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Abstract

Catenaries are large cable structures which transmit electric current to trains

through sliding contact with a pantograph. The Finite Element Method (FEM)

is widely used to model this dynamic interaction problem and obtain the contact

force between the pantograph and the catenary. As an alternative, analytical

models can also be used to study catenary dynamics, although they require

certain simplifications of the features considered in numerical models. In this

paper, an analytical model composed of an infinite string and a visco-elastic

support is introduced and enhanced by considering a Kelvin-Voigt damping

model and the initial height of the contact wire. Considering the Finite Ele-

ment (FE) model as a reference, the analytical model parameters are properly

adjusted through static and wave propagation analyses to achieve similar be-

haviour in both the analytical and the FE models. To check the performance

of the proposed model, the steady-state response of the pantograph-catenary

coupled system is calculated and compared with the results of the FE model.

Finally, the analytical model is used to analyse the interference phenomenon

produced during two-pantograph operation.
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1. Introduction

Overhead contact lines, commonly known as railway catenaries, are cur-

rently the most widely used systems to supply high-speed trains with power

through sliding contact with a moving pantograph. The dynamic behaviour of

the pantograph-catenary interaction is of great interest in the system design as5

it can affect the reliability of vehicle operation. For this reason, many catenary

models have been developed [1] and used to analyse the influence of design pa-

rameters in the current collection quality. These simulations are regulated and

must be validated according to specific standards [2].

Finite Element (FE) models are the most frequently used technique to sim-10

ulate the problem, as shown in the recent benchmark exercise [3]. For example,

in previous studies [4, 5, 6], FE-based models have been used to analyse the

influence of certain design parameters in the current collection quality, which

is usually quantified by the standard deviation of the interaction contact force

(CF). These studies concluded that higher CF variation is obtained when the15

operational velocity is close to the contact wire wave velocity, when there is

higher stiffness variation along the span or when the pantograph collector head

has greater mass.

As an alternative to FE models, analytical catenary models are also found

to be a useful tool in providing a better understanding of the role played by the20

design variables in exchange for adopting certain simplifications. For example,

in [7], the catenary is modelled as a single and two-degrees-of-freedom system

with periodically time-varying mass and stiffness and the relations between the

system parameters and the upper limit of the train speed are stated. In [8] an

analytical model was used to analyse the interference between pantographs when25

two pantographs run simultaneously in a vehicle. An optimum distance between

the pantographs is theoretically calculated, based on the phase opposition of the
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vertical displacement of the contact wire produced by the trailing pantograph

and the displacement induced by the leading pantograph.

An infinite string with visco-elastic support is used in [9] to obtain the sta-30

tionary response of lumped-parameters moving models coupled to the string.

More complex infinite string models include periodic discrete elements, such as

in [10] or in [11], in which a two-level infinite catenary model, composed of an

upper and lower string (governed by the one-dimensional wave equation) joined

by periodic supports and dampers, is simulated with a pantograph modelled by35

a harmonic point-load. Other similar models can be also found in the literature,

such as that in [12] which is composed of several finite strings and is used to

study the wave propagation and reflection phenomena in the catenary.

The objective of this paper is to propose a new analytical pantograph-

catenary coupled model to obtain in a closed-form expression the pantograph40

interaction contact force. The proposed model is based on a previous model

presented in [9]. In this work, the governing equation is modified to include

a Kelvin-Voigt damping model in order to get a dissipative behaviour similar

than that incorporated into the FE model. This modification implies to raise

the order of the equation and the new solution is presented throughout the pa-45

per. Furthermore, the geometry of the contact wire under gravity is considered

in the proposed model. The initial contact wire height profile is one of the main

causes of CF variation as some studies shown [13]. Also, in [14, 15], the authors

conclude that the geometric irregularities of the contact wire have a stronger

influence on CF than other sources of irregularity, especially at high operating50

velocities as shown in [16]. This influence is also studied in [17, 18], which con-

clude that the optimal initial geometry significantly reduces CF variation. The

analytical string models of the catenary found in the literature do not include

the initial contact wire height profile and therefore, its important effect is not

reflected in their results.55

The interaction contact force obtained with the analytical model is compared

with a verified FE model solution [19, 20]. With the aim to obtain a response

as similar as possible to that of FE models, the stiffness and mass parameters of
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the analytical model are properly tuned by following a proposed methodology

based on static and wave propagation considerations. Finally, as an example of60

application of the proposed model, a new approach is raised for understanding

the multiple pantograph interference, by proposing a simplified analytical ex-

pression to evaluate the optimal distances between pantographs. This problem

was also studied in [21], which obtained smaller CF variation in the trailing

pantograph by using an auxiliary pantograph, or in [16], which showed reduced65

performance when the elapsed time between the pantographs passage matches

the natural catenary frequencies.

The contents of this paper are organised as follows. After this introduc-

tion, the formulation of the reference FE model is described in Section 2. The

proposed analytical model is developed in Section 3 and a procedure to obtain70

the required parameter’s values is presented in Section 4. The results obtained

by the proposed model and their validation are given in Section 5, before the

concluding remarks in Section 6.

2. Reference models

The Finite Element Method (FEM) is the technique most frequently used75

to model railway catenaries [3]. These structures are composed of different

wires and bars as can be seen in Fig. 1. In this paper, the catenary FE model

[19, 20] validated according to EN-50318:2018 [2] is taken as the reference for

the analytical model. The material properties and the geometric parameters of

the model used are defined in Appendix A.80

The pantograph is an articulated device on the locomotive roof that keeps

in contact with the catenary. Although there are different options for modelling

pantographs, in this work a lumped parameter model is used for its wide use

and simplicity. The model consists of three masses that move vertically, which

are connected by springs and dampers as shown in Fig. 2 (a). The pantograph85

lifting mechanism is replaced by a force applied on the bottom mass. For the

pantograph-catenary interaction, the penalty method is used, which considers
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Figure 1: FE model of the catenary.

a high stiffness element (kh = 50000 N/m [2]) placed between the contact wire

and the upper mass of the pantograph as depicted in Fig. 2 (b). This element

applies a contact force fc between both models as depicted in Fig. 2 (c).90
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Figure 2: (a) Pantograph model, (b) penalty model and (c) contact force fc > 0.

To obtain the initial geometry of the catenary model, the static equilibrium

equation and certain design constraint equations must be solved simultaneously.

The reader is referred to [19], where this problem is described in detail. Once the

initial configuration of the catenary has been solved, the pantograph-catenary95
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dynamic interaction problem is solved by following the procedure described in

[20]. This problem can be stated assuming small displacements with respect

to the static equilibrium position, which means it is governed by the linear

equation:

Mü + Cu̇ + Ku = F (1)

where u, u̇ and ü are the nodal displacements, velocities and accelerations100

respectively. K and M are the stiffness and mass matrices and a Rayleigh

damping model is used to define the damping matrix C = αM + βK with

α = 0.0125 s−1 and β = 104 s [3]. F is the vector of external forces applied

to the pantograph. Despite the linear appearance, this is in fact a non-linear

problem, since dropper slackening and contact loss are considered in the model.105

The Newmark or HHT [22] schemes can be used for the numeric integration

of Eq. (1) combined with an iterative method to deal with the aforementioned

non-linearities.

3. Analytical model of the catenary

Here we propose an analytical catenary model taking as a starting point the110

infinite string presented in [9]. The model is enhanced with the introduction of

a Kelvin-Voigt damping model and the consideration of the initial geometry of

the contact wire. The final model proposed is used to obtain the CF produced

in the pantograph-catenary dynamic interaction problem.

3.1. Initial model115

For the sake of clarity, we here summarise the model presented in [9] com-

posed of an axially loaded infinite string prestressed with a force T and sup-

ported by a continuous visco-elastic layer, as shown in Fig. 3, with k̄ and c̄ being

the stiffness and damping coefficients per unit of length, respectively. The linear

density µ can also include the influence of the mass of the support.120
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k̄

v

Figure 3: Initial analytical string model (ASM1) with visco-elastic support under a

harmonic moving load.

The initial analytical string model (ASM1) subjected to a distributed load

p(x, t) is governed by the equation:

µ
∂2w

∂t2
− T

∂2w

∂x2
+ c̄

∂w

∂t
+ k̄w = p(x, t) (2)

where w = w(x, t) is the vertical displacement of the contact wire.

125

The steady solution of Eq. (2) when the contact wire is loaded by a concen-

trated harmonic moving force F (t) = F0eiΩt (see Fig. 3) with frequency Ω, and

velocity v, is given in [9]. In this case, the right-hand side term can be expressed

as:

p(x, t) = F0eiΩt δ(x − vt) (3)

where δ is the Dirac function. The solution of this problem is different for130

v greater or smaller than the critical velocity vc =
√

T/µ. However, as the

standard EN50318 [2] limits the train velocity to v < 0.7vc, the solution used

in this work is that in which v < vc or equivalently λ > 0, with λ = T − µv2.

In this case, the expression for the string vertical displacement is:

w(x, t) =



























iF0e−i[kΩ

1
(x−vt)−Ωt]

λ
(

kΩ
2 − kΩ

1

) if x − vt > 0

iF0e−i[kΩ

2
(x−vt)−Ωt]

λ
(

kΩ
2 − kΩ

1

) if x − vt ≤ 0

(4)
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where kΩ
1 and kΩ

2 are the poles of the system:135

kΩ
1 =

[

2µvΩ + ps

2λ

]

− i

[

c̄v + qs

2λ

]

kΩ
2 =

[

2µvΩ − ps

2λ

]

− i

[

c̄v − qs

2λ

]

(5)

being:

ps =

[

1

2

(√
A2 + B2 + A

)

]
1

2

qs =

[

1

2

(√
A2 + B2 − A

)

]
1

2

A = 4TµΩ2 − c̄2v2 − 4λk̄

B = 4TΩc̄

(6)

The first expression in Eq. (4) applies to the points behind the excitation point

x − vt > 0, while the second part is defined for the points ahead the excitation

point x − vt ≤ 0.

3.2. Simplifying assumptions in the analytical model140

Important simplifications are adopted in ASM1 if compared to the more

complex FE models. These simplifications are also applied to the proposed

analytical string model (ASM2).

• Continuous support. In the FE model, the catenary can be divided into

two parts, namely, the contact wire and its support system composed of145

droppers, steady arms and the messenger wire. In the analytical model

these two parts can also be identified, but the latter is simplified by a con-

tinuous visco-elastic support which does not strictly describe the complex

dynamics of the droppers and the messenger wire.

• Constant stiffness. Another feature accounted for in the FE model is the150

uneven stiffness and mass distribution of the support which holds the con-

tact wire by discrete points (dropper connections), leading to additional

irregularities and wave reflection.
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• No propagation in the support system. In the FE model any two different

points of the support are coupled, which allows the perturbations to prop-155

agate along the support. In the analytical model the wave propagation

only takes place in the contact wire.

• Linear. FEM models include non-linearities due to contact loss and drop-

per slackening which are not considered in the analytical model.

• The contact wire in the ASM1 is modelled as a string which neglects its160

bending stiffness.

• Steady state response. As the catenary is assumed to be a long enough

periodic structure, only the steady-state response is considered by ASM1.

Despite these simplifications, the analytical model includes the basic fea-

tures of the catenary and leads to analytical expressions which provide explicit165

information on how the design parameters influence the solution and can reveal

mechanisms that are not obvious in the response of FEM.

3.3. Consideration of a Kelvin-Voigt damping model

In the catenary FE model, a proportional Rayleigh damping model is used

in which the damping matrix is a linear combination of the mass and stiffness170

matrices (C = αM+βK). In this section, an extension of the previous analytical

model is proposed with a damping model similar to that of the FE model.

Following the procedure presented in [23], a Kelvin-Voigt damping model is

included in the differential equation Eq. (2) by writing the damping coefficients

as a linear combination of the inertial and elastic terms:175

µ
∂2w

∂t2
− T

∂2w

∂x2
+

(

αµ + βk̄
) ∂w

∂t
− βT

∂

∂t

(

∂2w

∂x2

)

+ k̄w = p(x, t) (7)

Note that in ASM1 the term T∂2w/∂x2 is lacking its corresponding proportional

damping term in the differential equation, which means the damping model in

ASM1 is not comparable to the one in the FEM model.

This proposed analytical string model (hereinafter called ASM2) has an ad-

ditional term and has become a third order equation. In the case of a moving180
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external force of frequency Ω, the improper integral used to compute w(x, t) has

a third order polynomial denominator instead of the second order polynomial

in the ASM1 [9]:

w(x, t) =
1

2π

∫ ∞

−∞

F0 e−i(k(x−vt)−Ωt)

λk3 + ηk2 + τk + σ
dk (8)

where:

λ = iβTv

η = T − µv2 + iβTΩ

τ = i
(

αµ + βk̄
)

v − 2µvΩ

σ = k̄ + i
(

αµ + βk̄
)

Ω − µΩ2

(9)

In this case the system has three poles kΩ
1 , kΩ

2 and kΩ
3 whose analytical expres-185

sions are:

kΩ
1 = − η

3λ
−

3
√

2Q

3λS
+

S

3 3
√

2λ

kΩ
2 = − η

3λ
−

(

−1

2
+

i
√

3

2

)

3
√

2Q

3λS
+

(

−1

2
− i

√
3

2

)

S

3 3
√

2λ

kΩ
3 = − η

3λ
−

(

−1

2
− i

√
3

2

)

3
√

2Q

3λS
+

(

−1

2
+

i
√

3

2

)

S

3 3
√

2λ

(10)

where:

S =
3

√

R +
√

4Q3 + R2

Q = 3λτ − η2

R = −2η3 + 9ηλτ − 27λ2σ

(11)

Applying the residue theorem to Eq. (8), the string vertical displacement is:

w(x, t) =



































iF0

∑

p

e−i(kΩ

p (x−vt)−Ωt)

λ
∏

r 6=p

(

kΩ
p − kΩ

r

) ; x − vt ≤ 0

− iF0

∑

q

e−i(kΩ

q (x−vt)−Ωt)

λ
∏

r 6=q

(

kΩ
q − kΩ

r

) ; x − vt > 0

(12)

where kΩ
p are the poles with a positive imaginary part and kΩ

q are the poles with

a negative imaginary part. As in the ASM1, the solution is divided into two190
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expressions which correspond to the displacements of the string section behind

and ahead of the load application point, respectively. Each part of the solution

consists of a sum of exponential terms which represent damped waves. In ASM2

there are three terms (or waves) included in the solution corresponding to the

three poles. The poles with a positive imaginary part are contained in the first195

part of the solution, where x−vt ≤ 0, while the poles with a negative imaginary

part are used in the expression valid for x − vt > 0.

In the simpler ASM1 model, the sign of the imaginary part of the two poles

depends on the velocity v. If v < vc, there is one pole with a negative imagi-

nary part and one pole with a positive imaginary part, which corresponds to a200

backward and a forward wave, respectively. On the other hand, if v > vc, both

poles have positive imaginary parts and the two waves propagate backwards,

the section ahead of the applied force remaining unaltered. In the ASM2 it is

difficult to find a mathematical criterion to define the sign of the imaginary part

of the poles. However, numerical tests reveal that the imaginary parts of the205

poles do not vary their signs in the range of interest of Ω and v, if the values

of the parameters T , k̄ and µ are those obtained in Section 4. Specifically, only

one pole kΩ
1 has a negative imaginary part, while the other two poles kΩ

2 and

kΩ
3 remain with a positive imaginary part.

To highlight this feature, in Fig. 4 the imaginary part of the poles of ASM2210

is plotted versus the velocity v for the excitation frequency Ω = 10 Hz. It is

important to note that this behaviour is analogous for all the frequencies studied

and although the imaginary part of the poles is very close to zero for some values

of v, it does not actually reach that value in any case. In ASM2 there is no

critical speed at which the signs of the poles change, however, the solution is215

similar to that of ASM1. For speeds below vc of ASM1 (∼146 m/s with the

parameter used in this paper) the imaginary part of kΩ
3 is very large and its

associated wave is strongly damped. Thus, the only noticeable waves are those

related to the poles kΩ
1 and kΩ

2 , as in ASM1. The same explanation is applicable

for speeds greater than vc, in which the absolute value of the imaginary part of220

kΩ
1 is large enough and for that reason has a negligible influence. In this case, kΩ

2 ,
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kΩ
3 are the dominant poles and there are two noticeable backward waves, as in

ASM1. Despite these similarities, the damping is different in the two analytical

models and the influence of the additional pole in ASM2 is considerable for

velocities close to vc and also for points close to the load point.225
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Figure 4: Imaginary part of the poles of the ASM2 respect to v for Ω = 10 Hz.

3.4. Model with contact wire initial geometry and pantograph coupling

The force of gravity produces an uneven initial height of the contact wire,

which is properly considered in the FE model. In this section, a realistic contact

wire initial height profile is included in ASM2. For this, the total string height

can be written as:230

z(x, t) = z0(x) + w(x, t) (13)

where z0(x) is the initial height, which depends on the position x and, w(x, t)

satisfies Eq. (7) thanks to the linearity of the problem.

As catenaries can generally be assumed as periodic structures composed of

a succession of equal spans, the height of the contact wire is a periodic function

that can be broken down into a sum of harmonic functions by means of the235

Fourier transform. Due to the linearity of the system, the problem can be

solved first by considering a harmonic height z0(x), after which the superposition

principle can be applied to get the solution with a general contact wire height

in a further step.

12



The main objective is to solve the dynamic interaction of two pantographs240

coupled to ASM2, which now incorporates an initial harmonic height z0(x). The

pantographs move at the same speed v and are separated by a distance L, as

seen in Fig. 5.

PSfrag

T

−∞

T

∞

v v

L

z1
z2

z0(x)

Figure 5: Two pantographs coupled to the ASM2 with initial height z0(x).

The methodology followed in [9] consists of using the dynamic stiffness ma-

trices to solve the coupled interaction between the string and the pantograph245

models. In this paper the same methodology is considered to solve the prob-

lem, but nevertheless, the receptance functions are used and only one degree of

freedom is included per pantograph, which corresponds to the vertical displace-

ment of the point in contact with the string. The problem is thus reduced in size

without affecting the accuracy of the results. Furthermore, this simplification250

allows to obtain an analytical expression of the solution.

In order to apply the described procedure, it is first necessary to obtain the

Frequency Response Function (FRF). Given two points 1 and 2 on the string,

located at a distance L and both moving at the same speed v (see Fig. 6), the

FRF of the string H12 is defined as the ratio between the vertical displacement255

of 1 and the harmonic force applied at 2:

H12(Ω) =
w(vt + L, t)

F0eiΩt
(14)

Replacing the expression (4) in Eq. (14) and considering the signs of the imag-

13



inary parts of the poles discussed previously (Sec. 3.3), the FRF is:

H12(Ω) =
−ie−ikΩ

1
L

λ
(

kΩ
1 − kΩ

2

) (

kΩ
1 − kΩ

3

) (15)

Similarly, H21 can be defined as the ratio between the displacement produced

in 2 and the excitation applied at 1:260

H21(Ω) =
ieikΩ

2
L

λ
(

kΩ
2 − kΩ

1

) (

kΩ
2 − kΩ

3

) +
ieikΩ

3
L

λ
(

kΩ
3 − kΩ

1

) (

kΩ
3 − kΩ

2

) (16)

When the displacement is measured at the force application point, the direct

FRF is:

H11(Ω) = H22(Ω) =
−i

λ
(

kΩ
1 − kΩ

2

) (

kΩ
1 − kΩ

3

) (17)

It is also necessary to calculate the FRF of the pantograph model, which includes

a penalty stiffness kh on the upper mass (see Fig. 2). The pantograph FRF is

thus defined as the ratio between the displacement of the upper point (1′ or 2′
265

in Fig. 6) and the harmonic force applied at the same point:

Hp(Ω) =
1

kh
+

[

−Ω2Mp + iΩCp + Kp

]−1

(1,1)
(18)

where Mp, Cp y Kp are the mass, damping and stiffness matrices of the pan-

tograph respectively, and the operator [ ](1,1) extracts the first row and first

column element of the matrix which refers to the upper mass degree of freedom.

The contact forces F1 and F2 between each pantograph and the string, rep-270

resented in Fig. 6, are the unknowns of the problem. The linearity of Eq. (7)

allows writing the vertical displacement of the points 1 and 2 as the superposi-

tion of the displacement produced by each force acting separately. The height of

points 1 and 2 are thus the sum of the initial height of the contact wire and the

displacement produced by the contact forces according to the scheme in Fig. 6.275

This is:

z1(t) = z01(t) + H11(Ω)F1(t) + H12(Ω)F2(t)

z2(t) = z02(t) + H21(Ω)F1(t) + H22(Ω)F2(t)
(19)

where z01(t) = z0(vt + L) and z02(t) = z0(vt). In turn, the height of the points

1′ y 2′ which belong to the pantograph model are:

z1′(t) = −Hp(Ω)F1(t)

z2′(t) = −Hp(Ω)F2(t)
(20)
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Figure 6: Contact forces in the coupled string model with two pantographs.

Since the initial height is considered a harmonic function of frequency Ω, it

is possible to write them as:280

z01(t) = z̃01eiΩt

z02(t) = z̃02eiΩt
(21)

in which, there is a phase shift between the phasors z̃01 and z̃02

z̃01 = z̃02ei ΩL
v (22)

due to the distance between the points. This phasor notation can also be used

for the CFs:

F1(t) = F̃1eiΩt

F2(t) = F̃2eiΩt
(23)

Since the points 1 and 2 match with the points 1′ and 2′, the left hand side

terms of Eqs. (19) and (20) can be equated to obtain the following system of285

equations:




−Hp(Ω) − H11(Ω) −H12(Ω)

−H21(Ω) −Hp(Ω) − H22(Ω)











F̃1

F̃2







=







z̃01

z̃02







(24)

which can be arranged in matrix notation:

H(Ω) F̃ = z̃0 (25)

As stated above, in the static equilibrium configuration, the catenary contact

wire adopts a periodic height z0(x) whose period is equal to the span length Lv.
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The periodic function z0(x) can be represented by the Fourier series:290

z0(x) = Z0 +
∞

∑

n=1

Zn eiknx (26)

where Z0 is the mean value of the function, Zn are the complex Fourier coeffi-

cients and the wavenumber is:

kn =
2πn

Lv
for n ∈ N (27)

By solving Eq. 25, the contact force of two pantographs coupled to ASM2 are

obtained for the case of an initial harmonic height. Since that system is linear,

the more general case in which z0(x) is a periodic function can also be solved295

by applying Eq. (26) and the superposition principle:

F(t) = Fm +

∞
∑

n=1

H−1(Ωn) z̃0,n eiΩnt (28)

where Fm is the vector with the mean CF of every pantograph, the excitation

frequency is:

Ωn = knv (29)

and z̃0,n groups the complex Fourier coefficients of the contact wire initial height,

which considers the phase shift between the pantographs:300

z̃0,n =







Znei ΩnL

v

Zn







(30)

4. Parameter setting

This section is devoted to determining the ASM2 parameters required to

achieve similar behaviour to the reference FE model. These include string ten-

sion T , support stiffness k̄ and linear density µ. The α and β damping param-

eters are the same as those considered in the FE model just like the tension305

T which can be taken directly from the FE model. This mechanical tension is

given by the value of the axial pretension of the contact wire, which is 31500 N

in this work.
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4.1. Setting visco-elastic support stiffness

The value of k̄ is tuned by comparing the static equilibrium response in both310

the ASM2 and FE models. Given a vertical force applied at a certain point

on the contact wire, the vertical stiffness kz is defined as the ratio between

the applied force and the vertical displacement at the application point. This

parameter is constant at any point in ASM2. However, as the FE model is

not homogeneous and kz varies according to the position in the span, as shown315

in Fig. 7, its mean value kz,FEM = 2538.7 N/m is adopted as a representative

value.

2800

2200

2400

2600

0 20 40 60
x [m]

k
z

[N
/m

]

Figure 7: Vertical stiffness kz of the contact wire of the FE model in a span.

Vertical stiffness kz can be calculated in ASM2 by using the direct FRF

defined in Eq. (17), assuming v = 0 and Ω = 0:

kz = H−1
11

∣

∣

∣Ω=0
v=0

= 2
√

k̄ T (31)

320

Thus, if kz is enforced to match kz,FEM:

k̄ =
k2

z,FEM

4 T
(32)

which leads to a visco-elastic support stiffness k̄ = 51.15 N/m2.

In order to check the static solution with the adjusted k̄, the FE model and

ASM2 are compared in Fig. 8, in which the vertical displacement of the contact

wire is adimensionalised with respect to its value at the load application point.325
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Two curves are shown for the FE model, in which the load is applied in the

middle of the span and in the steady arm. There is clearly good agreement

between the response of both models, especially when the force is applied on

the steady arm.
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Figure 8: Adimensionalised displacement of the contact wire in FE model and ASM2

produced by a static force.

4.2. Setting string linear density330

It is not enough to consider only the mass of the catenary contact wire to

obtain the string linear density µ but, the mass of the other parts of the catenary

must also be taken into account. A wave propagation analysis is performed to

adjust the value of µ so that similar behaviour is found in both ASM2 and FE

models.335

To this end, the response of the contact wire is computed in both models

for a harmonic force with v = 0. As the load has no forward velocity there are

only two poles, kΩ
1 and kΩ

2 , in ASM2 and the displacement of the contact wire

(backward side) is given by:

w(x, t) =
ie−i(kΩ

2
x−Ωt)

η
(

kΩ
2 − kΩ

1

) (33)
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where η = T + iβTΩ and the poles are:340

kΩ
1 =

[

ps
√

T + β2TΩ2

]

− i

[

qs
√

T + β2TΩ2

]

kΩ
2 =

[

−ps
√

T + β2TΩ2

]

+ i

[

qs
√

T + β2TΩ2

] (34)

in which, qs and ps are those defined in Eq. (6), but now the coefficients A and

B result:

A = −k̄ − β
(

αµ + βk̄
)

Ω2 + µΩ2

B =
(

αµ + βk̄
)

Ω − βk̄Ω + βµΩ3

(35)

Eq. (33) represents a damped wave whose wavelength is:

λΩ = − 2π

kΩ
2R

(36)

kΩ
2R being the real part of kΩ

2 . This wavelength λΩ is very sensitive to µ, as can

be seen in Fig. 9, in which λΩ is plotted for different values of the excitation345

frequency and µ. λΩ is therefore a suitable magnitude to adjust linear density µ.
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Figure 9: Wavelength λΩ of ASM2 with v = 0.

Regarding the reference FE model, the steady-state response is obtained

when the contact wire is loaded by a fixed harmonic external force. The wave-

length produced at the contact wire λΩFEM
can be computed by applying the350

Discrete Fourier Transform (DFT) in the spatial domain. As a pure harmonic

wave cannot be guaranteed due to the complexity of the FE model, the DFT
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is applied with a window of variable size in order to get the most dominant

wavelength.

The values of λΩFEM
are obtained for excitation frequencies ranging from 10355

to 40 Hz. Lower frequencies lead to very a large wavelength and the upper limit

is high enough, considering the low-pass cutoff frequency of 20 Hz defined in the

standard [24] for the CF. Finally, the parameter µ is obtained by a least squares

fitting of λΩ (Eq. (36)) to the results of the FE model λΩFEM
. This fitting gives

a value of µ = 1.4735 kg/m. The good agreement between the FE model ant360

the fitted ASM2 wavelengths can be seen in Fig. 10.
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Figure 10: Wavelength λΩ produced by a harmonic force in both ASM2 and the FE

model.

Two additional ranges of Ω are considered to ensure that the value of µ

obtained does not depend on the choice of this range. The µ obtained after

the fitting are compared in Table 1 for the three ranges of Ω. Given the small

difference between the obtained values, the fitting can be considered valid.365

Table 1: Fitted values of µ for different ranges of Ω.

Ω [Hz] 5-20 10-20 10-40

µ [kg/m] 1.4652 1.4790 1.4735
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5. Numerical results

In this section, ASM2 and FE model are used to obtain and compare the

contact force (CF) and its standard deviation (σ) produced in the pantograph-

catenary dynamic interaction, considering one (single operation) and two pan-

tographs (double operation). The FE catenary model is defined long enough to370

get a quasi-steady response in its central spans.

The mean value of the CF, Fm, is controlled by the external force applied

to the pantograph mechanism. According to the standard [24], this magnitude

must fulfil the following limitation:

Fm ≤ 0.0097v2 + 70 (37)

where v is the velocity of the pantograph expressed in km/h. In the ASM2 the375

CF is obtained as a sum of independent harmonic terms, so the mean value of

the CF (Fm) does not influence either the harmonics F̃ (Ωn) or σ. On the other

hand, in the FE model a higher value of Fm leads to a higher CF variation due

to the uneven distribution of mass and stiffness along the contact wire. In the

simulations carried out in the following examples, the maximum value of Fm380

according to Eq. (37) is used, since this is the case with the most CF variation.

The CF is filtered by a 20 Hz low-pass filter, following the guidelines in [24].

5.1. Initial geometry of the catenary

The FE model of the catenary used in this paper is composed of periodic 65

m long spans with 7 droppers. The FEM static solution is used to determine the385

height of the contact wire under the force of gravity (shown in Fig. 11), which is

used to calculate the CF in the analytical model. Fig. 12 represents the spatial

frequency content of the contact wire height, which allows us to express z0(x) as

a sum of harmonic functions. In this case, the 7th and 8th harmonics depicted

in Fig. 12 are the most important and are directly related to the dropper-pass390

frequency. On the other hand, the frequency component related to the span-

length (1st harmonic) has low contribution because pre-sag, installation errors

and irregularities produced by long-term service are not taken into account.
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Figure 11: Catenary contact wire height profile along a span.
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Figure 12: Discrete Fourier Transform of the catenary contact wire height.

5.2. Single pantograph operation

In this case, Eq. (24) can be particularised for only a single pantograph,395

assuming F̃2 = 0:

− [Hp(Ω) + H11(Ω)] F̃n = Zn (38)

whose solution is:

F̃n = KD(Ω)Zn (39)

In this expression, the dynamic stiffness KD(Ω) is defined as:

KD(Ω) =
λ(kΩ

1 − kΩ
2 )(kΩ

1 − kΩ
3 )

i − Hpλ(kΩ
1 − kΩ

2 )(kΩ
1 − kΩ

3 )
(40)

and Zn are the Fourier terms of the initial contact wire height represented in

Fig. 12.400

The frequency content of the CF
∣

∣F̃n(Ω)
∣

∣ obtained by ASM2 is compared in

Fig. 13 with that computed by the FE model for excitation frequencies ranging

from 0 to 20 Hz and the pantograph running at 200, 250, 300 and 350 km/h. The

results of the FE model are obtained from a central span, where the solution is
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quasi-steady and thus, the contact force can be considered periodic. Note that405

the number of harmonics included in the considered frequency range is lower for

high speeds due to the relation given in Eq. (29). There is a reasonable similarity

between the results of both models since the magnitude of the analytical results

is not too far from the FE results. However, great discrepancies are found at

350 km/h in the first two harmonics. They are caused probably by the high410

Fm imposed according to Eq. (37), since the higher the Fm the higher the

influence of the stiffness variation in the FE model, which is dominated by the

first harmonics.
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Figure 13: CF in the frequency domain at (a) 200 km/h, (b) 250 km/h, (c) 300 km/h

and (d) 350 km/h. # ASM2 ×FEM.

The 20 Hz low-pass filtered CF is represented in the time domain in Fig. 14.

Again, although the curves do not fit perfectly, a general similarity between415

ASM2 and the FEM curves can be appreciated. The discrepancies found at 350

km/h are also present in this temporal representation.

The CF standard deviation σ is the variable most often used to quantify cur-
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Figure 14: CF in the time domain at (a) 200 km/h, (b) 250 km/h, (c) 300 km/h

and (d) 350 km/h. ASM2 FEM.

rent collection quality. σ can be computed from the CF defined in the frequency

domain as:420

σ =

√

√

√

√

1

2

N20
∑

n=1

∣

∣F̃n(Ωn)
∣

∣

2
(41)

where N20 is the number of harmonics whose frequency Ωn is lower than 20

Hz. The standard deviation σ is plotted versus train velocity in Fig. 15. As

σ depends on the mean CF in the FE model, FEM results are shown with

a mean CF of 70, 80, 90 and 100% of the maximum mean CF allowed by

Eq. (37). However, for the ASM2 the mean value of the CF (Fm) does not have425

any influence on σ and therefore, Fm is not indicated in the figure. Despite

all the simplifications introduced in the analytical model, it is able to give a

good approximation of σ with respect to the more accurate results obtained

from the FE model. Especially, the similarity for the maximum mean contact

force allowed by the standard is remarkable. Note that the mean CF effect430
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is negligible for velocities smaller than 250 km/h for the studied pantograph-

catenary system. In conclusion, the standard deviation calculated with the

analytical model shows that the irregularities in contact wire height have a

strong influence on the CF fluctuations.
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Figure 15: Comparison of the standard deviation of the CF between the ASM2 and

the FE model for different pantograph velocities and different values of the mean CF.

5.3. Pantograph interference435

In double pantograph operation, each pantograph affects the dynamic inter-

action of the other. However, the interference of the leading pantograph on the

trailing pantograph is much greater than in the opposite case. In this section,

the CF of the trailing pantograph is analysed with respect to the pantographs

separation L. To simplify the analysis, the initial height of the contact wire440

z0(x) is considered as a pure harmonic function with frequency Ω.

The CF of both pantographs is obtained by solving Eq. (24). For certain L,

the amplitude of the trailing pantograph CF is minimum when the displacement

produced by the leading pantograph reaches the trailing pantograph in phase

opposition to the given contact wire height. To explain this phenomenon, an445

approximate analytical solution is proposed to obtain the values of L which

produce minimum oscillations in the trailing pantograph CF.

25



As the trailing pantograph has a negligible effect on the leading pantograph

[8, 21], it is assumed here that H12(Ω) = 0, which implies that the CF of the

leading pantograph is not modified with respect to the single operation scenario.450

With this assumption, the solution of Eq. (24) is:

F̃2 = − z̃0

Hp + H22(Ω)

(

1 − CaeiL(Ω/v+kΩ

2 ) − CbeiL(Ω/v+kΩ

3 )
)

(42)

where:

Ca =
i

(Hp + H11 (Ω)) λ
(

kΩ
2 − kΩ

1

) (

kΩ
2 − kΩ

3

)

Cb =
i

(Hp + H11 (Ω)) λ
(

kΩ
3 − kΩ

1

) (

kΩ
3 − kΩ

2

)

(43)

With these expressions is still complex to analytically find out the values of L

in which the amplitude of F̃2 is minimum. Thus, two additional simplifications

are introduced:455

• The exponential term which includes kΩ
3 can be neglected due to this wave

is strongly damped for velocities lower than vc (see Fig. 4).

• Due to the damping of the remaining exponential term which includes kΩ
2

is very small, a non-damped wave can be assumed so that kΩ
2I = 0.

With these hypotheses, the minima of
∣

∣F̃2

∣

∣ are found when:460

arg
(

CaeiL(Ω/v+kΩ

2R)
)

= 2πn ; n = 0, 1, 2, ... (44)

For every Ω there is a group of equidistant optimal values of L:

Lmin =
2πn − arg(Ca)

Ω/v + kΩ
2R

(45)

For ASM2, the exact value of
∣

∣F̃2

∣

∣ (see Eq. (25)) and the approximation given

in Eq. (42), which assumes negligible interference on the leading pantograph,

are compared in Fig. 16 for Ω = 10 Hz and v = 300 km/h. The similarity

between the two curves is greater for higher L and for L close to Lmin, since465

the hypothesis assumed is more accurate (minor influence of the trailing on the

leading pantograph), while the minima of both curves are close to the values

given by Eq. (45).
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Figure 16: Variation of approximate and exact analytical CF amplitude of the trailing

pantograph with harmonic contact wire initial height of Ω = 10 Hz, versus pantograph

separation L, at v = 300 km/h. The Lmin values given by Eq. (45) are represented by

vertical dash-dotted lines.

The optimal behaviour of the trailing pantograph is produced by its syn-

chronisation with the wave generated by the leading pantograph. To explain470

this mechanism the CF phase of the leading pantograph in single operation F̃1

is taken as a reference. This force generates a wave whose vertical displacement

at point 1 (see Fig. 6), considering only the part due to kΩ
2 is:

w̃1 = Hk2

11 F̃1 (46)

where:

Hk2

11 =
i

λ
(

kΩ
2 − kΩ

1

) (

kΩ
2 − kΩ

3

) (47)

The phase of this displacement is ϕw1
= arg(Hk2

11 ). This wave has a phase of475

ϕw1
= arg(Hk2

11 ) and a wavelength kΩ
2R. At point 2 it generates a displacement

with phase ϕw2
= ϕw1

+ kΩ
2RL due to the distance L between points 1 and 2.

This displacement produces an interference force F̃2i on the trailing pantograph

whose phase is ϕF2i
= ϕw2

+ arg(KD), according to Eq (39).

On the other hand, the CF of the trailing pantograph F̃2, if considered in480

single operation, has a different phase with respect to the leading pantograph

CF due to the delay between them, so that ϕF2
= −ΩL/v. Thus, the CF of the

trailing pantograph has minimum amplitude when its force in single operation
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is in phase opposition with the interference force, i.e. ϕF2i
− ϕF2

= π + 2πn,

which is equivalent to Eq. (44). After replacing terms it reads:485

arg(Hk2

11 ) + arg(KD) + kΩ
2RL +

ΩL

v
= π + 2πn ; n = 0, 1, 2, ... (48)

To conclude this analysis, all the phases of the magnitudes involved are sum-

marised in Table 2.

Table 2: Summary of the different phases of the magnitudes involved in the pantograph

interference.

ϕ

Pantograph/point 1 2

CF in single operation 0 −ΩL

v

Wave produced by pant. 1 arg(Hk2

11 ) arg(Hk2

11 ) + kΩ
2RL

Interference force arg(Hk2

11 ) + kΩ
2RL + arg(KD)

5.4. Double pantograph operation

To verify the accuracy of ASM2 in double pantograph operation, the stan-

dard deviation of the CF of the trailing pantograph σ2 is compared with the490

FEM results in Fig. 17 for a wide range of L at the operating speeds of 200,

250, 300 and 350 km/h. In this case, since z0(x) contains several harmonics

(see Fig. 12) the fluctuating σ2 behaviour versus changes in L is produced by

the contributions of all the CF harmonics, which fluctuate every Lmin(Ω). Con-

sidering all the differences between the models, the approximation obtained by495

the analytical model has reasonable accuracy, especially at 300 km/h. Note

that σ2 obtained from the FE model is higher than the analytical values when v

increases, due probably to the effect of the greater mean CF imposed, according

to Eq. (37). In fact, a higher value of σ2 at 350 km/h in the FEM model was

already given in the analysis performed with single operation (Fig. 15).500
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Figure 17: SD of the trailing pantograph CF with respect to the distance between

pantographs at (a) 200 km/h, (b) 250 km/h, (c) 300 km/h and (d) 350 km/h.

ASM2. FEM.

6. Conclusions

The CF variation obtained in the FE simulations of the pantograph-catenary

dynamic interaction is due to the combination of several sources of irregularities

(geometric variation of the contact wire, uneven stiffness and mass distribution,

etc.) with complex phenomena (wave propagation and reflection, complex dy-505

namic response of the model, among others). This complexity makes these

simulations computationally intensive and it is difficult to infer direct relations

between the model input and output variables.

In this paper the enhanced analytical model ASM2 composed of an axially

loaded infinite string with a visco-elastic support was based on that proposed in510

29



[9]. ASM2 includes a Kelvin-Voigt damping model, considers the initial height

of the contact wire and uses the penalty method to model the contact between

the pantograph and the contact wire. With this model, an analytic expression

of the steady-state interaction force was obtained.

Different strategies were followed to fit the ASM2 parameters in order to515

obtain similar behaviour to the more complex FE model. The stiffness of the

support was fitted by considering a static problem, while the proper linear

density of the string was obtained by considering the wavelength generated

in the contact wire by harmonic excitation.

The CF standard deviation σ was computed with the fitted ASM2 for a520

wide range of operational speeds (Fig. 15). The results obtained reveal that the

initial contact wire height profile is one of the main factors that contribute to CF

variation and therefore to the current collection quality. The uneven distribution

of the vertical stiffness along the span is another important contribution to the

CF variation, which becomes more important at high mean CF values. Since525

this feature is not considered in the analytical model, it can explain the greater

σ obtained by the FE for the high velocities at which a greater mean CF is

imposed.

A more complicated scenario arises when two pantographs interact simul-

taneously with the catenary, since the interference between them is a complex530

phenomenon which depends on wave propagation. Despite this complexity, with

the proposed analytical model the string response can be separated into har-

monic terms leading to obtain a simple formula for the optimal distance between

the pantographs that gives the lowest trailing pantograph CF amplitude for ev-

ery harmonic. Thus, the physical mechanism by which the interference occurs535

has been explained from ASM2. Furthermore, in a more realistic scenario, good

approximations of the trailing pantograph σ are obtained by ASM2 for different

distance between pantographs.

In order to improve the model and obtain a response closer to that from the

FE model, future research could be focused on including a time-varying vertical540

stiffness which will lead to higher complexity in the differential equation and
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its solution. Furthermore, due to its simplicity and the low computational cost

required to obtain the catenary response, the proposed analytical model could

be used in future works to perform parametric analyses and even Hardware In

the Loop (HIL) tests.545
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Appendix A. Catenary and pantograph data

The values of the input parameters which define the catenary and pantograph

models used in this paper are listed here. The catenary model is composed of 30

spans 65 m long. The spacing between the 7 droppers along the span is defined555

in Table A.3, where SA denotes the steady arm.

Table A.3: Dropper spacing along the span.

Droppers SA-1 1-2 2-3 3-4 4-5 5-6 6-7 7-SA

d(m) 6 9.48 8.7 8.32 8.32 8.7 9.48 6

The mechanical and the geometric properties of the different wires of the

catenary are given in Table A.4.

The Rayleigh coefficients of the damping model are α = 0.0125 s−1 and β =

0.0001 s and the constants of the HHT integration method are α
HHT

= −0.05,560

β
HHT

= 0.2756, γ = 0.55 and ∆t = 0.001 s.

The values of the lumped parameters of the pantograph model can be seen

in Table A.5. The stiffness used in the penalty method is kh = 50000 N/m.
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Table A.4: Mechanical and geometric properties of the catenary elements.

ρ(kg/m3) E(MPa) A(mm2) I(mm4) T (N)

Messenger wire 9114 1.1·1011 94.8 1237.2 15750

Contact wire 9160 1.1·1011 150 2170 31500

Droppers 9114 1.1·1011 10 0 3500 (“Y”)

Table A.5: Parameters of the pantograph model.

d.o.f. m(kg) c(Ns/m) k(N/m)

1 6.6 0 7000

2 5.8 0 14100

3 5.8 70 80
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