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Abstract

In a recent paper, a conformable fractional Newton-type method was proposed
for solving nonlinear equations. This method involves a lower computational cost
compared to other fractional iterative methods. Indeed, the theoretical order of con-
vergence is held in practice, and it presents a better numerical behaviour than
fractional Newton-type methods formerly proposed, even compared to classical
Newton-Raphson method. In this work, we design a generalization of this method for
solving nonlinear systems by using a new conformable fractional Jacobian matrix,
and a suitable conformable Taylor power series; and it is compared with classical
Newton’s scheme. The necessary concepts and results are stated in order to design
this method. Convergence analysis is made and a quadratic order of convergence is
obtained, as in classical Newton’s method. Numerical tests are made, and the Approx-
imated Computational Order of Convergence (ACOC) supports the theory. Also, the
proposed scheme shows good stability properties observed by means of convergence
planes.

b4 Giro Candelario
giro.candelario @intec.edu.do

Alicia Cordero
acordero@mat.upv.es

Juan R. Torregrosa
jrtorre @mat.upv.es

Maria P. Vassileva
maria.penkova@intec.edu.do

Area de Ciencias Basicas y Ambientales, Instituto Tecnoldgico de Santo Domingo, Avenida
de Los Proceres, Distrito Nacional, 10602, Santo Domingo, Dominican Republic

Instituto de Matematicas Multidisciplinar, Universitat Politecnica de Valencia, Cami de Vera,
s/n, 46022, Valencia, Spain

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s11075-022-01463-z&domain=pdf
mailto: giro.candelario@intec.edu.do
mailto: acordero@mat.upv.es
mailto: jrtorre@mat.upv.es
mailto: maria.penkova@intec.edu.do

1172 Numerical Algorithms (2023) 93:1171-1208

Keywords Nonlinear systems - Classical vectorial Newton’s method -
Conformable partial derivatives - Conformable fractional Jacobian matrix -
Conformable vectorial Newton’s method - Stability

1 Introduction

Fractional calculus is a generalization of classical calculus, and many properties from
this are held. Many problems in real life can be described by using mathematical
tools form fractional calculus, because of the higher degree of freedom compared to
classical calculus tools [1, 2].

In order to find the solution x € R of a nonlinear function f(x) = 0, where
f I € R — Ris a continuous function in / € R, some fractional Newton-type
methods for solving nonlinear equations were proposed in recent years by using the
Riemann-Liouville, Caputo and conformable fractional derivatives (see [3—5]). Our
goal is to design a conformable vectorial Newton-type method, and make a compari-
son with the classical vectorial Newton method in terms of convergence analysis and
numerical stability.

Let us firstly introduce some preliminary concepts related to scalar conformable
derivative. The left conformable fractional derivative of a function f : [a, 0c0) — R,
starting from a, of order @ € (0, 1], @, a, x € R, a < x, is defined as (see [11])

flx+e(x—a)l=) — fx)

&

(T, f)(x) = lim (1)
e—>0
If that limit exists, f is said to be a-differentiable. If f is differentiable, (TS f)(x) =
(x —a)!= f'(x). If f is a-differentiable in (a, b), for some b € R, (TG e =
lier(Tof f)(x). Itis also easy to see that 7./ C = 0, being C a constant.
X—a

The conformable fractional derivative is the most natural definition of fractional
derivatives and involves a low computational cost, because it does not require the
evaluation of special functions, such as Gamma or Mittag-Leffler functions.

Recently, a fractional Newton-type method by using conformable derivative has
been designed for solving nonlinear equations in [5] with the following iterative
expression:

1/a
xk+1=a+<(xk—a)“—aM> . k=0,1,2,... )
(T ) Cxie)
Where (77 f)(xy) is the left conformable fractional derivative of order o, o € (0, 1],
starting at @, a < xi, Vk. When @ = 1, the classical Newton-Raphson method is
obtained.
In [5], the quadratic convergence of this method by using a suitable conformable
Taylor series (see [6]) is stated by the next result.

Theorem 1 ([5]) Let f : I € R —> R be a continuous function in the interval

I € R containing the zero x of f(x). Let (TJ f)(x) be the conformable fractional
derivative of f (x) starting from a, with order «, for any a € (0, 1]. Let us suppose
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that (T f)(x) is continuous and not null at X. If an initial approximation xy is suffi-
ciently close to x, then the local order of convergence of the conformable fractional
Newton-type method

_ o fa \"7 B
Xk+1—ﬂ+(()€k—a) —O{W) s k_0,1,2,...

is at least 2, where 0 < o < 1, and the error equation is
qHza@—mwwﬂ%4WQ» 3)

1 (T HDX)
Jjlad =1 (T4 f) (%)

where Cj = forj=2,3,4,...

Remark 1 Tt can be shown that, by using the conformable product and chain rules
stated in [11], the asymptotic constant of the error equation can be expressed as (3)

a1 L (T4 )P @)
2o (T4 f)E)
_ a@—a) [(x — @) @) + (1 ) (F — a)l‘z"f/(i)]

a(X —a)* 'Cy = a(x —

20 (X —a)l=o f1(x)
1 1= 1 _
_rw 1-a
21 f'x) x—a
11—«
= 2 + - b (4)
2x—a
. 1 9@ o . .
beingc; = — — for j = 2,3,4, ..., which is the classical asymptotical error
R ONAS

constant. In this case, j = 2. It can also be proven that the error equation of iterative
scheme (2) by using the classical Taylor Series is:

11—«
ekl = (C2+5 >e,%+ 0(6,%). ®))

X—a

So, (4) and (5) show that error equation obtained by both Taylor series (the classical
one, and that provided in [6]) is the same.

Remark 2 As predicted by Traub, since conformable Newton-type method proposed
in [5] and the classical one have the same order of convergence, the asymptotical error
constant of conformable Newton-type method equals the asymptotical error constant
of classical one, plus some value described in [7] (Theorem 2-8).

In both error equations, (3) and (5), when o = 1, we obtain the error equation of
classical Newton’s method. In this work, we are going to use both Taylor series to
make the convergence analysis, in this case, for a vector valued function.

That method proposed in [5], as seen in Theorem 1, can be only used to solve
scalar nonlinear problems. In order to design a conformable vectorial Newton’s
method to find the solution x € R" of a nonlinear system F(x) = 6, with coordinate
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functions fi, ..., fu, where F : D € R" — R” is a sufficiently Fréchet-
differentiable function in an open convex set D, we have to state the existing concepts
and results which will be necessary.

First, for the analysis of the convergence of nonlinear systems by using the
classical Taylor Series, we can find in [8, 9] the following notation:

Definition 1 Let F : D C R" — R”" be sufficiently Fréchet-differentiable in

D. The gth derivative of F atu € R", g € N, g > 1, is the g-linear function

FD@w) : R" x --- x R* — R" such that F@ (u)(vy, ..., vg) € R" It can be

observed that:

1. FOWMO,..., vg—1, ) € L(R"), being L(IR") the space of linear mappings of
R" — R,

2. F(Q)(u)(vgl, ces Vo) = FDw)(vy, ..., vy), for any permutation o €
{1,...,q}.

From properties above, we can use the following notation:

l. FOW(vi,...,v9) =FPwu; v,
2. F(q)(u)vq_lF(”)(u)vl’ — F(q)(u)p(p)(u)qurp—l'

In [10], we can find a definition of conformable partial derivative as shown next:

Definition 2 Let f be a function in n variables, x1, ..., x,, the conformable partial
derivative of f of order o € (0, 1]in x; > a = 0 is defined as:

9
ox;"

)

l_
Fla ) = lim fn, oo xi+ex; % 0 xn) = fxr, ..., x)
TS0 €

In [10] is also defined the conformable Jacobian matrix as:
Definition 3 Let f, g be functions in 2 variables x and y, and their respective partial

derivatives exist and are continuous, where x > a; and y > a», beinga = (aj, a2) =
(0, 0) = 0, then the conformable Jacobian matrix is given by:

BB\ [ amadf i Of

FeO oy = ax® 9y | _ ax ay 7

@ = gug g - @)
9x® 0y“ dx dy

This can be directly extended to higher dimensions and, as it will be seen in the
next section, a can be considered not null.
Another necessary concept, the Hadamard product, can be found in [12]:

Definition 4 Let A = (a;j)mxn and B = (b;j)mxn be m x n matrices. The Hadamard
product is defined by A © B = (a;jbij)mxn-
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Remark 3 An analogous concept to Hadamard product is the Hadamard power,
where A" = AQAQ®---O A, beingr € R.
—_—

r times

In next section, the new concepts and results needed to design a vectorial
conformable Newton-type method are stated.

In this manuscript, the design and convergence analysis of the proposed method
are made in Section 3, the numerical tests and numerical stability are discussed in
Section 4, and the conclusions are given in Section 5.

2 New concepts and results

Regarding that, in (6), x; € (0, 00), we can define the conformable partial derivative
in x; € (a, oo) as follows:

Definition S Let f be a function in n variables, x1, ..., x,, the conformable partial
derivative of f of order 0 < @ < 1 in x; € (a, 0o) is defined as
0% Xl xi el —a)Y L x) — F(xL, ... x
aaf(xl,...,xn)Zlimf(l i+ (l ) n) f(l n).
8xl. e—=0 €
(8)
% T )
Inthecase x; =a, — f(x1,...,a,...,x,) = lim ——f(x1,...,%Xi,...,Xn).
i I S n) vt 9x 1 i n

This derivative is linear, and the product, quotient and chain rules are satisfied,
likewise to conformable derivative given in [11]. In next result, a relation between
classical partial derivative and conformable partial derivative is stated:

Theorem 2 Let f be a differentiable function in n variables, xi, ..., x,, x; > a,
then,
: l—«a 9
X)) = —a) T — f(x1, . Xn). ©)
0x; o0x;

Proof Leth = e(x; —a)' ™, and € = h(x; —a)*~!, we have

ag[ f(.x )C):hm f(-xl7"'axi+h9-~'9-xn)_f(x17'--9-xn)
ax oo dn h—0 h(x; —a)*!
_ (x._a)l—a lim f(-xls"'sxi+h7-~'7xn)_f(-xl""7xn)
- h—0 h
d
=(—a) T —f(x1, ..., xn).
Bxi
O]

We can also define the conformable Jacobian matrix for x; € (a;, o0) and x, €
(ap, 00), where x = (x1, xp) and a = (ay, ap):
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Definition 6 Let f and g be coordinate functions of a vector valued function
F : R2 — R2? in variables x; > a; and x, > ap, where x = (x1,x2) and
a = (a1, az), such that their respective partial derivatives exist and are continuous.
Then, the conformable Jacobian matrix is given by

ax f 9% f 9 P
alo{ aza (x1 _al)lia_f (x2_a2)1701_f
FeO = | 20| = o 2 1. 10)
’ Oa8 dus (1 — a2 (- az)]f"‘a—g
axy  x§ 0xy dx2

This can be directly extended to higher dimensions.

To analyze the convergence of nonlinear systems by using a conformable Taylor
Series, we can use the following notation analogous to Definition 1:

Definition 7 Let F : D € R" — R” be sufficiently a-differentiable in D. The

gth conformable derivative of F at u € R" is the a(q)-linear function F&? (u) :

R" x - -- x R" —> R” such that F*P w)(vy, .. ., vg) € R". Tt can be observed that:

1. F,f‘(q)(u)(vl, oo Vg1, ) € LR™), being L(R") the space of linear mappings
of R" — R”".

2. Ff(q)(u)(vol,...,vgq) = Ff(q)(u)(vl,...,vq), for any permutation o €
{1,...,q}.

From properties above, we can use the following notation:
L FYP i, ..., v = FSP W), - v,
2. FX(Q) (M)Uq_l Fg([’) (M)Up — F;X(q) (M)F:,x(p) (u)vq+p—1 .

To define a conformable Taylor series for a vector valued function, we proceed in
a similar way as in Theorem 4.1 from [11].

Theorem 3 Let us suppose that F : R" — R" is an infinitely a-differentiable
vector valued function, for some a € (0, 1], around a point ty € R"™. Then, F has the
conformable Taylor power series

> FE® (1) (1 — 1)k

_ fo
Fiy=>Y_ e : (1)
k=0
where F,‘;‘(k) (to) means the mapping of conformable derivative k times.

Proof Let F(t) = Ko + K{(t — 1) + K2(t — 10)** 4+ K3(t — 10)>* + - - -. Then,
F (1)) = Kp.

If we map the conformable derivative once to F, and then we evaluate at 7y, we
FXW (19)

obtain F,f)l(l)(to) = Kja,s0, K| =

@ Springer



Numerical Algorithms (2023) 93:1171-1208 1177

If we map the conformable derivative twice to F, and then we evaluate at ¢y, we

F, (2) [1
obtain F,‘Z(z) (o) = 2K2a2, so, Ky = IOZ—Z(O). Proceeding by induction, we have
o
Fig " ()
K, = "(’WT neN. (12)
So, (11) is obtained. O]

Thus, F(¢) in (11) may be written as

Fa (1) Fa® (1)
L —10)* + "’270 —10)* +...

As it may be seen, the conformable derivatives start at ¢y, which is the value where
derivatives are being also evaluated. This is a problem to be avoided in order to define
a conformable Newton-type iterative method.

Proceeding as in [6] (Theorem 4.1), we can obtain a new Taylor series by
using Theorem 3 , where the conformable derivatives start at some point a =
(ai,...,a,) € R" different from another point b = (by, ..., b,) € R" where they
are evaluated:

F(t) = F(to) +

fo
o

Theorem 4 Let F : R" — R" be an infinitely o-differentiable vector valued
function, for some a € (0, 1], around a point b; € (a;,o0), Vi = 1,...,n, where
a=(ay,...,ap) € R"and b = (by,...,b,) € R". Then, F has the conformable
Taylor power series
a(l) a(2)
Fay=Foy+ 2 Ppy fo Opay (13)
o 22

where A = HO* — L% H =t —a, L = b — a, being © the Hadamard power.

Proof Let us denote by tp = a in (11),

Fa(l) Foz(Z)
F(t)=F(a)+aT(a)(t—a)“—i-asz(a)(t—a)za+-~- (14)
Evaluating (14) at b,
a(l) a(2)
F(b) = F(a) + w(z} —a)* + %(l) —a) 4. (15)
isolating F(a), we get
Fg(l) Fg(z)
F(a) = F(b) — %(b —a)* — T,Z(a)(b —a)® — ... (16)

If we map the conformable derivative once and twice to F, starting at a, we obtain,
respectively,

F¢?(a) F¢%(a)

FO @)y = F*O @) — L (b —a)* - 2—2(1; —a)*— ... a7
o 07
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and

Fe® Fo®
Fe@ (q) = Fe@ ) — Lo . (a) b —a) — azaz(a)

Replacing all derivatives evaluated at a in (14), with all derivatives evaluated at b in
(16), (17) and (18) we obtain (13), which can be written as

b-—a)®—... (18)

a(l)
F@t) = Fb) + F“T(b) [(t =) — (b —a)®"]

FE9®%
ET;)[(t—a)Q“—(b—a)G“]2+---,
FePw F&2 o
s PO FPO) o
202
and the proof is finished. U

Remark 4 With these expressions, we can write the Taylor power series expansion

of F around the solution X, being the conformable Jacobian matrix Fj; (1)()2) not
singular, as shown next:

oz
F (x(k)> _ R ® [A FOAT+CA 4 CpA”] +0 (e(k)pH) . (19)
o

where A = HO — [0 H = x® —q L =x —a,e® = x® — x and being © the
—1
[P ®] FC®. =2

Hadamard power, C1 =1, C; = 1
qlad—

Remark 5 By using Definition 7, Theorem 2 and Hadamard power, we obtain

Fe (o) = (x —a)® " F'(v), (20)
and
F*Da@) = lim (x —a)®T"9F'(x), (1)
x—at
respectively, for a vector valued function F, being F’(x) the classical Jacobian
matrix. Note that, in (21) x — a% means that x; — al.+, Vi = 1,...,n, where
x=(x1,...,xy) € R"anda = (ay, ...,a,) € R".

Moreover, in order to make the convergence analysis of our main proposal, another
concept must be introduced.

Theorem 5 Let x,y € R", r € R, and be © the Hadamard power/product. The
Newton’s binomial theorem for vector values and fractional power is given by

o0
@+ =) <Z>x®<f—k> ©y%*, ke{0}UN, (22)
k=0
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being the generalized binomial coefficient (see [13])

N TG+
<k>_k!1"(r—k+l)’ ke {0 uN. 3)

Proof Since Hadamard power/product is an element-wise power/product, the proof
is analogous to classical one. [

In next section, we deduce the conformable Newton-type method for solving
nonlinear systems.
3 Design and convergence analysis

As we proceeded in [5], let us regard the approximation of function F' through the
Taylor power series (13) up to order one evaluated at the solution x, as follows:

o) i
F(x) ~ F(X) + “—(X)A. (24)
(07
AsF(x)=0,and A = HO — [®%. H =x —aq,L =% —a,
o) i
F(x) ~ ) [(x —a)®¥ — (& — a)®?]. (25)
[07
—1
Multiplying both sides of (25), by « [Ff(])(i)] from the left,
—1
o[FEO®] Fo~ -0 - G- o). (26)
From (¥ — a)®%, we isolate X, so
_1 @1/0{
Txa+ ((x —a)% _g [Fg“”()a] F(x)) . 27)

Regarding iterates x© and x*+1) are approximations of solution X, we obtain the
conformable Newton-type method for nonlinear systems:
Ou -1 Ol/a
D a+[(x(k) _ a) . [Fg(l) (xuc))] F (x(k)):| k=0.1,2,...
(28)
Next, convergence analysis of conformable Newton-type method (28) is made by
using the conformable Taylor series (13), and the classical one.

In next result, the quadratic convergence of vectorial Newton-type method (28) by
using the conformable Taylor series (13) is proven.

Theorem 6 Let FF : D C R" — R" be a continuous function in an open convex
set D C R" holding a zero x € R" of a vector valued function F(x). Let Ff(l)(x)
be the conformable Jacobian matrix of F starting at a € R", of order «, for any
o € (0, 1]. Let us suppose that Ff(l)(x) is continuous and not singular at x. If an
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initial approximation x© € R" is sufficiently close to X, then the local order of
convergence of conformable vectorial Newton’s method

Ou 1 Ol/a
D a+[(x<k) _ a) _a [F;j‘(“ (x(k))] F (x(k)):| Ck=0.1.2,...

is at least 2, and the error equation is

D = aCy(F — )@ Ve 4 0 (), 29)

being Cj = [F;f“)(;z)] FCO ), j=2,3,4, ..., suchthata < x®, V.

jlai—1

Proof By using Definition 7, Theorem 4, and regarding x® = ¢® + %, the
conformable Taylor power series expansion of F(x) around x is

Fot(l) -
F() = OO T a4 o (o)
o

a(l) - o
) [((x —a +e(k)>® — (& —a)@“>

o

+C ((x —a+ e<k>)®“ — (- a)®“>2} +0 (),

= [EO®] K@ =254
Jla

Using Theorem 5 (22) and (23), and considering the Hadamard powers (Definition 4
and Remark 3),

F <x(k)) - %)(i) [(a(i _ a)G(a—l)) RO

+ (%(oe —D@E —a)®? + 2 Co(x - a)®(2a72)> e(k)z]—i-O (e(k)3) .

Regarding (20), and using again Definition 7 and Theorem 5, the conformable
Jacobian matrix of F (x®) can be expressed as

being C; =

a(l) -
a0 (x0) = fa (9 (o + (202C2% = )P D) @] + 0 (V7).
o

-1
We can set the Taylor power series expansion of [F,f M (x(k))] as

[Fe ()] = [11 + x2e<k>] o[Fe0@®] "+ 0 (0?)
a o a ?
—1
being X, an unknown variable such that [Ff(l) (x(k))] e (x(k)) =1, so,

(Z(ng()E — @)®@=D 4 ozX2> e® = 0.

Solving for X»,
Xy = =20 — @)@V,
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So,

[Fa® ()c("))]_l - [éH (—202G-a)®@ ) e<k>} o [F;j‘(”()z)]_1 +0 (%),

Thus,

a[p:jl(l) (x(lo)] 1 ((k)) (a(x a)@(ot—l)) o®)

+ («2Ca(f — @)=

- %(a — DGE = @)®@2) 07 1 0 (07).
Then,
k O by (0] k 2 20-2) (k)2
(x( )‘“) —« [Fa“( : (x( )>] F (x( )) = (F—a)* +a’Cr(k—a)®** Pe®
+0 (e(k)3>.
Using once again Theorem 5,
o -1 ol/a )
|:(x(k)—a> —a [Fg(l) (x(k))] F (x(k)>] =i—a+aCy(x—a)®@ D
+0 (e(k)3).

Letx(k-H) — e(k-H) + X,
_ _ _ _ 2 3
D fx=a4+xi—a+aCiE —a)®@ Pe® 4 0 (e(k) ) .
Finally,
- 2 3
e D = 4 Cr(x — a)®@De®” 4 0 <e(k) ) .

And this completes the proof. U

As in (4), it can be shown that, by using the product and chain rules, and
considering (20), in error (29),

1
aCh(X — a)@(otfl) =+ E(1 —a)(x — a)@(*l)’

1 _ .
being ¢; = — [F'(0)] ! FU(x) for j =2,3,4, ..., which is the classical asymp-
j!

totical error constant for a vector valued function F, and F’ is the classical Jacobian
matrix. For this case, j = 2.

In next result, the quadratic convergence of conformable Newton-type method (28)
by using the the classical Taylor series can be proven:

Corollary 1 Let F : D € R" — R" be a continuous function in an open convex
set D C R" holding a zero x € R" of a vector valued function F(x). Let Ff(])(x)
be the conformable Jacobian matrix of F starting at a € R", of order «, for any
o € (0, 1]. Let us suppose that Ff(l)(x) is continuous and not singular at x. If an
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initial approximation x© € R" is sufficiently close to X, then the local order of
convergence of conformable vectorial Newton’s method

Ou -1 Ol/a
kD — g [(x(k) _ a) _a [Fg“) (xuc))] F (x(k))j| k=012, ...

is at least 2, and the error equation is

1
kD — <02 + 5(1 — ) — a)e(—1)> e(k)2 L0 (e(k)3) ’ (30)

1 o
being ¢j = E [F'(®)] FO®) for j =2,3,4, ..., such thata < x®, Vk.

Remark 6 1t is confirmed that error equations given in (29) and (30) are the same.

In next section, some numerical tests with some nonlinear systems of equations
are made. We remark that, in all tests, a comparison with classical Newton-Raphson’s
method (when o = 1) is made. Also, the dependence on initial estimates of both
methods is analyzed by using the convergence plane.

4 Numerical results

The following tests have been made by using MATLAB R2020a with double pre-
cision arithmetic, ||F(x*TD)|| < 1078 or [x**D — x®| < 1078 as stopping
criterium, and at most 500 iterations. For each test, we use a = (ay,...,a,) =
(=10, ..., —10) to ensure that @; < x;, Vi = 1, ..., n, according to Definitions 5
and 6, and a < x®, Vk, according to Theorem 6 and Corollary 1. We also use the
Approximated Computational Order of Convergence (ACOC)

(x40 — x®/x® — xEDy

ACOC = ,
In(lx® — xED /&0 = xE2)

k=0,1,2,...,

defined in [14], to check the theoretical order of convergence is obtained in practice.
To make a comparison to each of all test vector valued functions, we have used the
same initial estimation for each table, and o € (0, 1].

From each table, two figures with error curves are provided in order to visualize
the error committed (||x ®T1D — x®)||) versus number of iterations for different values
of «; firstly, it is shown a figure for all the able values of «, then, it is shown a figure
for some values of « in order to distinguish each curve from others. In the latter case,
the curves chosen correspond to values of o with fewer iterations, or to an arbitrary
choice when the number of iterations is the same. For each case, the corresponding
curve to « = 1 is always chosen if possible to visualize both methods, the classical
one (when o = 1) and the proposed in this paper, in the same figure.

Our first test vector valued function is Fi(x, y) = (x2—2x —y+40.5, xz—i—4y2 T
with real and complex roots x; ~ (—0.2222, 0.9938)7, X, & (1.9007, 0.3112)7 and
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Table 1 Results for Fi(x, y) = 0 with initial estimation x© = (=2, —1.5)7

a X | F (x®+Dy) lx®FD — xRy Tter ACOC
1 - - - > 500 -

0.9 X 5.40 x 10~ 1 5.86 x 107 54 2.00
0.8 i3 9.77 x 107 7.87 x 1073 86 2.00
0.7 X3 227 x 10714 475 x 1078 36 1.98
0.6 X 2.95 x 10710 1.16 x 1073 23 2.05
0.5 b 409 x 10715 2.13x 10°8 200 1.98
0.4 X 7.12 x 10715 438 x 1078 114 2.04
0.3 X 494 x 10710 1.79 x 1073 35 2.03
0.2 5 1.16 x 10714 6.76 x 1078 21 1.98
0.1 i 2.16 x 10710 1.08 x 1073 39 2.06

%3 ~ (1.1608 — 0.6545i, —0.9025 — 0.2104i)T. The conformable Jacobian matrix of

Fi(x,y)is

FAO (x,y) = (

being a = (a, az) = (—10, —10).

(x —a)'7%(2x)

(x—a)!=*@2x—-2) (y - 02)1_“(—1))
(y—a)'=*@8y) )’

In Table 1, we observe for Fi(x, y) that classical Newton’s method (when o = 1)
does not find any solution in 500 iterations, whereas conformable vectorial Newton’s
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Fig. 1 Error curves of Fi(x, y) for all values of « from Table 1
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Fig.2 Error curves of Fi(x, y) for some values of o from Table 1

procedure converges. We can also observe that ACOC may be even slightly greater
than 2 when o # 1. We have to remark that a complex root is found with real initial
estimate and different values of o« when conformable vectorial Newton’s method is
used. In Figs. 1 and 2, error curve for classical Newton’s procedure (when o = 1)
is not provided because no solution was found in this case, whereas we can see that
error curves stop erratic behaviour in later iterations.

In Table 2, we can see for F1(x, y) with a different initial estimation that, classi-
cal vectorial Newton’s scheme and conformable vectorial Newton’s method have a

Table 2 Results for Fj(x, y) = 0 with initial estimation x© = (2,157

o X | F &y la®HD — Gy Iter ACOC
1 X1 8.31 x 10~ 11 7.29 x 107° 5 2.00
0.9 X1 5.94 x 1071 6.15 x 107° 5 2.00
0.8 X 421 x 1071 5.17 x 107° 5 2.00
0.7 ¥ 2.97 x 10711 433 x 1076 5 2.00
0.6 X1 2.09 x 10~ 3.62 x 107° 5 2.00
0.5 X1 1.45 x 10~ 3.01 x 107° 5 2.00
0.4 X 1.01 x 1071 249 x 107° 5 2.00
0.3 ¥ 6.97 x 10712 2.06 x 107° 5 2.00
0.2 X1 4.80 x 10712 1.69 x 107° 5 2.00
0.1 X1 3.30 x 10712 1.39 x 107° 5 2.00
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Table 3 Results for F>(x, y) = 0 with initial estimation x© = (2, —=2.5)7

o X | F(x &40y la D — xRy Tter ACOC
1 X3 7.60 x 10712 232 x 107° 6 2.00
0.9 X3 5.21 x 10712 1.92 x 107° 6 2.00
0.8 X3 3.54 x 10712 1.59 x 107° 6 2.00
0.7 X3 238 x 10712 1.31 x 107° 6 2.00
0.6 X3 1.58 x 10712 1.07 x 107° 6 2.00
0.5 X3 1.04 x 10~12 8.69 x 1077 6 2.00
0.4 X3 6.73 x 10713 7.03 x 107 6 2.00
0.3 X3 435 x 10713 5.65 x 1077 6 2.00
0.2 X3 271 x 10713 4.51 x 1077 6 2.00
0.1 X3 1.82 x 10713 3.58 x 1077 6 2.00

similar behaviour as to amount of iterations and ACOC. Again, the quadratic conver-
gence of conformable Newton’s method is held, for all @ € (0, 1]. In Figs. 3 and 4,
erratic behaviour is not observed, due to errors decrease with each iteration.

The second test vector valued function is F>(x, y) = (x24+y%2—1,x2—y2—1/2)T

with real roots ¥ = (ﬁ/z, 1/2)T,;z2 - (-ﬁ/z, 1/2)T, %= (ﬁ/z, —1/2)T
and x4 = (—\/3/2, —1/2>T. The conformable Jacobian matrix of F(x, y) is
l—a -«
FeO (e y) = ((x —ap!TQ2x) (v —a2)' " @2y) ) ’
e 200V = @ apten) (- a) = (-2y)

being a = (a1, az) = (—10, —10).
It can be seen in Tables 3 and 4 for F,(x, y) that classical Newton’s method
and conformable vectorial Newton’s scheme have a similar behaviour as in amount

Table4 Results for Fp(x, y) = 0 with initial estimation x© = 2,257

o X | F &y la®HD — Gy Iter ACOC
1 X1 7.60 x 10712 232 % 107° 6 2.00
0.9 X1 9.98 x 10712 2.65 x 107° 6 2.00
0.8 X 1.30 x 10~ 3.02 x 107° 6 2.00
0.7 ¥ 1.70 x 10~ 3.44 x 107° 6 2.00
0.6 X1 220 x 1071 391 x 107° 6 2.00
0.5 X1 2.84 x 1071 443 x 107° 6 2.00
0.4 X 3.65 x 10711 5.01 x 107° 6 2.00
0.3 ¥ 4.67 x 10711 5.66 x 107° 6 2.00
0.2 X1 5.96 x 1071 6.37 x 107° 6 2.00
0.1 X1 7.57 x 1071 7.16 x 107° 6 2.00
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Table 5 Results for F3(x, y) = 0 with initial estimation x©@ = (2.5, —0.5)7

o X | F (x &40y la D — ) Tter ACOC
1 X2 1.03 x 10713 6.18 x 1077 6 2.04
0.9 X2 451 x 10714 3.94 x 1077 6 2.04
0.8 ) 1.29 x 10714 232 x 1077 6 2.04
0.7 X2 7.62 x 1071 1.23 x 1077 6 2.04
0.6 X2 3.79 x 10~1 5.67 x 1078 6 2.04
0.5 X 4.67 x 10715 212 x 1078 6 2.05
0.4 ) 7.53 x 1072 1.69 x 10~* 5 2.03
0.3 X2 3.93 x 1079 8.25 x 1073 5 2.07
0.2 X2 131 x 107° 3.51 x 1073 5 2.09
0.1 b 1.75 x 10710 225 x 107 5 1.94

of iterations as in ACOC. Figures 5, 6, 7 and 8 show that erratic behaviour is not
observed, because errors are decreasing with iterations.

Our third test vector valued function is F3(x, y) = xr—x-— y2 —1,—sinx +
y)T with real roots x| &~ (—0.8453, —0.7481)7 and x, ~ (1.9529,0.9279)7. The
conformable Jacobian matrix of F3(x, y) is

(x—ap=@@x -1 (y - az)l_“(—2Y)>

(1) —
R = (o) o et

10% w x w ;

100
= 10%¢
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JERTind
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Fig.9 Error curves of F3(x, y) for all values of « from Table 5
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Fig. 10 Error curves of F3(x, y) for some values of « from Table 5

being a = (aj, az) = (—10, —10).

We can see in Table 5 for F3(x, y) that conformable vectorial Newton’s procedure
requires less iterations than classical Newton’s method for lower values of «. It can
also be observed that ACOC may be slightly greater than 2 for lower values of «. In
Figs. 9 and 10, errors are decreasing in each iteration.

In Table 6, we can see for F3(x, y) that conformable vectorial and classical New-
ton’s method require the same amount of iterations, and ACOC is around 2 in all
cases. Again, the errors are decreasing in each iteration in Figs. 11 and 12.

Table6 Results for F3(x, y) = 0 with initial estimation x©@ = (2.5, 0.5)7

o X | F &y la kD — )y Iter ACOC
1 X2 8.80 x 1014 3.40 x 1077 4 1.88
0.9 b 1.26 x 10713 3.89 x 1077 4 1.87
0.8 X2 1.58 x 10~13 442 x 1077 4 1.87
0.7 X 1.94 x 10713 5.00 x 1077 4 1.87
0.6 X2 2.47 x 1013 5.63 x 1077 4 1.87
0.5 X 3.07 x 10713 6.33 x 1077 4 1.87
0.4 X2 3.85 x 10713 7.09 x 1077 4 1.87
0.3 b 4.81 x 10713 7.92 x 1077 4 1.87
0.2 X2 5.81 x 10713 8.82 x 1077 4 1.87
0.1 X 7.15 x 10713 9.80 x 1077 4 1.87
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Table 7 Results for F4(x, y) = 0 with initial estimation x©@ = (=2.5, —3.5)7

o X | F(x &40y la D — xRy Tter ACOC
1 X1 232 x 1071 5.88 x 107? 7 2.00
0.9 X 6.04 x 107° 7.83 x 1073 6 1.99
0.8 X1 1.57 x 107° 403 x 1072 6 1.99
0.7 X 429 x 10710 212 x 1073 6 1.99
0.6 X1 1.29 x 10710 1.17 x 1073 6 1.99
0.5 X1 462 x 1071 7.07 x 107° 6 1.99
0.4 X1 2.18 x 1071 490 x 1076 6 1.99
0.3 X 1.52 x 10~ 4.12 x 107® 6 1.99
0.2 X1 1.72 x 1071 441 x 1070 6 1.99
0.1 X1 3.30 x 10711 6.15 x 107° 6 1.98

The fourth test vector valued function is F4(x, y) = (x2+y>—4, e*+y—1)T with
real roots ¥| ~ (—1.8163, 0.8374)7 and ¥, ~ (1.0042, —1.7296)7 . The conformable
Jacobian matrix of F4(x, y) is

(x —a)'=*2x) (y —a)'7*(2y) )
(x —ap)!=) (y—ant=@q) )’

being a = (aj, az) = (—10, —10).

FeO, (x,y) = (
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Fig. 13 Error curves of F4(x, y) for all values of « from Table 7
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Fig. 14 Error curves of F4(x, y) for some values of « from Table 7

We observe in Table 7 for F4(x, y) that again, conformable vectorial Newton’s

scheme requires less iterations than classical Newton’s method for all values of «. It
can also be seen that ACOC is around 2. We can see in Figs. 13 and 14 that errors are
decreasing with iterations.

In Table 8, we observe for Fy4(x, y) that conformable vectorial and classical New-

ton’s method require the same amount of iterations, and ACOC is around 2. Again,

the errors are decreasing with iterations in Figs. 15 and 16.

Table8 Results for F4(x, y) = 0 with initial estimation x©@ = (=2.5,3.5)T

o X | F &y la D — Gy Iter ACOC
1 X1 4.09 x 107° 6.39 x 1073 5 2.00
0.9 X1 2.86 x 107° 538 x 1077 5 2.00
0.8 X 1.99 x 107° 453 x 1073 5 1.99
0.7 1 1.38 x 107° 3.81 x 1073 5 1.99
0.6 X1 9.58 x 10710 3.20 x 1073 5 1.99
0.5 X 6.64 x 10710 2.68 x 1073 5 1.99
0.4 X1 4.60 x 10710 225 x 107 5 1.99
0.3 ¥ 3.19 x 10710 1.89 x 1073 5 1.98
0.2 X1 221 x 10710 1.58 x 1072 5 1.98
0.1 X 1.54 x 10710 1.33 x 1072 5 1.98
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1195

Table9 Results for Fs(x) = 0 with initial estimation x©@ = (1.5, ..., —1.5)7
o X | F (x &40y la D — ) Tter ACOC
1 X 1.02 x 10~10 5.08 x 10~ 1 5 2.00
0.9 X 8.55 x 10~ 427 x 1071 5 2.00
0.8 X1 7.18 x 1071 3.59 x 10~ 5 2.00
0.7 X 6.01 x 10~ 3.01 x 1011 5 2.00
0.6 X 5.02 x 10~ 1 2.51 x 1071 5 2.00
0.5 X 4.17 x 1071 2.09 x 1071 5 2.00
0.4 X 3.47 x 1071 1.73 x 10711 5 2.00
0.3 X 2.87 x 1071 1.43 x 1071 5 2.00
0.2 X 2.36 x 1071 1.18 x 10~ 1 5 2.00
0.1 X 1.93 x 10~ 9.69 x 10~12 5 2.00

Our fifth test vector valued function is F5(x) = (f1(x), ..., f15(x))T, being x =
(x1,...,x15)T and f; :R" — R,i = 1,2, ..., 14, 15, such that

fikx) = xixir1—1, i=1,2,...,13,14
S15(x) = xi5x1 — 1,

with real roots x; = (—1,...,—1T and ¥, = (1,..., DT. The conformable

Jacobian matrix of F5(x) is

Table 10 Results for F5(x) = 0 with initial estimation x© = (2.5, ...,2.5)7

FAO (x) =

X1,1 X1.2
0 x22 x23 O

0
X15,1

0 x14,14 X14,15

...... 0

X15,15

o X | F &ty la®HD — Gy Iter ACOC
1 X2 2.60 x 10~ 1.30 x 1071 6 2.00
0.9 X 3.38 x 10711 1.69 x 10711 6 2.00
0.8 ) 438 x 1071 2.19 x 10~ 6 2.00
0.7 b 5.65 x 10711 2.83 x 10711 6 2.00
0.6 X2 7.26 x 10~ 1 3.63 x 10711 6 2.00
0.5 X 9.28 x 1071 4.64 x 10711 6 2.00
0.4 X2 1.18 x 10710 591 x 10~ 6 2.00
0.3 b 1.50 x 10710 7.49 x 1011 6 2.00
0.2 X2 1.89 x 10710 9.47 x 10~11 6 2.00
0.1 X 238 x 10710 1.19 x 10710 6 2.00
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Fig. 17 Error curves of Fs(x) for all values of o from Table 9
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Fig. 19 Error curves of Fs(x) for all values of o from Table 10
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Fig.20 Error curves of Fs5(x) for some values of o from Table 10
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Table 11 Results for Fg(x) = 0 with initial estimation x©@ = (2, ..., 2)7

o X | F (x®+Dy) lx®FD — xRy Tter ACOC
1 X 2.86 x 10~10 2.53 x 10711 20 2.00
0.9 - - - > 500 -
0.8 X2 330 x 1078 3.10 x 1079 7 1.99
0.7 X3 1.40 x 10713 5.62 x 1071 9 2.07
0.6 X3 1.66 x 10710 1.17 x 1071 9 2.01
0.5 X5 6.67 x 1078 470 x 107° 7 2.03
0.4 X6 1.44 x 1078 1.35 x 107° 9 2.00
0.3 X6 240 x 1011 225 x 10712 7 2.00
0.2 X7 1.87 x 10713 2.81 x 10~ 9 1.79
0.1 X7 1.87 x 10713 0 8 1.99
where

X1 = (x1 —an' ™ (x)
X1 = (2 —a)' "¥(xy)
X202 = (x2 —az)' " (x3)
X253 = (x3 —a3)' ¥ (x2)
X414 = (x14 —a14)' "% (x15)
X415 = (x15 — a15)' % (x14)
X151 = (x1 —a)' ¥ (x1s)
Xis.15 = (x15 — a15) 7 (xy),

beinga = (al, e ,a15) = (—10, ey —10).

It can be observed in Tables 9 and 10 for F5(x) that classical Newton’s method
and conformable vectorial Newton’s scheme have a similar behaviour as in amount
of iterations as in ACOC. We can see that Figs. 17, 18, 19 and 20 show that errors
are decreasing with iterations, so, erratic behaviour is not observed.

The sixth test vector valued function is Fg(x) = (fi(x), ..., fio(x))!, where
x=@x1,...,xi0)7 and f; :R* — R,i=1,2,...,9, 10, such that

filx)=x; —1.5sin(x; +x2+---+x0+x10—%), i=12,...,9,10,

with real roots ¥} ~ (—=0.9691, ..., —0.9691)T, %, ~ (—0.7569, ..., —0.7569)7,
X3~ (—0.3248, ..., -0.3248)T, x4 = (0,...,0)T, ¥s ~ (0.3248, ...,0.3248)T,
X6 ~ (0.7569, ...,0.7569)T and x7 = (0.9691, ...,0.9691)7. The conformable
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Table 12 Results for Fg(x) = 0 with initial estimation x©@ = (3, ..., 3)7

o X | F (x®+Dy) lx®FD — xRy Tter ACOC
1 - - - > 500 -

0.9 - - - > 500 -

0.8 X7 6.04 x 10714 0 43 1.99
0.7 - - - - -

0.6 X7 444 x 1071 3.93 x 10712 9 2.00
0.5 X 2.81 x 10713 0 44 1.99
0.4 s 2.15x 1071 1.50 x 10712 38 2.00
0.3 X6 6.77 x 1079 6.36 x 10710 30 2.00
0.2 - - - > 500 -

0.1 x4 7.63 x 1078 6.11 x 107° 12 2.62

Jacobian matrix of Fg(x) is

X110 X1,2 eee eee e X1,9 X1,10

X210 X222 -e oo e X2,9 X2,10
Feg) = :

X9,1 X922 -vv oen e X9,9 X9,10

X10,1 X10,2 «-+ «-+ -+ - X10,9 X10,10

where

X1 = (x1 —a)' ™)

X12 = (x2 — ) 7% (=1.5¢cos(x] + x2 + - - - + X9 + x10 — x2))
X1.9 = (x9 — a9)' "*(—1.5cos(x; + x2 + -+ + X9 + X10 — X9))
X110 = (x10 — a10)' " (= 1.5 cos(xy + x2 + - -+ + X9 + x10 — X10))
X201 = (x1 —a)' " (=1.5c0s(x1 +x2 + - - - + x9 + X109 — X1))

x22 = (x2 —a2)' (1)

X2.9 = (x9 — a9)' "*(—1.5cos(x; + x2 + -+ + X9 + X10 — X9))
x2.10 = (x10 — a10)' (= 1.5 cos(x1 + x2 + - -+ + X9 + x10 — X10))
x0.1 = (x1 —a)' T (=1.5¢c0s(x1 +x2 + - - - + x9 + X109 — x1))
X0 = (2 — a2)' "*(=1.5cos(x) + x2 + -+ + x9 + X10 — X2))

x9.9 = (x9 —ag)' (1)

x9.10 = (x10 — a10)' (= 1.5 cos(x1 + x2 + - - + X9 + x10 — X10))
X101 = (x1 —a))' ¥ (=1.5cos(x1 +x2 + - - + X9 + x10 — X1))
X102 = (2 — a2)' ¥ (=15 cos(x1 + x2 + -+ + Xo + X10 — X2))
X100 = (x9 — a9)' "*(=1.5cos(x1 +x2 + - - + X9 + X109 — X9))

x10.10 = (x10 — a10)' (1),

being a = (ai, ..., ain) = (—10,..., —10).
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Fig.21 Error curves of Fg(x) for all values of o from Table 11
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@ Springer



Numerical Algorithms (2023) 93:1171-1208

1201
102 T T T T T T T T
00F Vsl ]
102F 1
=
= 10%F E
|
7
e -6 [ | 4
R |
10'8 3 “‘ a=0.1 “‘ E
| a=03 w‘
| a=04 '
10 | a=0.5
1077 ¢ | a=06 3
E | a=0.8 F
10-12 1 1 1 1 L L L L
5 10 15 20 25 30 35 40 45
Iterations

Fig. 23 Error curves of Fg(x) for all values of o from Table 12

We can see in Table 11 for Fg(x) that conformable vectorial Newton’s procedure
requires, in general, much less iterations than classical Newton’s method. It can also
be observed that ACOC may be slightly greater than 2. In Figs. 21 and 22, we can
see that error curves stop erratic behaviour in later iterations.

In Table 12, we can observe for Fg(x) that classical Newton’s method does not
find any solution in 500 iterations, whereas conformable one converges for most of
values of «. We can see that ACOC is around two, but much greater than 2 when
a = 0.1. No results are shown when o = 0.7 because conformable Jacobian matrix
becomes singular. Again, in Figs. 23 and 24, we can observe that error curves stop
erratic behaviour in later iterations.

In Tables 11 and 12, some errors are zero because double precision arithmetic is

used. A value very close to zero could be observed if a variable precision arithmetic
be used.

4.1 Numerical stability

In this section, we study the stability of conformable vectorial Newton’s method
tested above. In that sense, we analyze the dependence on initial estimates by means
of convergence planes, which is defined in [15], and used in [3-5]. Only two dimen-

sions can be visualized in convergence planes, so we are going to provide them for
vector valued functions Fi, F,, F3 and Fjy.
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Fig. 24 Error curves of Fg(x) for some values of o from Table 12

For the construction of convergence planes, we consider from initial estimates
(x0, ¥0), the points xo in horizontal axis, and values of a € (0, 1] in vertical axis.
Each one of 8 planes in each figure is representing a different value of yg from initial
estimates (xo, yo). Each color represents a different solution found, and it is painted
in black when no solution is found after 500 iterations. Each plane is made with a
400 x 400 grid, with a maximum of 500 iterations, and tolerance 0.001.

In Fig. 25, we can see for Fi(x, y) that in (e), (), (g) and (h) almost 100% of
convergence is obtained, whereas in (a), (b), (c) and (d) it is obtained around 86% of
convergence. For each case, this method converges to all roots, even to complex root
with real initial estimate.

In Fig. 26, for F»(x, y) almost 100% of convergence is obtained for each plane. In
(a), (b), (c) and (d) this method converges to 2 of 4 roots, and in (e), (f), (g) and (h)
this method converges to the other 2 roots.

In Fig. 27, for F3(x, y) we can observe that between 77% and 98% of convergence
is obtained. For each plane, this method converges to both real roots.

In Fig. 28, for F4(x, y) we can see that 100% of convergence is obtained in some
cases, and almost in other cases. For (a), (b), (c), (d) and (e) this method converges
to both real roots, and for (f), (g) and (h) converges to one root.

We can also observe, in general, it is possible to find several solutions with the
same initial estimate by choosing distinct values for .
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(c) yo = —1.5, 85.99% of (d) yo = —0.5, 86.61% of
convergence convergence

(e) 5o = 0.5, 99.66% of (f) yo = 1.5, 99.62% of
convergence convergence

() yo = 2.5, 99.68% of (h) 5o = 3.5, 99.60% of
convergence convergence

Fig. 25 Convergence planes of Fj(x, y). X1: green, X5: red, x3: blue
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Fig. 26 Convergence planes of F>(x, y). X1: red, X2: green, X3: blue, X4:yellow
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Fig.27 Convergence planes of F3(x, y). X;: red, X»: blue
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Fig. 28 Convergence planes of F4(x, y). X1: green, X»: blue
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5 Conclusion

In this work, the first conformable fractional Newton-type iterative scheme for solv-
ing nonlinear systems was designed. Also, we have introduced all the analytical
tools required to construct this method. The convergence analysis was made, and
the quadratic convergence is held as in classical Newton’s method for nonlinear sys-
tems. It was concluded that, by using the conformable Taylor series introduced in this
work, and the classical one, the same error equation is obtained in both versions (the
conformable scalar method in [5], and the conformable vectorial method proposed in
this work). Numerical tests were made, error curves were provided, and the depen-
dence on initial estimates was analyzed, supporting the theory. We could observe
that the conformable vectorial Newton-type method presents, in some cases, a better
numerical behaviour than classical one in terms of amount of iterations, ACOC, and
wideness of basins of attractions of the roots. We also could observe that complex
roots may be obtained with real initial estimates, and several roots may be obtained
with the same initial estimate by choosing different values of «.
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