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Abstract

In this paper we continue to research relationships between closure-type
properties of hyperspaces over a space X and covering properties of X.
For a Hausdorff space X we denote by 2X the family of all closed subsets
of X. We investigate selection properties of the bitopological space
(2X ,∆+

1 ,∆
+
2 ) where ∆+

i is the upper ∆i-topology for each i = 1, 2.
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1. Introduction

For a Hausdorff space X we denote by 2X the family of all closed subsets of
X. If A is a subset of X and A a family of subsets of X, then
Ac = X \A and Ac = {Ac : A ∈ A},
A− = {F ∈ 2X : F ∩A 6= ∅},
A+ = {F ∈ 2X : F ⊂ A}.
Let ∆ be a subset of 2X closed for finite unions and containing all singletons.

Then the upper ∆-topology, denoted by ∆+, is the topology whose base is the
collection {(Dc)+ : D ∈ ∆} ∪ {2X}.

We consider the next important cases:
• ∆ is the collection CL(X) = 2X \ {∅};
• ∆ is the family K(X) of all non-empty compact subsets of X;
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• ∆ is the family F(X) of all non-empty finite subsets of X.
When ∆ = CL(X) we have the well-known upper Vietoris topology V+,

when ∆ = K(X) we have the upper Fell topology (known also as the co-compact
topology) F+, and when ∆ = F(X) we have the Z+-topology.

Many topological properties are defined or characterized in terms of the
following classical selection principles [5, 19, 21]. Let A and B be sets consisting
of families of subsets of an infinite set X. Then:
S1(A,B) is the selection hypothesis: for each sequence (An : n ∈ N) of

elements of A there is a sequence (bn : n ∈ N) such that for each n, bn ∈ An,
and {bn : n ∈ N} is an element of B.
Sfin(A,B) is the selection hypothesis: for each sequence (An : n ∈ N) of

elements of A there is a sequence (Bn : n ∈ N) of finite sets such that for each
n, Bn ⊆ An, and

⋃
n∈NBn ∈ B.

In this paper, by a cover we mean a nontrivial one, that is, U is a cover of
X if X =

⋃
U and X /∈ U .

An open cover U of a space X is called:
• an ω-cover (k-cover) if each finite (compact) subset C of X is contained

in an element of U ;
• a γ-cover (γk-cover) if U is infinite and for each finite (compact) subset C

of X the set {U ∈ U : C * U} is finite.
Because of these definitions all spaces are assumed to be Hausdorff non-

compact, unless otherwise stated.

Definition 1.1. An open cover U of a space X is called ∆-cover if each element
of ∆ is contained in an element of U .

In particular, a ∆-cover is a ω-cover (a k-cover) for ∆ = F(X) (∆ = K(X)).

Definition 1.2. An open cover U of a space X is called γ∆-cover if U is infinite
and for each element C of ∆ the set {U ∈ U : C * U} is finite.

In particular, a γ∆-cover is a γ-cover (a γk-cover) for ∆ = F(X) (∆ = K(X)).
Different ∆-covers (k-covers, ω-covers, kF -covers, cF -covers,...) exposed

many dualities in hyperspace topologies such as co-compact topology F+, co-
finite topology Z+, Pixley-Roy topology, Fell topology and Vietoris topology.
They also play important roles in selection principles [2, 8, 10, 11, 13, 14, 16, 18].

In [15] we investigated selectors for sequence of subsets of the space 2X

with the Z+-topology and the upper Fell topology (F+-topology). Also we
considered the selection properties of the bitopological space (2X ,F+,Z+).

In this paper we continue to research relationships between closure-type
properties of hyperspaces over a space X and covering properties of X. We
investigate selection properties of the bitopological space (2X ,∆+

1 ,∆
+
2 ) where

∆+
i is the upper ∆i-topology for each i = 1, 2.

2. Selective properties of bitopological hyperspaces

Definition 2.1 ([15]). Let X be a space and let U = {Uα : α ∈ Λ} be an open
cover of X. Then Uc = {X \ Uα : α ∈ Λ} converges to {∅} in (2X , τ) where τ
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is a topology on 2X , if for every F ∈ 2X the Uc converges to F , i.e. for each
neighborhood W of F in the space (2X , τ), |{α : (X \ Uα) *W,α ∈ Λ}| < ℵ0.

Since every Γ∆-cover contains a countably Γ∆-cover, then each converging
to {∅} subset of (2X ,∆+) contains a countable converging to {∅} subset of
(2X ,∆+).

For a topological space X, consider ∆i for i = 1, 2. Then (2X ,∆+
1 ,∆

+
2 ) is a

bitopological space. We denote:
• DiΩ — the family of dense subsets of (2X ,∆+

i );
• DiΓ — the family of converging to {∅} subsets of (2X ,∆+

i ).
• Ω∆i

— the family of ∆i-covers of X;
• Γ∆i — the family of γ∆i-covers of X.

Lemma 2.2. Let U = {Uα : α ∈ Λ} be an open cover of X and (2X ,∆+) is a
hyperspace. Then

(a) U is an ∆-cover of X ⇔ Uc ∈ DΩ.
(b) U is an γ∆-cover of X ⇔ Uc ∈ DΓ.

Proof. (a). Let U be an ∆-cover of X and let (Kc)+ be a basic open subset of
(2X ,∆+) where K ∈ ∆. There is a member UK of U containing K. Thus we
have U cK ∈ (Kc)+ and hence Uc ∈ DΩ.

Let Uc ∈ DΩ. Let K ∈ ∆. Pick a set D in (Kc)+ ∩ Uc. We have Dc ∈ U
and K ⊂ Dc.

(b). Let U = {Uα : α ∈ Λ} be an γ∆-cover of X and F ∈ 2X . For each
neighborhood W of F in the space (2X , τ), |{α : (X \ Uα) * W,α ∈ Λ}| < ℵ0.
Hence Uc ∈ DΓ.

Let Uc ∈ DΓ where U = {Uα : α ∈ Λ}. Then for every F ∈ 2X and for each
neighborhood W of F in the space (2X , τ), |{α : (X \ Uα) * W,α ∈ Λ}| < ℵ0.
Hence U is an γ∆-cover of X. �

Theorem 2.3. Assume that Φ,Ψ ∈ {Ω,Γ}, ? ∈ {1, fin}. Then for a space X
the following statements are equivalent:

(1) X satisfies S?(Φ∆1
,Ψ∆2

);
(2) (2X ,∆+

1 ,∆
+
2 ) satisfies S?(D1

Φ,D2
Ψ).

Proof. We prove the theorem for ? = fin, the other proofs being similar.
(1)⇒ (2). Let (Di : i ∈ N) be a sequence of dense subsets of (2X ,∆+

1 ) such
that Di ∈ D1

Φ for each i ∈ N. Then (Dc
i : i ∈ N) is a sequence of open covers

of X such that Dc
i ∈ Φ∆1

for each i ∈ N. Since X satisfies Sfin(Φ∆1
,Ψ∆2

),
there is a sequence (Ai : i ∈ N) of finite sets such that for each i, Ai ⊆ Dc

i , and⋃
i∈NAi ∈ Ψ∆2

. It follows that
⋃
i∈NA

c
i ∈ D2

Ψ.
(2) ⇒ (1). Let (Un : n ∈ N) be a sequence of open covers of X such

that Un ∈ Φ∆1 . For each n, An := Ucn is a dense subset of (2X ,∆+
1 ) such

that An ∈ D1
Φ. Applying that (2X ,∆+

1 ,∆
+
2 ) satisfies Sfin(D1

Φ,D2
Ψ), there is

a sequence (An : n ∈ N) of finite sets such that for each n, An ⊆ An, and⋃
n∈NAn ∈ D2

Ψ. Then
⋃
n∈N Un is an open cover of X where Un = Acn for each

n ∈ N and
⋃
n∈N Un ∈ Ψ∆2

.
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Corollary 2.4 (Theorem 6 in [9]). For a space X the following are equivalent:

(1) X satisfies S1(K,Ω);

(2) (2X ,F+,Z+) satisfies S1(DF+

Ω ,DZ+

Ω ).

Corollary 2.5 (Theorem 14 in [9]). For a space X the following are equivalent:

(1) X satisfies Sfin(K,Ω);

(2) (2X ,F+,Z+) satisfies Sfin(DF+

Ω ,DZ+

Ω ).

3. Local properties of hyperspaces

Let X be a topological space, and x ∈ X. A subset A of X converges to x,
x = limA, if A is infinite, x /∈ A, and for each neighborhood U of x, A \ U is
finite. Consider the following collection:
• Ωx = {A ⊆ X : x ∈ A \A};
• Γx = {A ⊆ X : x = limA}.
Note that if A ∈ Γx, then there exists {an} ⊂ A converging to x. So, simply

Γx may be the set of non-trivial convergent sequences to x.

• A space X has strictly Fréchet-Urysohn, if X satisfies S1(Ωx,Γx).
• A space X has strongly Fréchet-Urysohn, (if x ∈

⋂
n
An and An+1 ⊂ An,

then there exist an ∈ An such that an 7→ x), if X satisfies Sfin(Ωx,Γx).

Theorem 3.1. Assume that Φ,Ψ ∈ {Ω,Γ}, ? ∈ {1, fin}. Then for a space X
the following statements are equivalent:

(1) Each open set Y ⊂ X has the property S?(Φ∆1
,Ψ∆2

);

(2) For each E ∈ 2X , (2X ,∆+
1 ,∆

+
2 ) satisfies S?(Φ

∆+
1

E ,Ψ
∆+

2

E ).

Proof. (1) ⇒ (2). Let E ∈ 2X and let (An : n ∈ N) be a sequence such

that An ∈ Φ
∆+

1

E for each n ∈ N. Then (Acn : n ∈ N) is a sequence of open
covers of Ec such that Acn ∈ Φ∆1

for each n ∈ N. Since Ec has the property
S?(Φ∆1 ,Ψ∆2), there is a sequence (Acn : n ∈ N) such that Acn ∈ Acn for each
n ∈ N and {Acn : n ∈ N} is open cover of Ec such that {Acn : n ∈ N} ∈ Ψ∆2 . It

follows that {An : n ∈ N} ∈ Ψ
∆+

2

E .
(2)⇒ (1). Let Y be an open subset of X and let (Fn : n ∈ N) be a sequence

of open covers of Y such that Fn ∈ ΦY where ΦY is the Φ∆1 family of covers
of Y . Let E = X \ Y . Put An = Fcn for each n ∈ N. Then An ⊂ 2X and

An ∈ Φ
∆+

1

E for each n ∈ N. Since, by (2), (2X ,∆+
1 ,∆

+
2 ) satisfies S?(Φ

∆+
1

E ,Ψ
∆+

2

E ),
there is a sequence (An : n ∈ N) such that An ∈ An for each n ∈ N and

{An : n ∈ N} ∈ Ψ
∆+

2

E . It follows that {Fn : Fn = Acn, n ∈ N} ∈ Ψ∆2
.

�
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Corollary 3.2 (Theorem 3 in [6]). For a space X the following statements are
equivalent:

(1) Each open set Y ⊂ X has the property S1(Ω,Γ);
(2) (2X ,Z+) is Fréchet-Urysohn;
(3) (2X ,Z+) is strongly Fréchet-Urysohn.

Corollary 3.3 (Theorem 9 in [9]). For a space X the following are equivalent:

(1) Each open set Y ⊂ X satisfies Sfin(Ω,Ω);
(2) (2X ,Z+) has countable fan tightness (For each E ∈ 2X , (2X ,Z+) sat-

isfies Sfin(ΩE ,ΩE)).

Corollary 3.4 (Theorem 31 in [1]). Assume that Φ ∈ {Γk,K}, Ψ ∈ {Γ,Ω},
? ∈ {1, fin}. Then for a space X the following statements are equivalent:

(1) Each open set Y ⊂ X has the property S?(Φ,Ψ);

(2) For each E ∈ 2X , (2X ,F+,Z+) satisfies S?(Φ
F+

E ,ΨZ+

E ).

Recall that a space is perfect if every open subset is an Fσ-subset [7]. Clearly
every semi-stratifiable space is perfect.

The well-known that all properties in the Scheepers Diagram [4, 20] are
hereditary for Fσ subsets, i.e. if X satisfies S?(Φ∆,Ψ∆) for ∆ = F(X) then
each Fσ-set F ⊂ X satisfies S?(Φ∆,Ψ∆) (Corollary 2.4 in [12]).

Definition 3.5. A subset A of a space X is called an ∆-Fσ-set if A can be

represented as A =
∞⋃
i=1

Fi where Fi is a closed set in X for each i ∈ N and for

any set B ∈ ∆ and B ⊆ A there exists i′ ∈ N such that B ⊆ Fi′ .

In particular, ∆-Fσ-set is Fσ-set (k-Fσ-set) of X for ∆ = F(X) (∆ = K(X))
[15].

Definition 3.6. A space X is called ∆-perfect if every open subset is an ∆-
Fσ-subset of X.

In particular, we get the definitions of perfect space for ∆ = F(X) and
k-perfect space for ∆ = K(X) [15].

Note that every perfectly normal space is k-perfect (Proposition 4.10 in [15])
and, by definition, every k-perfect space is perfect. For the Sorgenfrey line S,
the space S× S is perfect [7], but not k-perfect [15].

In [15] we raised the question: Is there a k-perfect space which is not (per-
fectly) normal?

According to [17], a regular space with a σ-locally finite k-network is called
an ℵ-space. Since every metric space has a σ-locally finite base, it is an ℵ-space.
Recall that Foged in [3] constructed a non-normal space which is an ℵ-space.

Proposition 3.7. Every ℵ-space is k-perfect.

Proof. Let B =
⋃
Bi be a σ-locally finite k-network of X where Bi is a locally

finite family of closed subsets of X for each i ∈ N. Fix an non-empty open set
W of X. Let Fi =

⋃
{A ∈ Bi : A ⊂ W}. Since every locally finite family of
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closed sets in X is closure-preserving, Fi is a closed subset of X for each i ∈ N.
Let Pi =

⋃
k<i+1

Fk. Since B is a k-network of X, for any compact set T ⊂ W

there is a finite family {Bi1 , ..., Bis} such that T ⊆
⋃
{Bim : m = 1, ..., s} ⊆W

and Bim ∈ Bim for each m = 1, ..., s. Then T ⊆ Pt where t = max{i1, ..., is}.
�

Proposition 3.8. There is a non-normal k-perfect space.

Proof. Consider a non-normal ℵ-space (e.g. Foged’s example in [3]).
�

Let X be a topological space. A family ∆ of compact subsets of X is called
an ideal of compact sets if

⋃
∆ = X and for any sets A,B ∈ ∆ and compact

subset F ⊂ X we get A ∪ B ∈ ∆ and A ∩ F ∈ ∆, i.e. if ∆ covers X and is
closed under taking finite unions and closed subspaces. The most important
cases are the ideal ∆ = F(X) and the ideal ∆ = K(X).

Theorem 3.9. Assume that Φ,Ψ ∈ {Ω,Γ}, ? ∈ {1, fin}, X has the property
S?(Φ∆1

,Ψ∆2
), ∆1 is an ideal of compact sets and A is an ∆1 ∪ ∆2-Fσ-set.

Then A has the property S?(Φ∆1
,Ψ∆2

).

Proof. We prove the theorem for ? = fin, the other proofs being similar.
Assume that X has the property Sfin(Φ∆1

,Ψ∆2
) and A is an ∆1 ∪∆2-Fσ-

set. Consider a sequence (Ui : i ∈ N) of covers A such that Ui ∈ ΦA (where ΦA

is the Φ∆1
family of covers of A) for each i ∈ N. Let A =

∞⋃
i=1

Fi where Fi is a

closed set in X for each i ∈ N and for any compact set B ⊆ A and B ∈ ∆1∪∆2

there exists i′ ∈ N such that B ⊆ Fi′ . Consider Vi = {(X \ Fi)
⋃
U : U ∈ Ui}

for each i ∈ N.
We claim that Vi ∈ Φ∆1

for each i ∈ N. Let S ∈ ∆1. Then S
⋂
Fi is

a compact subset of A. Since ∆1 is an ideal of compact sets, S
⋂
Fi ∈ ∆1.

There is U ∈ Ui such that S
⋂
Fi ⊂ U . It follows that S ⊂ (X \ Fi)

⋃
U for

(X \ Fi)
⋃
U ∈ Vi.

Since X has the property Sfin(Φ∆1
,Ψ∆2

), there is a sequence (Bi : i ∈ N)
of finite sets such that for each i, Bi ⊂ Vi, and

⋃
i∈NBi ∈ Ψ∆2

.
We claim that

⋃
i∈N{Bi

⋂
Fi : Bi

⋂
Fi ⊂ Ui, i ∈ N} ∈ ΨA where ΨA is the

Ψ∆2
family of covers of A. Let B be a compact subset of A such that B ∈ ∆2

then there exists i′ ∈ N such that B ⊆ Fi′ . Since
⋃
i∈NBi is a large cover

of X there is k ∈ N and Vk ∈ Bk ⊂ Vk such that k > i′ and B ⊂ Vk. But
Vk = (X \ Fk)

⋃
Uk for Uk ∈ Uk. Since k > i′, B ⊂ Uk. It follows that A has

the property Sfin(Φ∆1
,Ψ∆2

). �

Corollary 3.10. Assume that X is a ∆1∪∆2-perfect space and ∆1 is an ideal
of compact sets, Φ,Ψ ∈ {Ω,Γ}, ? ∈ {1, fin}. Then for a space X the following
statements are equivalent:

(1) X has the property S?(Φ∆1
,Ψ∆2

);

(2) For each E ∈ 2X , (2X ,∆+
1 ,∆

+
2 ) satisfies S?(Φ

∆+
1

E ,Ψ
∆+

2

E ).
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Corollary 3.11. Assume that Φ,Ψ ∈ {Γ,Ω}, ? ∈ {1, fin}. Then for a per-
fectly normal space X the following statements are equivalent:

(1) X satisfies S?(Φ,Ψ);
(2) (2X ,Z+) satisfies S?(DΦ,DΨ);
(3) For each E ∈ 2X , (2X ,Z+) satisfies S?(ΦE ,ΨE).

Corollary 3.12. Assume that Φ,Ψ ∈ {Γk,K}, ? ∈ {1, fin}. Then for a ℵ-
space X the following statements are equivalent:

(1) X satisfies S?(Φ,Ψ);
(2) (2X ,F+) satisfies S?(DΦ,DΨ);
(3) For each E ∈ 2X , (2X ,F+) satisfies S?(ΦE ,ΨE).

We can summarize the relationships between considered selective properties
in next theorem.

Theorem 3.13. Assume that X is a ∆1 ∪∆2-perfect space and ∆1 is an ideal
of compact sets, Φ,Ψ ∈ {Ω,Γ}, ? ∈ {1, fin}. Then for a space X the following
statements are equivalent:

(1) X satisfies S?(Φ∆1
,Ψ∆2

);
(2) (2X ,∆+

1 ,∆
+
2 ) satisfies S?(D1

Φ,D2
Ψ).

(3) Each open set Y ⊂ X has the property S?(Φ∆1
,Ψ∆2

);

(4) For each E ∈ 2X , (2X ,∆+
1 ,∆

+
2 ) satisfies S?(Φ

∆+
1

E ,Ψ
∆+

2

E ).

In particular, this theorem is true for k-perfect spaces and, hence, for ℵ-
spaces.
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