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Abstract

For the characterisation of piezoelectric materials, the resonance method, de-
scribed by the IEEE (Institute of Electrical and Electronics Engineers), is a
dynamic non-destructive evaluation in which the material constants can be
calculated. Four piezoelectric ceramics were chosen and measured utilising an
impedance analyser, obtaining the resonant frequency, the anti-resonant fre-
quency, and the capacitance values. The elastic, piezoelectric and dielectric
constants were numerically calculated using the formulas derived from the di-
verse resonance of longitudinal and radial modes. To verify the accuracy of
the resonance method, a comparison with the manufacturer’s datasheet values
was realised, obtaining satisfactory results.

Keywords: ultrasonics; piezoelectricity; characterization; materials.

Resumen

Para la caracterización de materiales piezoeléctricos, el método de resonan-
cias, descrito por el IEEE(Institute of Electrical and Electronics Engineers),
es un método no destructiva dinámica para la obtención de las constantes
del material. Cuatro cerámicas piezoeléctricas fueron elegidas y medidas uti-
lizando un analizador de impedancias, obteniendo los valores de la frecuencia
de resonancia, la frecuencia anti-resonancia y la capacitancia. Las constantes
elásticas, piezoeléctricas y dieléctricas fueron calculadas utilizando las fórmulas
derivadas de los diferentes modos de resonancia longitudinal y radial. Para
verificar la exactitud del método de resonancia, se realizó una comparación de
los resultados obtenidos con los valores del fabricante obteniendo resultados
adecuados.

Palabras clave: ultrasonido; piezoelectricidad; caracterización; materiales.
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Introduction

Piezoelectricity is a phenomenon in which a material converts mechanical en-
ergy to electrical energy; hence, the material becomes electrically polarized due
to an applied stress, and electrical energy to mechanical energy, the material
changes shape as a result of an applied electric field.

This effect was first discovered by Pierre Curie and Jacques Curie in 1880.
In 1910 development of applications for piezoelectric materials started, all
thanks to the publishing made by Woldemar Voigt, Lehrbuch der Kristall-
physik where he described several classes of natural crystal with piezoelectric
properties. Crystalline materials like quartz, which produce the piezoelectric
effect, were utilized first in developing sonar using ultrasonic transducers for
use on submarines.

The concepts behind the piezoelectric effect are complex since many physical
theories are involved when analysing this subject. The areas that cover this
topic are mechanics, electrostatics, thermodynamics, acoustics, optics, fluids
dynamics, circuit theory, crystallography, etc. For this work, the piezoelectric
effect will be explained and analysed as a common type of ultrasound source,
a plate vibrating in its thickness mode and a radial disk vibrating in radial
mode, for the purpose of characterising piezoelectric ceramics. Thus, charac-
terising piezoelectric ceramics by obtaining certain electrical, mechanical and
electromechanical constants allows for modelling their operation.
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Objectives

General
Develop the resonance method for piezoelectric materials and evaluate the
accuracy by characterizing two squared and two circular disks of Lead zirconate
titanate (PTZ) synthetic piezoelectric ceramics.

Specifics

1. Describe the piezoelectric effect by summarizing the existing literature.

2. Demonstrate that the piezoelectric electromechanical equations of state
can be derived from the thermodynamic potentials.

3. Compare the piezoelectric coefficient values obtained by the resonance
method with the manufacturer’s values written in the datasheet.
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1 PIEZOELECTRICITY

1.1 Piezoelectric Effect

If a stress (T ) is applied to a solid, it will deform the material and have a
different size and shape. This deformation of a stressed material is called
strain (S). The stress and strain are related by the elastic modulus (Y ),
Young’s modulus, and is given by the following equation,

T = Y S (1.1)

Piezoelectricity is the additional creation of an electric charge by the applied
stress, and this is known as the direct piezoelectric effect [1]. The charge is
proportional to the force, and it is of opposite sign of compression and tension.
In terms of dielectric displacement D (charge per unit area) and stress, we may
write

D =
Q

A
= dT (1.2)

There is a converse piezoelectric effect, in which an applied electrical field E
produces a proportional strain, expansion or contraction depending on polarity.

S = dE (1.3)

where d, for the direct and converse effect, is a piezoelectric constant with
dimensions of coulombs/newton or meters per volt.

The direct piezoelectric effect can briefly be explained qualitatively. The atoms
of a solid (and also the electrons within the atoms themselves) are displaced
when the material is deformed. This displacement produces microscopic elec-
trical dipoles within the medium, and in particular crystal structures, these
dipole moments combine to give an average macroscopic moment (or electrical
polarization) [2]. The crystal structure of a traditional piezoelectric ceramic is
shown in Figure 1.1.

(a) Cubic. (b) Tetragonal.

Figure 1.1: Cubic and tetragonal lattice of a piezoelectric ceramic. (a) Ar-
rangement of positive and negative charges. (b) Crystal has electric dipole.
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Figure 1.2: Schematic of the piezoelectric effect. a) Direct piezoelectric effect.
b) Converse piezoelectric effect.

The direct piezoelectric effect is always accompanied by the converse piezoelec-
tric effect, whereby a solid becomes strained when placed in an electric field.
Like the direct effect, this is also linear, and the piezoelectric strain reverses
sign with reversal of the applied electric field [2].

The schematic representation of the direct and converse piezoelectric effect is
shown in Figure 1.2. Basically, in the direct case, when applied stress occurs,
it creates an electrical current; in the converse case, when using an electric
field, it creates an expansion or contraction.

In principle, all crystals in a ferroelectric state are also piezoelectric [3]. A ferro-
electric crystal exhibits an internal dielectric moment even without an electric
field. Above the Curie temperature (Figure Figure 1.1a), the temperature at
which certain materials lose their permanent magnetic properties, the crystal
loses its ferroelectric state. On the other hand, below the Curie temperature
(Figure Figure 1.1b), the crystal structure displays a tetragonal symmetry,
where the positive electric charges’ centre of symmetry is distinct from the
centre of symmetry of the negative charges, causing an electric dipole. Thus,
ferroelectric materials have very high dielectric constants and, if available as
single crystals, exhibit strong piezoelectric effects [4].

2



1.2 Piezoelectric Materials

1.2.1 Brief History

After the discovery of the piezoelectric effect by the Curie brothers (1880s)
and the publishing of Voigt’s first collection of piezoelectric materials (1910),
French physicist Paul Langevin used quartz to invent echolocation. Many years
later, after the sonar technology appeared, scientists from the United States,
Japan, and the Soviet Union noticed that some ceramic materials presented
piezoelectric effects just like the natural crystals and that it was quite more easy
to manufacture, resulting in developing piezoceramics using barium titanate
and lead zirconate titanate.

Since then, plenty of materials, from natural to synthetic origin, have been
used. The most commonly used materials are listed and described as follows:

1.2.2 Natural Crystals

- Lead titanate (PbTiO3): Is a single crystal material. Recently, it has
become increasingly used because of its excellent mechanical and piezo-
electric properties and its very high Curie temperature (1200°C). It is
used notably, for instance, in the fabrication of Rayleigh wave filters [4].

- Quartz: Most popular single crystal piezoelectric material. On account
of its excellent mechanical and electrical properties are still firmly estab-
lished among the practically used piezo materials, especially for frequen-
cies above 10 MHz. Quartz is very resistant to chemical agents and can
be used at elevated temperatures. At a temperature of 573°C, however,
it is converted into a different modification which is not piezoelectric [4].
Nowadays, quartz is being used in wireless communications and, mainly,
in wristwatches and clocks, due to the quartz’s stable frequency resonator
and stableness against the ambient temperature.

- Topaz: It is a single crystal material that exhibits piezoelectricity, but
due to its properties, it is not relatively easy to work with, and instead,
quartz is more commonly used.

(a) Quartz. (b) Topaz.

Figure 1.3: Natural crystals.
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(a) Barium titanate. (b) PTZ.

Figure 1.4: Synthetic Ceramics.

1.2.3 Synthetic Ceramics

- Barium titanate (BaTiO3): It is a single crystal piezoelectric material
used for Langevin-type piezoelectric vibrators, additionally, can be used
for microphones and other transducers.

- Lead zirconate titanate (Pb[Zrx Ti1−x] O3 (0 ≤ x ≤ 1)): Commonly
known as PZT, it is the most used piezoelectric ceramic due to its high
sensitivity, chemically inert, are physically strong, have higher operat-
ing temperature, and are inexpensive to manufacture. PZT ceramics
are used for soft and hard applications. For soft (sensor) applications,
PZT ceramic powders are typically used when high coupling and/or high
charge sensitivity are essential, such as inflow or level sensors, ultrasonic
nondestructive testing/evaluation or for accurate inspections of automo-
tive, structural or aerospace products. For Hard (high power) applica-
tions, PZT ceramic powders are used when high power characteristics
are required, including applications such as ultrasonic or high-voltage
energy generation in ultrasonic cleaners, sonar devices, etc. [5].

- Potassium niobate (KNbO3): This single crystal lead-free piezoelectric
ceramic material has an excellent piezoelectric property and a high Curie
point suited for applications in the field of electromechanical conversion.

1.2.4 Other Materials

There are even more piezoelectric materials. Lithium niobate (LiNbO3) is a
popular one, Langasite (La3Ga5SiO14) crystals are piezoelectric material for
surface acoustic wave (SAW) filter, Gallium orthophosphate (GaPO4) which
is quite similar to quartz, the bone which when a stress is applied produces
the piezoelectric effect, and the DNA.

4



1.3 The Electromechanical Equations of State

The elastic, dielectric and piezoelectric tensor components define the properties
of a piezoelectric material. It is important to note that these components are
not constants since they depend on the temperature, applied mechanical stress
and electric field. The following mathematical description is documented on
Heywang W. Piezoelectricity [6].

The energy conservation for linear piezoelectric theory is given by the first law
of thermodynamics to obtain the basic piezoelectric equations. Six parameters
are used to obtain the properties of such material:

• Temperature T and Entropy S.

• Stress T and Strain S (components Tα and Sβ)

• Electric field E and Elastic displacement D (components Ei and Dk)

In general, in a piezoelectric material, the effects of the magnetic field are not
considered (H = 0).

The thermodynamic potentials must be defined to obtain the equations of
state. Additional to the internal energy U , where is a function of strain, electric
displacement, and entropy, we must use Helmholtz free energy F , Elastic Gibbs
free energy G1, Electric Gibbs free energy G2 and Gibbs free energy G.

U = U(Sα, Di, S)

F = U − TS

G1 = U − TS− Tα
G2 = U − TS− EiDi

G = U − TS− TαSα − EiDi

(1.4)

The differential equations for these thermodynamic potentials are:

dU = TdS + TαdSα + EidDi

dF = −SdT + TαdSα + EidDi

dG1 = −SdT− SαdTα + EidDi

dG2 = −SdT + TαdSα −DidEi

dG = −SdT− SαdTα −DidEi

(1.5)

When a particular set of independent variables is held constant, a system will
come to thermodynamic equilibrium in such a way that the free energy, for
which the constrained variables are the principal ones, is minimized.

5



Three relations can be obtained using the Gibbs potential if the temperature,
stress, and electric field are independent variables.

− S =
(∂G
∂T

)
Tα,Ei

,−Sα =
( ∂G
∂Tα

)
T,Ei

,−Di =
( ∂G
∂Ei

)
T,Tα

(1.6)

The linear differential form of these equations, for example, would be,

∆Sα =
(∂Sα
∂T

)
Tα,Ei

∆T +
(∂Sα
∂Tβ

)
T,Ei

∆Tβ +
(∂Sα
∂Ei

)
T,Tα

∆Ei (1.7)

which we obtain the equations

∆Sα = αEα∆T + sEαβ∆Tβ + diα∆Ei

∆Di = pTi ∆T + diα∆Tα + εTik∆Ek
(1.8)

Thus, from the Gibbs free energy, we obtained two equations, where αEα are
the thermal expansion coefficients, sEαβ is the elastic compliances at constant
electric field, diα are the piezoelectric constants, pTi the pyroelectric coefficients,
and εTik the permittivities at constant stress.

From equations (1.8), in the isothermal form, when ∆T = 0, we get the piezo-
electric constitutive equations:

Sα = sEαβTβ + diαEi

Di = diβTβ + εTikEk
(1.9)

Nevertheless, the alternate forms of constitutive equations are derived from the
other thermodynamic potentials. In their isothermal form, these equations are:

Tα = cDαβSβ + hiαDi

Ei = −hiβSβ + βSikDk

(1.10)

Sα = sDαβTβ + giαDi

Ei = −giβTβ + βTikDk

(1.11)

Tα = cEαβSβ − eiαEi
Di = eiβSβ + εSikEk

(1.12)

This set of equations (1.9, 1.10, 1.11, and 1.12) are called basic piezoelectric
equations or piezoelectric constitutive equations.
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It is important to note that the equations are written in matrix form following
Voigt’s notation1 and Einstein’s summation convention2 of represented sub-
scripts. Four piezoelectric compliances are defined, the piezoelectric strain
coefficients d, the piezoelectric stress coefficients e, the piezoelectric voltage
coefficients g, and the piezoelectric h coefficient h.

For equation 1.9, the elasto-piezo-dielectric matrix for a crystal class∞mm is,


S1

S2

S3

S4

S5

S6

 =


sE11 sE12 sE13 0 0 0
sE12 sE11 sE13 0 0 0
sE13 sE13 sE33 0 0 0
0 0 0 sE44 0 0
0 0 0 0 sE44 0
0 0 0 0 0 2(sE11 − sE12)




T1
T2
T3
T4
T5
T6

+


0 0 d31
0 0 d31
0 0 d33
0 d15 0
d15 0 0
0 0 0


E1

E2

E3



D1

D2

D3

 =

 0 0 0 0 d15 0
0 0 0 d15 0 0
d31 d31 d33 0 0 0



T1
T2
T3
T4
T5
T6

+

εT11 0 0
0 εT11 0
0 0 εT33

 E1

E2

E3



(1.13)

1.4 Piezoelectric Constants

The definitions of the most used constants, explained by americanpiezo [5],
and the meaning of the superscripts and subscripts will be defined as follows.

• Piezoelectric Charge Constant d: is the polarization generated per unit of
mechanical stress applied to a piezoelectric material. The first subscript
refers to the direction of polarization generated in the material (at E =
0) or the applied field strength. The second refers respectively to the
direction of the applied stress or the direction of the induced strain.
The constant d indicates a material’s suitability for strain-dependent
(actuator) applications.

– d33: induced polarization in direction 3 (parallel to the direction
in which ceramic element is polarized) per unit stress applied in
direction 3.

– d31: induced polarization in direction 3 (parallel to the direction
in which ceramic element is polarized) per unit stress applied in
direction 1 (perpendicular to the direction in which ceramic element
is polarized).

1Voigt notation: i, k = 1, 2, 3 and α, β = 1, ..., 6.
2Einstein’s summation convention: TαSα ≡

∑
α TαSα.
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– d15: induced polarization in direction 1 (perpendicular to the di-
rection in which ceramic element is polarized) per unit shear stress
applied about direction 2 (direction two perpendicular to the direc-
tion in which ceramic element is polarized).

• Elastic and Compliance s: is the strain produced in a piezoelectric ma-
terial per unit of stress applied and, for the 11 and 33 directions, is the
reciprocal of the modulus of elasticity. The first subscript indicates the
direction of strain. The second is the direction of stress.

– sE11: elastic compliance for stress in direction 1 (perpendicular to
direction in which ceramic element is polarized) and accompanying
strain in direction 1, under constant electric field (short circuit).

– sD33: elastic compliance for stress in direction 3 (parallel to the di-
rection in which ceramic element is polarized) and accompanying
strain in direction 3, under constant electric displacement (open
circuit).

• Permittivity Constant ε: The permittivity, or dielectric constant for a
piezoelectric ceramic material, is the dielectric displacement per unit
electric field. The first subscript indicates the direction of the dielectric
displacement, and the second is the direction of the electric field.

– εT11: permittivity for dielectric displacement and electric field in
direction 1 (perpendicular to the direction in which ceramic element
is polarized), under constant stress.

– εS33: permittivity for dielectric displacement and electric field in
direction 3 (parallel to the direction in which ceramic element is
polarized), under constant strain.

• Piezoelectric Voltage Constant g: is the electric field generated by a
piezoelectric material per unit of mechanical stress applied. The first
subscript to g indicates the direction of the electric field generated in the
material or the direction of the applied electric displacement. The second
subscript is the direction of the applied stress or the induced strain. The
constant g is essential for assessing a material’s suitability for sensing
(sensor) applications.

– g33: induced electric field in direction 3 (parallel to the direction
in which ceramic element is polarized) per unit stress applied in
direction 3.

– g31: induced electric field in direction 3 (parallel to the direction
in which ceramic element is polarized) per unit stress applied in
direction 1 (perpendicular to the direction in which ceramic element
is polarized).

8



– g15: induced electric field in direction 1 (perpendicular to the di-
rection in which ceramic element is polarized) per unit shear stress
applied about direction 2 (direction two perpendicular to the direc-
tion in which ceramic element is polarized).

Because a piezoelectric ceramic is anisotropic, physical constants relate to the
direction of the applied mechanical or electric force and the directions perpen-
dicular to the applied force. Consequently, each constant generally has two
subscripts that indicate the directions of the two related quantities (e.g. stress
and strain for elasticity and electric field and displacement for permittivity).

For example, in the piezoelectric strain coefficient diα, the first subscript i gives
the direction of the electric field associated with the applied voltage and the
second subscript α gives the direction of mechanical strain. The coefficient d31
relates the 3-axis to the electric field and the 1-axis to the strain.

The superscripts denote the context in which the piezoelectric material con-
stants were measured. A superscript E means it was estimated at constant
electric field (electrodes short-circuited), T at constant stress (mechanically
free), S constant electric field (electrodes short-circuited), and D at constant
electric displacement (electrodes open-circuited).

The direction of positive polarization usually coincides with the Z-axis of a
rectangular system of X, Y, and Z axes, as shown in Figure 1.5. Direction X,
Y, or Z is represented by the subscript 1, 2, or 3, respectively, and shear about
one of these axes is represented by the subscripts 4, 5, or 6.

1.5 Electromechanical Coupling Factors

Another set of properties needs to be defined for the characterisation of piezo-
electric ceramics, mainly if the small signal method is applied for characterising
materials. The coupling factors are nondimensional coefficients helpful in de-
scribing a particular piezoelectric material under a specific stress and electric
field configuration for converting stored energy to mechanical or electric work

Figure 1.5: Direction of forces affecting a piezoelectric element [5].
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Figure 1.6: Conversion cycle of mechanical to electrical energy.

[7]. These coupling factors are helpful when comparing different piezoelec-
tric materials since they are composed of elastic, piezoelectric and dielectric
coefficients.

The coupling factors are also considered as the efficiency of converting energy
from mechanical to electrical work or from electrical to mechanical work. To
measure the fraction of electrical energy to mechanical energy, the coupling
factor k2 is,

k2 =
electrical energy converted to mechanical energy

input electrical energy
(1.14)

The energy conversion does not completely occur, so k2 is always ¡1. Therefore,
also k is less than one.

Figure 1.6 shows the conversion of mechanical work to electrical work. From
A to B, increasing stress is applied until it reaches a maximum stress which
the material short-circuited. Then, the stress is removed from B to C, and
the material is open-circuited. And finally, from C to A, the electrical energy
stored in the material is transferred to a connected ideal electric load, where
the cycle returns to its initial state.

The mechanical work done from A ⇒ B, B ⇒ C and the electrical work from
C ⇒ A, are,

Wmech
AB =

1

2
sE33T

2
max

Wmech
BC =

1

2
sD33T

2
max

W elec
CA = WAB −WBC =

1

2
T 2
max(s

E
33 − sD33)
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Then, the coupling factor k233 is,

k233 =
mechanical energy converted to electrical energy

input mechanical energy
=
WAB −WBC

WAB

(1.15)
Finally,

k233 =
sE33 − sD33
sE33

=
d233
εT33s

E
33

(1.16)

As we can see from equation (1.16), the coupling factor k233 is defined in terms
of the elastic, piezoelectric and dielectric coefficients.

In general, the definition of the coupling factor can be used in two forms, to
characterize the energy conversion efficiency of a specific piezoelectric trans-
ducer (transducer coupling factor) or to characterize the energy conversion
efficiency of a material of interest (material coupling factor) [6].

For the characterization of materials, additional coupling factors must be used.
These coupling factors are,

k215 =
d215
εT11s

E
55

(1.17)

k231 =
d231
εT33s

E
11

(1.18)

kp = k31/
√

2/(1− (−sE12/sE11)) (1.19)

kt =
e233

cD3 3εS33
(1.20)

1.6 Static and Dynamic Methods

1.6.1 Static Methods

Static method measurement techniques for piezoelectric materials involve ap-
plying a constant electric field to the material and measuring the resulting
mechanical deformation. These methods help characterize the material’s piezo-
electric properties.

The measurement of d33 or other d constants can be made. For direct mea-
surement of the d constant, it is a good practice to have two weights. With
the sample connected to a large, high-quality capacitor (to keep a low, almost
constant field as specified by the boundary condition), the second weight is
removed ”without shock”. The voltage on the shunt capacitor, measured with
a sensitive electrometer, indicates the magnitude of the d constant [1].
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1.6.2 Dynamic Methods

Dynamic methods can be employed with excellent accuracy for many crys-
tal orientations and sample geometries. Since elastic bodies show numerous
resonances, thus, resonance methods are used to evaluate piezoelectric effects.

The main properties of a piezoelectric vibrator, the frequency and the param-
eters of the equivalent electric circuit, are expressed in terms of elastic, piezo-
electric, and dielectric constants. Therefore, the values for these constants
can be derived from measurements of resonance frequency, the dimensions,
and the density of a suitably oriented specimen [8]. Simply put, the process
evaluates the electrical impedance of the resonator as a function of frequency
to measure the capacitance, the serial resonant frequency fs, and the parallel
resonant frequency fp.
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2 EQUIPMENT AND METHODOLOGY

2.1 Equipment

The most relevant equipment for the characterization of piezoelectric ceramics
is described below.

2.1.1 Piezoelectric Ceramics

Four piezoelectric ceramics were selected to characterize them—two squared
plates of different sizes and two circular disks of different radii. The dimension
values of each ceramic are shown in Table 2.1.

Table 2.1: Dimensions of the four piezoelectric ceramics.

Ceramic Length [mm] Thickness [mm] Mass [g] Density [g/mm3]

Square 1 25.0 ± 0.2† 4.0 ± 0.2 20.0 ± 0.1 8.0 ± 0.4 e-3
Square 2 50.0 ± 0.2† 4.0 ± 0.2 80.1 ± 0.1 8.0 ± 0.4 e-3

Cir. disk B9 50.0 ± 0.2‡ 2.0 ± 0.2 30.7 ± 0.1 7.8 ± 0.8 e-3
Cir. disk C7 60.0 ± 0.2‡ 2.0 ± 0.2 45.1 ± 0.1 7.9 ± 0.8 e-3

† The value is the length of one side of the square.
‡ The value is the diameter of the circular disk.

The piezoelectric ceramics are shown in Figure 2.1. The piezoelectric ceramics
materials are based on lead zirconate titanate (PZT) and are categorized as
hard PZT material. Thus, these ceramics can be subjected to high mechanical
and electrical stresses, which makes them useful for high-power applications
due to their stability over time.

(a) Square 1. (b) Square 2.

(c) Circular disk B9. (d) Circular disk C7.

Figure 2.1: Selected piezoelectric ceramics for their respective characterization.
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Figure 2.2: Impedance Analyzer IM3570 [9].

2.1.2 Impedance Analyzer

The HIOKI IM3570 impedance analyzer is an impedance measuring instru-
ment which achieves high speed and high accuracy. It has two functions: an
impedance analyzer capable of the sweep measurement of frequencies and mea-
surement signals, and an LCR meter capable of simultaneously displaying up
to four items under individual measurement conditions. This instrument can
be used for a wide range of applications because you can set a wide range of
measurement conditions - a measurement frequencies from 4 Hz to 5 MHz and
a measurement signal levels from 5 mV to 5 V [9].

The accuracy of the Impedance Analyzer for the measurements items and
frequencies are:

• ± 0.08%: Impedance Z, Admittance Y , Equivalent series resistance Rs,
Series equivalent coapacitance Cs, etc.

• ± 0.01%: Measurements of frequency.

2.2 Methodology

Elastic bodies show numerous mechanical resonances related to half wave-
length standing elastic waves. The piezoelectric effect offers a simple method
to excite these elastic waves electrically to permit observation of mechanical
and electromechanical material properties [6].

The resonance method provides the theory for the mode of motion of a known
specimen to obtain the value of the elastic, piezoelectric, and dielectric con-
stants. The IEEE Standard [7] explains and indicates that to measure the
materials constants, it is necessary to use samples displaying distinct mode
shape, each associated with its unique geometric form.

A brief explanation of the distinct mode shape will be done in the following
sections. Related to the measurements, it basically consists of determining the
resonator’s electrical impedance and admittance as a function of frequency. In
principle, measuring the series resonance frequency fs, the parallel resonant
frequency fp, and the capacitance is necessary.

14



2.2.1 Thickness Extension (TE)

The polarization and vibration directions follows along the depth (thickness).
The conditions must satisfy that the relation between length and thickness
(l/t)2 and the length and width (l/w)2 both need to be greater than 10. The
following material constants can be calculated,

k2t =
π

2

fs
fp
tan
(π

2

∆f

fp

)
(2.1)

The elastic stiffness cD33 can be determined by the measurement of fp, thus,
another elastic constant, cE33, can be obtain.

cD33 = 4ρ(fpt)
2 (2.2)

cE33 = cD33(1− k2t ) (2.3)

2.2.2 Length Extension (LE)

in this mode, a thin square column has a vibration and polarization along the
direction of the length. The square column must have a ration of length and
width greater than 5. The material constants that can be calculated are,

k233 =
π

2

fs
fp
tan
(π

2

∆f

fp

)
(2.4)

where ∆f is fp − fs. Other constants can be obtained following the relations
between them:

sD33 =
1

4ρf 2
p l

2
(2.5)

sE33 =
sD33

(1− k233)
(2.6)

2.2.3 Length Thickness Extension (LTE)

The polarization orientation is perpendicular to the vibration occurring along
the length. The bars should have (l/t) greater than 10 and (l/w)2 greater
than 3. The transverse coupling factor k31 can be determined directly from
the fundamental frequencies fp and fs. Also, other material constants.

k231
(1− k231)

=
π

2

fp
fs
tan
(π

2

∆f

fs

)
(2.7)

sE11 =
1

4ρf 2
s l

2
(2.8)

sD11 = sE11(1 = k231) (2.9)
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2.2.4 Radial Extension (RAD)

In this mode, the polarization and vibration of a thin round plate are both
oriented along the depth. The circular disk must have a diameter greater than
ten times the thickness (d > 10t). One of the fundamental measurements
for piezoelectric ceramics is determining the planar coupling factor kp. The
term ”planar” is used because the stress is two-dimensional (plane) isotropic
[1]. The planar coupling factor is related to the conventional piezoelectric and
elastic constants by,

k2p =
2d231

εT33(s
E
11 + sE12)

(2.10)

Also, the relationship of kp with the series and parallel frequencies is,

k2p
∼=

5

2

∆f

fp
−
(∆f

fp

)2
(2.11)

2.2.5 Capacitance

When a piezoelectric ceramic operates at a lower value than the resonant fre-
quency, it behaves as a capacitor. To obtain one of the piezoelectric coefficients,
the permittivity εT33, the value of the capacitance will be needed, along with
the shape dimensions of the ceramic. Since electrical charges will be produced
in the surface of the material and if electrodes are connected to the upper and
lower surface, the charges generate an electric voltage V and for a dielectric
material, there is an electric flux φ.

V =
Q

C
= Et , φ =

Q

εm
= EA

where Q is the charge, C the capacitance, E the electric field, A is the area,
t the thickness, and εm is the permittivity of the material. Substituting the
charge from one equation into the other, then the capacitance is,

C = εm
A

t
(2.12)

For a plate, with width w and length l, the capacitance results,

C = εm
wl

t
(2.13)

For the case of a circular disk, the area is πr2, accommodating the area vari-
ables in terms of the diameter d, the resulting capacitance is,

C = εm
πd2

4t
(2.14)

Using equation 2.13 for a plate or equation 2.14 for a circular disk, the piezo-
electric coefficient εm = εT33 can be obtained.
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Figure 2.3: Formulas required for the determination of material coefficients.
η1 is the lowest positive root of (1 + σE)J1(η) = ηJ0(η), J0 and J1 are Bessel
functions of first kind and of zero and first order, respectively; η1 = 2.05 for
σE = 0.31 [6].

The compilation of all the formulas needed for obtaining the elastic, piezoelec-
tric, and dielectric constants for different modes are shown in Figure 2.3. For
the piezoelectric ceramics in Figure 2.1, the measurements and calculations
for the squared ceramics are done using thickness-extensional modes of a plate
and for the circular disk ceramics, the measurements and calculations are done
in radial mode and thickness-extensional mode.
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Figure 2.4: Determination of elasticity coefficients sE12 and sE13 using the thick-
ness extensional mode of a plate resonator. Again εT33 can be obtained from
measuring the resonator’s capacitance at 1 kHz. The numbers in brackets de-
note the applied formulas shown in Figure 2.3 [6].

The sequence for determining the elasticity constants using the thickness ex-
tensional mode of a plate resonator is displayed in Figure 2.4. The equations
for determining the elastic constants using radial modes and thickness exten-
sional modes of a circular disk resonator are shown in Figure 2.5.

Figure 2.5: Determination of elasticity coefficients sE12 and sE13 using radial
modes and thickness extensional modes of a circular disk resonator. Again εT33
can be obtained from measuring the resonators capacitance at 1 kHz. The
numbers in brackets denote the applied formulas shown in Figure 2.3 [6].
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Some input coefficients need to be ascertained to determine the coefficients that
describe the piezoelectric materials. These input coefficients, k31, k33, s

E
11, and

sE33, can be obtained by measuring the resonance frequencies of the radial mode
and the thickness-extensional mode of a disk resonator or by measuring the
resonance frequencies of the thickness-extensional mode of a thin rectangular
plate [6].

2.3 Measurement Procedure

The preparation of the equipment for making the measurements and the acqui-
sition of the data needed to determine the coefficients are described as follows:

1. Place the first ceramic in the base, positioning it without touching the
borders or the bottom. In this case, a few cables were positioned below
to support the ceramic’s weight.

2. Connect the two main cables to the Impedance Analyser. The equipment
configuration should be as in Figure 2.6.

3. Turn on the Impedance Analyser and set it in Analyser mode. The
impedance (Z) and the admittance (Y ) are measured in this mode, show-
casing their respective curve. Analysing the peak of the impedance curve,
the frequency of maximum resistance fp is obtained and measuring the
peak of the admittance, the frequency of maximum conductance fs is
determined.

4. Change to LCR mode in the Impedance Analyser.

5. Measure the capacitance (C) of the ceramic’s resonator at a 1 kHz fre-
quency.

6. Repeat the process 1 to 5 for the other three ceramics.

Figure 2.6: Equipment set-up.
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2.4 Measurements Data.

After the measurements, the impedance and admittance curves for the four
piezoelectric ceramics, shown in Figure 2.7, were obtained. The values of the
resonance frequencies, extracted for these impedance and admittance curves,
and the capacitance, measured with the impedance analyser in LCR mode, are
presented in Table 2.2.

Table 2.2: Measurements data of the resonance frequencies and the capacitance
for the four piezoelectric ceramics.

Ceramic fp [105 kHz] fs [105 kHz] C [nF]

Square 1 5.7510 ± 0.0006 5.3101 ± 0.0005 1.6519 ± 0.0013
Square 2 5.7470 ± 0.0006 5.2643 ± 0.0005 6.4322 ± 0.0051

Circular disk B9 11.0650 ± 0.0011 9.7385 ± 0.0010 11.1629 ± 0.0089
Circular disk C7 10.8430 ± 0.0011 9.3421 ± 0.0009 15.6076 ± 0.0125

(a) Square 1. (b) Square 2.

(c) Circular disk B9. (d) Circular disk C7.

Figure 2.7: Impedance and Admittance curves for the four ceramics.
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Following the sequence of Figure 2.4 and Figure 2.5, which references the
formulas in Figure 2.3, by operating the measurements data from Table 2.2
determined one permittivity coefficient εT33, two elastic stiffness coefficients cD33
and cE33, and two coupling factors kp and kt. Two coupling factors, k31 and k33,
and two elastic compliance coefficients sE11 and sE33 are assigned as input. These
input coefficients relate the coefficients determined by measurements with the
last two elastic compliance coefficients sE12 and sE13, which are obtained using
formulas involving the previous coefficients and coupling factors. Additionally,
a set of coefficients (sD11, s

D
33, and d31) can be determined by operating the rela-

tionships described in the formulas in Figure 2.3. Lastly, additional constants
can be known following the equations,

εS33 =
Cht

A
(2.15)

where A is the area and Ch is the capacitance at twice the anti-resonant fre-
quency (2fp). From equation (5, Figure 2.3) the piezoelectric stress constant
is,

e233 = kt2cD33ε
S
33 (2.16)
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3 RESULTS

Numerical results of the material constants for the four ceramics are presented,
showcasing the accuracy of the resonance method. Each constant and cou-
pling factor’s uncertainty is measured using the Joint Committee for Guides
in Metrology (JCGM) guideline defined in Appendix A. Also, the Poisson’s
ratio corresponding to the resonant frequencies, Appendix B, was utilized for
the calculations of the constants.

The constants of the four piezoelectric ceramics will be compared to the values
given by the manufacturer. The manufacturer of square ceramics is PI Ceram-
ics, and the material Type is PIC 181 [11]. The circular disks are ceramics
from the manufacturer Ferroperm, the material is Type Pz26 [12].

The piezoelectric constants for both square piezoelectric ceramics and the com-
parison with the manufacturer are shown in Table 3.1.

Table 3.1: Square ceramics piezoelectric constants comparison determined by
resonance method with manufacturer values.

Parameter Symbol & Units Square 1 Square 2 PI Ceramics

Permittivity εT33 (10−8 F/m) 1.06 ± 0.05 1.03 ± 0.05 -
R. permittivity εT33/ε0

† 1194 ± 63 1162 ± 59 1200
Permittivity εS33 (10−8 F/m) 0.53 ± 0.03 0.51 ± 0.03 -

R. permittivity εS33/ε0
† 597 ± 31 581 ± 29 -

Coupling kp 0.53 0.57 0.56
factors kt 0.42 0.44 0.46

k31 0.32 0.33 0.32
Piezoelectric e33 (C/m2) 12.53 ± 1.86 12.89 ± 1.81 -

const.
Elastic const. cD33 (1010 N/m2) 16.93 ± 1.91 16.93 ± 1.90 17

(stiffness) cE33 (1010 N/m2) 13.96 ± 1.58 13.69 ± 1.54 -

† ε0 is the Vacuum permittivity with value of 8.854× 10−12 [F/m].
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The piezoelectric constants for the two circular disks piezoelectric ceramics
and the comparison with the manufacturer are shown in Table 3.2.

Table 3.2: Comparison of piezoelectric constants determined by resonance
method with manufacturer values for the two circular disk ceramics.

Parameter Symbol Circular Circular Ferroperm
disk B9 disk C7

Permittivity εT33 (10−8 F/m) 1.14 ± 0.11 1.10 ± 0.11 -
R. permittivity εT33/ε0

† 1284.2 ± 129 1246.9 ± 125 1330
Permittivity εS33 (10−8 F/m) 0.568 ± 0.057 0.552 ± 0.055 -

R. Permittivity εS33/ε0
† 642 ± 65 623 ± 63 700

Coupling kp 0.534 0.572 0.568
factors kt 0.514 0.507 0.471

k31 0.314 0.336 0.327
Piezoelectric e33 (C/m2) 15.16 ± 3.62 14.61 ± 3.53 14.7

const.
Elastic const. cD33 (1010 N/m2) 15.32 ± 3.43 15.00 ± 3.36 15.8

(stiffness) cE33 (1010 N/m2) 11.28 ± 2.52 11.14 ± 2.49 12.3

† ε0 is the Vacuum permittivity with value of 8.854× 10−12 [F/m].

3.1 Analysis

Analysing the results in Table 3.1, five constants and three coupling factors
were calculated for each squared ceramic. Both ceramics present values quite
similar to each other, and the uncertainties are also consistent. There is good
coherence with the manufacturer values, starting with the relative permittivity
at constant stress, the planar and thickness coupling factors are quite close,
the coupling factor k31 is precisely the same for one ceramic and for the other
one is just one value above, and the elastic constant at constant displacement
is in the range of the manufacturer’s value.

The manufacturer (PI Ceramics) does not provide the values of the relative
permittivity at constant strain εS33, the piezoelectric constant e33, and the
elastic constant cE33.

Regarding the circular disks B9 and C7, Table 3.2, five constants and three
coupling factors were calculated. Both ceramics present values quite similar
to each other which also applies to the uncertainties. Again, there is a good
coherence when comparing the results with the manufacturer’s values (Ferrop-
erm), beginning with the relative permittivity at constant stress, the relative
permittivity at constant strain for the circular disk B9, the planar and k31 cou-
pling factors are quite close, also, the piezoelectric constant, and both elastic
constants.

23



The two things to note are that the relative permittivity at constant strain for
the circular disk C7 does not reach the manufacturer’s value, and the thickness
coupling factor for the two ceramics is a little above the manufacturer’s value.
In this case, all the manufacturer’s values were provided.

Concerning the uncertainties, since the permittivity is calculated using the
capacitance and the geometry of the ceramic, it is clearly noted that the un-
certainties of the radial ceramics are greater than those of the square ceramics.
Therefore, the measurements for the circular disk ceramics are less precise.

This work can be extended in future studies by obtaining most of the material’s
constants. A measurement in the Length Extension mode of a thin square
column ceramic with a specification of l > 5w1, w1 > 5w2 yields the coupling
factor k33, the elastic compliance constants sD33 and sE33, and the piezoelectric
constant d33. Measuring in Thickness Shear Extension mode of a thin square
plate with a specification of l > 20t, w > 10t, the permittivity εT11, the coupling
factor k15, the piezoelectric constants d15, the elastic constant sE44, and the
elastic stiffness constants cD44 and cE44 can be obtained. Furthermore, with
these measurements and the constants obtained, even more constants can be
calculated such as sE12, s

E
13, s

D
13, c

E
11, c

E
12, c

E
13, etc.
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4 CONCLUSIONS

This work aimed to characterise piezoelectric ceramics by implementing the
resonance method. To accomplish the general objective, many important
piezoelectricity concepts were summarised, the equipment was described along
with the resonance method, and lastly, the materials constants were calculated.

In the first chapter, the piezoelectric effect, materials, the electromechanical
equation of state deduced from the thermodynamics potentials, the piezoelec-
tric constants, the coupling factors, and static and dynamic methods were
defined, setting the coefficients that needed to be determined by using the dy-
namic method because of the excellent accuracy and the numerical values for
these constants can be derived from measurements of the resonance frequency.

The second chapter described the equipment, the resonance method and the
sequence to calculate the piezoelectric constants. The PTZ ceramics were
measured with the impedance analyser, obtaining the typical curve of a piezo-
electric material ceramic impedance. From the curves, three critical param-
eters, the series resonant frequency, the parallel anti-resonant frequency and
the capacitance, were determined for each ceramic. The resonance method
was explained, indicating the resonant modes for thickness extension, length
extension, length thickness extension, and radial extension. Consequently, us-
ing the formulas for the respective type of mode, the piezoelectric constants
for the ceramics were calculated.

Finally, as seen from the results and after analysing them, the resonance
method is a practical approach to characterizing piezoelectric materials.
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APPENDIX

A UNCERTAINTY ANALYSIS

The uncertainties will be worked on following the terminology defined by the
Joint Committee for Guides in Metrology (JCGM) [10]. This guide provides
various definitions for estimating measurement uncertainties in diverse pro-
cesses.

When calculating the uncertainties of measurements, two classifications are
considered for the uncertainty components, generally classified as Type A and
Type B, depending on the evaluation method.

• Type A: Method of evaluation of uncertainty by the statistical analysis
of series of observations.

• Type B: Method of evaluation of uncertainty by means other than the
statistical analysis of series of observations.

A.1 Combined Standard Uncertainty

A measurement is often not made directly since other n independent quantities
determine it with a functional relationship f ,

y = f(x1, x2, · · · , xn) (A.1)

The standard uncertainty of y is obtained by appropriately combining the stan-
dard uncertainties u(xi) of the input estimates x1, x2, · · · , xn resulting from a
Type A evaluation or a Type B evaluation. This estimate is called the combined
standard uncertainty, denoted by uc(y). The combined standard uncertainty
uc(y) is the positive square root of the combined variance u2c(y), which is given
by,

uc(y) =

√(
∂f
∂x1

)2
u2(x1) +

(
∂f
∂x2

)2
u2(x2) + · · ·+

(
∂f
∂xn

)2
u2(xn) (A.2)

u2c(y) =
n∑
i=1

(
∂f
∂xi

)2
u2(xi) (A.3)

Note that the above equations (A.2 and A.3) are equivalent.

Using uc(y), we can express the uncertainty of the result of a measurement.
In some industrial, commercial or regulatory applications, it is necessary to
give a value of the uncertainty that defines an interval on the measurement of
the result that is expected to cover a significant fraction of the distribution of
values that could reasonably be attributed to the measurand.
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B POISSONS’S RATIO

The following Table B.1 displays the Poisson’s ratio σE corresponding to the
ratio of the first two resonant frequencies.

Table B.1: Poisson’s ratio corresponds to the ratio of the first two resonant
frequencies.
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