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A B S T R A C T

Rehabilitation tasks demand robust and accurate trajectory-tracking performance, mainly achieved with
parallel robots. In this field, limiting the value of the force exerted on the patient is crucial, especially
when an injured limb is involved. In human–robot interaction studies, the admittance controller modifies
the location of the robot according to the user efforts driving the end-effector to an arbitrary location within
the workspace. However, a parallel robot has singularities within the workspace, making implementing a
conventional admittance controller unsafe. Thus, this study proposes an admittance controller that overcomes
the limitations of singular configurations by using a real-time singularity avoidance algorithm. The singularity
avoidance algorithm modifies the original trajectory based on the actual location of the parallel robot. The
complemented admittance controller is applied to a 4 degrees of freedom parallel robot for knee rehabilitation.
In this case, the actual location is measured by a 3D tracking system because the location calculated by
the forward kinematics is inaccurate in the vicinity of a singularity. The experimental results verify the
effectiveness of the proposed admittance controller for safe knee rehabilitation exercises.
. Introduction

Robotic rehabilitation can help patients recover and improve their
obility by performing repetitive movements aided by a robot under

he supervision of a physiotherapist [1]. For example, a robot can move
he human limb accurately to perform lower limb rehabilitation over
rolonged sessions [2]. Among rehabilitation robots, a parallel robot
PR) offers excellent load capacity, stiffness, and accuracy [3]. Thus,
hese features allow integrating PRs into rehabilitation tasks [4]. In
eneral, PRs are mechanical devices that control the end-effector by
t least two closed kinematic chains where only a subset of joints are
ctuated [5,6].

Motion rehabilitation therapies can be divided into patient-passive
nd patient-active exercises. In the patient-passive exercise, the robot
ollows a reference trajectory defined by the therapist without con-
idering the patient interaction, i.e., the robot requires a trajectory
ontroller [7]. In a patient-active exercise, the robot modifies the
otion defined by the therapist according to the forces exerted by
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the patient [8]. The control strategies applied to patient-active exer-
cises are admittance control [9], hybrid force/position control [10],
bio-signals based control [11], and adaptive control [12]. The ad-
mittance control allows a dynamic relationship between the robot
position and the patient effort making it one of the most appropriate
for rehabilitation [8].

The admittance controller interacts with the patient by modifying
the original trajectory according to the force exerted by the limb during
rehabilitation [13]. The original trajectory can be modified using a
mass–spring-damper system that provides compliant behaviour to the
robot within the entire workspace [14,15]. However, singular config-
urations, such as Type II singularity, arise inside the workspace of a
non-redundant PR [16]. In this type of singularity, the PR cannot with-
stand external forces even if the actuators are locked, i.e., the patient
loses control of the end-effector [17]. Thus, conventional admittance
controllers cannot be straightforwardly implemented in a PR because
the patient could unintentionally drive the PR to a Type II singularity,
which is an unsafe position.
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McDaid, Tsoi and Xie [18] applied an admittance controller to an
ankle rehabilitation PR after optimising the singularity-free workspace.
Dong et al. [19] implemented an admittance controller by constraining
the workspace by limiting all degrees of freedom (DOF) of the PR using
mechanical stoppers. However, the optimisation procedures reduce the
workspace of the PR, and in most non-redundant PR, a small percentage
of singularities remain within the workspace [20]. As the PR interacts
with an injured limb or with a constrained mobility limb, ensuring
an accurate avoidance of Type II singularities is essential. Thus, an
additional approach is required to handle Type II singularities to make
the admittance controller suitable for rehabilitation tasks with a PR.

Pulloquinga et al. [21] proposed the minimum angle between two
instantaneous screw axes from the Output Twist Screws (𝛺𝑖,𝑗) to mea-
sure the closeness to a Type II singularity in spatial PRs. The minimum
angle 𝛺𝑖,𝑗 is calculated based on the actual location and orientation
(pose) of the PR where the subindices 𝑖, 𝑗 identify the actuators involved
in the singular configuration. The study showed that the minimum 𝛺𝑖,𝑗
is an effective proximity detector for Type II singularities. However, the
approach was not implemented for offline or online trajectory planning.

Subsequently, in [22], the authors developed a vision-based con-
troller to release a 4-DOF PR for knee rehabilitation from a Type II
singularity. The proposed controller releases the PR from a singularity
by modifying the trajectory of the pair of actuators identified by the
minimum 𝛺𝑖,𝑗 . The actual pose of the PR is measured by a 3D tracking
sensor to deal with the non-unique solution of solving the forward kine-
matics near a Type II singularity [23]. This approach cannot prevent
the 4-DOF PR from reaching a singular configuration. Thus, in [24] a
Type II singularity avoidance algorithm based on the minimum 𝛺𝑖,𝑗 was
developed for offline singularity-free trajectory planning in a 4-DOF
PR. In [25] the proposed Type II singularity avoidance algorithm was
extended for online singularity-free trajectory planning in a 4-DOF PR
for knee rehabilitation. The proposed singularity avoidance algorithm
exhibits low computational cost and minimum deviation of the original
trajectory. However, the Type II singularity avoidance algorithm was
not applied to patient-active knee rehabilitation with a human limb,
i.e., the proposed algorithm was not involved in force/position control.

This study proposes an admittance controller improved with a real-
time singularity avoidance algorithm for PRs. The proposed controller
is applied to a 4-DOF PR for knee rehabilitation tasks. The contributions
of this study are twofold. The first is to improve the admittance control
with a real-time singularity avoidance algorithm. The complemented
admittance controller ensures complete control over the end-effector
during human–robot interaction without optimising the workspace or
adding mechanical limits. The effectiveness of the complemented ad-
mittance controller in rehabilitation procedures is verified by executing
patient-active exercises with the actual 4-DOF PR. The patient-active
exercises are performed with a mannequin limb and a human limb. The
second contribution is that the proposed Type II singularity avoidance
algorithm in [25] was combined with a trajectory controller. Therefore,
the singularity avoidance algorithm is combined for the first time with
a force/position control law.

The remaining of this manuscript is as follows. Section 2 introduces
the 4-DOF PR for knee rehabilitation that has been used for the ex-
periments, the 3D vision system employed to measure the pose of the
PR, and the force sensor characteristics. Section 3 describes the singu-
larities in PRs, the conventional admittance controller, the algorithm to
avoid Type II singularities, and the proposed complemented admittance
controller. Finally, the experimental results on the actual PR and the
conclusions are presented in Sections 4 and 5, respectively.

2. Equipment and materials

2.1. Knee rehabilitation parallel robot

The goal of the knee rehabilitation process is to recover the plas-
ticity of the lower limb on the knee’s ligaments after a knee injury or
2

𝑞

Fig. 1. Knee rehabilitation PR (a) simplified view (b) configuration in 1. fixed platform
and 2. mobile platform.

surgery. The knee rehabilitation procedure requires three fundamental
movements of the lower limb: flexion-extension of the knee, flexion of
the hip and internal-external knee rotation [26].

The human leg requires two independent translations in the
tibiofemoral plane combined with one autonomous rotation of the
ankle for the flexion-extension of the knee. The internal-external knee
rotation requires that the human leg rotates around the coronal plane.
Thus, a PR for knee rehabilitation requires four DOFs, two translations
and two rotations. A 3UPS+RPU PR provides the four DOFs required
for the fundamental knee rehabilitation movements [27], see Fig. 1a.
This PR has three external limbs with UPS configuration and a central
limb with RPU configuration. The letters P, R, S, and U stand for
prismatic, revolute, spherical, and universal joints, respectively, where
the underlined letters represent the actuated joints.

In contrast to other 4-DOF PRs, the 3UPS+RPU PR is suitable for
knee rehabilitation because it provides a high payload capacity with a
compact size [28]. Moreover, the revolute and universal joints in the
central limb supply invariant constraints of the translation in the 𝑌𝑚
axis and the rotation around the 𝑋𝑚 axis (Fig. 1a).

The pose of the knee rehabilitation PR is represented by the 𝑋⃗ as
follows:

𝑋⃗ =
[

𝑥𝑚 𝑧𝑚 𝜃 𝜓
]𝑇 (1)

where 𝑥𝑚 and 𝑧𝑚 represent the two translational movements in the
tibiofemoral plane, while 𝜃 and 𝜓 stand for the rotation around the
𝑌𝑚 and 𝑍𝑚 axes, respectively.

The 𝑋⃗ is controlled by four linear actuators represented by 𝑞𝑖𝑛𝑑 ,
defined as:

⃗ =
[ ]𝑇 (2)
𝑖𝑛𝑑 𝑞13 𝑞23 𝑞33 𝑞42
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Fig. 2. Overall view of the OptiTrack 3DTS.

with 𝑞13, 𝑞23, 𝑞33 and 𝑞42 are the length of the linear actuators on the
limbs 1, 2, 3 and 4, respectively.

The orientation of the external limbs is defined by the universal
joints represented by the variables 𝑞𝑙1, 𝑞𝑙2 where 𝑙 = 1…3. The
orientation of the central limb is defined by the revolute joint 𝑞41.

The configuration of the PR is defined by points 𝐴0, 𝐵0, 𝐶0, 𝐷0
connecting the four limbs to the fixed platform, and 𝐴1, 𝐵1, 𝐶1, 𝑂𝑚
connecting the limbs to the mobile platform, see Fig. 1a. In Fig. 1b,
points 𝐴0, 𝐵0, 𝐶0, 𝐷0 are defined by 𝑅1, 𝑅2, 𝑅3, 𝛽𝐹𝐷, 𝛽𝐹𝐼 , and 𝑑𝑠
measured with respect to

{

𝑂𝑓 −𝑋𝑓𝑌𝑓𝑍𝑓
}

. The locations of 𝐴1, 𝐵1,
𝐶1, and 𝑂𝑚 are defined by the geometric variables 𝑅𝑚1, 𝑅𝑚2, 𝑅𝑚3,
𝛽𝑀𝐷, and 𝛽𝑀𝐼 measured with respect to the mobile reference system
{

𝑂𝑚 −𝑋𝑚𝑌𝑚𝑍𝑚
}

.
In this study, the PR was configured with 𝑅1 = 𝑅2 = 𝑅3 = 0.3 m,

𝛽𝐹𝐷 = 5◦, 𝛽𝐹𝐼 = 90◦, 𝑑𝑠 = 0.0 m, 𝑅𝑚1 = 𝑅𝑚2 = 𝑅𝑚3 = 0.2 m, 𝛽𝑀𝐷 = 70◦,
𝛽𝑀𝐼 = 30◦.

2.2. Vision-based tracking sensor

A 3D tracking system (3DTS) was implemented as a vision-based
sensor to track the location and orientation of the knee rehabilitation
PR. The 3DTS allows an accurate avoidance of Type II singularities,
increasing the safety of the patient. In particular, the 3DTS consists of
10 infrared cameras (Flex 13) manufactured by OptiTrack, see Fig. 2.
The cameras can achieve an average accuracy greater than 0.1 mm.
Moreover, the cameras have a resolution of 1.3 Megapixels at 120 Hz,
i.e., 8.3 ms between two subsequent captures.

In the architecture of the 3DTS (see Fig. 3a), the cameras are
connected to two OptiHub2 devices to record the captured images. The
OptiHub2 devices send the image data through a high-speed USB to the
camera control computer. Finally, the location data are sent to the PR
control computer via an Ethernet connection.

In the camera control computer, the software Motive, provided
by OptiTrack, processes the 2D camera images in the 3D location of
markers inside the tracking area. In particular, the software Motive can
associate a custom set of markers in a virtual object defined as a rigid
body that can be set with 3 to 20 markers. A marker is a sphere covered
with a reflective material. Motive can perform a real-time stream of
the location and orientation of all rigid bodies, including the location
of each marker, via Ethernet using unicast or multicast protocols. The
streaming data are accessed by a client/server architecture based on
the NatNet software development kit (NatNet SDK).

This study implemented a NatNet client/server architecture where
the server could be run in the camera control computer, and a native
client could be executed in the PR control computer (see Fig. 3b). The
3

Fig. 3. Architecture of OptiTrack 3DTS (a) hardware (b) software.

native client had attached to a C++ handler named PR pose node that
was executed when a new frame of data was available.

The actual pose of the 3UPS+RPU PR was retrieved by measuring
the 3D location of six markers. Three markers were placed on the mo-
bile platform while the other three were attached to the fixed platform,
where both sets were elements of two different rigid bodies. Given
the location of the six markers, the actual position and orientation of
the mobile platform were calculated with respect to the fixed frame
{

𝑂𝑓 −𝑋𝑓𝑌𝑓𝑍𝑓
}

. The actual position and orientation of the mobile
platform were represented by 𝑋⃗𝑐 and sorted as

[

𝑥𝑚 𝑧𝑚 𝜃 𝜓
]𝑇 , analogous

to expression (1).

All cameras required calibration to ensure a correct reconstruction
of the 3D location provided by the 3DTS. The calibration process is:

1. Set the orientation of the cameras so that they focus on the
centre of the tracking area.

2. Adjust the brightness and illumination of the cameras to avoid
the detection of unwanted objects.

3. Adjust the relative position of the cameras by moving the cali-
bration wand provided by OptiTrack. An empty tracking area is
required.

4. Set the ground plane for the tracking area with a calibration
square provided by OptiTrack.

Steps 2–4 of the calibration process were executed in Motive, con-
suming less than five minutes.
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Fig. 4. Architecture of FTN-Delta sensor (a) hardware (b) software.

2.3. Force/torque sensor

The admittance control requires an accurate measurement of the
external force applied to the PR. The proposed system measures the
forces and moments exerted by the patient’s foot on the mobile plat-
form using an FTN-Delta sensor. The FTN-Deltas sensor is a six-axis
force/torque sensor (Schunk). For the knee rehabilitation PR, the FTN-
Delta sensor was installed at 𝑂𝑚 on the mobile platform, see Fig. 4a.
The forces measured in the 𝑥, 𝑦, and 𝑧 axes of the sensor reference
frame can be represented by 𝐹𝑥, 𝐹𝑦, and 𝐹𝑧, respectively. Similarly, 𝑀𝑥,
𝑀𝑦, and 𝑀𝑧 stand for the moments measured by the FTN-Delta sensor
in the reference frame {𝑂 − 𝑥𝑦𝑧}, see Fig. 4a. The FTN-Delta sensor
measures force with a resolution of 0.065 N for 𝐹𝑥, 𝐹𝑦, and 0.125 N
for 𝐹𝑧. The moments 𝑀𝑥, 𝑀𝑦, and 𝑀𝑧 are measured with a resolution
of 0.004 N m. The FTN-Delta sensor has a measuring range of ±330 N
for 𝐹𝑥, 𝐹𝑦 and ±990 N for 𝐹𝑧. The measuring range for the moments
𝑀𝑥, 𝑀𝑦, and 𝑀𝑧 is ±30 N m. The data from the FTN-Delta sensor were
amplified, filtered, and transmitted by a Netbox NETB that supports
CAN bus, DeviceNet, PROFINET, and UDP interface protocols at up to
7 MHz.

The Netbox NETB was connected to the PR control computer as a
single client using a UDP interface on the Ethernet protocol, see Fig. 4a.
The single client had a C++ handler named Force node attached, which
was executed when the admittance controller required a new frame of
data, see Fig. 4b. The force node provided the measurements of force
and moments in the 4-DOF of the knee rehabilitation PR in the vector
𝐹𝑐 as follows:

𝐹𝑐 =
[

𝐹𝑥 𝐹𝑧 𝑀𝑦 𝑀𝑧
]𝑇 (3)

where the 𝐹𝑥 stands for the force exerted by the patient on the axis
𝑋𝑚, and the 𝐹𝑧 is the force exerted on the axis 𝑍𝑚. The 𝑀𝑦 and
𝑀𝑧 are the moments exerted by the patient around the tibiofemoral
and coronal planes, respectively. The reference frame of the FTN-Delta
sensor matches the mobile reference frame, see Fig. 4a.

The zero adjustments of forces and moments were performed con-
sidering no load on the mobile platform. Moreover, a death zone was
defined as three times the standard deviation of data measured with
the sensor unloaded to account for the noise.

3. Proposed controller

First, the singularities in a PR and the admittance control law are
described. Subsequently, the method to detect the proximity to a Type
4

II singularity based on Output Twist Screws is explained. After that, the
proposed algorithm to avoid a Type II singularity is explained. Finally,
the admittance controller complemented with the Type II singularity
avoidance algorithm is shown.

3.1. Singularities in parallel robots

In [16], Gosselin and Angeles define the velocity relationship be-
tween the cartesian coordinates and joint coordinates as follows:

𝐽𝐷 ⃗̇𝑋 + 𝐽𝐼 ⃗̇𝑞𝑖𝑛𝑑 = 0⃗ (4)

where ⃗̇𝑋 stands for the velocity of the end-effector, ⃗̇𝑞𝑖𝑛𝑑 represents the
velocity of the actuators, 𝐽𝐷 is the forward Jacobian matrix, and 𝐽𝐼 is
the inverse Jacobian matrix. For a non-redundant PR, 𝐽𝐷 and 𝐽𝐼 are
square (𝑑𝑓 × 𝑑𝑓 ), with 𝑑𝑓 as the number of the DOFs of the PR.

According to (4), the rank deficiency of the Jacobian matrices
defines two types of singularities. In a Type I singularity (‖𝐽𝐼‖ = 0),
the PR loses mobility in at least one direction, i.e., the PR reaches the
workspace boundary. Thus, Type I singularities are not a challenging
task [29]. In a Type II singularity (‖𝐽𝐷‖ = 0), the PR loses control of the
end-effector at least in one direction despite all actuators being locked.
In this singular configuration, if an external force is applied to the end-
effector, an uncontrolled motion is produced at least in one arbitrary
direction.

Type II singularities are configurations within the workspace where
the PR loses the end-effector motion, making them potentially danger-
ous for the user and PR. In particular, rehabilitation robots interact
with human limbs, where the robot must ensure complete control of
the end-effector motion, making Type II singularities a major problem
to solve.

3.2. Admittance control

In lower limb rehabilitation, a patient-active exercise lets a pa-
tient modify a predefined movement according to the pain limitation
of the limb in rehabilitation [30]. Therefore, a robot must exhibit
compliant behaviour according to the effort applied by the patient
while a rehabilitation exercise is executed, i.e., force/position control is
required. Compliant control uses the feedback force to modify directly
(impedance control) or indirectly (admittance control) the dynamic
behaviour of the controlled system [13]. The admittance controller has
a cascade architecture, where the force control takes place in the outer
loop, and the position control takes place in the inner loop [13]. The
force controller aims to minimise the deviation in the force exerted by
the patient (𝑒𝐹 ), which is defined as follows:

𝑒𝐹 = 𝐹𝑟 − 𝐹𝑐 (5)

where 𝐹𝑟 represents the reference forces and moments for rehabilitation
in the 𝑑𝑓 DOFs of the PR. 𝐹𝑐 stands for forces and moments measured
on the human limb in the same 𝑑𝑓 DOFs of the PR or configuration
space.

The minimisation of 𝑒𝐹 is achieved by modifying the reference
trajectory for the location and orientation of the mobile platform or
end-effector (𝑋⃗𝑟) according to the expression:

𝑋⃗𝑎 = 𝑋⃗𝑟 + ⃖⃖⃖⃖⃖⃗𝛥𝑋 (6)

𝑋⃗𝑎 stands for the trajectory generated in the outer loop. 𝛥𝑋 is the
modification on the pose of the PR to reach a specific 𝐹𝑟. Both 𝑋⃗𝑎 and
𝛥𝑋 are measured in configuration space. In the inner loop, the position
controller takes 𝑋⃗𝑎 as the set point.

Using the Laplace transform, the ⃖⃖⃖⃖⃖⃗𝛥𝑋 is related to 𝑒𝐹 by a second-
order model as follows:

⃖⃖⃖⃖⃖⃗𝛥𝑋(𝑠) = 𝑒𝐹 (𝑠)(𝑘 + 𝑐𝑠 + 𝑚𝑠2)−1 (7)

where 𝑚, 𝑐, and 𝑘 are square matrices defining the mass, viscous
coefficient, and spring stiffness of the dynamic system, respectively.
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Fig. 5. Compliant behaviour achieved by the second-order admittance model when (a)
𝐹𝑐 < 𝐹𝑟 (b) 𝐹𝑐 > 𝐹𝑟.

In Fig. 5a, if 𝐹𝑐 < 𝐹𝑟, the model in (7) calculates a ⃖⃖⃖⃖⃖⃗𝛥𝑋 to move
the PR against the human limb and increase the 𝐹𝑐 . When 𝐹𝑐 > 𝐹𝑟, the
⃖⃖⃖⃖⃖⃗𝛥𝑋 varies 𝑋⃗𝑟 to move the PR away from the limb under rehabilitation
and reduce the 𝐹𝑐 , see Fig. 5b. Thus, the ⃖⃖⃖⃖⃖⃗𝛥𝑋 enables the patient to
drive the PR to an arbitrary pose within the workspace. However, if
a Type II singularity arises, the PR loses control of the end-effector
motion and could hurt the limb in rehabilitation. For example, during
knee rehabilitation, if the patient flexes the knee because of pain and
the PR extends the knee due to loss of control, that could damage
the lower limb. Consequently, the conventional admittance controller
is unsuitable for PR-assisted lower limb rehabilitation. Therefore, the
conventional admittance controller must be improved using online
detection and avoidance of Type II singularities.

3.3. Detection of proximity to a Type II singularity

The motion of the mobile platform is produced by the combined
action of 𝑑𝑓 actuators, i.e., the contribution of each actuator is chal-
lenging to identify. Using Screw Theory, Takeda and Funabashi [31]
consider all actuators locked except one to divide the motion of the
mobile platform ($) into 𝑑𝑓 Output Twist Screws (OTSs):

$ = 𝜌1$̂𝑂1
+ 𝜌2$̂𝑂2

+⋯ + 𝜌𝑑𝑓 $̂𝑂𝑑𝑓 (8)

where 𝜌 stands for the amplitude of each OTS, and $̂𝑂 represents the
normalised OTSs.

If only one actuator can contribute to the motion of the mobile
platform, a $̂𝑂 is defined by the work not applied by the locked
actuators. Hereby, the 𝑑𝑓 $̂𝑂 are determined by solving the following
equations:

$̂𝑂𝑖◦$̂𝑇𝑗 = 0 (𝑖, 𝑗 = 1, 2,… , 𝑑𝑓 , 𝑖 ≠ 𝑗) (9)

with

$̂𝑂 =
(

𝜇𝜔𝑂 ;𝜇
∗
𝑣𝑂

)

(10)

where ◦ is the reciprocal product, and $̂𝑇 stands for the normalised
wrench screw transmitted by each actuator to the mobile platform. The
𝜇𝜔𝑂 and 𝜇∗𝑣𝑂 represent the angular and the instantaneous linear motion
of the end-effector, respectively.

In a Type II singularity, at least two $̂𝑂s are linearly dependent [32],
i.e., both 𝜇𝜔𝑂 and 𝜇∗𝑣𝑂 are parallel. This feature allows to measure the
proximity to a Type II singularity using the angle between two different
𝜇𝜔𝑂 named 𝛺𝑖,𝑗 , as follows:

𝛺𝑖,𝑗 = arccos (𝜇𝑤𝑂𝑖 ⋅ 𝜇𝑤𝑂𝑗 ) (11)

where 𝑖 and 𝑗 sub-indices are the two limbs under analysis, respectively.
With 𝑖, 𝑗 = 1, 2,… , 𝑑𝑓 , 𝑖 ≠ 𝑗.
5

The expression (11) comprises several indices 𝛺𝑖,𝑗 . Therefore, the
proximity detection to a Type II singularity is measured considering the
minimum angle 𝛺𝑖,𝑗 . The closeness to a Type II singularity is verified
by the equality of the linear components 𝜇∗𝑣𝑂 .

The capability of the minimum angle 𝛺𝑖,𝑗 to detect the proximity
to a Type II singularity was verified experimentally [21]. A crucial
feature of the minimum angle 𝛺𝑖,𝑗 is that the sub-indices 𝑖 and 𝑗
identify the limbs responsible for the singular configuration. In [22],
the identification of the limbs responsible for the Type II singularity
was applied to release the 3UPS+RPU PR from a singularity already
reached. In this study, we proposed implementing the minimum angle
𝛺𝑖,𝑗 for an online avoidance algorithm to prevent the PR from reaching
a Type II singularity. In particular, the Type II singularity avoidance
algorithm complements the admittance control to ensure complete
control within the workspace.

The instantaneous motion of the 3UPS+RPU PR is divided into $̂𝑂1
,

$̂𝑂2
, $̂𝑂3

, and $̂𝑂4
. For this PR (11) defines six indices 𝛺1,2 𝛺1,3, 𝛺1,4,

𝛺2,3, 𝛺2,4, and 𝛺3,4. In this case, the four $̂𝑂1
, … , 𝑎$̂𝑂4

are calculated
by solving (9) as follows:

$̂𝑇1 =
(

𝑧12; 𝑟𝑂𝑚𝐴1
× 𝑧12

)

$̂𝑇2 =
(

𝑧22; 𝑟𝑂𝑚𝐵1
× 𝑧22

)

$̂𝑇3 =
(

𝑧32; 𝑟𝑂𝑚𝐶1 × 𝑧32
)

$̂𝑇4 =
(

𝑧41; 0⃗
) (12)

where 𝑧12, 𝑧22, 𝑧32, and 𝑧41 are the direction of the forces applied by
each actuator with respect to the fixed frame. 𝑟𝑂𝑚𝐴1

, 𝑟𝑂𝑚𝐵1
, and 𝑟𝑂𝑚𝐶1

stand for the location vector between the point 𝑂𝑚 and the vertices 𝐴1,
𝐵1 and 𝐶1, respectively.

The 𝑧12 is defined by the universal joint orientation between limb 1
and the fixed platform (see Fig. 1a). The universal joint can be modelled
by two revolute joints 𝑞11 and 𝑞12; thus, 𝑧12 is defined as follows:

𝑧12 =
[

cos 𝑞11 sin 𝑞12 −cos 𝑞12 sin 𝑞11 sin 𝑞12
]𝑇 (13)

The 𝑧22 is calculated analogously to 𝑧12 by using 𝑞21 and 𝑞22 instead
of 𝑞11 and 𝑞12. The same procedure is applied to calculate 𝑧32. In the
central limb, the 𝑧41 is defined by the orientation of the revolute joint
𝑞41 as:

𝑧41 =
[

− sin 𝑞41 0 cos 𝑞41
]𝑇 (14)

For a detailed explanation of the calculation of the six indices
𝛺1,2, 𝛺1,3, … , 𝛺3,4 the reader could review [21].

3.4. Type II singularity avoidance algorithm

In the outer loop, the Type II singularity avoidance algorithm
considers the reference 𝑋⃗𝑎 to generate a singularity-free trajectory for
the actuators 𝑞𝑖𝑛𝑑𝑑 based on measuring 𝑋⃗𝑐 . The inputs 𝑋⃗𝑎 and 𝑋⃗𝑐 are
the references generated by the admittance control and the actual pose
reached by the PR, respectively. A general overview of the proposed
avoidance algorithm is shown in Fig. 6.

First, the Type II singularity avoidance algorithm calculates all
possible indices 𝛺𝑖,𝑗 based on the 𝑋⃗𝑎 stored at ⃖⃖⃖⃖⃖⃖⃗𝑉 𝛺𝑎. Next, the minimum
element in ⃖⃖⃖⃖⃖⃖⃗𝑉 𝛺𝑎 is calculated in 𝑚𝑖𝑛𝛺𝑎. In parallel, the ⃖⃖⃖⃖⃖⃖⃗𝑉 𝛺𝑐 and 𝑚𝑖𝑛𝛺𝑐
are calculated for 𝑋⃗𝑐 . The 𝑖⃗𝑎𝑣 stores the two limbs responsible for the
Type II singularity identified by 𝑚𝑖𝑛𝛺𝑐 . Finally, the proposed avoidance
algorithm calculates the 𝑞𝑖𝑛𝑑𝑑 as follows:

𝑞𝑖𝑛𝑑𝑑 = 𝑞𝑖𝑛𝑑𝑎 + 𝜈𝑑 𝑡𝑠𝛥𝜄 (15)

where 𝑞𝑖𝑛𝑑𝑎 stands for the joint space trajectory for 𝑋⃗𝑎 calculated by the
inverse kinematics. The 𝜈𝑑 is the avoidance velocity for each actuator,
and 𝑡𝑠 is the controller sample time. The 𝛥𝜄 stands for the integer
deviation required in the 𝑑𝑓 actuators to avoid a Type II singularity.

If 𝑚𝑖𝑛𝛺𝑎 is below a predefined threshold 𝛺𝑙𝑖𝑚, the 𝛥𝜄 is modified
as the reference 𝑋⃗𝑎 is approaching to a Type II singularity. The 𝛥𝜄 is
modified by one in the two rows corresponding to the elements in 𝑖⃗𝑎𝑣.
The two rows identified by 𝑖⃗ could hold, increase, or decrease (the
𝑎𝑣
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Fig. 6. Diagram for Type II singularity avoidance algorithm.
Fig. 7. Architecture of the complemented admittance controller.
actuator stops or moves forward or backward), generating eight possi-
ble modifications of 𝛥𝜄. The best option from the eight modifications
of 𝛥𝜄 is selected to generate a 𝑞𝑖𝑛𝑑𝑑 within the workspace and increase
the value of 𝑚𝑖𝑛𝛺𝑐 . The reference 𝑞𝑖𝑛𝑑𝑎 is continuously modified in
successive iterations until 𝑋⃗𝑐 becomes non-singular. During the Type
II singularity avoidance, the output 𝑒𝑥𝑡𝑝𝑖𝑛 deactivates the admittance
controller to prevent the patient from driving the PR back to a singular
configuration. As soon as the reference 𝑋⃗𝑎 becomes non-singular, the
binary variable 𝑒𝑥𝑡𝑝𝑖𝑛 is reactivated.

After avoiding a Type II singularity, 𝑚𝑖𝑛𝛺𝑐 > 𝛺𝑙𝑖𝑚, if the reference
𝑋⃗𝑎 becomes non-singular (𝑚𝑖𝑛𝛺𝑎 > 𝛺𝑙𝑖𝑚), 𝛥𝜄 must return progressively
to zero. The two rows of 𝛥𝜄 with the maximum value (𝑚𝑎𝑥𝛥) are
identified. By unitary modifications in the rows of the 𝑚𝑎𝑥𝛥, all eight
possible new 𝛥𝜄 are calculated. The best option of 𝛥𝜄 is selected to
decrease the absolute value of 𝛥𝜄 and generate a non-singular pose 𝑞𝑖𝑛𝑑𝑑 .
The returning procedure continues until 𝛥𝜄 = 0⃗.

The proposed Type II singularity avoidance algorithm is suitable for
real-time operation because no optimisation procedures are required.
The accuracy during the avoidance algorithm depends on the param-
eters 𝑡𝑠, 𝜈𝑑 , and 𝛺𝑙𝑖𝑚. Moreover, the parameter 𝑡𝑠 is defined by the
admittance controller sample time, and the 𝜈𝑑 is set to the average
velocity of the actuators on the PR under analysis. The 𝛺𝑙𝑖𝑚 is set
experimentally, executing trajectories that progressively approach a
Type II singularity.

The 𝑋⃗𝑐 could be measured using a 3DTS or solving forward kine-
matics based on embedded encoders on the actuators’ joints. However,
6

the forward kinematics could be inaccurate because the solution is not
unique near a Type II singularity [23]. In rehabilitation, the PR inter-
acts with an injured limb or with a constrained mobility limb, making
it essential to ensure an accurate avoidance of Type II singularities.
Thus, a 3DTS is preferred over the calculation based on the forward
kinematics problem for robotic rehabilitation.

The Type II singularity avoidance algorithm developed for the
3UPS+RPU PR is described in Appendix.

3.5. Complemented admittance controller description

The architecture of the admittance controller complemented with
the Type II singularity avoidance algorithm for the 3UPS+ RPU PR
is shown in Fig. 7. Taking advantage of the cascade architecture of
conventional admittance controllers, the outer loop is divided into two
layers. In the first layer, an admittance model modifies the reference 𝑋⃗𝑟
by adding ⃖⃖⃖⃖⃖⃗𝛥𝑋 to achieve the reference efforts 𝐹𝑟 using the measurement
𝐹𝑐 as feedback. In the second layer, the Type II singularity avoidance
algorithm collects the adapted cartesian reference 𝑋⃗𝑎 and generates
a singularity-free trajectory 𝑞𝑖𝑛𝑑𝑑 in the joint space. The avoidance
algorithm keeps 𝑞𝑖𝑛𝑑𝑑 = 𝑞𝑖𝑛𝑑𝑎 as long as 𝑋⃗𝑎 is not singular. The
𝑞𝑖𝑛𝑑𝑎 stands for the inverse kinematic solution of 𝑋⃗𝑎. If the reference
𝑋⃗𝑎 or the actual pose of the PR 𝑋⃗𝑐 is singular, the avoidance algo-
rithm modifies 𝑞𝑖𝑛𝑑𝑎 to generate the singularity-free trajectory 𝑞𝑖𝑛𝑑𝑑 .
The proposed avoidance algorithm modifies the trajectory of the two
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actuators identified by the 𝑚𝑖𝑛𝛺𝑐 . The 𝑚𝑖𝑛𝛺𝑐 is calculated based on
the measurement of the actual pose of the PR 𝑋⃗𝑐 .

When the reference 𝑋⃗𝑟 is non-singular, the trajectory 𝑋⃗𝑎 becomes
singular due to the output ⃖⃖⃖⃖⃖⃗𝛥𝑋 from the admittance model, see the
outer loop in Fig. 7. Therefore, when avoiding a Type II singularity, the
admittance model must temporally be deactivated to prevent conflict
with the proposed avoidance algorithm. The admittance model could
be deactivated by setting ⃖⃖⃖⃖⃖⃗𝛥𝑋 to zero, see Section 3.2. However, if the
output ⃖⃖⃖⃖⃖⃗𝛥𝑋 is suddenly set to 0⃗, the 𝑋⃗𝑎 presents random discontinuities
that could hurt the human limb. In contrast, if the input 𝑒𝐹 immediately
changes to 0⃗, the admittance model is gradually deactivated, i.e., the
⃖⃖⃖⃖⃖⃗𝛥𝑋 decreases smoothly according to the dynamics of the second-order
function (7). Therefore, the proposed Type II singularity avoidance
algorithm multiplies the binary variable 𝑒𝑥𝑡𝑝𝑖𝑛 by the 𝑒𝐹 to deactivate
the admittance model, the first layer of the outer loop in Fig. 7. In
the proximity to a Type II singularity, the avoidance algorithm sets the
𝑒𝑥𝑡𝑝𝑖𝑛 = 0 to decrease ⃖⃖⃖⃖⃖⃗𝛥𝑋. As soon as the trajectory 𝑋⃗𝑎 becomes non-
singular, the proposed avoidance controller sets 𝑒𝑥𝑡𝑝𝑖𝑛 = 1 to reactivate
the admittance controller. It is important to note that this mechanism
enables the admittance control and the avoidance algorithm to coexist
to ensure the safety of the limb under rehabilitation.

In the PR under analysis, the 𝐹𝑐 is measured using the FTN-Delta
sensor as described in Section 2.3. The 3DTS is used to determine
𝑋⃗𝑐 . The system allows an accurate avoidance of a Type II singularity,
increasing the safety of the PR during knee rehabilitation, see Sec-
tion 2.2. The calculation of 𝑋⃗𝑐 by solving forward kinematics could be
inaccurate near a Type II singularity. Hereby, the 3DTS is a solid option
to ensure accurate singularity avoidance during a robotic rehabilitation
procedure and ensure the integrity of the constrained mobility limb.

In the inner loop of the complemented admittance controller, a
trajectory controller takes 𝑞𝑖𝑛𝑑𝑑 as a set point, see Fig. 7. In the PR under
analysis, the trajectory controller is a proportional derivative controller
with gravitational compensation (PD+G). The PD+G controller calcu-
lates the control actions (𝜇) required to track the trajectory 𝑞𝑖𝑛𝑑𝑑 based
on the measurements of the location reached by the actuators 𝑞𝑖𝑛𝑑𝑐 . The
𝜇 are electrical signals proportional to the mechanical forces applied by
the linear actuators 𝜏.

The PD+G controller was selected because the 3UPS+RPU PR works
at low velocity making unnecessary the compensation of the inertial,
centrifugal, and Coriolis forces. The gravitational forces are calculated
with high accuracy and low computing cost by using a model of
eight base parameters identified in the actual PR [33]. Thus, the
gravitational compensation (G) ensures a minimal steady-state error
without the need for integral actions. However, the trajectory controller
on the inner loop could be changed depending on the necessities
of the application. Before selecting the PD+G controller, the authors
implemented and analysed other control laws such as computed torque
(CT), adaptive, linear algebra-based (LAB) and proportional integral
derivative (PID).

Note that identifying a proper set of dynamic parameters of the
admittance model for each user remains open. Nevertheless, this study
aims to prove that Type II singular configurations in PRs can be
overcome using admittance control by adding a real-time singularity
avoidance algorithm.

4. Results and discussion

First, the experimental settings to test the proposed admittance con-
troller complemented with the Type II singularity avoidance algorithm
are presented. Subsequently, the performance of the complemented
admittance controller is shown and compared with the conventional
admittance controller.
7

Fig. 8. Experimental setup using (a) Mannequin (b) Human limb.

4.1. Experimental setup

A patient-active exercise close to a Type II singularity was de-
signed to compare the performance of the complemented admittance
controller with that of the conventional admittance controller. The
patient-active exercise comprised an internal-external knee rotation
with the 3UPS+RPU PR. During the internal-external knee rotation,
the patient had a zero-effort trajectory (𝐹𝑟 = 0⃗). Thus, the patient had
complete control over the PR movements, i.e., the PR was completely
compliant. The starting pose for the knee rotation exercise was set
close to a Type II singularity by experimentally searching on the actual
3UPS+RPU PR based on the minimum angle 𝛺. In this study, the
reference 𝑋⃗𝑟 was constant and equal to the starting pose for the knee
rotation exercise.

Before implementing the proposed complemented admittance con-
troller on the actual PR, several simulations were executed using a
virtual model of the human leg. Here, only the experiments with the
actual robot are presented. The experiments have two phases designed
to prioritise the patient’s safety. Phase I considers a mannequin leg to
mimic an internal-external knee rotation, see Fig. 8a. Phase II consid-
ered an uninjured and unrestricted human knee to perform the same
internal-external knee rotation, see Fig. 8b. The experiment in Phase II
was approved by the Ethics Committee of the Universitat Politècnica
de València, and the patient signed an informed consent document.

The conventional admittance controller was applied to Phase I to
expose the risk of the straightforward application to a PR. Phase II
implemented the complemented admittance controller to verify that PR
could overcome the singular configurations.

In this case, the admittance model was set experimentally to pro-
vide minimum resistance to the limb of the patient. Table 1 lists the
parameters of the admittance controller. It is because our purpose was
to verify that the proposed controller can overcome Type II singularities
during admittance control. The identification of a suit set of 𝑘, 𝑐 and 𝑚
for knee rehabilitation was not discussed in this study.

During the flexion-extension of the knee, the latency of the lower
limb muscular response exceeds 50 ms [34,35]. Moreover, knee reha-
bilitation exercises are designed for low-velocity movement in impaired
lower limbs. Thus, the proposed admittance controller is executed each
10 ms (100 Hz) to ensure a sufficiently fast response. The Type II
avoidance algorithm, 𝜈𝑑 = 0.01 m∕s and 𝑡𝑠 = 0.01 s to suit the maxi-
mum velocity during a knee rehabilitation procedure. After performing
several experiments where the 3UPS+RPU PR moved to a Type II
singularity, we set 𝛺𝑙𝑖𝑚 = 2◦ to prevent the loss of control on the mobile
platform. The 𝛺𝑙𝑖𝑚 was set experimentally owing to the mechanical
imperfections of the actual PR. For a profound explanation of the
setting of 𝛺 , the reader could refer to [21].
𝑙𝑖𝑚
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Table 1
Settings for the admittance model.

Variable Value

𝑘

⎡

⎢

⎢

⎢

⎢

⎣

250 0 0 0
0 500 0 0
0 0 25 0
0 0 0 25

⎤

⎥

⎥

⎥

⎥

⎦

𝑐

⎡

⎢

⎢

⎢

⎢

⎣

894 0 0 0
0 894 0 0
0 0 89.4 0
0 0 0 89.4

⎤

⎥

⎥

⎥

⎥

⎦

𝑚

⎡

⎢

⎢

⎢

⎢

⎣

200 0 0 0
0 200 0 0
0 0 20 0
0 0 0 20

⎤

⎥

⎥

⎥

⎥

⎦

Fig. 9. Conventional admittance controller: tracking location in 𝑍𝑓 .

The proposed combined controller was executed modularly on an
ndustrial computer using Robot Operating System 2 (ROS2) and the
++ programming language. The length of the actuators was measured
y a PCI 1784 Advantech card connected to four quadruple AB phase
ncoder counters with a resolution of 500 counts per turn. The linear
ctuators were driven using four ESCON 50/5 servo controllers, where
he 𝜇 was sent through a 12-bit, 4-channel PCI 1720 Advantech card
t a rate of 100 Hz.

.2. Complemented admittance controller performance

In phase I, during the internal-external knee rotation, the conven-
ional admittance controller drives the PR to a Type II singularity. In
his case, the PR falls due to the gravity effect, and then the mannequin
eg was extended abruptly. A recording of this experiment is available
n http://roboprop.ai2.upv.es/admittance_without_evader.

Fig. 9 shows the tracking of PR location on the 𝑍𝑓 axis, i.e., the
eight of the mobile platform during the knee rotation in phase I. In
ig. 9, the solid line 𝑧𝑎 represents the reference calculated by the con-
entional admittance controller, and the dashed line 𝑧𝑐 is the location
easured in the actual PR. The 𝑧𝑐 shows the loss of control on the

PR from 𝑡 = 11.46 s, and the subsequent fall because the conventional
dmittance controller reaches a Type II singularity. Thus, the inherent
anger of using a conventional admittance controller for human–robot
nteraction in rehabilitation based on PRs is verified.

Fig. 10 shows the proximity detection of the Type II singularity
ased on 𝑚𝑖𝑛𝛺. In this case, the proximity is detected by 𝛺2,4 during the
8

entire experiment of the internal-external knee rotation. In the figure,
Fig. 10. Conventional admittance controller: index 𝑚𝑖𝑛𝛺.

Fig. 11. Complemented admittance controller: index 𝑚𝑖𝑛𝛺.

𝑚𝑖𝑛𝛺𝑎 represents the angle 𝛺2,4 for the reference calculated for the
conventional admittance controller and 𝑚𝑖𝑛𝛺𝑐 is the index 𝛺2,4 for the
ctual pose reached by the PR. At 𝑡 = 11.46 s, the 𝑚𝑖𝑛𝛺𝑐 < 𝛺𝑙𝑖𝑚 verifies
hat the 3UPS+RPU PR reaches a Type II singularity, see Fig. 10. The

index 𝑚𝑖𝑛𝛺𝑐 detects the proximity to a Type II singularity at 𝑡 = 9.77 s,
.e., 1.69 s before the PR falls. Therefore, the 𝑚𝑖𝑛𝛺 is a feasible option
o prevent the PR from reaching a Type II singularity.

The admittance controller, complemented with the Type II singu-
arity avoidance algorithm, effectively completes the two experimental
hases without losing control. The execution of the complemented ad-
ittance controller during phase I and phase II are available in http://

oboprop.ai2.upv.es/admittance_with_evader_vf/ and http://roboprop.
i2.upv.es/admittance_with_evader_pierna_humana_vf/, respectively.

Fig. 11 shows the proximity detection to a Type II singularity based
n the 𝑚𝑖𝑛𝛺 for the complemented admittance controller during phase
I. The 𝑚𝑖𝑛𝛺𝑎 represents the angle 𝛺2,4 calculated for the trajectory
enerated by the admittance model. The 𝑚𝑖𝑛𝛺𝑐 represents the angle
𝛺2,4 calculated for the pose measured on the actual PR. In Fig. 11,
three periods arise where the patient tries to drive the PR to a Type
II singularity, and the complemented controller avoids that singularity.

Fig. 12 shows the moment around the 𝑍𝑓 measured during the
internal-external knee rotation in phase II. Fig. 12 indicates that no

discontinuities or sudden changes arise in the patient’s foot during the

http://roboprop.ai2.upv.es/admittance_without_evader
http://roboprop.ai2.upv.es/admittance_with_evader_vf/
http://roboprop.ai2.upv.es/admittance_with_evader_vf/
http://roboprop.ai2.upv.es/admittance_with_evader_vf/
http://roboprop.ai2.upv.es/admittance_with_evader_pierna_humana_vf/
http://roboprop.ai2.upv.es/admittance_with_evader_pierna_humana_vf/
http://roboprop.ai2.upv.es/admittance_with_evader_pierna_humana_vf/
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Fig. 12. Complemented admittance controller: Moment around 𝑍𝑓 .

Table 2
Performance of the complemented admittance controller.

Phase I Phase II

MAE (mm) 2.30 1.02
MAPE (%) 0.31 0.12
AVR (N) 3.42 3.83

three periods of Type II singularity avoidance. Note that during these
three periods of Type II singularity avoidance, the patient did not per-
ceive the deactivation of the admittance control. The non-perception of
the deactivation of the admittance control was qualitatively verified by
asking the patient. Therefore, the proposed complemented admittance
controller overcomes the limitation of the Type II singularities in PRs,
making it a safe option for knee rehabilitation.

The deviation from the prescribed trajectory due to Type II singu-
larity avoidance was quantified using the mean absolute error (MAE)
between the 𝑞𝑖𝑛𝑑𝑑 and 𝑞𝑖𝑛𝑑𝑎 . This deviation could also be represented by
the absolute percentage error (MAPE) between the same variables. If
𝑞𝑖𝑛𝑑𝑑 comes from the real-time Type II singularity avoidance algorithm
and 𝑞𝑖𝑛𝑑𝑎 is generated by the admittance model, the MAE and MAPE
are calculated as follows:

𝑀𝐴𝐸 = 1
𝑑𝑓

𝑑𝑓
∑

𝑖=1

{ 𝑛𝑡
∑

𝑘=1

(

1
𝑛

𝑛
∑

𝑗=ℎ

|

|

|

𝑞𝑖𝑛𝑑𝑎 (𝑖, 𝑗) − 𝑞𝑖𝑛𝑑𝑐 (𝑖, 𝑗)
|

|

|

)}

(16)

𝑀𝐴𝑃𝐸 = 100
𝑑𝑓

𝑑𝑓
∑

𝑖=1

{ 𝑛𝑡
∑

𝑘=1

(

1
𝑛

𝑛
∑

𝑗=ℎ

|

|

|

|

|

𝑞𝑖𝑛𝑑𝑎 (𝑖, 𝑗) − 𝑞𝑖𝑛𝑑𝑐 (𝑖, 𝑗)
𝑞𝑖𝑛𝑑𝑎 (𝑖, 𝑗)

|

|

|

|

|

)}

(17)

where 𝑛𝑡 is the number of periods of activation of the singularity
avoidance algorithm. 𝑛 is the number of samples in each 𝑘 period.
ℎ is the initial instant of each period of activation of the singularity
avoidance algorithm. 𝑖 and 𝑗 identify the actuator and the time instant
analysed, respectively.

The absence of discontinuities or sudden changes in forces applied
by the PR with the complemented admittance controller is verified
by absolute variation rate (AVR). The AVR calculates the average
instantaneous change between two subsequent time samples of the
control actions during the singularity avoidance periods, i.e.:

𝐴𝑉 𝑅 = 1
𝑑𝑓

𝑑𝑓
∑

𝑖=1

{ 𝑛𝑡
∑

𝑘=1

(

1
𝑛

𝑛
∑

𝑗=ℎ
|𝜏(𝑖, 𝑗) − 𝜏(𝑖, 𝑗 − 1)|

)}

(18)

Table 2 lists the MAE, MAPE, and AVR for the complemented
admittance controller during the two experimental phases. This table
shows that the deviation on the 𝑞𝑖𝑛𝑑𝑎 during a Type II singularity
voidance was lower than 2.5 mm (0.4%). The AVR during a Type II
9

Fig. 13. Complemented admittance controller: location tracking for the actuator on
limb 2.

singularity avoidance is lower than 5 N. This variation in the forces
exerted by the PR is negligible because during human walking the
leg could exert 500 N on average [36]. Thus, the proposed combined
admittance controller ensures a smooth behaviour of the 3UPS+RPU PR
with a minimum deviation of the rehabilitation trajectory. In this paper,
only the trajectories of the actuators on limbs 2 and 4 were modified
as they are responsible for the singular configuration (𝑚𝑖𝑛𝛺𝑐 = 𝛺2,4).
ig. 13 shows the location of the actuator on limb 2 during the exper-
ment in Phase II. The solid line 𝑞𝑎 represents the trajectory defined
y the admittance model. The dashed line 𝑞𝑑 represents the trajectory
enerated by the real-time singularity avoidance algorithm, and 𝑞𝑐 is
he actual location reached by the actuator. Fig. 13 indicates that the
ifference between 𝑞𝑑 and 𝑞𝑎 is less than 2.5 mm during the three
eriods of Type II singularity avoidance.

Ensuring the safety of patients with impaired limbs undergoing knee
ehabilitation requires a high-accuracy robotic system. One crucial fac-
or in achieving accuracy is the real-time Type II singularity avoidance
lgorithm, which relies on precise pose measurements of the PR. In this
tudy, we utilised a 3DTS for accurate measurement of the PR pose.
lthough a 3DTS may be costly for a single PR, it can accurately mea-
ure the location of multiple PRs simultaneously, thereby increasing the
roductivity of rehabilitation sessions. For instance, a physiotherapist
an supervise knee rehabilitation for a 4-DOF PR while another 3-DOF
R executes ankle rehabilitation.

. Conclusions

This research evaluated the performance of a conventional admit-
ance controller in a 3UPS+RPU PR designed for knee rehabilitation.

The experimental results showed that this controller cannot maintain
the stiffness required for the PR in the proximity of a Type II singularity,
making it unsafe for human–robot interaction. This limitation was
overcome by an admittance controller complemented with a real-time
singularity avoidance algorithm. The proposed complemented admit-
tance controller successfully provided complete control over the mobile
platform during an internal-external knee rotation performed by an
uninjured and unrestricted patient. The real-time singularity avoidance
algorithm required a maximum deviation of 2.5 mm in the joint space
trajectory to avoid a Type II singularity. The trajectory modification
was introduced in the actuators involved in the singular configuration,
identified by the 𝑚𝑖𝑛𝛺𝑐 .

The proposed singularity avoidance algorithm, combined with the
3DTS, solves the limitations of conventional admittance control and

provides a safe and effective option for rehabilitation based on PRs.
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While implementing a 3DTS for a single PR may be costly, it is able to
track the pose of several PRs simultaneously, increasing the efficiency
of the rehabilitation sessions. For non-hazardous applications, the pose
of the PR can be estimated via forward kinematics using actuator
feedback. Moreover, the avoidance algorithm remains the PR in non-
singular poses, enabling the combination of an admittance model with
a model-based controller without dynamic model degeneration.

In future work, the Type II singularity avoidance algorithm could be
modified to smooth further the deviation of the actuators responsible
for the singularity. Moreover, the complemented admittance controller
has only been implemented in a 3UPS+RPU PR. The proposed con-
roller will be tested in a 3RPS PR for ankle rehabilitation to verify the
dvantages provided by the admittance controller complemented with
he real-time singularity avoidance algorithm. Finally, the 3UPS+RPU

PR and the 3RPS PR could be analysed simultaneously to verify the
advantages of using a 3DTS in robotic rehabilitation.
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Appendix. Algorithm for avoiding Type II singularities

For the 3UPS+RPU PR, the complete process performed by the pro-
osed Type II singularity avoidance algorithm is described in Algorithm
. This algorithm verifies the feasibility of the possible modifications on
he trajectory for the actuators by using Algorithm 2. The parameters
f the Type II avoidance algorithm for the implementation on the
UPS+RPU PR are shown in Table A.1. In this case, the vectors ⃖⃖⃖⃖⃖⃖⃖⃖⃖⃗𝑚𝑎𝑥𝑞𝑖𝑛𝑑

and ⃖⃖⃖⃖⃖⃖⃖⃖⃗𝑚𝑖𝑛𝑞𝑖𝑛𝑑 define the limits for the feasible location of the linear
actuator of the PR. The vector 𝛼⃗𝑙𝑖𝑚 defines the maximum angle between
the mobile platform and the linear actuator in the three external limbs,
see Fig. 1a. The inputs required by the avoidance algorithm and the
outputs calculated by the same algorithm is shown in Table A.2.

For this case, the elements of ⃖⃖⃖⃖⃖⃖⃗𝑉 𝛺𝑎 and ⃖⃖⃖⃖⃖⃖⃗𝑉 𝛺𝑐 are sorted as
[

𝛺1,2 𝛺1,3
𝛺1,4 𝛺2,3 𝛺2,4 𝛺3,4

]𝑇 . The eight possible modifications of the two rows
f the 𝛥𝜄 are defined by the columns of the matrix 𝑀𝑎𝑣 as follows:

𝑎𝑣 =
[

1 −1 1 −1 1 −1 0 0
]

(A.1)
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1 −1 −1 1 0 0 1 −1
Algorithm 1: Type II singularity avoidance
initialization

𝛥𝜄 = 0⃗
𝑁𝑎𝑣 = number of columns of 𝑀𝑎𝑣

end
begin

𝑞𝑖𝑛𝑑𝑑 = 𝑞𝑖𝑛𝑑𝑎 + 𝜈𝑑 𝑡𝑠𝛥𝜄
Calculate ⃖⃖⃖⃖⃖⃖⃗𝑉 𝛺𝑎 using 𝑋⃗𝑎

Calculate ⃖⃖⃖⃖⃖⃖⃗𝑉 𝛺𝑐 using 𝑋⃗𝑐

𝑚𝑖𝑛𝛺𝑎 = minimum element in ⃖⃖⃖⃖⃖⃖⃗𝑉 𝛺𝑎

𝑚𝑖𝑛𝛺𝑐 = minimum element in ⃖⃖⃖⃖⃖⃖⃗𝑉 𝛺𝑐

𝑖𝑚𝑖𝑛𝛺𝑐 = row of minimum element in ⃖⃖⃖⃖⃖⃖⃗𝑉 𝛺𝑐
if 𝑚𝑖𝑛𝛺𝑐 < 𝛺𝑙𝑖𝑚 then

𝑖⃗𝑎𝑣 = row 𝑖𝑚𝑖𝑛𝛺𝑐 from 𝑀𝑝𝑎
⃖⃖⃖⃖⃖⃖⃗𝑉 𝛺𝑎𝑣 = FnFeasibility(𝑋⃗𝑐 , 𝑞𝑖𝑛𝑑𝑑 , 𝑀𝑎𝑣, 𝑁𝑎𝑣, 𝑖⃗𝑎𝑣)
𝑖𝑚𝑎𝑥 = row of maximum element of ⃖⃖⃖⃖⃖⃖⃗𝑉 𝛺𝑎𝑣

𝛥𝜄(𝑖⃗𝑎𝑣) = 𝛥𝜄(𝑖⃗𝑎𝑣) +𝑀𝑎𝑣(∶, 𝑖𝑚𝑎𝑥)
else if 𝑚𝑖𝑛𝛺𝑎 > 𝛺𝑙𝑖𝑚 AND 𝛥𝜄 ≠ 0⃗ then

𝑖⃗𝑟𝑒 = first row from 𝑀𝑝𝑎

𝑚𝑎𝑥𝛥 = summation of |𝛥𝜄(𝑖⃗𝑟𝑒)|
for 𝑘 = 2 to 6 do

𝑖⃗𝑎𝑢𝑥 = row 𝑘 from 𝑀𝑝𝑎

𝑎𝑚𝑎𝑥𝛥 = summation of |𝛥𝜄(𝑖⃗𝑎𝑢𝑥)|
if 𝑎𝑚𝑎𝑥𝛥 > 𝑚𝑎𝑥𝛥 then

𝑚𝑎𝑥𝛥 = 𝑎𝑚𝑎𝑥𝛥
𝑖⃗𝑟𝑒 = 𝑖⃗𝑎𝑢𝑥

end
end
𝑐 = 1
for 𝑘 = 1 to 𝑁𝑎𝑣 do

𝑎𝑚𝑎𝑥𝛥 = summation of |𝛥𝜄(𝑖⃗𝑟𝑒) +𝑀𝑎𝑣(∶, 𝑘)|
if 𝑎𝑚𝑎𝑥𝛥 < 𝑚𝑎𝑥𝛥 then

𝑀𝑟𝑒(1 ∶ 2, 𝑘) =𝑀𝑎𝑣(∶, 𝑐)
𝑐 + +

end
end
𝑁𝑟𝑒 = number of columns of 𝑀𝑟𝑒
⃖⃖⃖⃖⃖⃖⃗𝑉 𝛺𝑟𝑒 = FnFeasibility(𝑋⃗𝑐 , 𝑞𝑖𝑛𝑑𝑑 , 𝑀𝑟𝑒, 𝑁𝑟𝑒, 𝑖⃗𝑟𝑒)
𝑖𝑚𝑎𝑥 = row of maximum element of ⃖⃖⃖⃖⃖⃖⃗𝑉 𝛺𝑟𝑒

𝛥𝜄(𝑖⃗𝑟𝑒) = 𝛥𝜄(𝑖⃗𝑟𝑒) +𝑀𝑟𝑒(∶, 𝑖𝑚𝑎𝑥)
end
𝑞𝑖𝑛𝑑𝑑 = 𝑞𝑖𝑛𝑑𝑎 + 𝜈𝑑 𝑡𝑠𝛥𝜄
if 𝑚𝑖𝑛𝛺𝑎 > 𝛺𝑙𝑖𝑚 then

𝑒𝑥𝑡𝑝𝑖𝑛 = 1
else

𝑒𝑥𝑡𝑝𝑖𝑛 = 0
end

end

The possible combinations of pair of actuators are defined by the
rows in the matrix 𝑀𝑝𝑎:

𝑀𝑝𝑎 =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎣

1 2
1 3
1 4
2 3
2 4
3 4

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎦

(A.2)
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Algorithm 2: Feasibility of all possible modifications.

Function FnFeasibility(𝑋⃗𝑐 , 𝑞𝑖𝑛𝑑𝑑 , 𝑀𝑐ℎ, 𝑁𝑐ℎ, 𝑖⃗𝑐ℎ):
⃖⃖⃖⃖⃖⃖⃗𝑉 𝛺𝑐ℎ = zero vector of 𝑁𝑐ℎ rows
for 𝑘 = 1 to 𝑁𝑐ℎ do

𝑞𝑐ℎ = 𝑞𝑖𝑛𝑑𝑑
𝑞𝑐ℎ(𝑖⃗𝑐ℎ) = 𝑞𝑖𝑛𝑑𝑐ℎ (𝑖⃗𝑐ℎ) + 𝜈𝑑 𝑡𝑠𝑀𝑐ℎ(∶ 𝑘)
if ⃖⃖⃖⃖⃖⃖⃖⃖⃗𝑚𝑖𝑛𝑞𝑖𝑛𝑑 < 𝑞𝑐ℎ < ⃖⃖⃖⃖⃖⃖⃖⃖⃖⃗𝑚𝑎𝑥𝑞𝑖𝑛𝑑 then

𝑋⃗𝑐ℎ = solve the forward kinematics for 𝑞𝑐ℎ, with 𝑋⃗𝑐
as initial condition
𝛼⃗𝑐ℎ = Angle of spherical joints for 𝑋⃗𝑐ℎ
if 𝛼⃗𝑐ℎ < 𝛼⃗𝑙𝑖𝑚 then

⃖⃖⃖⃖⃖⃖⃗𝑉 𝛺𝑐ℎ(𝑘) = calculate the index 𝛺𝑖,𝑗 for 𝑋⃗𝑐ℎ with
𝑖, 𝑗 = 𝑖⃗𝑐ℎ

end
end

end
return ⃖⃖⃖⃖⃖⃖⃗𝑉 𝛺𝑐ℎ

end

Table A.1
Settings of the Type II singularity avoidance algorithm.

Variable Default Description

𝜈𝑑 0.01 Avoidance velocity in m/s
𝑡𝑠 0.01 Controller sample time in s
𝛺𝑙𝑖𝑚 2 Experimental limit for 𝛺𝑖,𝑗 in degrees

⃖⃖⃖⃖⃖⃖⃖⃖⃖⃗𝑚𝑎𝑥𝑞𝑖𝑛𝑑

⎡

⎢

⎢

⎢

⎢

⎣

0.93
0.92
0.93
0.82

⎤

⎥

⎥

⎥

⎥

⎦

Maximum feasible values for the actuators’ length in m

⃖⃖⃖⃖⃖⃖⃖⃖⃗𝑚𝑖𝑛𝑞𝑖𝑛𝑑

⎡

⎢

⎢

⎢

⎢

⎣

0.65
0.64
0.65
0.54

⎤

⎥

⎥

⎥

⎥

⎦

Minimum feasible values for the actuators’ length in m

𝛼⃗𝑙𝑖𝑚
⎡

⎢

⎢

⎣

38
38
38

⎤

⎥

⎥

⎦

Experimental limits for the spherical joints in degrees

Table A.2
Inputs and Outputs of the Type II singularity avoidance algorithm.

Inputs

Variable Description

𝑋⃗𝑎 Reference for configuration space. Calculated by the oututer
loop of the admittance controller

𝑋⃗𝑐 Position and orientation measured by the 3DTS, feedback signal

Outputs

𝑞𝑖𝑛𝑑𝑑 Singularity-free trajectory in joint space
𝑒𝑥𝑡𝑝𝑖𝑛 Indicator of non-singular 𝑋⃗𝑟
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