n") (L +hCs)w(n’)

X/ M+ L34 L2 — ) (w0 (2) 4+ () (ML +HCs = h G0 () g 1o e
R3d

We take the infimum on k& € Ny and we use Lemma 2.2(47) (with o = 2) to get
for some Cyy 5, > 0,

’ p ’ C ’ C ’
Ky 1 y,m)| < C;\J,Z,h,ueiMw“yiy N em I (wy)tw ) ,—ehwn=n") (3 +hCs)w(n’)

X/ (ML mL? =) (w(@) ()  (ECs+mL=h G (©) g0 e
R3d

(3.17)

Given ¢ € N, the integrals are convergent by the same selection as before
(h > (L +mL?/C3 and pu > (M + 1)L? + mL?). Therefore, for every A > 0
there exist C), ux > 0 such that

K/ y,m)| < Cre W=y g=Awn=n") gurw(n’) gmL?(w(y)+w(y))
This shows formula (3.12). We observe that, given ¢ € N, if we take h > 0 as

before (h > (L+mL?/C3) and M > Cymax{/{, h} satisfying also M > {+mL3
then

e~ Mw((y=y") < o~tw(y—y') —mL?w(y)+mL’w(y’)+mL®

By setting > 0 as before (1 > (M + 1)L? + mL?), we get from (3.17) that
for all A > 0 there are Cy, uy > 0 such that

Ky, 1, y,m)| < Cre 2W=v)emdwn=n) gurw(n) o(mL*+mLY)w ) (318)
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For the second part, we follow closely the proof of [37, Proposition 3.7].
By (3.16), we can proceed as in (3.17) using (3.15) and taking the infimum on
k € Ng to find Cy;,,, , > 0 such that

’ 3 ’ 2 3 ’
K (y' 0 y,m)| < 05\/47137}17“6—1\4&)((?;—3/ ) emLiw(y—y’) o(mL4+mL”)w(y’)
X /RSd ((MA1) L +mL? —p) (w(z)+w(s)) (3.19)

x emLw(§) g=tCsw(E=m) o =hCaw(n' =€) g gy e

for all (v, 1, y,n) € R*. Now, we assume b(z) = 0 for z € '\ B(0, R). We set
/

Dy y = {(x,s,ﬁ) c R34 . (W

We want to estimate |K(y',n’,y,n)| for (y',n’) € I, a conic subset of I" with

"N Syq—1 C T, and (y,n) € R?%. By formula [37, (3.19)], there exists € > 0
such that

,g) e (RQd\F)UB(O,R)}.

’ o) (F)
')l (')
for all (yv',n') € I/, |(v/,n')| > 2R, (z,5,€) € Dy, (y,n) € R?% From this, it
follows, as |y —z — s — y| < 2max{|y’ — y|, |x + s|},

\ze,

ew(e(y',n')) < ew(y/7$557yvﬁl—f) < eLw(y'fy)+L2w(w)+L2w(s)eLw(n'75)6L2+L.
Thus, for that ¢ > 0, there exist C., L. > 0 such that
ezvW)eaw(n) < w0’ ) < O ele(@W' —y)tw(@)tw(s)twn’ —8))
Hence there exist CZ, L. > 0 such that
e’ =6 < Cée—L;w(y/)—L;w(n')ew(y—y')+w(w)+w(8)‘ (3.20)

Set h = HR = W' + (H — 1)h/ for some H > 1 and b’ > 0 to be determined
later. Therefore by (3.20)

e~ (H=1N Csw(n' =€) ,—h' Caw(n'—¢)
< (Cé)(H—l)h’C;;e—(H—l)h’C3L’Ew(y’)
% e~ (H=Dh'CsLLw(n') ((H=1)N Ca(w(y—y ) +w(@)+w(s))
x e~h' Frw(€) h'Caw(n’) Jh'Cs
Since
e~ (Csw(E=n) < O3 —LGrw(n—n') LCsw(n'~€)
< eecse—e%w(n—n’)ezchw(n’)eecsLu(g)eech
we then find, from (3.19), Cjr,; , > 0 such that

K@\ 0 y,m)| < Cff g e Me@vD
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% e((H—l)h’C’3+mL3)w(y—y’)e(—(H—l)h/CgL/E+mL2+mL3)w(y')

% e—z%w(n—n')e(—(H—1)h/03L;+h/cg+ech)w(n’)

y / (M) L2 4m L2 4 (H 1)1 =) (w(a)+10(s))
R3d

x e(~h FHCaLAmL)w () go i dg.

Given ¢ € N arbitrary, we denote A = £2 > 0. We put &’ > 0 such that
L

<_h'%’ +0C3L + mL) w(§) < —w(é),

and then H > 1 with
(—(H — DI LLO3 + mL* + mL*)w(y') < =2 w(y');
(—(H — 1)W LLC3 + W C3 + LC3L)w(n') < =2 w (7).
We take M € N (which satisfies M > Cy max{¢, Hh'}) such that
—Mw({y —y")) + (H =)W' C3 +mL)w(y —y') < —dw(y —y),
and finally p > 0 large enough so that
(M +1)L3 +mL? + (H — 1)h/Cs — p)(w(zx) + w(s)) < —(w(z) + w(s)).

With these choices, the convergence of the integrals is guaranteed, and also
(3.13) is satisfied for all (v',n') € I, |(v/,n')| > 2R and (y,n) € R??. The
proof for |(y',n')| < 2R follows directly from (3.18). This completes the proof.

O

4. The Weyl Wave Front Set

In the present section we introduce a new global wave front set given in terms
of Weyl quantizations in the ultradifferentiable setting, similarly to the one
introduced by Hormander [28, Definition 2.1] in the classical setting. We have
some restrictions on the weight functions since the definition is based on the
construction of parametrices given in [4,22]. We also show that in the definition
it is enough to use symbols of order zero, so we extend [37, Proposition 2.7],
which is crucial for the next sections.

Definition 4.1. Given a € GS)"*, we say that zy € R>*\{0} is non-characteristic

for a if there exist a Gevrey weight function o with w(t'/?) = o(c(t)) as
t — 400, C1,Cy > 0,n € N, R > 1, and an open conic set I' € R??\ {0} with
zp € T, satisfying
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la(z)| > Cre™),  and (4.1)
ID%(2)| < Oy (z)Flelemeslal (2], (4.2)
for all « € N3¢, 2 €T, |2| > R.

We recall that there are non-quasianalytic weight functions in the sense
of [16] that cannot be dominated by any subadditive function that satisfies
property () (see [24]). This motivates the following definition.

Definition 4.2. Fix 0 < p < 1. A weight function w is called p-regular if for all
m € R there exists a € GS" such that for some Gevrey weight function o
with w(t'/?) = o(o(t)) as t — +o0, the inequalities (4.1) and (4.2) hold for all
z € R?? with |z| > R, for some R > 1.

If follows from Example 3.3 that Gevrey weights w(t) =%, 0 < a < 1/2,
are (1 — a)-regular weight functions.

Definition 4.3. Let w be a weight function, 0 < p < 1 and u € S,(R%). We
say that z € R\ {0} is not in the Weyl wave front set WF} (u) of u if
there exist m € R and a € GS)"* such that a*(z, D)u € S,(R?) and z is
non-characteristic for a.

We need to introduce the notion of conic support [37, Definition 2.1]
before the next result.

Definition 4.4. Given u € &/ (R??), the conic support of u, denoted by
conesupp (u), is defined as the set of all x € R??\ {0} such that any conic
open set I' C R2?\ {0} that contains z satisfies that supp (u) NT is not a
compact set in R?%,

The following lemma is [23, Lemma 4].

Lemma 4.5. Given a weight function o and two cones I',T" C R??\ {0} such
that TN Soq_1 C T, there exists x € C*°(R?4) such that 0 < x < 1, supp (x) C
T, x(2) =1 for z € TV with |z| > 1 and for every k € N there is C, > 0 such
that

* [ o

|DYx(z)] < CMZ)“"'@Wo(T), a e N2 2 e R

Moreover, if w satisfies w(t'/?) = o(o(t)) as t — oo, for some 0 < p < 1, then
X € GS).

Now we show that in Definition 4.3, similarly as in [37, Proposition 2.7,
the symbol can be taken of order zero for regular weight functions.

Proposition 4.6. Let w be a p-regular weight function, for some 0 < p <1,
u e S,(RY), and 0 # zo ¢ WF? (u). There exist b GSS’“’ and an open conic
set ' C R%4\ {0} such that z0 €T, 0<b<1,b(z) =1 for z € T with |z| > 1
and b¥ (z, D)u € S, (R?).
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Proof. Since z9 ¢ WF;(u), there are m € R and a € GSJ"* such that
a®(z,D)u € S,(R?), a Gevrey weight function o such that w(t'/?) = o(c(t))
ast — 00, C1,Co > 0,n € N, R > 1, and an open conic set I' € R2?\ {0} such
that zo € I', and a satisfies (4.1) and (4.2) for all z € I with |z| > R. It is not
restrictive to assume Cy > 1.

Without losing generality, we can assume that T' is connected (if T' is not
connected, then we take the connected component in which 2y lies). Then,
since (4.1) is satisfied it is not restrictive to assume [40]

a(z) >0, zeTl, |z| > R.
Moreover, we have
a(z) > Cre™®, 2 €T, || > R (4.3)

Since w is a p-regular weight there is a symbol ag € GSZ“‘J and a Gevrey weight
function that without loss of generality we can assume to be o (if not, we take
the minimum of the two Gevrey weights, which is also a Gevrey weight) such
that for the same C7,Cy > 0, n € N, R > 1, formulas (4.1) and (4.2) are
satisfied for ag, for all z € R* with |z| > R. As R?¢\ B(0, R) is connected,
ap(z) >0 for all z € R??, |z| > R and also

ap(z) > Cre™®) |z| > R. (4.4)

Let I, T < R2?\ {0} be open conic sets such that zo € I, T N Spq_1 C I
and IV N Soq_1 C I'. For the weight function o, let x be as in Lemma 4.5 for T’
and I'V. By proceeding in a similar way for IV and T/, we can obtain b € GSg’“’
with 0 < b <1, supp (b) C TV, b(z) = 1 for z € T with |z| > 1.
Now, we set
bo(2) := x(2)a(z) + (1 — x(2))ao(2)-

It is clear that by € GS;"* since a,ap € GS;", x € GSS"". For any z ¢ T, we
have that x(z) = 0 and therefore (since ag satisfies (4.1) for all |z| > R),

[bo(2)] = lao(2)| > Cre™ ™, 2 ¢T, |2| > R.

On the other hand, as a(z),ao(z) > 0 forall z € I' with |z| > R,and 0 < x <1,
it follows bg(z) > 0. Furthermore, from (4.3) and (4.4),

bo(z) = x(2)a(z) + (1 — x(2))ao(z) > Che™(®) zeTl, |z > R.
Hence, we obtain
bo(2)| > Cre™ ), |z| > R. (4.5)

This obviously implies condition (i) of Theorem 3.2 for by. Since y is as in
Lemma 4.5, there exists C' > 0 such that, for the previous n € N,

IDx(2)] < Clz)~1¥le2a ol < O(z)~Plelemes(nlal)
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for all « € N24¢, 2 € R2?. Therefore, as a, ag satisfy (4.2) for z € I with |z| > R,
by Leibniz rule we have

Do) < 3 (5)ID XD Pa(@)] + 3 (3)ID°(1 =) EID" a0 (2)]

Ba B<a

< Z <g)c<z>—p|6|e%¢§(nlﬁl)

B<a
x Ch* =Pl (zy—ple=Blgres(r1a=BD (|q(2)| 4 |ag(2)]).

Since a,ag € GS;"* there exists C’ > 0 such that (we observe that 3, (g) =
2|a|)

|D%g(2)| < 0(202)|a|<Z>—plale%wi(nlal)gcfemw(ﬂ'

We consider D = 2C5 max{1, lecl} > 0. Then from (4.5) we obtain

1

|Dab0(z)‘ < Dla‘<Z>_p|0“e;<ﬁ2(n|a\)clemw(z)
< _D|Oé‘<Z>_P|a‘e%s@;(n|a\)|b0(z)|

for all @ € N2? and z € T, |z| > R. On the other hand, if z ¢ T, then by
construction by = ag, which satisfies (4.2). Hence b, satisfies condition (i7) of
Theorem 3.2 for all z € R?? with |z| > R.

Thus, there exists ¢ € GS‘pml’” such that
by =1+s, for some s € S, (R*).
Therefore
b = b#c#by — b#ts

= b#c#(bo — a) + b#cH#a — b#s. (4.6)

We claim that b*(x, D)u € S,,(R?). Since supp (b) C I and
bp—a=xa+(1—x)ag—a=(1—-x)(ag—a)

vanishes for z € T, |z| > 1 (because x(z) = 1) we deduce that

E := supp (b) N supp (bo — a)
is a compact set. This implies

bitc#(bo — a) € S, (R??).

Indeed, let ¥ € S,(R?*?!) with compact support with Y = 1 on E. Then
b#c#(bp — a) has the same asymptotic expansion of b#c#(X(bop — a)). By
[6, Proposition 4.3] we deduce

b (z, D)c"(x, D)(by — a)*(z, D) = b (x, D)c" (2, D)(X(bo — ) (x, D) —|(—4R7,)
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for a globally w-regularizing operator R : S, (R?) — S, (R%). Since Y(by — a)
has compact support, we have

(X(bo — a))“(z, D)u € S,,(RY), u € S (RY).
The continuity of the Weyl operator yields
¢ (2, D) (R (bo — )" (, D)u € Su(RY), e S,(RA,
and
b (x, D)c* (z, D)(X(bo — a))”(x, D)u € S, (RY), ue S (RY).
Hence, by (4.7),
b (2, D)c(x, D)(bo — )" (z, D)u € S,(R?), u e S (RY).
Moreover, since s € S,,(R??), we have
b (x, D)s¥(z, D)u € S, (R?), ue S (RY).
By assumption a®(x, D)u € S, (R%), so
b (z, D)c¥(x, D)a" (z, D)u € S,(R?), u e S, (RY).
Hence, from (4.6), we finally obtain that
b (xz, D)u = b"(x, D)c"(x, D)(by — )" (x, D)u+
+bY(x,D)c"(xz,D)a”(xz, D)u — b (x, D)s" (z, D)u
belongs to S,,(RY) for any u € S/ (R?), and the proof is complete. O

5. A Comparison Between Different Wave Front Sets

The following definition of wave front set has been introduced and studied in
[12, Definition 3.1], which extends the Gabor wave front set given in [37] for
the classical setting.

Definition 5.1. Let u € S, (R?) and v € S, (R?) \ {0} be a window function.
We say that 2o € R??\ {0} is not in the w-wave front set WF/, (u) of u if there
exists an open conic set I' C R??\ {0}, zy € T, such that
sup 3 |V u(2)] < +oo, A>0.
zel
In [12, Theorem 4.13] an inclusion like (5.2) for linear partial differential
operators with polynomial coefficients is proven. Now, we present an extension
of this result for any linear partial differential operator of order m with variable
coefficients of the form

P(z,D)= > ay(x)D7, (5.1)

[v|<m
where a,, € S, (R).
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We observe that, in general, a function in S,,(R??) is not automatically
a global symbol in GSJ**. Hence (5.1) is not necessarily an operator with
symbol in these classes. It is proven in [6, Example 3.13(b)] that in general
S (R??) € M,cr GSP C S, (R?) for every pair of weights w and o satisfying
w(t1+P)/P) = O(a(t)), t — oo, for some 0 < p < 1. Also it is given there a
suitable example of a weight w for which S, (R*?) =,z GS;.

We show that the action of the differential operator in (5.1) to an ultra-
distribution u € &/, (R%) shrinks the w-wave front set WF/, (u).

Theorem 5.2. For the differential operator defined in (5.1), we have
WF/, (P(z, D)u) € WF/,(u), u e S (RY). (5.2)

The w-wave front set does not depend on the choice of the window func-
tion . The following lemma is an improvement of [12, Proposition 3.2].

Lemma 5.3. Let u € S,(R?), ¢ € S,(RY) \ {0}, and 2o € R??\ {0}. If there
exists an open conic set T C R?4\ {0} containing zy such that

sup MO [Vyu(z)] < 400, A>0,
zel

then, for any bounded set B of S,,(R%)\ {0} and for any open conic set I C
R24\ {0} containing zo and such that T’ N Saq_1 C T, where Saq_1 is the unit
sphere in R?*?, we have

sup sup e |Vyu(z)| < 4o, A>0.
dEB z€T”

Proof. By [12, Proposition 2.12], for any 1, ¢ € S,,(R%), ¢ # 0, we have
Viu(z)] < @m) ™ [0l 22 (Vpul # [Vel)(2), =z € R
By Lemma 2.6,

Voo ()] = [Vyo(=2")| = [Vpo(=2)|, 2" € R*.
Then,

(Voul « Vew)() = [ | V(e = Vo )l

= [ Woule = )lIVes(=)lde"
R2d
For € > 0, we denote for all z € R?9,

B [ Wauls = )Vao(-)laz
(2)<e(z)

I(z) = / Visu(z — 2)||Vyd(—2)|d2'.
(2')>e(z)

We choose € > 0 sufficiently small so that
zel’, |z| > 1, (Z) <e(z), then z -2 €T.
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Since Vi : Su(RY) — S, (R??) is continuous (by [12, Proposition 2.9]), the set
Vy(B) is bounded in S, (R??). Thus for all u > 0 there exists C,, > 0 such
that

sup [Vypo(—2')|e" (=) < ¢, 2 € R,
¢EB

To estimate I;, we use the assumption made on I' for Vyu as follows: for
all A > 0 there exists Cy > 0 such that

Li(z) < C,\/ e_’\L“’(Z_Z,)|V¢q§(—z’)|dz’
(2")<e(z)

< C)\e)\Le—Aw(z) Arzd e)\Lw(z/)lvw(b(_Z/)‘dzl

_ C)\e)\Le—/\w(z) / (e()\L+1)w(—z’) |Vw¢(—2l)‘)€_w(zl)dzl < C;\e—)\w(z),
R2d

for some constant C, > 0, for all z € I, |z| > 1, and all ¢ € B.
On the other hand, by [26, Theorem 2.4] (see also [12, Theorem 2.5]),
Vyu is continuous and there are constants c, u > 0 such that

[Vypu(z)| < cet ) z € R%,

Let ¢ € Ny be such that e~! < 29. Then, for (2') > &(z), the properties of the
weight w yield

w(z) <w(E ) <wU)) < LITw(Z) + LT + L9+ + L.
Then, we have

L) < —w(@) + (LT + L9+ -+ 1), for (') > e(z).
Therefore, for all A > 0 and all ¢ € B, we have

L(z) < e / eh =) | 3(— 2|2
(z')>e(z)

< ce/LLepr(z)/< - )e/LLw(—z’)‘Vw¢(_2/)|dZ/
2"y >e(z

e / o L)L w(2)
(2)>e(2)

X (|V¢¢(_Z/)|e((A-‘ruL)LHl+1+NL)W(_Z/))e_w(z/)dZI

< Ce,uLe(AJruL)(Lq+1+Lq+---+L)efz\w(z)
« / (|Vw¢(7zl)|e((/\+;4L)Lq+1+1+uL)w(fz'))67w(z')dzl'
R2d

Hence for all A > 0 there exists C§ > 0 such that
Ir(z) < CYle ), z € R%,
This finishes the proof. U
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Proof of Theorem 5.2. We fix a window function ¢ € S, (R%) \ {0}. From the
linearity of the short-time Fourier transform and Lemmas 2.8 and 2.5, we have,
for z = (x,&) € R?%,

Vi (P(w, D)u)(w,6) = Y Vylay - DVu)(x,€)

[y|[<m
— (27r)7d Z (Q,TD\VU * foi) (5)
[yI<m
=m0 Y (@ + D)« M_B) @)
[yI<m
_ (2@‘2’1 Z (ﬂ % (6; * M—wi)) (6). (5.3)
[y[<m

On the other hand, it is easy to see that
ay « M_zp = M_, (M$6; * E)

Now, we define ¢, € S,(R?)\ {0} depending on = € R?, v € N& with
|7] < m such that

Gy 1= Myt % 1), (5.4)
Then, by formula (5.3), Lemma 2.8, and [12, (4.31)],

Vo(P(e, D), €) = (20) 72 3 (Dvus M (M, 5 7) ) (€)

[y|<m

Z Voo (DVu)(x,§)

[v[<m

Y Z( )s” Wpsg, , (W)(@,€).  (5.5)
[y[<m B<y

We show that the set
B:={M,a; v : xR |y <m} (5.6)
is bounded in S, (R?). For all A > 0, we have, by the Young inequality,

0 (04,75 5 5) )] = | [ XML (51l — 5)ds|
_ ‘/ )\w(y) iz s/\ )i( _ s)ds‘
<e / ALw( e)l ()| ALw(y— 9)|,(/)( —s)\ds

< M max HeAL“’(')E\(')‘ ’e)‘L“’(')i(JH

o [v|<m

Loo(Rd)
(5.7)

L1(R%)
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On the other hand, by Lemmas 2.7 and 2.5 we have

My 6 =T gy & = (2m)(T_pay - ),

so its Fourier transform satisfies

o — —
j——

(M, @ * §)(n) = 2m) (T e, - §)(0) = @0 (T_pa, - T) ().
Thus, for all A > 0,

o —

[0 (M, % D) ()| = (20D Ta, (~)i(—n)|
= (27r)2d|a7 (x — n)e“(*”)@(—n)l
d . Aw() (.
< (2 mae o, Ol ey [*OF0) -

(5.8)

Formulas (5.7) and (5.8) show that the set given in (5.6) is bounded in S, (R¢)
[26, Corollary 2.9] (we are using the seminorms given by (2.4)).
Since the Fourier transform is an isomorphism in S, (R?), the set

.7:_1(3):{¢>:q/b\:f, for some f € B}
is bounded in S, (R%), and therefore
B ={¢ : E:f, for some f € B}

is also a bounded set in S, (R?), and the function ¢, - taken in (5.4) belongs
to B’. Now, we see that

B":={D% : ¢ €B,|p| <m}

is also bounded in S, (R%). We consider the following system of seminorms in
S, (R?) (see (2.3)):

_ * (|atd|
ax(p) = Sgupd suﬂg)d |an5¢(x)|e Ae ( X ), b€ S,(RY), X>0.
a,0eNg ze

We fix A > 0. From the convexity of ¢* (Lemma 2.2(iv)) we have for 3 € N,
18] <m,

o\ (D) = sup sup |2°D*FPp(x)|e N (f52t)
a,0€Ng zeR?

« (181 N
< et (%) sup sup |z DO g(x) e (
a,6eNg zeR9

\a+(6+ﬁ)l)
2

< (R) sup sup 07D p(a)e 2" () = 27 (%) gy 9).
@,6’eNd z€R?

« (18] .m
Since ¢ € B’ and e? () < M (X)) we get ga(DPp) < +o00 as we wanted.
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Let us show (5.2). To this aim, we denote z = (x,¢) € R?¢ and assume
that 0 # 2o ¢ WF/, (u). Then, there exists I' C R2?\ {0} an open conic set
containing zgp such that

sup 3 [V u(z)] < +oo, A>0.
zel

By Lemma 5.3 we obtain that, for any open cone I' containing zg with
"N Syq1 CT,

sup sup e’\“’(z)|VD@¢m(u)(z)| < +00, A> 0. (5.9)
B,YENG:|B],lv|<m 2€T”
zER?

From (5.5) we have, for all A > 0,
M|V (P(z, D)u)(2)| < (2m)~

y Z Z (g) £ Plem ke QL@ Y, (u)(2)]. (5.10)

[v]<m B<y

Since |y — B] < |y| < m we have, by Lemma 2.2(4), that
|E77P < )Pl < (2)™ < e (M) ew((2)) < ™ (m) L)+ L
for all z = (z,&) € R??. Therefore
Zselﬂgd |7 Ple () < 400

for every § < v, |y] < m. When taking the supremum in (5.10) in z € T,
by (5.9) we obtain

sup M@V (P(z, D)u)(2)] < 400, A > 0.
Hence 2o ¢ WF., (P(x, D)u) and the proof is complete. O

First Inclusion

Now, we compare the Weyl wave front set defined in Sect. 4 with the w-wave

front set WF/,(u), for certain weight functions w and any ultradistribution
u € S, (R?).

Proposition 5.4. Let w be a weight function, b € GS;"*, and u € S’ (RY).
Then,

WF, (b (2, D)u) C conesupp (b).

Proof. For a window function ¢ € S, (R?) \ {0}, by formula (3.13) the kernel
K in (3.4) satisfies the same estimates as in [12, Proposition 4.4]. The proof is
therefore analogous to that of [12, Proposition 4.11] (with the only difference
that now w is not necessarily subadditive). U

The same result holds for the Kohn-Nirenberg quantization, and the proof
is analogous. As a consequence of Proposition 5.4, we obtain as in [12, Corollary
4.12] the following
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Corollary 5.5. If b € GS;** has compact support, then b"(x, D) is globally
w-regularizing.

Theorem 5.6. Let w be a p-regular weight function, for some 0 < p < 1. If
u € S (RY), then

Proof. Let 0 # zo ¢ WF (u). According to Proposition 4.6, there exist b €
GS)* and an open conic set I' C R?®\ {0} such that 2o € I', 0 < b < 1,

b(z) = 1 for z € T with |z| > 1 and b*(z, D)u € S, (R?). We consider b =
1-be GSg"", which satisfies b(z) = 0 for z € T" with |z| > 1, so in particular

2o ¢ conesupp (b). Since b¥(z, D)u € S, (R?) we obtain, by Proposition 5.4,

WF! (u) = WF,(b" (x, D)u + b (z, D)u) = WF;(Ew(x, D)u) C conesupp (b).

Hence, zo ¢ WF/,(u). O

Second Inclusion

Theorem 5.7. Let w be a weight function and 0 < p <1 such that
w(t'/?)=o(o(t),  o(t'*?) = 0((t)), (5.11)

as t — oo for some Gevrey weight function o and some weight function . If
u € S',(R?), then

WEF? (u) C WF,(u).
Remark 5.8. The assumption in Theorem 5.7 implies
W(EEDIC0) —o(y(1),  t— oo,
For w(t) =t*, a =1 — p, this condition holds if (1 — p)(zg'—pp) < 1, accordingly
1> p> =387 5 0.56155; and 0 < a < 3=Y1T.

Proof of Theorem 5.7. First, we recall that the Wigner transform of ¢(z) =
e‘émz, r € R?, is (see for instance [37, Theorem 4.2))

Wig(y)(z) = (4m)2e*", 2z e R

Let 0 # 290 ¢ WF/,(u). Then, there exists an open conic set I' C R24\ {0} such
that zg € I' and
sup e | Vyu(z)| < +oo, A>0. (5.12)
zell
We consider I C R2?\ {0} an open conic set such that zgp € I" and TV N Saq_1 C

I' By Lemma 4.5, we can construct b € GS?’7 such that 0 < b < 1, whose
support is contained in T', and b(z) =1 for z € TV, |z] > 1.
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We define a := b x Wig(¢). To estimate its derivatives, we use b € GS?’W,
Peetre’s inequality and Lemma 2.2(#4¢) to obtain that for all A > 0 there exists
C\ > 0 such that

D0 < [ | D2 = )| Wig(w) )

< / CA<Zfw>7‘a|e)‘L‘p:(‘aL‘)(47r)%ef‘w|2dw
R2d

[

S/ C,\(Zfw}fp‘o‘le’\L“’;(T)(47r)%e"w|2dw

R2d

gCA(47T)%<Z>fp|a\(lea\exwz(%))/ (w)Plele=1ol gy,
R2d

o (3) [ et (53
R2d

d
2

< Oy (4r)

for all « € N2¢ and z € R2?. Since (t) = o(t), for all € > 0 there exists C. > 0
such that

y(w)?) < e(w)? + C. = e|lw|* + (¢ + C.), w € R*,
Therefore, we obtain for some C. > 0, by Lemma 2.2(7),
/ (w)Plel =1l gy < / (w) P10l = 2V ¢ gy
R2d — JRr2d c

:Cé/ ((w)2) 22 (w)) (=28 () gy
R2d

SC’;e’\g‘p;(‘%)/ e AT gy, (5.14)
R2d

We take € > 0 small enough (¢ < %p) so that the integral converges, and we

fix it. By assumption we have w(t(272)/(20)) = o(v(t)) as t — oo. Therefore,
from (5.13), (5.14), and Lemma 2.3(i) we obtain that for all A > 0 there exists
C% > 0 such that

[D?a(2)] < O} (z) P/ ()
< ey rlelMoen (5) (5.15)
for another constant C'¥ > 0 depending on A > 0. This shows a € GS%“.

Let I C I be another open conic set such that 2y € I and I’/ N Sgq_1 C
V. Then, there exists 0 > 0 such that z — % € I" for z € T with [z = 1,
|w] <6, and t > 1. Since |z —w| > |z| =0 > 1 holds if |w| < ¢ and |z| > 14,
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we have for z € I, |z| > 1+,

@l = [ | bz = ) Wig(w)(w)du

- /{|w<5} b(|z|(é - Iw7\>) Wig(w)(w)du
= / Wig(¢)(w)dw =: C* > 0.
{lw[<s}

Hence (4.1) is satisfied for m = 0. Moreover, as o(t'T°/2) = O(y(t)), t — oo,
we use Lemma 2.3(ii) to get, by (5.15), that there exist C’ > 0 and n € N
such that for z € T, |2| > 1+ 6, and a € N34,

1 (04
|D%(2)| < C'(z)~Plelemeamlal) < —_

*

(z)~Plelemes(nlaD|q(z)),

and (4.2) is satisfied, too. Therefore zg is non-characteristic for a.

It only remains to show that a”(z, D)u € S,(R?). We recall that the
Weyl operator a*(z, D) coincides with the localization operator given by (see
for instance [18, (6), (3)])

a* (&, Dyu(z) = /R b V()T (). (5.16)

Since supp (b)) € T' and 0 < b < 1, given a € N¢ we have by (5.16), for
z=(t,&) € R¥,

|D%a" (z, D)u(z)| < /F Vou(t, ©)||Dg (e v (x —1))|dtde

“ u 1811 Da—bBy(z — .
SZ(5>/FIV¢; (& ONENN D™ (2 — t)|dtdE

Ba

From (5.12), Lemma 2.2(7), and since ¢ € S, (R%) we have that for all A > 0
there exist Cy, C4 > 0 such that

|D®a® (z, D)u(z)| < Z (a C}\e—z(ALH)w(t,g)e,\Lw(;—’L‘)ewa(g)
’ B B) Jr
BLla

x Ch M (152) A= g,

As

—2(AL + Dw(t,§) < (AL + 1) (w(t) + w(§))
< —(w(t) +w(§)) = AMw(§) + ALw(x —t) — dw(z) + AL,
we obtain

—2(AL + Dw(t, &) + Mw(&) — Mw(x —t) < —(w(t) + w(§)) — Aw(z) + AL,
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which shows that the integral converges. Moreover, by the convexity of ¢*
(Lemma 2.2(iv), (iii)) we have a®(z,D)u € S,(RY), and therefore z, ¢
WE (u). O

Corollary 5.9. Let w be a p-regular weight function for some 0 < p < 1 that
satisfies (5.11) for two weight functions o and ~y as in Theorem 5.7. Then, for
u € S (R?), we have

Ezample 5.10. Let *‘HT‘/ﬁ < p < 1and w(t) = t* with @ = 1 — p. Then for
every b,c > 0 such that l;pp <b< ﬁ and b(1 + p/2) < ¢ < 1, the weight

functions w, o(t) = t* and (t) = t¢ satisfy the hypotheses of Corollary 5.9
(see Remark 5.8).

6. Weyl Wave Front Set and Propagation of Singularities

In this section we study the propagation of singularities for Weyl quantizations
with the Weyl wave front set with symbols in the class GSJ"*.

Lemma 6.1. Let w be a p-reqular weight function for some 0 < p < 1 and
u € S (RY). Then WE (u) ds empty if and only if u € S, (RY).

Proof. Let us first assume that u € S, (RY). Taking a = 1 € GSS’“’ we have
that z is non-characteristic for a, for every z € R?¢\ {0}, and a*(x, D)u = u €

Su(R?), so WFY (u) is empty.
Assume now that WF(u) is empty. From Theorem 5.6 we have that
WF/,(u) is empty, and then from [12, Proposition 3.18] we obtain u € S, (R?).
O

Proposition 6.2. Let w be a p-reqular weight function for some 0 < p <1, and
m € R; fiz a symbol a € GS;»*. We have

WE (u) C WE (a* (z, D)u) U char(a),

for every u € S (RY), where char(a) is the complement in R?*? of the set of
non-characteristic points for a in the sense of Definition 4.1.
Proof. Let z9 # 0 satisfying 20 ¢ WF (a"(z, D)u) U char(a). By Proposi-
tion 4.6 we have that there exist b € GS?;“J and an open conic set I' C R?%\ {0}
containing zp such that 0 <b <1, b(z) =1 for z € T, |z| > 1, and

b (z, D)a®(x, D)u € S, (RY), (6.1)

for every u € S’ (R?). We already know that the Weyl product b#a of the
composition b*(z, D)a" (x, D) has an asymptotic expansion as in (3.1), i.e.
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b#a(l’,f) ~ Z;).;O Cj (x;€)7 where
(—1)lAl

¢z, &)= > Wf'ﬁﬂ'@gl?fb(x,é)3?193@(93,5), (6.2)
[B+v|=7

for every j € Ny. Now, we apply [6, Theorem 4.6] to obtain a symbol ¢(x, &) €
GS,"* with asymptotic expansion ) ¢; and satisfying

oo jn+1_1

o(x,€) = b(w, Ea(z, &) + Y Y Vialw,&)e;(w,6), (6.3)

n=1 j=jn

where (jn)n and V¥, ,, are defined in [6, formula (4.4)]. We observe that, from
the properties of b(z,£), we have

c(x,&) =a(x,§) forall z=(z,8) €T, |z| > 1. (6.4)

On the other hand, since zp ¢ char(a), the symbol a(x,&) satisfies (4.1) and
(4.2) (we can assume without loss of generality that the open conic set I’
appearing in (4.1) and (4.2) is the same I' appearing in (6.4)). By (6.4), we
have that zg is non-characteristic for ¢(z, ). Finally, since for every u € S/, (R%)
we have

b (xz, D)a" (z,D)u = ¢ (x, D)u + Ru,

where R is a globally w-regularizing operator, by (6.1), it follows that ¢*(z, D)
u € S,(R?). Hence, zg ¢ WF% (u). O

Lemma 6.3. Let w be a p-reqular weight function for some 0 < p < 1, u €
S/(RY) and v € S,(R?). We have

WE (u) = WES (u + v).

Proof. Let zo ¢ WEF}(u). Then there exists a symbol a(z,{) € GS;"* for some

m € R such that zy is non-characteristic for a(x, &) and a®(z, D)u € S, (R%).
Since v € S, (RY), we have a¥(z, D)(u + v) € S,(R?) (see, for instance, [4,
Lemma 3.3 and [6, Theorem 3.7]). Therefore 2o ¢ WF (u + v) and, so

WE (u+v) C WE (u).
By the same procedure we get
WE (u) = WES (u +v —v) C WE (u+v),
so the proof is complete. O

Proposition 6.4. Let w be a p-regular weight function for some 0 < p < 1,
m € R and a(z,§) € GS;". Then

WEF, (a"(x, D)u) C conesupp(a),

for every u € S.,(RY).
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Proof. Fix 0 # zy ¢ conesupp(a). Then there exists an open conic set I'
containing zy such that a(z) = 0 for every z € I, |2| > R, for some R > 0.
We choose I and x € GS%W as in Lemma 4.5, with zg € I". Since x(z) = 1
for z € T, |z| > 1, we trivially have that y satisfies (4.1) and (4.2), so zg is
non-characteristic for y. Now, we can argue as in the proof of Proposition 6.2
to obtain that the Weyl product of the composition x*“(z, D)a™(x, D) has an
asymptotic expansion ) ¢; where ¢;, j € Ny, is given as in (6.2) with x instead
of b, and we can consider the symbol ¢ € GSJ"* as in (6.3) whose asymptotic
expansion is Y ¢;, obtaining that for every u € S (R?),
x"(z, D)a"(z, D)u = c*(z,D)u+ Ru
for some globally w-regularizing operator R. Since supp(a) N supp(x) is com-
pact, we have that supp(c) is compact. So, from Corollary 5.5 we obtain that
c¥(z, D) is globally w-regularizing. Consequently, for every u € S/, (R%), we
have
X" (z,D)a" (z,D)u € S,(R?),
and so 2o ¢ WF} (a(z, D)u). O

Remark 6.5. We observe that Proposition 5.4 and Corollary 5.9 imply the
thesis in Proposition 6.4 under the extra assumption (5.11) for two weight
functions ¢ and v as in Theorem 5.7, but this assumption is not necessary in
the proof of Proposition 6.4.

Proposition 6.6. Let w be a p-regular weight function for some 0 < p <1 and
a € GS;*. Then

WE (a¥(x, D)u) C WF} (u),
for every u € S/,(R?).
Proof. Fix 0 # 2o ¢ WF, (u); by Proposition 4.6 there exist b € GS%“ and

an open conic set I' containing zo with b(z) = 1 for z € I', |z[ > 1 and
bW (z,D)u € S,(RY). Set b=1—-b¢e GS?;‘" and observe that

a (x, Dyu = a (z, D)b* (z, D)u + a* (z, D)b" (z, D)u.
Since a¥(z, D) : S, (R?) — S, (RY), we have that a* (x, D)b¥ (z, D)u € S,,(R?),
and so, by Lemma 6.3,
WE (a (2, D)u) = WE} (a" (2, D)b" (2, D)u). (6.5)

Since I;(z) = 0 for every z € T, |z] > 1, arguing as in the proof of Proposi-
tion 6.2, there exists a symbol ¢ that vanishes for z € T', |z| > 1 and

a* (x, D)b* (z, D)u = ¢ (z, D)u+ Ru, ue S (RY),

for a globally w-regularizing operator R. Therefore from (6.5), we use
Lemma 6.3 and Proposition 6.4 to obtain

WE (a" (2, D)u) = WE} (¢ (z, D)u) C conesupp(c).
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Since zg € I' we have that 29 ¢ conesupp(c) and then 2o ¢ WF (a* (z, D)u).
O

We have the following result as in [37, Proposition 2.11].

Corollary 6.7. Let w be a p-reqular weight function for some 0 < p <1, a €
GS;", and u € S, (R). If

conesupp (a) N WF (u) = 0,
then a®(z, D)u € S, (R?).

Proof. From Propositions 6.4 and 6.6 we obtain by assumption that WF:’
(a"(z, D)u) = (). The result then follows by Lemma 6.1. O

From Propositions 6.2, 6.4, and 6.6 we immediately have the following
result.

Theorem 6.8. Let w be a p-reqular weight function for some 0 < p < 1 and
a € GS;"¥. Then

WE (a® (2, D)u) C WF} (u) N conesupp(a) C WEF (u) C WF (¢ (z, D)u) U char(a).

Corollary 6.9. Let w be a p-regular weight function for some 0 < p < 1 which
satisfies (5.11) for two weight functions o and v as in Theorem 5.7, and a €
GS;"*. Then

WF!, (a" (z, D)u) C WF/,(u) N conesupp(a) C WF/, (u) C WF.,(a” (z, D)u) U char(a).
Proof. 1t is an immediate consequence of Theorem 6.8 and Corollary 5.9. [

Remark 6.10. If w is p-regular for some 0 < p < 1, then for all m € R there
exists a € GS)" such that every z € R?*\ {0} is non-characteristic for a in
the sense of Definition 4.1 ; so char (a) = ), and then by Theorem 6.8,

WFY (0¥ (z, D)u) = WF%(u),  u € S,(RY). (6.6)

By Example 3.3, for Gevrey weights w(t) = t" with 0 < h < 1/2, which are
(1 — h)-regular, we have that for every m € R, the Weyl operator a*(z, D)
associated to the symbol

a(z) = elml(=)" z € R*,

satisfies (6.6).
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