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In its different versions, the CONTACT method developed by Prof. Kalker is the primary reference in wheel-rail
contact mechanics. Despite adopting simplifications associated with the elastic behaviour of the solids and being
a non-conformal contact theory, CONTACT provides precise solutions for most wheel-rail contact conditions,
with lower computational and modelling costs than other numerical methods such as Finite Elements. Never-
theless, the computational cost of CONTACT is still too high for its implementation in dynamic simulation.
The present work proposes a fast and accurate wheel-rail contact method for normal problems based on
Kalker’s CONTACT algorithm. Dissimilarly to CONTACT, the new method formulates the normal traction dis-
tribution through a suitable basis, which reduces the dimension of the problem. This method is able to faithfully
reproduce the contact patch and the normal traction distribution, even when the yaw angle of the wheelset is
non-zero. Results obtained with this method are compared with the ones calculated with CONTACT, and errors
about 0.05% are obtained in normal contact forces, with a reduction on the computation cost between 30 and 60

Wheel-rail contact
CONTACT software
NORM algorithm

times.

1. Introduction

Among all the theories that allow to obtain a solution to the wheel-
rail contact problem according to the normal direction, CONTACT (in its
NORM variant) [1] is the reference in terms of precision when it comes
to analysing the non-conformal contact between two surfaces that do not
satisfy Hertzian contact conditions. The adoption of Hertzian contact
assumption produces significant deviations when realistic conditions are
simulated, both at the local contact level and in the global dynamics of
the vehicle [2]. The high computational cost of each calculation using
CONTACT has however limited its implementation fundamentally to
offline calculations since its development during the 1980s. Even though
contributions based on the adoption of more efficient methodologies for
solving the associated mathematical problem [3] and, above all, the
improvement of computers, have made it possible for CONTACT to be
implemented in simulation of railway vehicle dynamics [4], most of the
works in the literature (see reviews [5,6]), as well as commercial soft-
ware [7], make use of simplified models of wheel-rail normal contact at
the present time.

The first simplified models that tried to solve the non-Hertzian
problems provided an approximation to the normal traction distribu-
tion and the contact area shape, which are based on Hertz formulae. This

strategy was also used to find a solution to the multi-contact problem
through an equivalent ellipse [8,9]. In Ref. [10], Alonso et al. contrib-
uted with a model in which the normal traction distribution in the
contact area is assumed to be the square root of the distance between the
wheel and the rail undeformed surfaces. This function is corrected
through a factor derived from the maximum traction obtained from
Hertz model. The method (called SRST) produces good agreement with
CONTACT when the contact point is the tangency between two arcs of
the rail profile, and the wheel geometry is a cone. The same problem is
subject of study in Ref. [11], in which the contact area is generated by
combining several ellipses obtained through the Hertz formulation, from
the different combinations of radii of curvature and by imposing con-
tinuity. The method is applied to a limited number of cases, obtaining
results that, according to the authors, are accurate. In Ref. [12], the
semi-Hertzian method is extended in order to consider wheelset yaw
angles.

Linder [13] introduces the virtual penetration method. This tech-
nique is based on the fact that the actual contact area is similar to the
penetration area of the undeformed rail and wheel surfaces but of a
smaller dimension. For this, it is assumed that the contact area coincides
with the penetration area, considering an approach smaller than the real
one (between 50 and 60%). In the method presented in Ref. [13], the
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Fig. 1. Frame of reference adopted for the contact.

Table 1

Model data.
Rail profile UIC60
Rail inclination 1/40
Track gauge 1435 mm
Wheel profile $1002
Wheel diameter 900 mm
Distance between plane of rolling radii 1500 mm
Vertical load per wheelset 200 kN

Wheel and rail Young modulus 2.1.10" N/m?
Wheel and rail Poisson ratio 0.3
Nr. of elements in the mesh 60 x 60

contact patch is obtained by applying a constant scaling factor equal to
0.55. Once the contact patch is obtained, it is divided then into strips
along the rolling direction. Each of these strips is assigned to an equiv-
alent ellipse, with constant lateral semi-axis that is equal to half the
lateral size of the contact patch. The longitudinal semi-axis is calculated
so that the strip fits into the resulting equivalent ellipse. Normal trac-
tions over these strips are calculated according to Hertz theory with the
equivalent ellipse parameters of each strip. Ayasse and Chollet improved
Linder’s method through their code Stripes [14]. In Stripes, the
semi-axes of equivalent ellipses of each strip are calculated compen-
sating the curvatures at the centre of each strip.

In Ref. [15], it is proposed a method that assumes that the dis-
placements associated with the elastic deformations correspond to
quadrics whose coefficients, for each lateral position, are calculated by
imposing the formulation of the size of the ellipse provided by the
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Hertzian contact model. The contact patch is assumed to be the virtual
penetration area. The program that implements this model (called
Analyn) is very efficient from a computational point of view. Compared
with Stripes [14], it achieves better results, but significant differences
appear with respect to CONTACT. Analyn extends the calculation of
surface damage in Ref. [16] and the calculation of wheel wear in
Ref. [17], in which a modification is proposed to consider yaw angle for
the wheelset.

In [18], Kik and Piotrowski develop a Hertz-independent method
based on virtual penetration. Once the contact area is known, the
Boussinesq integrals are calculated by imposing that the displacement
due to the deformations is half-distance between the undeformed sur-
faces. From this approach, it is obtained a formulation that depends on
integrals that have to be calculated numerically. This procedure is fast
enough to be implemented in the simulation of low-frequency vehicle
dynamics [19]. Several authors have proposed enhancements of Kik and
Piotrowski method, such as Ref. [20] (which considers the wheelset yaw
angle), Ref. [21] (that introduces an amendment that increases the al-
gorithm stability), and Ref. [22] (that increases the precision of the
method when the vehicle negotiates sharp curves).

Different contact models, especially those based on virtual penetra-
tion, are frequently benchmarked in the literature. In Ref. [23], results
from CONTACT are compared with Stripes [14], Kik and Piotrowski
method [18], and Linder’s [13]. The comparison shows a poor fit with
the results provided by CONTACT, especially regarding the contact
traction distribution. A wider benchmark (which compares CONTACT
with Hertz solution [24], Stripes, Kik and Piotrowski model, Linder
model, and Analyn [15]) can be found in Ref. [25]. In general, the
agreement of the tested methods to CONTACT is poor, having Analyn
the more accurate results. The same group carries out a similar study
with identical conclusions for the case in which the wheelset is running
on a S&C panel [26].

Another family of normal contact theories that implement the elastic
behaviour of solids as infinite half-spaces (Exact Theories according to
the Kalker’s classification [27]) corresponds to those that assume an
elliptical traction distribution according to the rolling direction. The
various published methods differ according to the technique used to
perform the integration of the Boussinesq integral. Nielsen [28] was able
to transform this integral equation into an algebraic equation through
polynomials that approximate the traction distribution in a 2D case (the
contact area only considers the rolling coordinate), expressing the
normal contact as a system of algebraic equations. In Ref. [29], the
Boussinesq integral is calculated through Gauss quadrature; it must be
pointed out that the Boussinesq integrals are not integrable in the con-
ventional sense (because the integrand is singular in the integration
domain), and numerical integration should not be applied in such cases.
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Fig. 2. Contact area shape for different wheelset lateral displacements: (a) conditions close to Hertzian (y = 4 mm); (b) non-Hertzian contact conditions (y = 0 mm);
(c) multi-contact conditions (y = 5 mm). Solid line corresponds to CONTACT and dotted line corresponds to the proposed model.
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Fig. 3. Normal traction distribution for different wheelset lateral displacements: (a) Hertzian contact conditions (y = 4 mm), elliptical basis; (b) Hertzian contact
condition, CONTACT (y = 4 mm); (c) absolute error associated with the elliptical basis (y = 4 mm); (d) non-Hertzian contact conditions (y = 0 mm), elliptical basis;
(e) non-Hertzian contact conditions, CONTACT (y = 0 mm); (f) absolute error associated with the elliptical basis (y = 0 mm); (g) multi-contact conditions (y = 5 mm),
elliptical basis; (h) multi-contact conditions, CONTACT (y = 5 mm); (i) absolute error associated with the elliptical basis (y = 5 mm).

Reusner and Qazi solved this difficulty brilliantly. In Ref. [30], the in-
tegral is reformulated by means of elliptic integrals; and Ref. [31]
reformulates the Boussinesq integrand producing a sum of two integrals,
one of them has a closed form solution, and the other is integrable and
can be solved by quadrature. These methods have not mathematically
proven convergence [1], while the calculation of the elastic influence
coefficients is more complex and they cannot consider the asymmetric
traction distribution produced by the yaw angle of the wheelset. How-
ever, its physical principle can be adopted in the formulation of CON-
TACT to combine its precision, reliability and versatility, thus reducing
the computational cost.

The present work proposes a modification in the formulation of the
CONTACT method for solving the normal contact problem, through

which a substantial reduction in computational cost is achieved with
hardly any reduction in precision. The method is based on the fact that
the traction distribution according to the rolling direction (in each strip
of the mesh when CONTACT discretisation is considered) has an
approximately elliptical shape. Therefore, the distribution of tractions in
each strip can be formulated through a suitable function basis that de-
pends on a reduced number of parameters. The paper develops the
method by means of two basis families: one of them produces accurate
results when the yaw angle of the wheelset is close to zero, and the other
one allows to calculate the normal traction distribution even if the yaw
angle and the lateral displacement of the wheelset are large. The pro-
posed algorithm computes the total contact force with errors less than
0.1%, calculating contact areas identical to those obtained by CONTACT



J. Giner-Navarro et al.

Wear 530-531 (2023) 205074

1000
8001 2000

—1000 — —

5 s 600 & 1500

= = =

o 2 400 21000

500
200 500 ¢
0 0 0
@ 10 5 0 5 10 10 5 0 510 0 -5 0 5 10
x, [mm] (b) x, [mm] (©) x, [mm]

Fig. 4. Normal traction distribution over the x; = O strip for different wheelset lateral displacements: (a) Hertzian contact conditions (y = 4 mm); (b) non-Hertzian
contact conditions (y = 0 mm); (c¢) multi-contact conditions (y = 5 mm). Solid line corresponds to CONTACT and dotted line corresponds to the proposed model.
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Fig. 5. Normal force relative error vs. wheelset lateral displacement y.

Table 2

Error in the normal contact force [%] as function of the polynomial grade for
different wheelset lateral displacements y and yaw angles y.

Grade =4y= y=0y= y =5y = y =0y = y =0y =
0° 0° 0° 1° 2°
g 2 0.121 0.237 0.047 0.120 0.102
=3 0.121 0.237 0.047 0.139 0.134
=4 0.031 0.030 0.041 0.040 0.042
g=>5 0.031 0.030 0.041 0.040 0.042
g=6 0.031 0.030 0.040 0.040 0.041
g=7 0031 0.030 0.040 0.040 0.041
g=28 0.030 0.029 0.040 0.039 0.041
g=9 0.030 0.029 0.040 0.039 0.041
g= 0.030 0.029 0.040 0.039 0.041
10

and allowing the calculation of asymmetric traction distributions due to
the yaw angle of the wheelset.

2. Proposed model

In the present work, a frame of reference X;X;X3 is adopted (see
Fig. 1), whose origin is the centre of the potential contact area, obtained
from the solution of the geometrical contact problem. The X;-axis cor-
responds to the rolling direction, the X3-axis is normal to the contact
area (being the positive direction towards the wheel), and the X,-axis is
associated with the lateral direction (positive according to a right-
handed frame of reference). It is considered that the rail and wheel
undeformed surfaces interpenetrate, which corresponds to the usual
conditions for calculating the contact problem in dynamic simulation
programs. According to CONTACT, the potential contact area is divided
into a regular mesh of rectangles in which the normal traction is
assumed to be constant in each element of the mesh. The CONTACT
(NORM) method is based on solving the following equation:
h=Cp, (€8]
where h is the vector that contains the distance between the rail and
wheel undeformed surfaces in contact for each element, C is a full
Toeplitz matrix with the elastic influence coefficients, and p orders the
unknown normal tractions of the elements in contact. Therefore, to
obtain the contact area and the normal traction distribution, Eq. (1) is
solved iteratively, checking which elements present a normal traction
value equal or lower than zero, and discarding them for the next itera-
tion until convergence is achieved [1].

The proposed algorithm is based on the fact that the traction distri-
bution according to the X;-direction (in each strip of the mesh) has an
approximately elliptical shape. Therefore, the distribution in each strip
can be formulated through a suitable basis that depends on a reduced
number of parameters. Assuming that this basis is formulated by means
of an ellipse, the normal traction pes in the e-th element of the mesh
found in the s-th strip can be written as follows:

e\
Pe:WGO:Jrals I )

L (2

being x,s the coordinate according to the rolling direction of the e-th
element in the s-th strip, L the semi-axis of the strip in the rolling di-
rection, and ay, the coefficient of order g corresponding to the s-th strip.
To detect the elements that should not be included in the contact area,
this base equation is able to admit a solution that provides a negative
value of traction in such elements (they are at the edge of the contact
area) through ag;. In the last calculation through the NORM algorithm
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Fig. 6. Contact area shape for different wheelset yaw angles. (a) y = 0°; (b) y = 1°; (¢) w = 2°. Solid line corresponds to CONTACT and dash-dotted line corresponds

to polynomial basis of g = 4.
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Fig. 7. Normal traction distribution over the x; = 0 strip for different wheelset yaw angles: (a) y = 0°, (b) y = 1°; (¢) y = 2°. Solid line corresponds to CONTACT and

dash-dotted line corresponds to polynomial basis of g = 4.

[1], the constant value is practically zero, so this parameter can also be
used to know that the right solution has been reached. According to this
approximation, the traction vector p can be written as

p~Aaq, 3)

where in the vector « the coefficients ag are stored, and A is a matrix
that depends on the mesh coordinates x,s and the strip lengths L (as the
contact area is known in each calculation, x., Ls; and, consequently, A
are known). Note that the dimension of « is 2 times the number of mesh
strips N;. The appendix of this paper presents an example of how matrix
A is built for a mesh with a few elements, which helps to illustrate the
method.

After substituting the result of Eq. (3) in (1), and pre-multiplying the
resulting equation by AT (being the superscript T the transposition of the
matrix), it turns out

ATh=ATCAuq, C)]
and from Egs. (3) and (4),
p=A (ATCA)(ATH). ®

Since aos and a;; are the two unknown variables per strip, Eq. (4)
corresponds to a linear system of dimension 2N;, being N, the number of
strips, in general much smaller than the original dimension of Eq. (1)
that corresponds to the number of elements N in the contact area.

Despite the reduction of the problem dimension brought by this
basis, this method is unable to faithfully reproduce the contact area
when there exists a non-null wheelset yaw angle y. When this occurs,
plane X,X3 is no longer a symmetry plane of the normal traction dis-
tribution and, due to the symmetry of the basis used in Eq. (2), only
symmetric normal traction distributions can be obtained. To deal with
this issue, a polynomic normal traction distribution is proposed instead
of an elliptical one:

8
P ™) By T, ®)
Jj=0

being now g the grade of the polynomial and f;; the polynomial coeffi-
cient of order j corresponding to the s-th strip of the mesh. Following the
same procedure than the one described for the elliptic basis, p for the
polynomial approximation can be written as

p~B, @)

where B is the vector that contains the polynomial coefficients. The
appendix of this paper presents an example of how matrix B is built for a
mesh with a few elements.

Following a procedure analogous to that presented for the elliptical
basis, the following system is obtained:

B"h=B"CBB§. (8
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Fig. 8. Normal traction distribution for different wheelset yaw angles: (a) polynomial basis of grade g = 4 (y = 0°); (b) CONTACT (y = 0°); (c) absolute error
associated with the polynomial basis (y = 0°); (d) polynomial basis of grade g = 4 (y = 1°); (e) CONTACT (y = 1°); (f) absolute error associated with the polynomial
basis (y = 1°); (g) polynomial basis of grade g = 4 (v = 2°); (h) CONTACT (y = 2°); (i) absolute error associated with the polynomial basis (y = 2°).

For this basis, the dimension of the problem increases to (g + 1)Nj,
but is much smaller than the original dimension of the problem. The
normal traction distribution is finally computed through the polynomial
basis as follows:

p=B (B"CB) '(B"h). ©)
3. Results

This method is proposed to be a fast alternative to Kalker’s CON-
TACT (NORM) algorithm [1]. To prove its validity, results obtained with
the proposed methods are confronted to the ones given by CONTACT as
reference solution. To further compare the calculation performance
under the same computational conditions, both elliptical and

polynomial methods, as well as the CONTACT algorithm, have been
programmed in a C code that implements the same numerical methods
for solving systems of linear equations.

In order to perform all these calculations, it has been chosen a test-set
compatible with realistic values of a vehicle running on a track (see
Table 1), together with a set of plausible wheelset lateral displacements
y and yaw angles y to simulate realistic circulation conditions. To this
end, the undeformed distance between the wheel and the rail is calcu-
lated for a free wheelset under frictionless static conditions. In these
calculations, the lateral displacement y and the yaw angle y are pre-
scribed, and the vertical load is applied in the wheelset centre of mass
(COM). The contact topology is obtained using a method based on the
intersections between cones and lines proposed in Ref. [32], which al-
lows determining the distance h between the rail and wheel undeformed
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surfaces. This distance is used as input to solve the normal contact
problem using the Kalker’s CONTACT (NORM) algorithm [1]. A
Newton-Raphson scheme is used for the iteration process that found the
COM vertical position z and the roll angle ¢ that determine the position
of the wheelset on the rails for static equilibrium conditions. With the
wheelset position as input data, the normal contact forces in both
wheel-rail contact areas are computed through both proposed bases.

3.1. Influence of the wheelset lateral displacement

In order to analyse the accuracy of the method under different con-
tact conditions, the contact area shape and the normal traction distri-
bution are computed for different wheelset lateral displacements. Fig. 2
gathers the contact shapes simulated through CONTACT and the ellip-
tical approach for three different lateral displacements: y = 4 mm
(conditions close to Hertzian contact), y = 0 mm (non-Hertzian contact
conditions), and y = 5 mm (multiple contact). The calculated areas
through the exact and the proposed method almost coincide as seen in
the figure.

For the same conditions, the normal traction distribution throughout
the whole contact patch is plotted in Fig. 3 for both methods. It can be
observed that the traction over each strip is close to an ellipse for all the
cases studied, given that no appreciable differences in the distribution
exist between CONTACT and the results obtained with the elliptical
basis. The figure includes the absolute errors between both models, in
which the maximum discrepancies are found on the border of the

£ 01

g

50.08

o

50.06

8 X

3 0.04] . Ay AR

& T X g W
Tgo.ozT P

g *
4 S5 -4-3-2-1012 3 45
(a) y [mm]

Wear 530-531 (2023) 205074

60 . .
o +===* Elliptical basis
> 50 | |===Polynomial basis e
g :“ l:
.2 - .: .
940} RN A
L‘u:‘ e y “~:
) R J
=307 BRG] -2
= R Pt
S R -
= sast’ -
< 20 B ’o‘ - - 7
N— s -
5 “‘ ,¢
Q-t ‘t“ '/'
E 10 - - NG 1
o Rt
@] ’."“/‘

O 1 1
0 1000 2000 3000 4000 5000 6000
Number of elements N [-]

Fig. 11. Computational efficiency as a function of the number of elements of
the mesh N.

o0

~

(o)

W

—-©-CONTACT
--+-Polynomial basis

-=%- Elliptical basis |

0 2000 4000 6000
Number of elements in the mesh N [-]

Number of iterations [-]

N~

Fig. 12. Number of iterations necessary for the convergence of the method as a
function of the number of elements of the mesh N.

S o
> o L
X »® =

<
(=)
X

o
S
=)

Normal force relative error [%]

0 X
S5 4-3-2-101 2 3 45

y [mm]

~
=3
~

Fig. 10. Normal force relative error for different y values and normal load values. (a) Elliptical basis; (b) polynomial basis of grade g = 4.



J. Giner-Navarro et al.

contact area, where it is checked whether the extreme elements of the
strip are or not in contact. Carrying out a detailed analysis of the dif-
ferences in the results, Fig. 4 shows the traction distribution over the
strip x; = 0 for both models, which are almost coincident. Fig. 5 pre-
sents the relative errors of the total normal force for the three lateral
displacements previously evaluated. For all the studied cases, the errors
are below 0.05%.

3.2. Influence of the wheelset yaw angle

One advantage of the proposed method with respect to other theories
relies on the capability to obtain accurate results even when the
wheelset yaw angle is different from zero. To prove the accuracy of the
method under these conditions, similar studies than the case presented
above are carried out for a polynomial basis. In order to select the lowest
grade g that guarantees a good precision with respect to the normal
contact force calculated by CONTACT as reference solution, approxi-
mations from g = 2-10 has been performed to evaluate the errors (see
Table 2). It should be noted that, in the strips near the leading and
trailing edges, it may happen that the number of elements in contact is
smaller than the polynomial grade used in the approximation, then
requiring that the normal contact is solved in these strips using CON-
TACT. This partly explains the residual errors to which the simulations
with increasing polynomial grade converge. It is concluded that g = 4
provides a significant reduction of the errors with respect to g = 3 for all
the combinations of wheelset lateral displacements y and yaw angles y
simulated. These errors hardly decrease beyond this grade (it could be
observed in the fourth or fifth decimal in %), hence there is no need to
use higher polynomial grades to guarantee the accuracy of the method,
with g +1 = 5 unknowns f;; per strip according to Eq. (6).

Fig. 6 shows the computed shape of the contact area versus CON-
TACT for three different yaw angles. The results give slight variations for
the analysed cases, showing that the approximation is capable to accu-
rately represent the contact shape no matter the value of the yaw angle.

Fig. 7 presents the normal traction distribution over the x; = O strip
for this polynomial approach, with results that practically overlaps the
ones provided by the exact method for three different yaw angles: y =
0°, w = 1° and y = 2°. Fig. 8 shows the normal traction distribution for
the same three different yaw angle values of the wheelset. The figure
confronts again the results for the polynomial and the exact method,
which are practically the same at first glance even when there exists yaw
angle. It also includes the absolute error associated with the normal
traction distribution calculated through the proposed model, with
higher deviations again in the first and last element of the strip (below
85 MPa in all cases). In order to delve into the deviations between both
traction distributions, Fig. 9 gathers the relative errors of the total
contact force for different values of the lateral displacement and the yaw
angle (the latter parameter is only presented in positive values since the
errors obtained are symmetric for the negative angles). As observed,
errors are about 0.05% for all the cases studied.

3.3. Influence of the normal load

As the contact conditions may be affected by the normal load (and
thus the normal traction distribution), it is proposed to analyse the in-
fluence of the normal load on the wheelset in order to prove the validity
of the proposed method to be applied in railway dynamics for different
purposes. Fig. 10 gathers the relative error that each approach (elliptical
and polynomial) gives for the total normal force considering different
vertical loads and wheelset lateral displacements, showing errors below
0.1% regardless the vertical load applied to the wheelset.

Despite both approximations present low errors for all the studied
cases, the ones obtained with the elliptical basis are generally lower than
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the polynomial one as this basis fits better to the normal traction dis-
tribution obtained with CONTACT over a strip. This conclusion re-
inforces the idea that the exact distribution is very close to the elliptical
shape, hence a model with an elliptic basis is more accurate than a
polynomial one.

3.4. Computational efficiency

The computational efficiency is measured as the ratio between the
calculation times consumed by CONTACT and the proposed method.
Fig. 11 shows the computational efficiency for each basis as a function of
the number of elements of the contact mesh N. As the elliptical method
computes fewer unknowns (2 coefficients per strip versus 5 polynomial
coefficients when g = 4), the subsequent larger reduction of the problem
dimension leads to a better computational performance, being up to 60
times faster than CONTACT, whereas the polynomial method is about 35
times faster. Fig. 12 presents the number of iterations needed by the
algorithm to reach convergence, showing that the elliptical approxi-
mation needs less iterations even than CONTACT does in most of the
analysed cases.

4. Conclusions

In this work, a methodology based on Kalker’'s CONTACT (NORM
version) program is presented to solve the normal contact problem faster
than the original method with scarce accuracy loss. The enhance of the
computational efficiency is achieved due to the reduction of the number
of unknowns through the introduction of suitable bases to represent the
normal traction distribution. The chosen bases implemented in the
present work are an elliptical and a polynomial function of grade 4,
whose results have been compared with the contact area shape, normal
traction distribution and computational times provided by CONTACT.

The elliptical approach performs up to 60 times faster than CON-
TACT original algorithm but, despite its lower errors, it is limited by its
lack of capability to model the normal contact with the presence of a
large yaw angle. The need of a different approach led to implement a
polynomial approximation, which is able to faithfully reproduce the
contact area shape and traction distribution no matter the value of the
yaw angle with errors in the total normal force about 0.05% with respect
to CONTACT, being about 35 times faster.
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Appendix A

In order to illustrate through an example how the proposed method is implemented, an area of contact with a few elements is modelled through this
method. The CONTACT mesh of the potential contact area is shown in Fig. A1, in which the elements that belong to the contact area are numbered and
shown in grey colour. Note that this contact area consists of 8 elements distributed in two strips in the X,-direction. The length of the elements in the
X;-direction is 2a. Consequently, the half-length of the strips 1 and 2 are L; = 3a and L, = 5a, as shown in Fig. Al.

Following the notation in Egs. (2) and (6), vector p is

p={pu Pu Pu Pu P2 Po Pn Pul}. (A2)

where the subscript s in p,s corresponds to the strip number.
If the contact traction distribution is formulated through an elliptical basis according to Eq. (2), the tractions in the e-th element of the mesh that is
in the s-th strip is approached as follows:

2
Des = Qos + Q15 1- (%) . (AS)

If Eq. (A3) is implemented in Eq. (A2) through the corresponding parameters for each element, vector p results

—2a\*
aor +apyf1— £
a

ot + a1 — (
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aor a1l — |
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P21 _4a\ >
P31 Ap +apt/1 — | —
Pa 3a

p= = . (A4)

Ps2 2

—2a
Pe an +any/l— (7)
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The last equation can be rewritten in the following way:
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(A5)

(A6)

Through this simplified case, the number of unknowns is reduced from 8 (the traction in each elements) to 4 (ap1, @11, @02 and a;»). For larger

number of elements in a problem with N unknowns, the method allows reducing this number to approximately 21/N unknowns.
If the contact traction distribution is formulated through a grade-2 polynomial basis (according to Eq. (6)), vector p is approached as follows:

P Bor + By (—2a) + B, (—2a)*
P2 Bor + 511 (0) + B, (0 )
P3i Bor + B (2a) + B, (2 “)2
p= P\ _ ) Bp+hn(— a) + B (— a)
Ps2 Pon + Bra(—2a) + P (— a)
Pe2 Bon + B12(0) + B (0)
pn Box + Br2(2a) + fr (2 )2
Ps2 B + Bro(4a) + iy (4a)’
The last expression can be formulated as
1 —2a (22> 0 0 0 ]
1 0 0 0O 0 0
1 2« (20 0 0 0
_ |0 o0 0 1 —4a (—4a)
P=10 o 0 1 —2a (~2a)
0o 0 0 1 0 0
0 0 0 1 2a ()
0 0 0 1 4a  (4a) |
from which

=B,
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(A8)
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1 —2a 44> 0 0 0
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10 0 0 1 4a 164 ]

4a 2a
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(A9)

1 I

-2a -4a
R —

3a

5a

2a

v X,

Fig. Al. Simplified mesh of the potential contact area. The grey colour elements correspond with the contact area. The longitudinal dimension of the element (2a) is
shown in blue, whereas the half-length dimension of the strips (L) is drawn in red. The green rule facilitates to know the X;-coordinate of the element centre (x).
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