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Resumen

El desarrollo tecnolégico en la creacion de trayectorias que permitan navega-
cion libre de colisiones de Vehiculos Auténomos (AVs) ha sido un objetivo
constante de estudio debido a su fuerte interés cientifico y tecnolégico en las
ultimas tres décadas. Las diferentes clases de AVs, ya sean Vehiculos Aéreos
no Tripulados (UAVs), Vehiculos Terrestres no Tripulados (UGVs) o Vehiculos
Submarinos no Tripulados (UUVs), fomentan el desarrollo e implementacion
de trayectorias en el espacio tridimensional (3D). Un grupo especial de tec-
nologia UAV esté caracterizado por su ala fija, lo cual destaca caracteristicas
particulares en los AVs, debido a las restricciones no-holonémicas (un sistema
que se describe mediante un conjunto de pardmetros sujetos a restricciones
diferenciales que no permiten que un vehiculo se mueva de forma instantanea
en cualquier direccion). En este sentido, las trayectorias navegables para estos
UAVs no deben ser construidas como un conjunto de lineas rectas y circulos
como en la gran mayoria de planificadores basados en primitivas, ya que no
se garantiza una continuidad en su curvatura. Por lo tanto, las trayectorias
construidas para esta rama tecnolégica deben ser resueltas considerando las
diferentes restricciones de maniobrabilidad del UAV, ademas de criterios de
continuidad de curvas (el problema de continuidad se refiere principalmente a
la continuidad geométrica, en términos de continuidad tangencial o de curva-
tura), suavidad en las curvas (una curva es suave si sus derivadas son continuas
en el intervalo definido) y la seguridad en el vuelo (el control de seguridad ga-
rantiza que una trayectoria suave esté suficientemente lejos de los obstéaculos).
Finalmente, la cinematica del movimiento de los vehiculos es otro factor que
debe ser considerado mientras se suavizan las trayectorias.
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El presente trabajo esté enfocado en la creacion de trayectorias navegables en el
espacio 3D, para UAVs de caracteristicas no-holonémicas. La principal dificul-
tad al solventar este problema se debe a la movilidad de esta clase de UAVs,
pues se ven obligados a avanzar sin la posibilidad de detenerse a través de
trayectorias 3D, realizando curvas con curvaturas limitadas (una méxima ca-
pacidad de giro a una velocidad definida). En consecuencia, se han desarrollado
las herramientas necesarias para proporcionar una completa caracterizacién de
trayectorias 6ptimas (con un radio de giro limitado) para UAVs que se mueven
en el espacio 3D a una velocidad constante.

Esta tesis se centra en la generacién de caminos con trayectorias navegables
en el espacio Euclideo 3D, que contenga curvas con curvatura continua, con-
siderando de esta manera las restricciones cinemaéticas de los UAVs. Por tal
motivo el objetivo principal es el desarrollo de la matematica necesaria para
definir curvas clotoides en el espacio tridimensional, de modo que puedan ser
utilizadas como primitivas en la generaciéon de trayectorias. Finalmente, cul-
minado el desarrollo de esta herramienta béasica, y en funcién de los obstaculos
del entorno, se puede completar una planificacién y replanificacién activa de
movimientos.

Para complementar la investigacion, la verificacion de las herramientas de pla-
nificacion de trayectorias y del sistema, se han realizado simulaciones con la
ayuda del entorno de desarrollo integrado (IDE) Matlab. De la misma forma,
se ha preparado una plataforma de simulacién de vuelo, tomando las virtudes
del simulador de vuelo FlightGear 2018, y el modelo dindmico del avion de ala
fija con restricciones no-holonémicas (Kadett 2400). En cuanto a la generacion
de trayectorias 3D, se han desarrollado simulaciones off-line, donde las acciones
de control que debe ejecutar el avidén para que siga la trayectoria calculada son
definidas por: acceleraciéon, brusquedad de curvatura y brusquedad de torsion.

Por dltimo, el enfoque de revision bibliografica presente en este documento se
ha centrado en trabajos realizados que buscan cumplir con las tareas de plani-
ficacion de trayectorias, planificaciéon de movimiento y construccién de curvas
suaves para AVs. Se ha tenido un especial cuidado en las metodologias usadas,
la variedad de técnicas, ademas de las ventajas y desventajas presentadas a lo
largo de la revision literaria.
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Abstract

The technological development in the creation of trajectories that allow collision-
free navigation of Autonomous Vehicles (AVs) has been a continuous target
of study due to its strong scientific and technological interest in the last
three decades. Different classes of AVs, whether, Unmanned Aerial Vehicles
(UAVs), Unmanned Ground Vehicles (UGVs) or Unmanned Underwater Vehi-
cles (UUVs), encourage the development and implementation of paths in three-
dimensional (3D) space. A special group of UAV technology is characterized
by its fixed wing, which emphasizes particular characteristics in UAVs, due to
non-holonomic constraints (a system that is described by a set of parameters
subject to differential constraints that do not allow a vehicle to move instanta-
neously in any direction). In this sense, navigable paths for these UAVs should
not be built as a set of straight lines and circles as in the vast majority of
primitive-based planners, since no continuity in their curvature is guaranteed.
Therefore, the paths built for this technology branch must be solved consi-
dering the different maneuverability constraints of the UAV, in addition to
curve continuity criteria (the continuity problem refers mainly to geometric
continuity, in terms of tangential or curvature continuity), curve smoothness
(a curve is smooth if its derivatives are continuous in the defined interval) and
flight safety (safety control ensures that a smooth path is sufficiently far away
from obstacles). Finally, the kinematics of vehicle motion is another factor to
be considered while smoothing paths.

This thesis work is focused on the creation of navigable paths in 3D space for
UAVs with non-holonomic characteristics. The main difficulty in solving this
problem is due to the mobility of this kind of UAVs, since they are forced to
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move without the possibility of stopping through 3D paths, performing curves
with limited curvatures (a maximum turning capacity at a defined speed).
Consequently, the needed tools have been developed to provide a complete
characterization of optimal paths (with a limited turning radius) for UAVs
moving in the 3D plane at a constant velocity.

This thesis focuses on the generation of paths with navigable trajectories in 3D
Euclidean space, containing curves with continuous curvature, thus considering
the kinematic constraints of UAVs. Therefore, the main aim is the development
of the necessary mathematics to define clothoid curves in the three-dimensional
space, so that they can be used as primitives in the generation of paths. Finally,
once the development of this basic tool has been completed, and depending
on the obstacles in the environment, an active planning and replanning of
movements can be completed.

To complement the research, the verification of the path planning tools and
the system, simulations have been performed with the help of the integrated
development environment (IDE) Matlab. In the same way, a flight simulation
platform has been prepared, taking the virtues of the FlightGear 2018 flight si-
mulator, and the dynamic model of the fixed-wing aircraft with non-holonomic
constraints (Kadett 2400). Regarding the generation of 3D paths, off-line si-
mulations have been developed, where the control actions to be executed by
the aircraft to follow the calculated path are defined by: acceleration, curvature
sharpness and torsion sharpness.

Finally, the literature review approach presented in this document has focu-
sed on works that address the tasks of path planning, motion planning and
construction of smooth curves for AVs. Special care has been taken in the
methodologies used, the variety of techniques, in addition to the advantages
and disadvantages presented throughout the literature review.




Resum

El desenvolupament tecnologic en la creacié de trajectories que permeten na-
vegacio lliure de col-lisions de Vehicles Autonoms (AVs) ha estat un objectiu
constant d’estudi a causa del seu fort interés cientific i tecnologic en les tltimes
tres décades. Les diferents classes d’AVs, ja siguen Vehicles Aeris no Tripulats
(UAVs), Vehicles Terrestres no Tripulats (UGVs) o Vehicles Submarins no Tri-
pulats (UUVs), fomenten el desenvolupament i la implementacié de trajectories
a l’espai tridimensional (3D). Un grup especial de tecnologia UAV esta carac-
teritzat per la seua ala fixa, cosa que destaca caracteristiques particulars en
els AVs, a causa de les restriccions no-holondomiques (un sistema que es descriu
mitjancant un conjunt de parametres subjectes a restriccions diferencials que
no permeten que un vehicle es menege de forma instantania en qualsevol direc-
ci6). En aquest sentit, les trajectories navegables per a aquests UAVs no han de
ser construides com un conjunt de linies rectes i cercles com a la gran majoria
de planificadors basats en primitives, ja que no es garanteix una continuitat en
la seua curvatura. Per tant, les trajectories construides per a aquesta branca
tecnologica han de ser resoltes considerant les diferents restriccions de manio-
brabilitat de 'UAV, a més de criteris de continuitat de corbes (el problema
de continuitat es refereix principalment a la continuitat geométrica, en termes
de continuitat tangencial o de curvatura), suavitat a les corbes (una corba és
suau si les seves derivades son continues en l'interval definit) i la seguretat en
el vol (el control de seguretat garanteix que una trajectoria suau estiga prou
lluny dels obstacles). Finalment, la cinematica del moviment dels vehicles és
un altre factor que cal considerar mentre se suavitzen les trajectories.
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Aquest treball esta enfocat a la creacié de trajectories navegables a ’espai 3D,
per a UAVs de caracteristiques no-holonomiques. La principal dificultat en so-
lucionar aquest problema es deu a la mobilitat d’aquesta classe de UAVSs, ja que
es veuen obligats a avancar sense la possibilitat d’aturar-se a través de trajec-
tories 3D, fent corbes amb curvatures limitades (una maxima capacitat de gir
a una velocitat definida). En conseqiiéncia, s’han desenvolupat les ferramentes
necessaries per proporcionar una completa caracteritzacidé de trajectories op-
times (amb un radi de gir limitat) per a UAVs que es mouen al pla 3D a una
velocitat constant.

Aquesta tesi se centra en la generacié de camins amb trajectories navegables
a 'espai Euclidia 3D, que continguen corbes amb curvatura continua, conside-
rant aixi les restriccions cinematiques dels UAVs. Per aquest motiu, 'objectiu
principal és el desenvolupament de la matematica necessaria per definir corbes
clotoides a l’espai tridimensional, de manera que puguen ser utilitzades com a
primitives en la generaci6 de trajectories. Finalment, culminat el desenvolupa-
ment d’aquesta ferramenta basica, i en funcié dels obstacles de ’entorn, es pot
completar una planificacié i una replanificacié activa de moviments.

Per complementar la investigacio, la verificacié de les ferramentes de planifica-
ci6 de trajectories i del sistema, s’han fet simulacions amb I’ajuda de I’entorn
de desenvolupament integrat (IDE) Matlab. De la mateixa manera, s’ha pre-
parat una plataforma de simulacié de vol, prenent les virtuts del simulador de
vol FlightGear 2018 i el model dindmic de I'avié d’ala fixa amb restriccions no-
holonomiques (Kadett 2400). Pel que fa a la generacié de trajectories 3D, s’han
desenvolupat simulacions off-line, on les accions de control que ha d’executar
I’avié perqué seguisca la trajectoria calculada sén definides per: acceleracio,
brusquedat de curvatura i brusquedat de torsio.

Finalment, ’enfocament de revisié bibliografica present en aquest document
s’ha centrat en treballs realitzats que busquen complir les tasques de planifica-
ci6 de trajectoria, planificacié6 de moviment i construccié de corbes suaus per
a AVs. S’ha tingut una cura especial en les metodologies usades, la varietat de
técniques, a més dels avantatges i desavantatges presentats al llarg de la revisié
literaria.
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Capitulo 1

Introducciéon

Resumen: FEste primer capitulo tiene como objetivo realizar
un resumen introductorio acerca de las principales ideas de la tesis,
la cual ha sido desarrollada dentro del marco de la planificacion y
navegacion en vehiculos autdnomos AVs. En este sentido, con el
proposito de hacer un acercamiento hacta la motiwacion del tema
de tesis, se ha realizado un breve resumen sobre la relevancia en el
estudio actual de la tecnologia de los AVs y su impacto economi-
co. En la siguiente instancia se describen los objetivos alcanzados
durante el transcurso del trabajo de tesis, para finalmente concluir
con la descripcion de la estructura general del documento de tesis.



Capitulo 1. Introduccion

1.1 Motivacion

Los Vehiculos Autonomos (AV, del acronimo Autonomous Vehicles), por déca-
das han tenido como objetivo el reemplazar a los pilotos humanos en diversas
misiones, facilitando de esta manera el desenvolvimiento cotidiano en diferen-
tes tareas. Diversos autores presentan un conjunto importante de desarrollo en
las diferentes tecnologias de los AVs, ya sean Vehiculos Terrestres Auténomos
(UGV, del acréonimo Unmanned Ground Vehicle) como se destaca en Wang
y col. 2009, De forma similar los trabajos realizados por Gafurov y Klochkov
2015; Wynn y col. 2014} Phillips y col. 2017 se enfocan en Vehiculos Sub-
marinos Auténomos (AUV, del acronimo Autonomous Underwater Vehicle) y,
finalmente, en vehiculos Aéreos no Tripulados (UAV, del acronimo Unmanned
Aerial Vehicle) los avances son trascendentes como se destaca en Stocker y col.
2017; Gupta, Ghonge y Jawandhiya 2013; Carrio y col. 2017, La constante
evolucién y desarrollo tecnologico contintia en busca de mejoras, por lo que el
estudio de los AVs es cada vez més profundo, sin importar las soluciones que
se van presentando sobre determinados problemas.

En este sentido, un objetivo de estudio dentro de la tecnologia de los AVs,
se enfoca en la reduccion de accidentes ya sean terrestres, marinos o aéreos
como se describe en Claesson y col. 2017 Giese, Carr y Chahl [2013; Asim,
Ehsan y Rafique |2005. En consecuencia, un AV tiene que poseer la capacidad
de escoger entre minimizar el dano propio o el de los pasajeros. Por lo tanto, en
funcién de las tareas que han sido asignadas a determinado AV, para brindar
apoyo en la toma de decisiones se debe implementar una base algoritmica
apropiada sobre tal tecnologia.

Por otra parte, Bonnefon, Shariff y Rahwan [2016| afirman que un AV no re-
quiere ninguna intervencién humana (o tal vez minima) durante su mision, ya
sea civil, segin Zhou y Zang [2007; Maza. I Caballero. F y A 2011, o militar
de acuerdo con Anderson y col. 2008; Pinkney, Hampel y DiPierro [1996. Por
lo que, a partir del estudio realizado por Yang y col. 2017, se puede definir
su autonomia como la capacidad de un sistema para sensar, transmitir infor-
macién, planificar y tomar decisiones. Por ello, el objetivo de la autonomia
es facultar al vehiculo a obrar segun algin criterio y con independencia. En
especifico en esta tesis, los criterios a cumplir se enfocan en: seguir, planificar
y encontrar trayectorias desde un punto inicial hasta otro punto final denomi-
nado meta. Esto significa un reto desafiante dentro del campo de los AVs. Sin
embargo, a diferencia de la planificacion en 2D, segiin Kavraki y LaValle 2016}
lNlari y Torras 1990, las dificultades aumentan exponencialmente al considerar
las restricciones cinematicas, tal como se describe en Cai, Zhang y Zheng 2017,



1.2 Objetivos

y més atin sobre entornos espaciales 3D como se destaca en Carsten, Ferguson
y Stentz 2000; Yang y col. |2016.

El presente trabajo de tesis se enfoca en el estudio, desarrollo y generaciéon de
trayectorias suaves continuas. Diversos autores han abordado esta problema-
tica, como se describe en Yang y Sukkarieh |2008a; Ravankar y col. 2018, No
obstante, esta tesis se basa en curvas clotoidales o espirales de Cornu, concep-
tos detallados por Boissonnat, Cerezo y Leblond 1994 Meek y Walton 2004a),
quienes garantizan la aeronavegabilidad para UAVs que se desplazan en el es-
pacio de trabajo Euclideo 3D. Otros autores como Frego [2022; Blasi y col.
2023| se enfocan en el estudio y desarrollo de curvas clotoidales tridimensiona-
les. Sin embargo, esta tesis busca alcanzar una adecuada transiciéon con curvas
clotoidales hasta construir nuevas trayectorias navegables por UAVs de ala fija,
que poseen restricciones con caracteristicas no-holonémicas como las descritas
en Girbés, Armesto y Tornero 2014} Marzbani y col. 2015a. Por otra parte,
en la literatura existe una gran variedad de trabajos, en los que se aborda el
problema de generacién de trayectorias suaves, como se describe en Ho y Liu
2009; Neto, Macharet y Campos 2013; Huh y Chang|2014; Fraichard y Scheuer
2004b|. No obstante, la base metodolégica adoptada para la resoluciéon en plani-
ficacién y navegacion 3D sigue siendo objeto de estudio en la actualidad, como
se destaca en Ravankar y col. 2018

Finalmente, la gran demanda de estudio, desarrollo e investigacion en el campo
de los UAVs, se debe a su alto impacto econémico. Por ejemplo, en los Estados
Unidos de Norteamérica (EE.UU.), se hace una importante inversion econémica
cada afio, superando los 13.6 mil millones de délares, beneficio que se pronostica
hasta el anio 2025 y que, ademés, se prevé un incremento de 100,000 puestos
de trabajo con un futuro impacto econémico de $82 mil millones de dolares,
como se menciona en Jenkins y Vasigh 2013

1.2 Objetivos

El principal objetivo para el desarrollo de la tesis se ha centrado en el estudio y
generacion de la matematica necesaria para definir una nueva trayectoria en el
espacio tridimensional, denominada Trayectoria 3D basada en Clotoide (Cb3D,
del acronimo Clothoid based 3D curve), de modo que pueda ser utilizada como
primitiva en la generacién de trayectorias. A continuacion, se describen otros
objetivos planteados y alcanzados durante el desarrollo de la tesis:
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= Inferir y comparar el rendimiento de Cb3D con otras herramientas de
planificacion espacial (spline, espirales cubicas, curvas Bézier, Rational
Bézier, etc.).

» Aproximar la trayectoria Clotoide 3D (C3D, del acréonimo Clothoid 3D)
mediante Rational Bézier, para lograr un rendimiento en tiempo real.

» Implementar plataformas de simulacién de vuelo para la generacién de
trayectorias 3D, para Vehiculos Aéreos no Tripulados (UAV) con restric-
ciones no-holonémicas.

= Implementar metodologias de trayectorias suaves para el movimiento con-
tinuo de Vehiculos Aéreos no Tripulados UAVs de ala fija, teniendo en
cuenta limitaciones como la curvatura factible de vuelo y minima distan-
cia.

= Establecer una metodologia de planificaciéon de trayectoria suave basada
en curvas clotoidales 3D con curvatura y torsién no nula.

» Extender el concepto de trayectoria de Doble Curvatura Continua (DCC,
del acréonimo Double Continuous Curvature) del espacio 2D al 3D, to-
mando como punto de partida el concepto de la curva Cb3D.

= Implementar la trayectoria de Doble Curvatura Continua (DCC3D, del
acronimo Double Continuous Curvature 3D Curve) como una herramienta
de planificacion de trayectorias que permita alcanzar una configuracion
arbitraria en posicién y orientacion en el espacio Euclideo 3D.

Dentro del desarrollo de la tesis, la etapa cero ubicada en el centro de la Fi-
gura presenta el aporte més significativo, el cual propone y completa la
matematica para la generacion de Curvas 3D basadas en Clotoides (Cb3D). El
analisis matematico ha sido usado como primitiva en la generaciéon de trayecto-
rias suaves. Las siguientes etapas son el complemento del desarrollo de la tesis,
donde se han realizado diferentes estudios sobre los que se han implementado
simulaciones, obteniendo resultados, y a través de ellos se han determinado
diversas conclusiones.



1.8 Estructura de la Tesis

Estudio
Comparativo de
Curvas en el

Simulacion

de vuelo para
Generacion

de trayectorias
3D

Espacio vs
Ch3D

Planificacion
de clotoides Desarrollo

3D con curvatura matematico
y torsién nula Cb3D

Movimiento
continuo de Concepto

vehiculos aéreos BiElementaryPath3D
no tripulados UAVs

Figura 1.1: Fases de trabajo realizadas durante la tesis.

1.3 Estructura de la Tesis

El presente documento de tesis contiene un resumen de las 4 publicaciones
realizadas durante su desarrollo, las cuales exponen los resultados alcanzados
como parte de este estudio de doctorado.

A continuacion, se presenta un resumen del material compilado en este docu-
mento, que se encuentra organizado en 2 grandes partes. En la primera parte
se presenta un estudio del estado del arte, enfocado en la definiciéon de curvas
suaves en el espacio Euclideo.

» En el capitulo [ se describe la base matematica, ademas de diversas ca-
racteristicas de un conjunto de diferentes curvas en el espacio, realizando
un enfoque especial sobre las curvas Clotoides 2D y Clotoides 3D.

En la segunda parte del documento de tesis se detallan las publicaciones resul-
tantes del trabajo, resumido en 4 capitulos, en lo cuales se describen los dife-
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rentes conceptos aportados a lo largo de la investigacion, siendo: Trayectoria
3D basada en Clotoide (Cb3D), Trayectoria Elemental 3D basada en Clotoide
(ECb3D), Trayectoria 3D de Doble Curvatura Continua basada en Clotoide
(DCC3D) y la aplicacion de estos conceptos en la generacion de trayectorias
aeronavegables. A continuacion, se realiza una descripcion de las contribuciones
publicadas en cada trabajo y como se relacionan entre ellas. Adicionalmente,
se presentan las conclusiones finales y los posibles trabajos futuros en relacién
a esta tesis.

= El capitulo [3] busca realizar una primera aproximaciéon hacia las trayec-
torias suaves, para lo cual se ha tomado como punto de partida la base
metodologica de las curvas clotoidales 3D (C3D), aproximadas median-
te curvas Bézier-Racional (curva muy estudiada dentro de la matematica
Euclidea). El resultado es aprovechado como una curva de transicion para
un planificador de vuelo suave 3D. El objetivo del estudio ha sido enfo-
cado en la definicién de las caracteristicas méas relevantes, asi como los

alcances de la C3D.

» En el capitulo[d] se describe la solucién analitica matematica de una nue-
va curva en el espacio, definida como Trayectoria 3D basada en Clotoides
(Cb3D). Esta curva proporciona diferentes propiedades como escalabi-
lidad, simetria, suavidad y monotonicidad. Dichas propiedades la hacen
adecuada para resolver el problema de Planificacion de trayectorias suaves
en el espacio 3D.

= FEn el capitulo[5] se presenta una nueva trayectoria suave 3D denominada
Trayectoria Elemental 3D basada en Clotoide (ECb3D), que usa como
primitiva la trayectoria Cb3D, explota sus propiedades y permite hacer
una concatenacion sin pérdida de continuidad con valores acotados en
curvatura y torsion.

» En el capitulo[0] se alcanza un objetivo adicional no incluido en los capi-
tulos anteriores, puesto que las trayectorias suaves propuestas sélo llegan
a una orientacién objetivo en un espacio de trabajo 3D. En este capitu-
lo se describe una nueva trayectoria suave que consigue llegar al mismo
tiempo a una posiciéon y orientaciéon 3D. Esta tarea ha sido completa-
da al definir la nueva trayectoria, denominada Trayectoria 3D de Doble
Curvatura Continua basada en Clotoide (DCC3D).

= El capitulo [7] presenta las conclusiones finales del trabajo desarrollado a
lo largo de la tesis, para asi finalizar mencionando los posibles trabajos
futuros sobre el estudio abordado.



1.8 Estructura de la Tesis

Finalmente, se presenta una seccién adicional donde se describen 2 anexos,
necesarios para completar la descripciéon y entendimiento de la tesis.

= Con objetivo de aclarar los diferentes conceptos mateméticos propuestos
durante el trabajo de investigacion, en el Anexo [A]se describen propieda-
des, teoremas y demostraciones que complementan las contribuciones de
la tesis.

= Dado que se han realizado simulaciones y experimentos de vuelo explo-
rando las capacidades del modelo UAV Kadett 2400, el Anexo [B] inicia
realizando un breve resumen de la tecnologia del modelo UAV, hasta
finalizar con la descripcién cinematica y dinamica del UAV.
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Capitulo 2

Curvas en el espacio y su
aproximacion a trayectorias
suaves

Resumen: Este capitulo realiza un breve estudio matemdtico
y metodoldgico en la construccion de diversas curvas en el espacio.
En especial, se ha enfocado en la definicion de las curvas Clotoides,
sus caracteristicas y alcances. En especifico, el objetivo es definir el
punto de partida y las bases para el posterior desarrollo del trabajo
de tesis. Finalmente, se describe de forma breve el acercamiento
hacia la generacion de trayectorias de curvatura continua, a partir
de las curvas suaves.
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2.1 Introduccion

Hace aproximadamente 3.000 anos los griegos comenzaron a buscar explicacio-
nes racionales a fenémenos naturales y sentaron las bases de la geometria y la
aritmética. En ese ambito de las matematicas destacaron diversos personajes
historicos como Pitagoras (c. 569 a. C. - c¢. 475 a. C.), Euclides (ca. 325 a. C. -
ca. 265 a. C.) o Diofanto, Galois(1811 - 1832), matematicos como Fermat (1601
- 1665), Euler (1707 - 1783), Lagrange (1736 - 1813) o Gauss (1777 - 1855), sin
dejar atras a Téano, la primera mujer matemaética de la historia (y esposa de
Pitagoras).

En especifico, el estudio matematico de las curvas se remonta a los trabajos de
la antigua Grecia, donde se resolvieron cuestiones de lo que en la actualidad se
conocen como curvas algebraicas, siendo ejemplo de éstas, las curvas conicas,
la curva cisoide de Diocles, la curva concoide de Nicomedes, entre otras; cur-
vas estudiadas de forma amplia por Cordero, Fernandez y Gray [1995; Gémez
y Torres 20006.

Alexander y Koeberlein [2014] describen la curva inicialmente estudiada en geo-
metria elemental. De forma similar, Kiihnel 2015| detalla de forma rigurosa
la curva en geometria diferencial, la que se define como una linea continua de
una dimensién y que varia de direcciéon paulatinamente. Ejemplos sencillos de
curvas cerradas simples son la elipse o la circunferencia (el 6valo o el cicloide).
Mientras que ejemplos de curvas abiertas, son la parabola, la hipérbola, la ca-
tenaria y una infinidad de curvas que son estudiadas en la geometria analitica
plana por varios autores, entre ellos Aguirre 2007,

Diversas curvas han sido utilizadas como base para la generaciéon de trayec-
torias suaves y navegables por AVs de caracteristicas no-holonémicas. En este
sentido, a continuacioén, se realiza un breve resumen de trabajos que utilizan
curvas suaves como punto de partida, tales como: curvas Bézier, curvas Clo-
toides, etc.

El trabajo realizado por Choi, Curry y Elkaim [2008], propone dos algoritmos
de planificacién de trayectorias que utilizan las curvas Bézier, modificando la
posicién adecuada de los puntos de control para un robot movil. En Kawabata
y col. [2015] se propone una generacion de trayectorias suaves para un vehiculo
automatizado, por medio de la curva Bézier en 2D y 3D. Los trabajos realizados
por Choi, Curry y Elkaim [2008; Rastelli, Lattarulo y Nashashibi 2014} discuten
la ubicacién optimizada de los puntos de control para la posterior generaciéon de
curvas Bézier. Los autores, Walton, Meek y Ali 2003, utilizan las curvas Bézier
como curvas de transicién para unir segmentos rectos con segmentos curvos.
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Mientras que los autores Han y col. [2010; Pérez y col. 2013; Gonzalez y col.
2014}, discuten la generacién de trayectorias para los vehiculos en entornos
urbanos. Finalmente, algunos investigadores han utilizado las curvas Bézier
para el estacionamiento automaético de vehiculos como es detallado por Liang,
Zheng y Li 2012

Es importante destacar que existen diversas curvas geométricas que generan
trayectorias con curvatura continua. En particular, las curvas clotoides poseen
propiedades geométricas particulares, incluyendo su cercana relacién entre los
fenomenos fisicos (aceleracion, normal y jerks) con el parametro de escalado
clotoidal, lo que implica beneficios al trabajar con esta curva, propiedad resal-
tada en Montes, Mora y Tornero 2007; Montés y col. 2008, donde se plantea la
generacion de trayectorias clotoidales, demostrando su modularidad y extensi-
bilidad.

Como se puede apreciar, existe una amplia literatura con respecto a trabajos
de trayectorias suaves con base en curvas geométricas. No obstante, antes de
asumir una metodologia geométrica de curvas, a continuacién, se realiza la
descripcion formal de curvas en el espacio y de dos tipos de curvas que son
utilizadas y que brindan buenos resultados en la generaciéon de trayectorias
suaves.

2.2 Curvas en el espacio

Con frecuencia se considera una curva en el plano como una linea trazada
sobre un papel, tal como puede ser una linea recta, una circunferencia o una
curva parabdlica. Se puede realizar una definicién analitica de una curva en
el plano, al definir los puntos que forman la curva. Para lo cual se pueden
utilizar las coordenadas cartesianas de los puntos P(x, y) de la curva expresados
como una funciéon de zjy = F(x)], 6  como una funcion de y[z = G(y)], o
simplemente dar una relaciéon entre x e y que defina de forma implicita una
variable en términos de la otra [H(x,y) = 0]. Por otra parte, existen curvas que
se describen de una mejor forma cuando las coordenadas x e y estan dadas en
términos de una tercera variable ¢ (llamada parametro) [x = f(t) e y = g(t)].
Finalmente, con base en el trabajo expuesto por Stewart y col. 2012; Aguirre
2007), se puede indicar cada punto de una curva, haciendo uso de la asociacion

de P con el punto final del vector T = O? ubicado en su posicién canoédnica.

Con el objetivo de continuar con el desarrollo de este capitulo, se asume que
toda curva en el espacio R" se puede considerar como la imagen de una funciéon
vectorial
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r:la,b] = R e(t) = (21(8), ..., 20 (1)), (2.1

)
que recibe el nombre de parametrizacion de la curva. Los puntos r(a) y r(b)
son los extremos inicial y final de la curva. En el caso de que r(a) = r(b), se
dice que la curva es cerrada.

Por otra parte, dos funciones ¢ : [a,b] — R™ y ¥ : [a, 5] — R™ son equivalentes
si existe una funcion X : [a,b] — [«, 5] biyectiva y continua, tal que ¥ = .
Entonces, la funcién A recibe el nombre de cambio de pardmetro. Por lo tanto,
dos funciones equivalentes representan parametrizaciones distintas de la misma
curva y la funcién A representa un cambio en la rapidez del movimiento.

= Si A es creciente, se dice que las parametrizaciones ¢ y 1 conservan la
orientacion de la curva.

= Si X es decreciente, las parametrizaciones ¢ y 1 invierten la orientacion
de la curva.

La curva C' es simple cuando ¢ es inyectiva. Entonces, la curva definida por
la funcion ¢(t) = (cost,sent),t € [0,27], es simple solo si se define pa(t) =
(cos 2t,sen2t),t € [0, 27], entonces, la curva resultante no es simple.

Dada una curva C' con vector de posicion r(t), se define la longitud de arco de
curva entre los puntos r(a) y r(b), a las longitudes de las poligonales inscritas
a la curva entre tales puntos. Lo cual indica que la curva es rectificable, por
tanto, se asume que:

Dada una funciéon ¢ : [a,b] — R™, se llama variacion de ¢ con respecto a una
particion p = {to,t1,...,t,} de [a,b] a

m

V(p.p) =Y _let) — et — 1) (2.2)

=1
Se llama variacion total de ¢ en [a,b] a

V(p) = sup Ve, p) (2.3)

Entonces, la funcion ¢ es de variacion acotada cuando V() < oco.
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2.2.1 Descripciones de continuidad de una curva

Una curva puede descomponerse en cadenas de curvas, definidas por medio de
un conjunto de puntos de controﬂ P,, y denominadas como curvas globales,
como se puede ver en la Figura[2.1] La variacion de las propiedades geométricas
de los P; a lo largo de la curva o por partes, no presenta discontinuidades. Es
decir, la curva se puede descomponer en un conjunto de segmentos rectilineos
o curvilineos encadenados. Por tanto, los cambios en los P; afectan de forma
local a las partes que estan desacopladas.

P, Py B
P, o
Pl * N = ~ /
~ */
Py
(a)Un solo segmento de curva que atraviesa 5 (b)Dos segmentos de curva, el primer segmen-
puntos de control Py, Po, P3, P4y Ps. to (linea azul continua) definido por 3 puntos

de control Pi, P> y Pz, mientras que el segun-
do segmento (linea verde continua) esta definido
por los puntos de control P3, Py y Ps.

Figura 2.1: Tipos de cadenas de curvas, atravesando un conjunto de puntos de control.

La Figura [2.1(a)| muestra una curva global (linea azul continua), donde la ac-
cion de movimiento sobre el punto de control P; (cuadro rojo) implica la defor-
macion de toda la curva, causando una nueva curva (linea azul discontinua).
Mientras que en la Figura [2.1(b)| el desplazamiento del punto de control P,
(cuadro rojo) solo deforma el segmento correspondiente de curva (linea verde),
ocasionando un nuevo segmento de curva (linea azul discontinua).

El anélisis de continuidad de curvas implica, un estudio profundo de continui-
dad (también conocido como el encadenamiento de las curvas). De esta forma,
en la practica las condiciones de encadenamiento de las curvas se define como
el grado de continuidad.

Entonces, a partir de 2 curvas, se consideran 4 niveles o grados crecientes de
continuidad, siendo:

1Un conjunto de puntos espaciales py, a los que se aproxima a una curva c, siendo: py = (z, yx)
si C € R? o py = (z, Yk, 2) si C € R3.
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= Nula C°

e Si 2 curvas no tienen un punto en comun (ver Figura[2.2(a))).

» Posicional C*
e Si 2 curvas tienen un punto en comun (ver Figura [2.2(b)]).

» Tangencial C?

e Siempre que exista continuidad posicional, y ademaés, la direcciéon de

la tangente es la misma para el punto comun, tanto si se le considera
como ultimo punto de la primera curva, como si se le considera primer
punto de la siguiente curva (ver Figura [2.2(c))).

¢}

= De curvatura C?

e Siempre que exista continuidad tangencial, y ademas el radio de cur-

vatura sea el mismo para un punto comun, tanto si se le considera
como ultimo punto de la primera curva, como si se le considera pri-
mer punto de la segunda curva (ver Figura [2.2(d))).

Existen otras clasificaciones més complejas, que distinguen entre continuidad
geométrica y paramétrica, siendo:

16

» Posiciéon (G).

e Solo calcula la posicién, es decir, si los puntos finales de cada curva

se encuentran en la misma posicién en el espacio, las curvas tienen
continuidad de posicion G en los puntos finales. En consecuencia,
las dos curvas se tocan en sus puntos finales.

» Tangencia (G').

e Una curva tiene continuidad geométrica G', cuando las primeras

derivadas (tangentes) de las dos curvas son proporcionales en el punto
de unién. La continuidad G*, calcula la posicién y la direcciéon de la
curva en los puntos finales. En otras palabras, las dos curvas no solo
se juntan, sino que van en la misma direccién en el punto donde se
juntan. La direccién se determina por el primer y el segundo punto
en cada curva, si estos dos puntos se encuentran en una linea, las dos
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C1 v
P, 7
1 Cl 7

Cs P &

Cl C’1

ty i

(c) (d)

Figura 2.2: Grados crecientes de continuidad de Curvas.

curvas son tangentes G'! en los puntos finales. Es decir, la primera
derivada de las dos curvas es igual en el punto en el que se juntan.

» Curvatura (G?).

e La continuidad de curvatura (continuidad G?) entre dos curvas cal-
cula la posicién, la direcciéon y el radio de curvatura en los puntos
finales. Si el radio de curvatura es el mismo en el punto final comun,
las curvas tendran continuidad de curvatura G2. En otras palabras,
las curvas no solo van en la misma direcciéon cuando coinciden, sino
que también tienen el mismo radio en ese punto. Tanto la primera
como la segunda derivada de las ecuaciones son iguales en ese punto.
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. B

e La continuidad G? afiade la aceleracién plana. Las curvas que son
continuas G* tienen la misma direccion y el mismo radio. Las curvas
con continuidad G* poseen terceras derivadas iguales.

. G*

e La continuidad G* poseen los mismos requisitos que las curvas G2,
pero su aceleraciéon de curvatura es igual en tres dimensiones.

2.2.2 Propiedades geométricas

Las propiedades geométricas de una curva pueden describirse mediante las pro-
piedades de la funcién que la describe. A continuacién, se enuncian propiedades
y operaciones bésicas con funciones vectoriales, que se aplican al estudio de las
curvas en el espacio.

Partiendo del hecho de que toda funcion vectorial f : R — R™ se puede descom-
poner en n funciones escalares, entonces, definen un conjunto de operaciones
algebraicas con dichas funciones de manera analoga a las correspondientes con
funciones escalares. Por lo tanto, dadas f,g: R — R™, y v : R — R se definen
las siguientes operaciones:

18

Suma: f+g¢g: R — R"”, como (f +g)(t) = f(t) + g(t).

Multiplicacién por una funcion escalar: uf : R — R", como (uf)(t) =

u(t) - f(t).
Producto escalar: f-g: R — R", como (f - g)(t) = f(¢t) - g(¢).

Producto vectorial (para n = 3): f x g : R — R", como (f x g)(t) =
ft) xg(t).

Composicion: f o u: R — R™, como (f o u)(t) = f(u(t)).



2.2 Curvas en el espacio

2.2.3 Limites y continuidad de funciones vectoriales

Si f(fi,---, fn) : R = R™ es una funcion vectorial que se define como
lim f(t) = (352 fi(®), - Jim fn(t)> (2.4)

por tanto, una funcion vectorial es continua en g si lim,_,,, f(t) = f(to).

2.2.4 Derivacion de funciones vectoriales

Una funcién vectorial f(t) : R — R" es derivable en ¢, si existe

si f es variable en ¢, entonces
d,
Vo rm =@, (2.6

En este sentido, dada una curva r(t) = (21(t),...,z.(t)), el valor de r'(t)f
recibe el nombre de vector tangente a la curva. Si r'(t) = 0, no se define el

vector tangent Entonces, se denota como T(t) = — = al vector tangente
unitario.

De la misma forma, se define como recta tangente a la curva r en py, a la recta
que pasa por el punto py = r(ty) y tiene la direccion del vector r'(ty). Por
tanto, f(A) =r(to) + A -r'(o).

En consecuencia, el vector unitario tangente no depende de la parametrizacion,
pues si ¢ y @ son parametrizaciones distintas de la misma curva, entonces, 1)
0 A= ¢, tal que

2En caso de ser no nulo.
3En este caso el mévil esta en reposo y puede haber un cambio brusco de direccién
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@) = A0) - X ) =5
CWAW) N
“Te ) V()] 27
R
R OND)]

donde el signo indica solo si las parametrizaciones mantienen o invierten la
orientaciéon de la curva.

Por tanto, si f,g: R — R" y u : R — R son derivables, entonces, ademas de
las propiedades analogas a las correspondientes funciones escalares, se puede
aplicar las propiedades y reglas de las derivadas, siendo:

= G(f(0)-9() = f(t)-g'(t) + ['(t) - 9(t)

(f(t) x g(t)) = f(t) x g'(t) + f'(t) x g(t)

(f(u(t))) = u'() - f'(u(t))

= Si f es derivable y tiene longitud constante en un intervalo abierto I,

entonces f(t)- f'(t) =0,Vt € I.

d
dt
d
dt
d
dt

2.2.5 Integracion de funciones vectoriales

Una funcion vectorial f : R — R™ es integrable cuando todos sus componentes
lo son, y se define como

/abf(t)dt = (/b fl(t)dt,...,/ab fn(t)dt> (2.8)

y por tanto cumple con

» Si f:R— R"escontinuaen Ry g(t) = fat f(s)ds, entonces g es derivable
y g'(t) = f(2), VL.

» Si f y |f] son integrables en [a, b], entonces |fabf(t)dt\ < f: |f(¢)|dt.
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2.8 Ecuaciones de Frenet-Serret

2.2.6 Longitud del arco de la curva

Una funcién vectorial ¢[a,b] — R™ se dice que es regular si ¢ € C'([a,b]) y
$'(t) #0,Vt € [a,b)].

Es decir, una curva a trozos admite una parametrizaciéon ¢ regular a trozos, a
partir de una particion p de [a, b], tal que la restriccion de ¢ a cada subintervalo
abierto de p es regular.

Por lo tanto, una aplicacion X : [a,b] — [, ] es un cambio regular de para-
metro si

= )\ es biyectiva.
= X e CWa,b].
» [N(t)] > 0,Vt € (a,b).

Entonces, una curva C' con vector de posicion r(t), define la longitud de arco de
curva entre los puntos r(a) y r(b) a las longitudes de las poligonales inscritas a
la curva entre dichos puntos, de esta forma, se dice que la curva es rectificable.
Por lo tanto, dada una funcion ¢ : [a,b] — R", se llama variacion de ¢ con
respecto a una particion p = {to,t1,...,t,} de [a,b].

2.3 Ecuaciones de Frenet-Serret

En el ano 1847, el matematico, astronomo y meteordlogo francés Jean Frédéric
Frenet escribio en su tesis, seis de las nueve formulas de las ahora conocidas
Formulas de Frenet-Serret, que en ese momento no estaban expresadas en
notacion vectorial. Mientras que en el afio de 1851, el mateméatico francés
Joseph Alfred Serret complet6 el trabajo de la notacion vectorial (dlgebra lineal
que se utiliza en la actualidad en la teoria de curvas).

Aguirre 2007, realiza un profundo estudio de las ecuaciones de Frenet-Serret.
Dentro del cual, se describen las derivadas de sus campos, expresadas a través
de n — 1 funciones (es decir, las curvaturas).

Si se asume « : I — R™ como una curva tal que 0 € I y a(0) = p, se dice
entonces que « es una curva que pasa por el punto p € R", siendo a : I — R”
una curva. Entonces, la variable en I se denomina parametro de c.
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Por tanto, partiendo de o« : I — R™ como una curva en el plano y sea
(R4,...,R,) la referencia de Frenet, entonces, si V es un campo a lo largo
de a, se define V.= >"" (R;, V)R;; en particular (V=1,...,n).

dR,; - dR.;
dtj = ;wini, con, wij = <Ri7 dtj) (29)
siendo (Vj =1,...,n—1), con
! (7) dR; / (j+1) .. .

R, € sub(a/,...,a");= o € sub(a/,...,a )i= wi; =0,814>7+1

d(R;,R; .

< Ri,Rj >= cte,Vi;:> 0= (dtj> = wji —I—wij,Vz
(2.10)

d

R,
+ la forma

Por lo tanto, a partir de estas expresiones se deduce que para =

matricial se expresa como

0 —Wo1 0
de an W21 0 :
el = 2.11
(dt’ ’dt) e 211)
0 _wn,nfl
0 Wn,n—1 0

definido como las formulas de Frenet.

Por otra parte, toda curva regular es reparametrizable por la longitud de arco.
Es importante distinguir, que dentro de una curva regular se distingue dos
clases de parametros, siendo: los que dependen de la trayectoria y los que de-
penden de la parametrizaciéon regular concreta. Entonces, el campo o’ depende
de la parametrizacion, mientras que el campo o’/|a’| depende solo de la tra-
yectoria orientada, y el conjunto de rectas afines tangentes a a depende s6lo
de la trayectoria.

Por lo tanto, una curva regular o : I — R"™ esta parametrizada por la longitud
de arco si verifica la condicién |a| = 1. Entonces, L(a|jay) = b — a,Va,b €
I(a < b), lo cual verifica que (o, @”) = 0 (lo que significa que la velocidad y
la aceleracion son mutuamente ortogonales).
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2.3.1 Dziedro de Frenet

Una curva en el plano esta determinada por su curvatura (salvo reparametri-
zaciones que preservan la orientacion y salvo movimientos directos).

Entonces, una curva en el plano definida por « : I — R? produce una curvatura
Ky = rja"’,ll. Siendo, la curvatura de « denotada por k determinada a partir

de (R, Ry) (diedro de Frenet), y definida por los términos T = R, vector
tangente y N = R, vector normal.

Por lo tanto, las formulas de Frenet (2.11)) se reducen a la siguiente expresion:
dT dN 0 —lalk
) =(T.N) = 2.12
(dt’ dt> (T, N) <!a’\n 0 ’ (2.12)
siendo

1
]

K : (2.13)

Marcando una relevancia significativa al parametrizar la longitud de arco s
(es decir, cuando || = 1). Entonces, a partir de una referencia euclidea con

origen en el punto a(0) y con una base ortonormal dada por [?(0), ﬁ(O)], la
curva se define a través de coordenadas a(s) = (z(s), y(s)), cuyo desarrollo en
serie de Taylor en torno a s = 0, determina los valores de la curvatura y sus
sucesivas derivadas en el 0, siendo

do 1 i 1 P
g E(O)S3 + O (54), (214)

—_—
7 (0) 47 (0) L7 (g)

donde, O(s*) = ddnj (0), entonces, partiendo de

iT g,

)

ds
2T _ djﬁJrH@ 2T TR (2.15)
ds® ds ds ds

con lo que se alcanza la expresiéon
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1
x(s) =s— —'/12(0)83 +O(sh)
Y (2.16)
y(s) = §H(O>32 + 55(0)33 +O(s")
y sobre esto, se deduce la ecuacién geométrica
e 2y(s) L 2y(s)
A0) =l = = I o (2.17)

misma que muestra diferentes propiedades geométricas, siendo

= el signo de k positivo, si la curva “se dobla” en el sentido de la normal.

» la curvatura cambia de signo cuando cambia el sentido de recorrido (la
normal se invierte, pero el contacto de la curva con el eje z en el punto
es de orden 2);

= el mo6dulo de la curvatura no depende de la parametrizacion.

Por lo tanto, para una curva plana parametrizada por la longitud de arco, las
expresiones anteriores son validas para valores de la curvatura y sus sucesivas
derivadas en un punto (Vs € I).

2.3.2 Triedro de Frenet

Dentro del estudio realizado por Gray, Abbena y Salamon [2017), se elabora
una descripciéon de la rama matematica conocida como geometria diferencial.
En particular, se realiza un breve énfasis en las féormulas de Frenet-Serret,
a través de la descripcion de las propiedades geométricas y cinemaéticas de
una particula que se mueve a lo largo de una curva diferenciable continua en el
espacio Euclideo tridimensional R3. En especifico, las formulas de Frenet-Serret
describen las derivadas de los llamados vectores unitarios tangente, normal y
binormal entre si.

Entonces, se asume o : I — R3 como una curva en el espacio, determinada
por sus curvaturas r; := <2t > 0y ky := “2, definidas como curvatura s y
torsion 7 de a, respectivamente. Por tanto, (E;, Ey, E3) define el triedro de
Frenet de a, también conocido como T = E; vector tangente, N = E, vector
normal principal y B = E; vector binormal. Siendo, (T, N, B) la referencia
ortonormal positiva, resultante de T x N = B, consecuencia, las formulas de
Frenet definidas en se reducen a
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2.8 Ecuaciones de Frenet-Serret

0 —ld|k 0
dT dN dB
o R (2.13)
siendo, K 1= \71’| yTi=2L.

En consecuencia, al igual que en el caso de las curvas planas, se puede realizar el
desarrollo de Taylor de la curva, expresada en referencia euclidea con origen el
punto a(0) y con base ortonormal dada por [?(O), N)(O), 3(0)} Por lo tanto,
los primeros términos de dicho desarrollo, cuando « esta parametrizada por la

longitud de arco s (es decir, cuando |a/| = 1), son
Loy 4
x(s) =s— 3 (0)s” + O(s)
y(s) = ()" + 350+ Ols)* (2.19)
2 3lds
1
2(s) = 55(0)7(0)33 +O(s)*

de lo cual se deducen diferentes propiedades geométricas de la curva, tal que

o Ble(s) 31z(s)
R FOE R O 20

por tanto, se mantiene una curvatura s positiva, siendo:

= el signo de 7 positivo, si la curva “cambia’” en el sentido indicado por la
binormal;

= la torsion no cambia de signo cuando cambia el sentido de recorrido (la
binormal se invierte, con el plano zy en el punto es de orden 3);

= el médulo de la torsion no depende de la parametrizacion.

Entonces, para cada t € I, las rectas que pasan por «(t) tienen por direcciones

?(t), ﬁ(t) y B(tL los cuales se definen como recta tangente, recta normal
principal y recta binormal de « en ¢, respectivamente. Los planos afines
que pasan por «(t) y tienen por vectores directores ?(t),]_\}(t) y ﬁ(t) se
denominan plano osculador, plano normal y plano rectificante de a en
t, respectivamente. En consecuencia, la curvatura x mide cuénto se desvia la
curva contenida en su recta tangente y la torsién 7 mide cuanto se desvia en
su plano osculador.
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2.3.3 Calculo de la curvatura y la torsion

Si se asume que « : I — R3 como una curva en el espacio tal que K > 0,
T € F(I) se definen como su curvatura y torsion respectivamente, entonces

L o x o ¢ - det(a’,a”,a’”) (221)
‘a/|3 ’a/ X a//|2

por otra parte, si |a| = 1, entonces:

det(a’, a//’ a///)
| T (2.22)

k= la

y T=

2.4 Curvas Splines

En la década de 1940 el matemaético estadounidense de origen rumano Isaac
Jacob Schoenberg (1903-1990), realiz6 un trabajo de analisis numérico sobre
curvas diferenciables definidas en porciones por medio de polinomios, trabajo
denominado “curvas splines”, tal como se resalta en el estudio de Micula y Mi-
cula 2012, Siendo un trabajo que posee una representacién completa y sencilla,
para una representaciéon informatica.

El concepto de spline tiene una amplia gama de aplicaciones, siendo una de
ellas el ajuste de curvas, a través de la interpolaciéon de puntos n-dimensionales.
En especifico, la spline S(x) definida en el intervalo [a, b], parte de un conjunto
de puntos (xg,z1,...,x,) (los cuales se asumen ordenados de forma creciente
es decir, g < x; ... < x,) con el objetivo de ajustar una funcion interpolante
de grado k en cada intervalo de la particion de los (N + 1) puntos.

En consecuencia, se denomina funcién spline de grado p, a una funcién poliné-
mica definida a trozos, donde, S(z) se define en [z, z,,|. Entonces, S; = S|., 4.,
se define como el polinomio de gradop:i=1,...,(N —1). Siendo, S diferen-
ciable p — 1 veces en [xg, z,,], C?~ ([zg, z,]).

En funcién del grado, las splines se pueden tratar de diferente forma. FEn es-
pecifico, las de menor grado (menor o igual a 1) se definen como lineales,
parabolicos y cubicos.
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2.4 Curvas Splines

2.4.1 Spline lineal

Dado el conjunto de puntos A = a = zg < x; < ... < x, = bdel intervalo [a, b],
S es un spline lineal asociado a A siempre que S; de S en cada intervalo
[z;,x;41], para i =0,...,(N — 1), sea un polinomio de grado no superior a 1.
En consecuencia, S(z) € C%[a,b]), es decir, S es una funciéon continua en el
intervalo [a, b].

Entonces, si en cada intervalo de A se construye un polinomio de grado 1
que aproxime a la funcién, se deben calcular dos incégnitas por intervalo, con
coeficientes [a;, b;]. Por tanto, la continuidad en los (N — 1) puntos interiores
se expresa por

Si(z:) = Sp(x) Vi=1,...,(N —1) (2.23)

En consecuencia, se deben cumplir un total de (N — 1) condiciones, ademaés de
las (V4 1) de interpolacion, lo cual produce 2n incognitas y (N — 1)+ (N +1)
ecuaciones.

2.4.2 Spline parabadlico

Las curvas splines construidas por polinomios de grado menor o igual a 2
exigen una continuidad de primer orden C'. Es decir, las primeras derivadas
(tangentes a la curva) de las curvas conservan las pendientes en todo el intervalo
de definicion.

Entonces, dado el conjunto de puntos A = a=20 <z <...<x, =b del
intervalo [a, b], la funcion S define un spline parabélico asociado a A siempre
que S; de S en cada intervalo [z;, x;41], parai =0, ..., (N—1), sea un polinomio
de grado no superior a 2. En consecuencia, S(z) € C*([a,b]), es decir, S es
una funcion diferenciable, con derivada continua, en el intervalo [a,b]. Por
lo tanto, S es un spline parabolico para el conjunto de puntos (z;,y;), para
1=0,1,...,n.
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2.4.3 Splines cubicos

La curvas splines construidas por polinomios de grado menor o igual a 3 exigen

una condicién de continuidad de segundo orden C?. Es decir, cumplen con

condiciones de segundas derivadas, por tanto, el punto de unién de las curvas

es igual, lo que significa que la transicion es suave de una seccién de curva con

la siguiente. En consecuencia, al exigir la condicion C? en la curva spline, ésta
d tratada d diendo d lase C* o C?

puede ser tratada dependiendo de su clase o C°.

= Spline cibico C' o Interpolacion de Hermite. Dado el conjunto de puntos
A=a=xzy<z <...<x, =0 del intervalo [a,b], diremos que la fun-
ciéon S es un Spline ciibico C! asociado a A siempre que la restriccién S;
de S en cada intervalo [x;,;41], para i = 0,...,n — 1, sea un polinomio
de grado no superior a 3. Por tanto, S(z) € C'([a,b]), es decir, S es una
funcion diferenciable, con derivada continua, en el intervalo [a, b].

Lo cual indica que S es una funcién cibica, continua y diferenciable en
los n + 1 puntos de control C' y los polinomios, en cada intervalo, se
expresan tal que S;(z) = a;x® + bjz? + c;x + d;.

» Spline cibico C?. Dado el conjunto de puntos A = {a = 7y < x; <

..z, = b} del intervalo [a, b], entonces, la funciéon S es un Spline ctubico

C? asociado a A siempre que, la restriccion S; de S en cada intervalo

[€;, zi11], para i = 0,...,n — 1, sea un polinomio de grado no superior

a 3. Por tanto, S(z) € C?*([a,b]), es decir, S es una funcion dos veces
diferenciable, con las dos derivadas continuas, en el intervalo [a, b].

Lo cual indica que S sea un Spline ctibico C? interpolante para el conjunto
de puntos (z;,y;), parai =0,1,...,n, siempre que S es un Spline cibico
C? asociado a Ay S(z;) = y; para ¢ = 0,...,n. Por lo tanto, S es una
funcién cubica, continua y dos veces diferenciable en los n + 1 puntos
base, C?, y los polinomios, en cada intervalo, se expresan tal que S;(z) =
a; x> + b;2% + c;x + d;.

2.4.4 Curvas Bézier

Las curvas de Bézier realizan una descripcién matematica de curvas numéri-
camente estables, tal como se detalla en Gordon y Riesenfeld [1974b; Segovia
y col. 1991 Por una parte, en Hammouda y col. |2013| se estudia un caso espe-
cial de una curva spline, en que la curva tiene s6lo un componente polinomial.
Mientras que, Lorentz 2013| afirma que los polinomios de Bernstein de grado
n (con n > 0) también pueden interpretarse como las funciones de base de la
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2.5 Clotoide

B-spline de grado n sobre el dominio de esos polinomios, como se ratifica en

Gordon y Riesenfeld [1974a.

La curva de Bézier del grado n puede ser expresada como

B(t) = i (Z‘) P,(1—t)" 't

i=0
n . (2.24)
=Po(1—-1t)" + 1 P (1-t)""t+ -4+ P,t",
t € 10,1]
donde P := [P, PT ... PT] € R3"*Y son el conjunto de puntos de control y

R? es el espacio tridimensional donde se define la curva. En otras palabras, el
grado n de la curva de Bézier es una interpolacion entre los (n + 1) puntos de
control. Por otra parte, las curvas de Bézier pueden ser expresadas en términos
de polinomios de Bernstein de grado n, tal que

B(t) = ipibi,n(t), t€0,1] (2.25)

donde los polinomios b; ,,(s) € R

bin(t) = (Tf) f(l—t)" i=0,...,n (2.26)

también conocidos como binomio de Newton. Por lo tanto, una curva de grado
n tiene un conjunto de puntos de control de n + 1 vértices.

2.5 Clotoide

La clotoide (también llamada espiral de Corni o espiral Euler), es una curva
plana en forma de espiral doble con simetria central (ver Figura, tangente
al eje de las abscisas en el origen y cuyo radio de curvatura R disminuye de
manera inversamente proporcional a la distancia recorrida sobre ella. Es por
ello que en el punto origen de la curva, el radio es infinito, es decir, su curvatura
crece linealmente desde % = 0, hasta % = 00. Debido a esta propiedad, se ha
aplicado como una curva de transicién entre arcos, lineas rectas o un arco y una
linea recta. Ademas, la curva clotoide y su desplazamiento han sido utilizadas
en las tltimas 7 décadas en el diseno de carreteras, en vias de ferrocarril y
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montafnas rusas, como se ha descrito en una amplia variedad de trabajos, siendo
ejemplo de estos, los realizados por BAASS[1984; Hartman [1957]; Sadeghi y col.
2022; Lambert, Romano y Watling 2019 Afrianto y col. [2018|

Figura 2.3: Curva Clotoide.

Por definicion, la ecuacién intrinseca de la Clotoide es:

C*’=p-s (2.27)

donde, C es el parametro caracteristico de la clotoide, p es el radio de curvatura
y s es la longitud del arco de la clotoide. Es decir, que la ley de curva en la
clotoide se definie por cada valor de C, siendo el producto de la longitud s por
el radio R el mismo en todos los puntos de la clotoide. En consecuencia, C
expresa de forma univoca el tamano de la clotoide.

Por tanto, se define a la clotoide como una curva cuyas ecuaciones paramétricas
vienen expresadas por S(t) y C(t), siendo las integrales de Fresnel, tal que:
C'(t)* + S'(t)* = sin®(t?) + cos?(t?) = 1 (2.28)

siendo la longitud de vector tangente definida por la unidad, mientras que ¢
define la longitud de arco medida a partir del origen, por lo que la curva tiene
longitud infinita.

De esta forma, a partir de ([2.27)) se puede establecer una longitud de arco, que
es proporcional al radio en cada punto de la curva (curvatura k):
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H P

Figura 2.4: Términos y simbolos de la Clotoide.

k=t (2.29)

La Figura y el listado de términos en el cuadro muestran el significado
de los sfmbolos y términos empleados en la construccién de la clotoide. Es
importante, resaltar que varios de estos términos son variables genéricas y
hacen referencia a ecuaciones futuras en este documento.

De esta forma, a partir de la ecuacion fundamental de la clotoide (2.27)), y
puesto que en cualquier punto de la curva se cumple que:

p-l=C*>—=p-l=R.- L, (2.30)

el area diferencial se define como:

dl = p-df (2.31)
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Cuadro 2.1: Simbolos y su significado en la construccién de una clotoide.

Simbolo | Significado |

ral.

|

| PI | Punto de interseccion de las tangentes principales. |

TS Punto de cambio de tangente a espiral (punto de inicio de la
espiral de entrada)

‘ SC ‘ Punto de cambio de espiral a curva circular. ‘

| CS | Punto de cambio de curva circular a espiral. |

ST Punto de cambio de espiral a tangente (punto final de la espiral
de salida).

‘ SS ‘ Punto de cambio de una espiral a otra. ‘

| L, | Longitud total de la espiral del T'S al SC' o bien del C'S al ST |

L Longitud desde T'S o ST hasta un punto cualquiera de la espi-

Cuando p es muy grande la variacion es despreciable (ver Figura[2.5]), mientras
que al despejar p y sustituyendo en la ecuacién anterior, se obtiene:

% d=p- L, df= lp'LdSl (2.32)
siendo después de la integraciéon
l2
0= 7 5 L. +C (2.33)
asumiendo C = 0 puesto que 6§ = 0 con [ = 0, la expresion se reduce
l2
0= 5, L. (2.34)

siendo el valor de 0 en radianes. Sin embargo, en el punto F', 0 =0, y | = L,
por lo que

0. = — = (2.35)
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| Simbolo | Significado

| L, | Longitud entre cualquiera de dos puntos sobre la espiral. |
‘ 0 ‘ Angulo central del arco en un punto cualquiera de la espiral. ‘
0, Angulo central del arco de espiral L,, llamado “4ngulo de la
espiral”.
LiiJ Angulo de desviacion de la espiral en el T'S, desde la tangente
inicial a un punto de la curva R = radzo.
‘ G ‘ Grado de curvatura de la espiral en cada punto. ‘
G, Grado de curvatura del circulo desplazado al que resulta tan-
gente la espiral en el SC.
K % relacién de cambio de grado de curvatura por metro de la
espiral.
‘ A ‘ Angulo central total de la curva circular. ‘
A, Angulo central del arco circular de longitud L. que va del SC
al CS.
Y Ordenada a la tangente de cualquier punto de la espiral, con
referencia al T'S y la tangente inicial.
‘ Ys ‘ Ordenada a la tangente del SC. ‘
T Distancia en la tangente de cualquier punto de la espiral, con
referencia al T'S y la tangente inicial.
‘ T ‘ Distancia en la tangente del SC. ‘
p Ordenada desde la tangente inicial al PC del circulo desplazado;
p=1ys — R.(1 — cosby).
| k | Abscisa del PC' desplazado, referido al T'S; k =z, — R.senf,. |
a Distancia del PC al T'S de la espiral que se aplica a una curva
circular existente (no desplazada).
T, Distancia total en la tangente = distancia desde el PI al T'S,
o bien del PI al ST; T, = (R. + p) tan A + k.
E, Externa de la curva total o distancia del medio del arco circular
al PI. Es = (R.+ p)(sec 3A — 1) + p.
| LT | Longitud de la tangente larga de la espiral. |
‘ ST ‘ Longitud de la tangente corta de la espiral. ‘
‘ LC ‘ Cuerda de la espiral entre T'S' 'y SC. ‘
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dv

/ — T dy ]V
7 le——d1——» T
(a) (b)

Figura 2.5: Diferencial de una clotoide.

Finalmente, sustituyendo L, por su expresiéon en funciéon de C' y de R,, se
obtiene el angulo central del arco de espiral

C2

e c C
g, = R — - 2.
Tom - mye T AT (2:36)

Por lo cual se mantiene la relaciéon entre el pardmetro C, el radio R. y el
desarrollo L, con el valor angular 6.

Entonces, dado el espacio diferencial y de acuerdo con la Figura [2.5(b)} se
define dx, tal que:

dx
cos(0) = 57 (2.37)
dx = cos(0)dl

que expresado en serie de cosenos
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_1)(n-1) , g2n—2
dmzz( 1)(2n_29) dl (2.38)

sustituida la ecuacion (2.34]) en ([2.38]) e integrada

6 (_1)(n+1)1(4n74)
T=2. 2n—2)!(2- R, - L,)"?
1

(4n—1) (4n—3)
1% Ydl = ——+ C
/ (4n — 3) +

ol

(2.39)

dado que x = 0 cuando | = 0, entonces, C' = 0, con lo que la expresiéon se
define como:

( 1)n+11(4n73)

X = 2.40
Z (4n—3) — (2n—2)1(2- R, - L,)"—2) ( )
Por lo tanto, para los cuatro primeros términos se expresa
15 19 113
X=1- + + (2.41)

5-21(2R.-L,)? ' 9-41(2R.-L,)* ' 13-6!(2R. - L,)"

Por otra parte, con el objetivo de deducir y, partiendo de la Figura[2.5(a)} con
dy

sin®) =5 (2.42)
dy = sin(0)dl

Expresado en serie de senos

) (Dg(2p —
dyzz( 1)(271 f(f)! 2 (243)

reemplazando ([2.34)) en (2.43) e integrando

_ ( 1)(n+1)1(4n 2)
dy = Z (2n —2)1(2- L)1
( 1)(n+1)l(4n 2)
Y =
Z 2n — 1)!(4n —1)(2- R, - Ly)®*Y

(2.44)

35



Capitulo 2. Curvas en el espacio y su aproximacion a trayectorias suaves

se definen los primeros cuatro términos como:

l3 l7 lll 115
T 3QR.-L.) 7-312R.-L.)° 11-52R. L. 15 -TI(2R. L.y
(2.45)

Por lo tanto, a partir de las ecuaciones (2.40]) y (2.44]) se determinan los valores
de X e Y en cualquier punto, siempre que se definan los pardametros C' (o R,
y L) y el punto en concreto.

Y

2.5.1 Aplicaciones de la curva Clotoide

En la préctica, la curva clotoide ofrece diferentes propiedades interesantes como
se muestra en la Figura donde la linea recta se muestra en negro sélido,
la curva de transiciéon en azul sélido, la curva circular en rojo discontinuo
y los puntos de tangencia en verde. Siendo ejemplo de estas propiedades las
siguientes:

Transicion Se define por un arco, desde el radio co que se une con una recta,
hasta el radio del arco circular siguiente (ver Figura [2.6(a)]).

Vértice Describe la transicion entre dos rectas de direcciones distintas. Se
compone de dos ramas de clotoide con el mismo radio de curvatura s y
tangente comun en su punto de contacto (ver Figura [2.6(b)).

Inflexion Definida por una curva en forma de S, que une dos circulos de
curvaturas k opuestas y sin segmento recto intermedio. Formada por dos
ramas clotoidales, cuyo radio es infinito oo, y el punto de origen para las

ramas y la tangente es comtn (ver Figura [2.6(c))).

Ovoide Representada por una secuencia de curvas de tipo circulo - clotoide -
circulo, donde la curvatura x mantiene el mismo sentido. Mientras que el
arco de clotoide intermedia mantiene tangentes comunes y radios iguales
en los puntos de contacto con los circulos (ver Figura [2.6(d)).

Serie de clotoides Definida por una concatenacion de arcos de clotoide con
distintos pardmetros, donde las curvaturas son dirigidas y crecientes en el
mismo sentido, ademas de tangentes comunes con la misma curvatura x,
para cada dos arcos sucesivos en su punto de contacto (ver Figura[2.6(e)]).
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Figura 2.6: Aplicaciones en las curvas clotoide.

2.6 Aproximacién a trayectorias suaves

Una rama subsecuente de investigacion y desarrollo que ademas, es el motivo de
estudio del presente trabajo de tesis, es la construcciéon de trayectorias suaves
(del inglés smooth planning) navegables por AVs, para lo cual se han explotado
las cualidades de las curvas de transicion.

En este sentido, las curvas de transicion cominmente utilizadas para los ferro-
carriles y carreteras, se definen como curvas que proporcionan un cambio de
curvatura gradual, a partir de un tramo recto a otro circular. Asi, el concepto
de transicién obedece a la necesidad de adaptacién de AVs que se desplazan a
altas velocidades, a través de una trayectoria continua. Entonces, el objetivo es
alcanzar comodidad y estabilidad en el viaje de los AVs sobre tales trayectorias.
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El uso de las curvas de transicién brinda ventajas en relacion al coeficiente de
seguridad en un AV, lo cual significa que se reduce la tendencia a desviarse
la trayectoria. De hecho, una curva de transicién se construye a través de la
unién de un conjunto de lineas rectas y curvas circulares. Entonces, el objetivo
de proporcionar suavidad en una curva de radio infinito co (es decir, como es
en una linea recta), con otra curva circular de radio determinado, se puede
apreciar en la la Figura[2.7] donde la linea recta se muestra en negro, la curva
de transiciéon en azul, la curva circular en rojo y los puntos de tangencia en
verde.

Curva
Circular

Alineacién

Recta Curva de

k=0 Transicion

Figura 2.7: Unién entre lineas recta, curva circular y curva de transicion.

Por otra parte, partiendo del concepto de fuerza centrifuga F, la cual se define
como:

F.=—— (2.46)

donde, F, representa la fuerza centrifuga, M la masa del AV, v la velocidad del
mismo AV y R el radio de la curva circular. Entonces, asumiendo que la fuerza
centrifuga es igual a cero en un tramo recto, es decir, F, = 0: 1/k = co; k = 0.
Por otra parte, si el AV ingresa en una curva, la fuerza centrifuga adquiere un
valor diferente de cero, es decir, F, #0:0 < 1/k < 00, lo cual significa que el
AV podria sufrir un vuelque a la entrada de la curva, a menos que se realice
una disminucién de velocidad v, lo cual implica disminucién en F,, segin se

aprecia en [2.46]

Entonces, si un AV se desplaza a través de una curva de transiciéon, al momento
de cambiar la trayectoria desde la linea recta hacia la curva, se ejerce presiéon
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constante y creciente sobre el giro, lo cual implica desaceleracién gradual con
el objetivo de no perder la trayectoria (ver Figura [2.8)).

Pr

Curva de

\ B,
Anr\'a Transicion

Circular

Recta

R =R, 1

Curva de R = oo R

Transicion A

R =R,
P R ———
N
I~
;
Linea S
Recta O
»
(a)Curva de transicion. (b)Efecto de curvatura debido a la curva de
transicion.

Figura 2.8: Fuerza centrifuga debido al cambio de trayectoria.

Por lo tanto, explotar las cualidades de una curva de transiciéon, significa una
variaciéon decreciente del radio R, lo que implica que la fuerza centrifuga F,
aumente de manera gradual. El objetivo es evitar que R decrezca hasta el
punto que se produzca el vuelque del AV (debido a un exceso de velocidad), al
ingresar en una curva.

En consecuencia, con el objetivo de que un AV recorra una trayectoria con
velocidad uniforme (de tal forma que el AV se mantenga dentro de tal trayec-
toria), se han propuesto aproximaciones a partir de curvas de transicion. Para
ello, la longitud de la curva de transicién debe permitir al AV desplazarse a la
velocidad de diseno, y asi pasar de una linea recta hasta una curva sin pérdida
de sustentacién.

Por otra parte, abordar el problema de curvas de transicién en trayectorias
3D, implica la consideracion en los tres ejes (x,y, z) al mismo tiempo, lo cual
significa considerar tanto la curvatura como la torsion.

A continuacioén, se realiza un breve pero completo resumen de estudios compi-
lados y analizados a lo largo del trabajo de investigacién. Aunque este trabajo
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busca completar una generaciéon de curvas navegables en el espacio 3D, un
estudio y anélisis 2D es necesario. Por lo tanto, el trabajo de investigaciéon
toma como punto de partida el estudio y desarrollo en el espacio 2D, para
posteriormente hacer la extensiéon al espacio 3D.

2.6.1 Transicion a Trayectorias 2D

El trabajo realizado por Yang y col. 2014a) tiene como objetivo construir una
trayectoria suave, partiendo de una trayectoria generada por el planificador
Arbol aleatorio de exploraciéon rapida (RRT, del acrénimo Rapidly-exploring
Random Tree) que genera un conjunto de puntos de control p; (también co-
nocidos como nudos) que son utilizados para construir una trayectoria de tipo
spline, parametrizada por limitaciones internas debidas a las restricciones ci-
nematicas y dindmicas del AV, con el objetivo de generar una continuidad en
curvatura k a lo largo de la trayectoria. RRT realiza una exploracién por el
entorno y posteriormente, se efectiia una operaciéon de purga de nudos que no
sean utiles para llegar al objetivo de mantener una curvatura con un radio cir-
cular definido. Finalmente, para llegar a la construccién completa de la curva
spline, se toman grupos de tres nudos contiguos, sobre los cuales se insertan
ocho o nueve nudos y asi construir la curva spline que satisfaga la curvatura
establecida, procedimiento que toma el nombre de Arbol aleatorio de explo-
racion rapida suave (SRRT, del acrénimo Smooth Rapidly-exploring Random
Tree).

En Elbanhawi, Simic y Jazar 2015 se busca mantener continuidad en una
trayectoria, ademas de no sobrepasar una méxima curvatura x en un AV.
La curva se genera como una curva paramétrica, y dentro de esos parametros
se incluye la consideracion de las restricciones del AV. Un conjunto de puntos
de control P; son generados y, con el objetivo de mantener la curvatura, el
trabajo se realiza en base a segmentos de tres P;, ademéas de la longitud y el
adngulo formado entre dichos pares de P;. El objetivo es ubicar puntos de control
intermedios de tal modo que k se mantenga dentro de los limites establecidos.
Entonces se genera una nueva curva de tipo B-spline a la cual se aplican pesos
en sus P;, lo cual permite que la curva se desplace hacia uno o varios de tales
Pi'

Las Curvas Bézier introducidas en la seccion 2.4.4] poseen diversas ventajas
debido a su fécil implementaciéon en 3D, ademas de las propiedades de segui-
miento de los P;. En este sentido, la Espiral de Bézier Ctibica Continua G?
(G2CBS, del acronimo G? Continuous Cubic Bézier Spiral) como se define en
Yang y Sukkarieh [2008al, opera sobre entornos naturales y satisface las restric-
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ciones de méxima curvatura s y curvatura continua. El trabajo parte de los
resultados obtenidos por un planificador RRT al cual se aplica un proceso de
purga con el objetivo de mejorar sus resultados y con ello la construccion de
la curva Bézier cumpla mejor con sus objetivos.

El trabajo propuesto en Sahingoz 2014, construye una trayectoria partiendo
del funcionamiento de un algoritmo genético, que junto con la definicién de
varias limitaciones (P; minimos y/o méximos, tiempo de vuelo y distancia de
vuelo), se determina la trayectoria. De esta forma, la trayectoria resultante
es utilizada para generar una curva suave Bézier, navegable por un UAV. Los
puntos topolégicos del entorno por el cual se construye la trayectoria son asu-
midos, es decir, provienen de un sistema satelital o de un grupo externo de
UAVs que llevan sensores abordo.

En el articulo de Montes, Mora y Tornero 2007] se presenta un algoritmo que
realiza una maniobra de adelantamiento en carretera basado en una curva de
tipo clotoide. La maniobra se realiza escalando una curva paramétrica general
basada en una aproximacion (fuera de linea) de las integrales de Fresnel sobre
curvas Bézier Racionales (RBC, del acronimo Rational Bézier Curve), que
después se utilizan en la generacion de trayectorias clotoides (en linea). Las
ecuaciones de RBC son expresadas en la forma de matriz P = B - w con el
objetivo de aproximar a la integral de Fresnel C(7), al ajustar los P; de inicio
y final. Entonces, con el objetivo de aproximar el término de la integral de
Fresnel S(7), los tres primeros puntos de control deben estar alineados con la
recta, y por lo tanto, los pesos requeridos deben ser ajustados.

El trabajo presentado en Gonzéalez y col. [2014] describe un algoritmo que ge-
nera una trayectoria con una curvatura continua, la trayectoria considera las
restricciones del AV. Esta aproximaciéon de trayectoria se genera como una
curva paramétrica de tipo Bézier polinémico, el cual permite determinar el
control longitudinal dinamico de acuerdo al tipo de trayectoria. El punto de
partida, son los resultados de un planificador global de tipo RRT que devuelve
un conjunto de P;, ademas del méaximo radio de giro que puede realizar el AV.
Para lo cual, se implementa una Bézier de grado 4 (siempre que una Bézier de
grado 3 no cumpla con los requisitos previos definidos).

El aporte cientifico realizado por Choi, Curry y Elkaim [2008, propone dos algo-
ritmos de planificacién de trayectorias que utilizan las curvas Bézier, partiendo
de la posicién adecuada de los P; para un AV con ciertas restricciones. En Ka-
wabata y col. 2015, se propone una generacioén de trayectorias suaves para un
AV utilizando la curva Bézier en 2D y 3D. Los trabajos realizados por Choi,
Curry y Elkaim 2008} Rastelli, Lattarulo y Nashashibi 2014] discuten la ubi-

41



Capitulo 2. Curvas en el espacio y su aproximacion a trayectorias suaves

caciéon optimizada de los P,. En Walton, Meek y Ali[2003| se utiliza las curvas
Bézier como curvas de transicién para unir un segmento recto con un segmento
curvo, y también en la generaciéon de trayectorias de tipo clotoide. Mientras
que en Montes, Mora y Tornero [2007; Montés y col. |2008| se ha demostrando
la modularidad y extensibilidad en curvas clotoides, a parir de curvas Bézier.
La generacion de trayectorias para los vehiculos en entornos urbanos ha sido
discutida en Han y col. 2010; Pérez y col. 2013; Gonzalez y col. [2014. Final-
mente, algunos investigadores como Liang, Zheng y Li 2012 han utilizado las
curvas Bézier para el estacionamiento automatico de vehiculos.

El trabajo propuesto en Fraichard y Ahuactzin 2001, aborda el problema de
generacion de trayectorias con curvatura continua al plantear un planificador
global que considera los obstéculos del entorno. La metodologia propuesta,
calcula una posible trayectoria en base a segmentos lineales y arcos en forma
de curvas clotoides, con el objetivo de alcanzar una curvatura continua, misma
que es utilizada en curvas Dubins. El punto de partida explota las cualidades
de un planificador de trayectoria de nombre Planificador de hoja de Ruta
Probabilistica (del acronimo, Probabilistic Path Planner), también conocido
como el algoritmo Ariadne’s Clew.

En Parlangeli y col. 2009, se propone un algoritmo de planificacién de trayec-
torias suaves con curvatura limitada. La trayectoria realiza una aproximacién
a curvas Dubins, las cuales buscan alcanzar una soluciéon éptima de longitud.
El trabajo asume las configuraciones inicio y fin, informacién que incluye la
ubicacion espacial 2D y las orientaciones (dngulos) de partida y de llegada.

El articulo presentado en Lau, Sprunk y Burgard 2009 inicia con la determi-
naciéon de una trayectoria generada por un planificador global. Partiendo de
los resultados anteriores, se construye una curva Bézier la cual es utilizada con
el objetivo de generar una trayectoria que posea continuidad en curvatura. La
curva se construye a partir de segmentos de curva formados por grupos de
3 P; contiguos, sobre los cuales se insertan 2 P; adicionales, con lo que cada
segmento termina con un total de 5 P;. Asi, el objetivo final al crear segmentos
con 5 P;, es optimizar la curva para generar movimiento continuo y suave en
la trayectoria.

En Kim y Kim 2011| se busca alcanzar una minimizacién de tiempo en plani-
ficacién de trayectoria, sobre un vehiculo omnidireccional de tres ruedas. La
aproximacion se resuelve en base al modelo cinematico del vehiculo junto con
los actuadores (motores) y las entradas de control provenientes de las baterias.
De acuerdo al limite de la curva alcanzable por el vehiculo, se genera una curva
basada en Clotoides. En consecuencia, y debido a la complejidad del modelo
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dinamico del AV (debido al analisis de optimalidad en tiempo) los autores se
han centrado en un anélisis sobre una trayectoria previamente definida.

Finalmente, pero mas importante, los investigadores Girbés, Armesto y Tor-
nero [2014] proponen la generaciéon de trayectorias de doble curvatura continua
(DCC) para AVs de ruedas. Asi, un controlador hibrido en bucle cerrado se
encarga del control cinemético, el cual ademés determina los valores maximos
de curvatura y aceleracion del AV. El enfoque de trayectoria se basa en el uso
de clotoides como curvas de transiciéon debido a su relacién explicita con la
brusquedad de movimiento y, por lo tanto, relacionadas con la seguridad.

2.6.2 Transicion a Trayectorias 3D

El estudio literario relacionado con la teméatica de esta investigaciéon muestra
que existen diversos enfoques populares que buscan como objetivo alcanzar
una trayectoria no-holonémica en 3D. Estos enfoques se centran en la aplica-
cion de métodos que explotan las cualidades de las curvas Bézier, B-spline,
Pitagoéricas, Dubins, Clotoides, etc., en la generacion de trayectorias, planifi-
cacién de movimientos y construccion de curvas suaves 3D para los AVs, como
se describe, a continuacién.

Sampaio [2017], se presenta una extension de las curvas de Bézier para dise-
nar complejas trayectorias 3D. La solucién desarrollada es matemaéaticamente
simple con dos grados de libertad. La metodologia presentada realiza una des-
cripcion de la trayectoria a través de una sola expresion, que maneja las tres
coordenadas espaciales (no trabaja con tres funciones de coordenadas sepa-
radas). Finalmente, la formulacién para el célculo de la trayectoria, presenta
expresiones para calcular la inclinacién, el azimut y la curvatura en cualquier
punto de la trayectoria, proporcionando asi un control considerable sobre las
caracteristicas de la trayectoria.

En trabajo descrito en McNaughton y col. [2011], presenta un planificador para
navegaciéon auténoma en entornos estructurados. El entorno se define como
una malla discreta, sobre la cual se aplica un planificador con el objetivo de
determinar una trayectoria. Entonces, con una trayectoria definida, se aplica
un planificador de navegacién auténomo, que se define como un conjunto en
el espacio de estados de dimension 6 ([z,y, 2,0, t,v], siendo (x,y) el punto de
partida, 6 el &ngulo de movimiento, ¢ el tiempo y v la velocidad de movimiento),
el cual se encarga de obtener la trayectoria o conjunto de trayectorias por las
cuales se puede navegar. Finalmente, una funciéon de coste determina la mejor
trayectoria navegable.
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En Subchan y col. [2008| se propone la generaciéon de trayectorias navegables
por UAVs, basadas en curvas pitagoricas (PH, del Acronimo Pythagorean Ho-
dograph), con el objetivo de realizar un estudio, deteccion, modelizacion y
seguimiento de contaminantes aéreos,

En Shanmugavel y col. 2006, se trabaja con un grupo de UAVs generando rutas
seguras de vuelo continuo dentro de los limites de curvatura de vuelo definido
y a una distancia de separacién minima y que ademas garantizan una llegada
simultanea. Las trayectorias se generan con el objetivo de satisfacer la restric-
cion de curvatura a lo largo de la longitud de la trayectoria (demostrando asi
que multiples restricciones de la planificaciéon de trayectoria pueden cumplirse
variando solamente la curvatura del mismo). Para lo cual se utilizan curvas
PH, explotando el principio de geometria diferencial de que una curva plana
estd completamente determinada por su curvatura (principio utilizado para
cambiar la forma de la trayectoria).

El trabajo presentado en Yang, Zhou y Zhang [2016, propone un método de
planificacion de trayectoria colaborativa para miltiples UAVs, partiendo de la
base de las curvas PH, las cuales se generan en funcién de las restricciones de
tiempo y dngulo de movimiento del UAV. El desarrollo del trabajo estudia la
relacion entre la longitud de la trayectoria de la curva PH, los pardmetros de
control, y la restricciéon del 4ngulo de vuelo hasta alcanzar el punto objetivo.
Todas las condiciones iniciales de la planificacién colaborativa de la trayectoria
son integradas, de modo que la cooperaciéon en tiempo y dngulo para alcanzar
el punto objetivo sea realizable mediante un control de velocidad.

El trabajo de Neto, Macharet y Campos [2013] presenta una generacion de
trayectoria suave partiendo de una variacién de curva PH, calculada a partir
de un problema de optimizacién. El objetivo es modelar un camino como una
curva espacial 3D de Bézier de séptimo orden que se calcula de forma iterativa.
Esta curva busca maximizar curvatura k, torsiéon 7 y angulo de ascenso o
descenso, y con ello garantizar maniobras continuas.

En Yang y col. 2015, se propone un método de generaciéon de curva de Bé-
zier de sexto orden (60BC) entre un conjunto de cuatro nudos denominado
arbol aleatorio basado en la atraccion guia (GART, (del acrénimo, Guiding At-
traction based Random Tree), descrito por el mismo Yang y col. 2014b. Como
medio para restringir la curvatura, un angulo de aproximacién a la conexién
de dos secciones subsiguientes se actualiza iterativamente hasta que la curva
se ajusta a la restriccion. Este enfoque permite manipular la curva hasta que
satisface la restriccion y reduce la longitud de la trayectoria generada al sua-
vizar sus bordes. Sin embargo, estos enfoques limitan la trayectoria basandose
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en la curvatura x de la curva, que no tiene en cuenta la cinemética en tres
dimensiones completas. Para garantizar el cumplimiento de las restricciones,
es necesario desacoplar las dimensiones y calcularlas por separado, o bien cal-
cular la curvatura maxima &,,., €n base tinicamente a la menor velocidad de
rotacion.

El articulo desarrollado por Nikolos y col. 2003, propone un diseno de plani-
ficador que calcula una curva suave 3D (sobre un terreno irregular), que es
navegable por un UAV. Para la construccion de la curva se utiliza una base
de curva B-spline que parte de un conjunto de P; generados por un algorit-
mo evolutivo. La trayectoria se construye por medio de la concatenacién de
segmentos de curvas B-spline.

El trabajo desarrollado en Cai, Zhang y Zheng [2017| est4 enmarcado en el
campo de los AUV, donde se propone una metodologia de curva 3D basada
en curvas Dubins. En primera instancia se construye una curva Dubins 2D
en el plano (z,y), y posteriormente se realiza una interpolacion al eje z, con
el objetivo de completar la curva 3D, trayectoria que a la vez se construye a
partir de las restricciones dindmicas del AUV.

Hernandez y col. 2019| trabajan con un AUV y construyen una trayectoria
navegable partiendo de los resultados de un algoritmo de planificaciéon de tra-
yectoria RRT. Después, se implementa una curva basada en Dubins, la cual se
adectia a los requerimientos de movimiento del AUV. La algoritmia propues-
ta funciona cuando el AUV se encuentra en una profundidad constante 2D
o cuando el AUV requiere cambiar su profundidad a medida que se desplaza
hacia 3D.

Mittal y Deb [2007a) parten de un entorno definido como una cuadricula sin
restricciones adicionales de movimiento. Entonces, se propone un planificador
fuera de linea que minimiza la longitud de la trayectoria y maximiza la se-
guridad, completando la tarea de planificaciéon de trayectoria a través de una
optimizacion multiobjetivo (el optimizador determina la mejor trayectoria), y
su posterior construcciéon de trayectoria suave 3D en base a una curva B-spline.

El trabajo presentado por Singh y Hota [2017 propone la generaciéon de un
planificador de trayectorias para UAVs, partiendo del conocimiento de la po-
sicién inicial, posicion final y las restricciones cinematicas de dicho UAV. La
metodologia analiza una geometria apropiada para generacién de trayectorias,
que se basa en segmentos rectos y circulares (para los cuales se define el maxi-
mo radio de giro horizontal y el méximo radio de giro vertical). Entonces, se
construye una curva en el plano (x,y) y posteriomente se construye una nueva
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curva en el plano (z,z), para finalmente realizar una interpolacion de curvas
con el objetivo de construir una curva final 3D.

En Wu y col.[2017/se propone un planificador de trayectoria suave para entornos
complicados, a partir de curvas PH. El trabajo se divide en dos partes, en la
primera parte, se define el entorno de movimiento sobre el que se encuentran
definidas irregularidades (como un entorno discretizado y definido como una
matriz 2D), elementos representados con diferentes alturas. En la siguiente,
por una parte, se genera una trayectoria espacial PH, navegable por un grupo
de UAVs, mientras que por otra parte, se satisface las restricciones cinematicas
y dindmicas de los UAVs.

De forma similar, en Yi y col.[2015], se propone un algoritmo de planificacién de
trayectoria 3D en-linea basado en curvas PH para UAVs. Los autores proponen
la construccién de una trayectoria navegable dentro de un entorno dinamico,
ademas, se consideran restricciones cineméaticas de curvatura s, torsién 7 y
angulo de ascenso del UAV. El trabajo adopta algoritmos de estimacién de
distribucién para la optimizaciéon y seleccién de los parametros de la trayecto-
ria, de tal forma que sean adecuados para resolver el problema. Por otra parte,
para la evitacién de obstéculos, se utiliza el método denominado velocidad-
obstéculo basado en la reduccién dimensional. En este sentido, la trayectoria
puede volver a planearse dando el punto de insercién de la evitacion de obs-
taculos.

El trabajo desarrollado en Shah y Aouf 2010, presenta una planificacién de
trayectorias 3D para cooperaciéon en entornos estaticos y obstaculos estacio-
narios. Las trayectorias se construyen con una base geométrica de curvas PH
basadas en las curvas de Bézier. Estas curvas se adaptan para la planificacion
cooperativa de trayectorias continuas y suaves para varios UAVs que operan
simultaneamente en el mismo entorno espacial.

El aporte propuesto en Su y col. 2018], describe un método de planificacion
de trayectorias en tiempo 6ptimo sobre un robot paralelo de tipo Delta. La
trayectoria se genera a partir de segmentos de transicién formados por curvas
quintuples PH, lo cual garantiza que las velocidades, aceleraciones y sacudidas
en el espacio sean limitadas, suaves y continuas. Tanto los resultados de la
simulacion como los experimentos revelan que la planificacién de trayectoria
propuesta contribuye a la operacion en alta velocidad del robot Delta.

En Shao y col. 2019} se propone la generacién de un grupo de trayectorias
cooperativas navegables para grupos de UAVs, mediante la creaciéon de un
algoritmo de optimizacién cooperativa distribuida de enjambre de particulas
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(DCPSO). Esta clase de problemaéticas presentan diversas dificultades debido
a las restricciones de vuelo. Entonces, con el objetivo de satisfacer las restric-
ciones cinematicas (restriccion de curvatura maxima K., y el requisito de
curvatura continua del trayecto) de los UAVs, se ha adoptado una curva de
tipo PH (como una aproximacion a una trayectoria parametrizada) debido a
su continuidad de curvatura y sus propiedades intrinsecas racionales.

2.7 Conclusiones del capitulo

Con el objetivo de dar inicio al trabajo de investigacion propuesto en la tesis,
se ha realizado un estudio tedrico de curvas en el espacio 2D y 3D, descrito
en la seccion 2.2] donde se han resaltado las diferentes propiedades de las
curvas continuas. En especial se ha realizado un enfoque sobre las ecuaciones
de Frenet-Serret en la seccion [2.3] ecuaciones que han servido como punto de
partida para las propuestas de nuevas curvas suaves 3D presentadas en la tesis.

Una definicion y exploracion de la Clotoide, también conocida como la espiral
de Cornt o espiral de Euler, fue realizada en la seccion [2.5] donde ademas, se
han definido sus diferentes simbolos y términos de construccion, asi como su
formulacion fundamental y aplicaciones.

Después de la revision literaria y el anélisis de los resultados provenientes del
breve resumen de aportes presentados en las secciones y se ha
llegado a la conclusiéon que la mejor opciéon de partida para el desarrollo del
trabajo de tesis son las curvas Clotoides. Debido a sus propiedades geométricas,
ademas de sus alcances, los cuales no han llegado a su punto mas alto, es decir,
son curvas que ain pueden ser explotadas, maximizando su aplicabilidad y
rendimiento, como se mostrara a lo largo del trabajo de tesis.
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Capitulo 3

Smooth 3D path planning for
non-holonomic UAVs

The first contribution of the thesis work has been presented at an international
congress, where a Smooth 3D path planner is proposed, based on Chlotoid 3D
curves, which are built by means of Rational Bézier curves. This approach has
shown good computational efficiency.

Chapter Note: The contents of this chapter can be found in the paper:

Vanegas, G., Samaniego, F., Girbés-Juan, V., Armesto, L., Garcia-Nieto,
S. (2018, October). Smooth 3D path planning for non-holonomic UAVs.
In 2018 7th International Conference on Systems and Control (ICSC)
(pp. 1-6). IEEE.

49



Capitulo 3. Smooth 3D path planning for non-holonomic UAVs

Abstract: This paper presents a path planning approach
for Unmanned Aerial Vehicles (UAVs) with non-holonomic cons-
traints, such as fized-wing airplanes. The control scheme is divided
i two stages: local planner and kinematic control. In the planning
stage, a smooth curve is generated in 3D FEuclidean space, using
3D clothoids approrimated by Rational Bézier curves. Then, in a
second stage, the autonomous flying vehicle is piloted to track refe-
rences of velocity and orientation. Real flight simulation tests have
been carried out to observe the behaviour of the UAV when follo-
wing 3D clothoids, in order to analyze the properties and benefits
of using such smooth curves for path planning of fixred-wing planes.

3.1 Introduction

The area of Unmanned Aerial Vehicle (UAV) has been evolving drastically in
recent years. UAVs were initially conceived for military purposes, but nowadays
there is a large number of commercial applications [C. Goerzen y col. [2010;
Sujit, Saripalli y Sousa 2014].

When referring to UAVs, it is important to recall this branch is not only about
aerial vehicles but about systems which determine achievable trajectories for
a correct autonomous navigation. One of the main disadvantages of UAVs is
they are non-linear systems and some of them have non-holonomic navigation
constraints under normal conditions.

To control these vehicles, space curves are often used to generate smooth tra-
jectories, although most of these curves are not intuitive, do not take vehicle’s
constraints into account and/or require optimization procedures, which may
be not feasible for real-time applications. In this sense, several types of curves
have been extensively used, such as Bézier, Spline or Polynomial curves [Kan
y col. 2011} Jung y Tsiotras [2013; Wang y col. 2017a], which allow reaching
a determined position in the Euclidean space. Geometric analysis in curves
context is a continuous map from 1 to n-dimensional space, which its domain
has continuous derivatives up to the desired order. This concept is often used
in continuous robot navigation besides of ensuring a dynamically feasible and
steerable path for those kinds of UAVs.
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On the other hand, it is a well-known fact that clothoids provide some interes-
ting geometric, appearance, comfort, and safety aspects which are worth to be
used in road, railway and roller coaster design [Meek y Walton 2004a; Marzba-
ni, Jazar y Fard [2015] and to control non-holonomic vehicles [Girbés, Armesto
y Tornero 2014; Marzbani y col. 2015b; Gim y col. |[2017a]. Unfortunately, there
is no closed-form solution to compute Fresnel integrals, although some appro-
ximations, with errors up to 1072°, allow real time computation [Mielenz 2000}
Montés y col. 2008} Brezak y Petrovic|[2014; Narayan 2014; Chen y col. |[2017a].
Despite this fact, there is no analytical solution but, it is possible to compute
some geometric properties analytically, such as curvature and tangent angle as
a function of arc-length.

Thus, this paper focuses on generating smooth 3D trajectories to pilot non-
holonomic UAVs, such as fixed-wing airplanes. Due to their interesting proper-
ties and smoothness, the aim is to approximate 3D clothoids by Rational-Bézier
curves to achieve real-time performance. The control scheme is divided in two
stages: local planner and kinematic control, as depicted in

f————————— e, —,——————————
I Local planner 1 Kinematic control

) [

! I
I ; |
| Tralectory L L3 pib Control UAV !
I Generation 1 1
I 1 !
I ! 11 :
! Target : I (6, W, vel) ;
: Configuration | , : 1

I I

Figura 3.1: Planning and control diagram.

The paper is organized as follows. Section [3.2] introduces some preliminaries
about smooth curves, such as clothoids and Bézier curves. A methodology to
approximate 3D clothoids by Rational Bézier curves is explained in section 3.3
Then, in section some flight simulation tests are performed, whose results
are shown and discussed. Finally, in Section some conclusions and future
work are drawn.

51



Capitulo 3. Smooth 3D path planning for non-holonomic UAVs

3.2 Smooth curves definition

3.2.1 Space Curves

Any space curve C(s), parametrized by its arc-length s in a three-dimensional
space R?, is determined by its curvature x(s) and its torsion 7(s), according to
the space curves fundamental theorem [Banchoff y Lovett 2010]. Intuitively, a
curve can be obtained from a straight line by bending (curvature) and twisting
(torsion). Furthermore, for |x(s)| > 0 and 7(s), there exists a unique space
curve defined by its Frenet-Serret equations as follows

T'(s) 0 K(S) 0 T(s)
N'(s) —k(S) 0 7(s)| |IN(s) (3.1)
B'(s) 0  —7(s) 0 ] [B(s)

being T(s), N(s) and B(s) the tangent, normal and binormal vectors of a
right-handed unit orthogonal system, respectively. While T'(s) = dT(s)/ds,
N'(s)=dN(s)/ds, B'(s)=dB(s)/ds are the first derivatives of such vectors.

Thus, this orthogonal system is defined as R(s) := [T(s) N(s) B(s)] and it
can be integrated from based on a specific pair of functions of curvature
k(s) and torsion 7(s), with a given initial value R(0):=[T(0) N(0) B(0)]. The
position is obtained by integrating the tangent vector:

C(s) = C(0) +/OST(£) i (3.2)

On the other hand, based on a curve C(s), we can obtain the tangent T(s),
normal N(s) and binormal B(s) vectors. Hence, taking into account the theory
of differential geometry of curves |[Banchoff y Lovett [2010|, the following equa-
lities for the mobile trihedron of any curve C(s) are defined

Q)
T = jee)] 3
LT _ O x Ce) x )
NG = )] = 06 < O (3)] x O] (3:4)
B(s) = T(s) x N(s) = = 8) X €"(5) (3.5)

~[IC7(s) x C(s)]]
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being C'(s) =dC(s)/ds, C"(s)=d?*C(s)/ds*, C"(s)=d*C(s)/ds® the deriva-
tives of position vector C(s).
3.2.2 Planar 2D clothoids

An Euler spiral or planar clothoid is defined in R? as the curve whose curvature
varies linearly with respect to arc-length

K(S) := 0.8, (3.6)

where o, := dk(s)/ds is the clothoid’s sharpness, which is related to its ho-
mothety factor or scale K by o, := m/K? and clothoid’s tangent angle is

Bls) = L2, (3.7)
In addition to this, the tangent vector, can be expressed as

()= |5 (338)

From equations (3.2, (3.7) and (3.8]), the well-known equations for a planar
clothoid (contained in plane XY) [Levien |2008a], noted as C(s), can be derived

from Fresnel integrals as follows:
_ [C(s)] . [y cos(%5€2) de
C@_&@y{ﬁmww%} (3.9)

being C(s) and S(s) the Fresnel’s cosine and sine integrals. Note that without
loss of generality, the clothoid is assumed to be origin-centered, that is C(0) = 0

n .

The authors Harary y Tal|2012alintroduced 3D Euler spiral or clothoid (C3D),
defined in R?, as a curve whose curvature varies as in (3.6) and its torsion
varies as:

7(s) :==o0,s (3.10)

where o, := §7/ds its first geometric derivative or torsion sharpness.
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The main drawback of 3D clothoids, as presented in Harary y Tal2012a/requires
numerical integration to be solved. More specifically, to reach a 3D position
or orientation, the 3D clothoid parameters must be optimized to the clothoid
satisfies the constraints, which is time-consuming and not suitable for real-time
operations.

3.2.3 Bézier Curves

Bézier curves are a mathematical description method of curves numerically
stable [Gordon y Riesenfeld 1974b; Segovia y col. [1991]. A Bézier curve (B-
curve) is a special case of a spline curve, in which the curve has only one
polynomial component in the piecewise. The Bernstein polynomials of degree
n (with n > 0) can also be interpreted as the B-spline basis functions of degree
n over the domain of those polynomials.

The Bézier curve of degree n can be expressed as

siom-£(0n(5)” )

n-1 (3.11)
=Py(l—t)"+ (7;) tt o+ Pt
t €0,1]
where P := [P, PT ... PT] € R3"*Y are the set of control points, s; is the

curve’s length and R? is the 3D space where the curve is defined. In other words,
the degree n of the Bézier curve is an interpolation between the (n + 1) 3D
control points. Bézier curves can be expressed in terms of Bernstein polynomials
of degree n:

n

Bg(s,P) = Zbi,n(s)Pi, s €10, sy] (3.12)

=0

where the polynomials b; ,(s) € R

byn(s) == <7Z> <5fs; S)M (;f) i=0,....,n (3.13)

The main advantage of Bézier curves with respect to clothoids is that they
have scaling and rotation properties [Montes, Mora y Tornero 2007]. Thus, we
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can fit control points of a unitary Bézier and then used them to generated a
huge variety of curves due to their scaling and rotation properties. This is one
of the main motivations behind this preliminary paper, in which we aim to fit
a 3D Clothoid curve using a Bézier curve.

3.3 Heading-Attitude Control

Heading and attitude control in UAVs is a very important problem to solve
[Adiprawita, Suwandi Ahmad y Sembiring 2012]. This is particularly relevant in
airplanes (fixed-wing flying vehicles), because they have non-holonomic cons-
traints and therefore heading and attitude control is the “natural” choice to
pilot a plane.

3.3.1 Smooth Trajectory Generation

Press, William H., Teukolsky, Saul A., Vetterling, William T., and Flannery
2007, have used an optimization procedure using the Gradient-descent algo-
rithm to generate a curve joining two arbitrary point-vector configurations,
to get the optimum values of initial curvature ko, and torsion 7y, as well as
sharpness of curvature o, and torsion o,. Therefore, their solution could take
any initial and final values of curvature and torsion. However, when planning
curves for non-holonomic vehicles such as aerial or underwater robots moving
on a 3D space, due to their non-holonomic constraints, such vehicles cannot fo-
llow arbitrary curves with instantaneous changes in either, curvature, torsion
or orientation. Therefore, in many practical cases, the initial curvature and
torsion are given, based on current’s robot curvature and torsion. In that case,
using the solution proposed in [Harary y Tal 2012a] only the final position or
final orientation can be achieved, but not both simultaneously.

In this paper, a curve parameterized by a generic parameter vector p is pro-
posed, noted as C(s,p). Actually, the parameter vector, will be p = (o, 0,).
The aim is to compute p* such as T(s,p) = T* for a given s > 0. Without
loss of generality it can be assumed that the local frame of the curve is coin-
cident to the global coordinate frame, which means that the start point is
C(0,p) = [0,0,0]"

Using the chlotoid properties described by Girbes, Armesto y Tornero [2011] we
can provide an initial solution for the optimization procedure. The idea is to
individually compute the sharpness required by two clothoids on the XY -plane
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and Y Z-plane so that the sharpness of curvature and torsion can be obtained,
separately, for a given pitch angle 6(s) and yaw angle v (s).

V= ‘i(;”, T = hi(/? (3.14)
Ty = Sign(ﬁ(s))ﬂ;’z (3.15)
., = sign((s) (3.16)

Therefore, the challenge to be solved can be stated as an orientation minimi-
zation problem with initial guess py = (0,,, 04, ):

p* = arg, min | T* — T(s, p)| (3.17)

3.3.2 3D Clothoid Approximation

Now, we describe a method to approximate 3D Clothoids using Rational Bézier
curves (RB-curves) with a given number of points. We extend the formulation
provided in [Montes, Mora y Tornero 2007| by considering independent weights
on each control point of a RB-curve. RB-curves can be expressed as:

Brs(s, P, W) := [Z ?:Obm(s)Wl} HZ " bin(s)W, P, (3.18)

where W; € R? is a diagonal of a weight matrix. The parameters to be learned
are the position of the control points and the weights. Since they have a non-
linear relation, we propose to learn them in a two-step method: first learn
the position of the control points assuming W; = I, which corresponds to the
expression of a conventional Bézier curve; then, the weights of the RB-curve are
learned considering that the control points are fixed, to refine the estimation,
by including a greater flexibility to fit the original 3D clothoid curve. In order to
estimate the conventional Bézier curve, we will set the position of the first and
last control points to the curve initial and final values, that is, Py = C(0, p) and
P, = C(sf,p), being s; the overall curve’s length. Since we assume W,; =1

the curve points can be obtained via Least-squares fitting Y = XP as:
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B bo,n(o) n n(O)
C(0,p) — =7 bm(o)PO X (O)P
Y = : (3.19)
bo.n 1) by (1)
|C(s5,P) = s Po — s @ P
r_b1,,(0) M
Y rbia(0) 7T 3P bia(0)
X = (3.20)
_bin(0) bno1.n(0)
L> "7 bin () 77 3T (1)
- P,
_Pn—l

With the estimated position of the control points, we can now estimate the
values of the weights for each coordinate. First we need to express the equality
C(s,p) = Brgp(s,P, W) in terms of the weights as:

i bin(s)C(s,p)W; = i bin(s)P;W,, (3.22)

=0

considering that Wy = I and W,, = I in order to ensure that the estimated
curve starts and ends at the initial and final position of the original curve,
we have the following linear equation ¥ = XW that can be solved via Least
Squares “LS™:

[ 50,0 (0)Po(0) + by (0)P(0)

Y = : (3.23)
(00,0 (57)Po(s5) + bun(s1)Pu(s)
[ —bin(OPL(0) ... b1, (0)P,_1(0)

X = : : (3.24)
L=b1a(sp)Pi(sy) - buoin(sp)Pai(sy)

W.=[W7 ... WZ_]" (3.25)

where P;(s) := (C(s,p) — P;) and abusing of notation W is indeed a vectori-
zed version of it when solving the LS problem.
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Figura 3.2: Kadett UAV model and variables definition.

3.4 Experiments and Results

The experimentation has been carried out using a flight simulator FlightGear
2018, the mathematical software tool Matlab R2017b and a computer with
Intel Core i7-6700HQ 2.60GHz processor and 16GiB DDR4 RAM memory.
The airplane model used for the dynamic simulations is based on kadett 2400

[Velasco-Carrau y col. 2015| (depicted in Figure .

The systems has 4 inputs (see Figure to control the aerodynamic surfa-
ces and speed: ¢, (elevator), d, (aileron), d, (rudder) and &y, (throttle). As
any vehicle moving in a 3D Cartesian space, it can be represented by 6 states
{z,y,2,,0,7}, where the first three states define the position vector of the
center of gravity Cg w.r.t. a Global Coordinate System CS, placed at the
origin. The latter three are the Euler angles roll, pitch and yaw, respectively,
which define the orientation of body’s local coordinate system C'S, w.r.t. C'S,.
Notice that CSy is defined by 3 unitary orthogonal vectors {X,, Y, Z,} alig-
ned with the three axis of the vehicle and centered at Cg, with Z, pointing
downwards, as can be seen in Figure B.2] Angular velocities along axis X, ,Y,,
and Z, are represented by p, ¢ and r, respectively, see [Velasco-Carrau y col.

2015] for details.

Figure shows the control structure used to drive the aircraft. Given some
initial conditions (current tangent vector T) and a target configuration (final
tangent vector T*), a reference trajectory is generated. The goal is to keep
a constant velocity vel along the trajectory, which is accomplished by a PID
controller that affects the throttle. Besides, the profiles  and v of the generated
trajectory are used as a reference input for two more PID controllers. The
first PID controls the elevator, which affects the pitch orientation. Whilst the
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output of the second PID is multiplied by a gain K to control the aileron, which
affects the roll orientation, but also makes the aircraft turn and therefore affects
the yaw orientation. The control action is also applied to the rudder, which
affects slightly the yaw orientation and is used to compensate little errors when
tracking the reference yaw .

As explained in Section a 3D clothoid (C3D) can be approximated by a
Rational Bézier curve (RBC). The main drawback of using C3D is that these
curves are computed using the Fresnel integrals, which for a small discretization
step and long distances (upper integration limit) can be very time-consuming.
Besides, another problem is the fact that the final result depends on the se-
lection of the discretization step. So, for the same sharpness of curvature o,
and torsion o, the generated path and final orientation will differ depending
on such integration step. On the contrary, a RBC is parametrized by n control
points and weights, depending on the order n, and can be discretized using any
step producing always the same curve. Another drawback of using C3D curves
directly is that to solve the planning problem they use an optimization algo-
rithm to find the values o7, and o} to reach a given final tangent vector T~,
for a particular integration step. This process is in fact highly time-consuming
and is not appropriate for real-time planning and control of flying vehicles.

For the simulations performed in this section, different cases of C3D has been
approximated by a RBC, which different orders were have been used n =
{11 — 15}, we found that n = 13 was the best option taking into account
accuracy and computation time, since n > 13 order of approach results in an
overlap of regressors, depicted in Table [B-1]

Cuadro 3.1: Error: RCB approximation with different order.

| Control points [ 11 | 12 | 13 [ 14 [ 15 |
[Tog(c) [ 73511 | -8.2492 | -0.0080 | -7.9992 | -7.4833 |

For this particular case we generate a C3D using 10* discrete points. The
curvature sharpness is set to o, = 1,796 rad/ m2, the torsion sharpness is o, =
1,983 rad/mQ, the overall length is | = 1 m, with final angles § = —7/8 rad
and ¢ = 7/4 rad. The average computation time for this particular case is
t. = 15,97 ms, whilst the approximation error integrated along the path is
e = 17,9635-1071° m. Figure shows the C3D (blue) and the approximated
RBC (dashed red), as well as the control points (green circles).
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Figura 3.3: Scheme used to control the Kadett UAV model.

Some results of the experiments carried out in FlightGear simulator and Matlab
are shown in Figure The reference velocity has been set to vel = 18 m/s,
with a sampling period of T, = 20 ms to control the aircraft. Since the length
of the reference trajectory is set to [ = 180 m, the simulation time is t = 10 s.

In Figure it can be observed that the aircraft (red) follows very closely
the reference trajectory (blue), even when only pitch and yaw references have
been tracked by the UAV. On the other hand, Figure shows the tracking
errors for some variables. It can be observed that the tracking error of angles
pitch and yaw is very slow. This is mainly due to the fact that the RBC is an
approximation of a C3D, which has the property of smoothness that allows an
easy tracking. Regarding the velocity, the error is very low throughout almost
the whole trajectory. However, in the last part (around [ = 180 m), due to the
fact that the pitch angle is high, the UAV has some difficulties to follow the
reference velocity and the error e, increases. As a consequence, the distance ey
between vehicle and path also increases considerably in the second half of the
experiment.

Finally, Figure depicts a sequence of screen-shots of the simulation at dif-
ferent time instants ¢t = {0,2,4,6,8,10} s. It can be seen that the UAV starts
at t = 0 s with height A = 0, roll ¢ = 0, pitch § = 0 and yaw ¢ = 0. Then,
it starts to rotate in roll, which makes the airplane turn to the left, while pro-
gressively increasing its pitch angle and therefore its height (¢t = {2 — 8} s).
The last image shows the UAV in the last configuration at ¢ = 10 s, with pitch
0 = —m/8 rad and yaw 1 = 7/4 rad.
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Figura 3.4: Approximation of C3D to RBC: final orientation 8" = —7/8 and ¢* = 7 /4.

3.5 Conclusions

A smooth path planner for fixed-wing airplanes has been introduced. The con-
trol scheme is divided in two stages: local planner and kinematic control. In
the planning stage, 3D clothoids are approximated by Rational Bézier curves
in order to generate smooth trajectories in 3D Euclidean space. Then, this
trajectory is used as a reference to pilot autonomously the UAV in order to
track references of velocity and orientation.

Using RBC of order 13 to approximate 3D clothoids has been proven to be
efficient computationally (around 16 ms to compute 10* discrete points) and
with high accuracy (approximation error of around e = 8 - 107!° m along a
trajectory with length 1 m.

Flight simulation tests have been performed using the FlightGear simulator
and Matlab. After analyzing the results, some interesting benefits of using
3D clothoids for path planning have been observed. A non-holonomic vehicle
following such smooth trajectories is able to track easily the reference of pitch
and yaw angles. In this sense, even though the position reference is not taken
into account, the results have shown that a non-holonomic UAV is able to trace
a trajectory close to the one designed by the path planner.

As further work, we aim to use machine learning techniques in order to generate
a family of Rational Bézier curves approximating unitary 3D clothoids in a very
efficient way. So, the control points and weights of the RBC will be learned as
a function of the final orientation, described by a target tangent vector in 3D
space.
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t [s]

(b)TraCking errors in roll, pitch and yaw movements.

Figura 3.5: (a) Trajectory traced by the UAV (dashed red) following a C3D approximated
by a RBC (blue) with length [ = 180 m and final orientation #* = —x /8 rad and " = 7/4
rad. (b) Tracking error of angles yaw and pitch, velocity and position distance to the reference

trajectory.
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(f)t=10s

Figura 3.6: Some screen shots of the simulation in FlightGear.
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Capitulo 4

A clothoid-based

three-dimensional curve for
attitude planning

This chapter describes the second contribution of the thesis, where a new
analytical solution in the building of clothoid curves has been presented. As a
result of this first study, interesting properties of the curve have been proven,
properties that have given rise to the following contributions. The applications
of the new clothoid curve (clothoid based 3D curve) are extensive, nevertheless
and given the aims of the thesis, the new curve has been exploited in order to
use it to solve the Smooth 3D Path Planning problem.

Chapter Note: The contents of this chapter can be found in the paper:

Girbés, V., Vanegas, G., & Armesto, L. (2019). Clothoid-Based Three-
Dimensional Curve for Attitude Planning. Journal of Guidance, Control,
and Dynamics, 42(8),1886-1898., JCR: Q1, Impact Factor: 2.024, SJR:
Q1, Impact Factor: 1.57, DOI: https://doi.org/10.2514/1.G003551.
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4.1 Introduction

Interest in flying robots, also known as unmanned aerial vehicles (UAVs), has
grown during last years in both military and civil fields [C. Goerzen y col.|[2010;
Sujit, Saripalli y Sousa |2014]. The same happens to autonomous underwater
vehicles (AUVs) |Zeng y col. 2015]. These vehicles, UAVs and AUVs, offer a
wide variety of possible applications and challenges, such as control, guidance
or navigation [Sujit, Saripalli y Sousa [2014; Zeng y col. 2015|.

In this sense, heading and attitude control in UAVs is very important [Adi-
prawita, Suwandi Ahmad y Sembiring 2012, particularly relevant in airplanes
(fixed-wing flying vehicles), because they are strongly non-linear, coupled, and
tend to be underactuated systems with non-holonomic constraints. Hence, de-
signing a good attitude controller is a difficult task [Zhai y col. [2014; Rubio
Hervas y col. 2016} Bhandari y col. 2016; Nguen, Putov y Nguen 2017, Prabha-
kar y col. 2018|, where stability must be taken into account by the controller
[Eren y col. [2017]. Indeed, if the reference is too demanding for the controller
or non-achievable because its dynamics is too fast, the vehicle might become
unstable. In order to address this issue, autonomous navigation systems usually
include a high-level path planner to generate smooth reference trajectories to
be followed by the vehicle using a low-level controller. Usually a set of way-
points is given in GPS coordinates, normally from a map, in order to apply a
smooth point-to-point control trajectory [Liu, Liu y Wei [2014; Liang, Zhong
y Chunhui [2015].

There are plenty of space curves commonly used for UAV and AUV naviga-
tion, such as Bézier, B-spline, NURBS or other parametric curves [Kan y col.
2011} Jung y Tsiotras|[2013; Choe y col. 2016} Dilectis, Mortari y Zanetti 2016}
Wang y col. |2017a]. But none of them are intuitive for attitude planning, be-
cause they are very sensitive to parameter initialization (control points and
weights) [Pérez y col. 2018|]. In addition to this, they do not take vehicle’s
constraints into account and/or require optimization procedures, which may
be not feasible for real-time applications. For all these reasons, these parame-
tric curves (polynomial and rational) are out of the scope of the paper and,
therefore, are not used in our experimentation. Another drawback of these ty-
pes of parametric curves is the absence of physical meaning, and it might be
unclear to get the relationship between their design parameters and system’s
dynamic variables. In other words, vehicle’s constraints or control limitations
(maximum input/output values) cannot be taken into account a priori in the
trajectory generation, because it is difficult or not possible to do so. For that
reason, other solutions propose the use of kinematic and dynamic models to
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generate a trajectory |Mittal y Deb [2007b; Hota y Ghose |2010b; Rikovitch
y Sharf 2013; Ataei y Yousefi-Koma [2015], although optimization procedures
are required to minimize /maximize functions such as time, distance, curvature,
velocity, acceleration, jerk, etc. [Gonzalez y col. |2016].

In two-dimensional (2D) planning, most authors concatenate straight lines,
circular arcs, and some transition curves [Shin y Singh [1990; Delingette, Hebert
y Lkeuchi 1991} Tounsi y Le~Corre 1996; amd Alonzo Kelly 2001|. Among all
proposed 2D curves in the bibliography, clothoids (also known as Euler or
Cornu spirals [Levien 2008a]) play an important role, since it is proven to
be the shortest path [Fraichard y Scheuer 2004a; Girbés, Armesto y Tornero
2014]. Besides, clothoids have “nice” geometric properties, including a close
relation between their scaling parameter and physical phenomena (angular
velocity, normal acceleration and jerk). Clothoids have been studied in depth
to control non-holonomic ground mobile robots [Fraichard y Scheuer 2004a;
Armesto y col. 2012; Girbés, Armesto y Tornero 2014} Brezak y Petrovic 2014],
proving that clothoid’s parameters have a direct effect in safety and comfort.

In order to guarantee C*-continuity in three-dimensional (3D) planning, the
easiest and most intuitive approach is setting null curvature and torsion in
the joining points, as done in 2D planning [Fraichard y Scheuer 2004a; Girbés,
Armesto y Tornero [2014]. This way, straight segments and turnings (made of
transition curves) can be easily concatenated, while guaranteeing curvature
and torsion continuity. Thus, borrowing the idea from planar movement, space
clothoids can also be used in path-planning and navigation applications. Howe-
ver, even though the benefits of planar clothoids have been proven, researchers
have paid little attention to the use of such curves in 3D space. A few works
proposed the use of clothoids in path-planning for UAVs [Yang y Sukkarieh
2008a; Wan y col. 2011} Wilburn, Perhinschi y Wilburn [2013|. Others instead,
approached a similar problem from the fields of road design [Kommer y Weid-
ner [2007| and computer graphics [Harary y Tal 2012aj; Bertails-Descoubes|2012;
Celik, Semra S.; Yayli, Yusuf; Giiler [2016].

Nevertheless, only [Harary y Tal 2012a] seems to match the exact definition
of a 3D clothoid (C3D), which is a curve whose curvature and torsion evolve
linearly with respect to arc-length. But, the problem is that this approach is
based on a Frenet-Serret frame [Banchoff y Lovett 2010] and requires both
a numerical integration and an optimization procedure [Harary y Tal 2012a].
Moreover, it is not possible to know a prior: the increment in position and
orientation with respect to curve’s origin.
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In particular, the paper focuses on the problem of attitude planning, where an
aircraft flying straight needs to perform a smooth maneuver to change its di-
rection and height, for instance to avoid an imminent collision. In fact, we seek
for a curve that can be used in a local planning framework as smooth reference
trajectory for obstacle avoidance of fixed-wing planes and other UAVs, as well
as for planning more complex maneuvers, combining straight lines and other
three-dimensional curves to generate smooth paths in a global planning frame-
work. In this paper we present a novel clothoid-based three-dimensional curve
(coined as Cb3D), which has an analytical solution, allows real-time compu-
tation for most of applications and provides some interesting properties for
path-planning problems, such as scalability, symmetry, smoothness, monoto-
nicity, etc. The integration of this curve within either local or global planning
algorithms is out of the scope of this paper.

The paper is organized as follows. Section [4.2] introduces some preliminaries
about differential geometry of space curves, as well as 2D and 3D clothoids. The
problem statement is explained in this section too. The proposed Cb3D curve
is defined in Section [£.3] where some lemmas and properties are also proved in
Appendix A. In order to evaluate the proposed Ch3D curve against a C3D, a
comparative analysis is performed in Section [£.4] with some simulations using
FlightGear in Section [£.5] Finally, the paper ends with a discussion of results
in Section (.6

4.2 Preliminaries

4.2.1 Space Curves

Any space curve C(s), parametrized by its arc-length s in a three-dimensional
space R?, is determined by its curvature x(s) and its torsion 7(s), according to
the fundamental theorem of space curves [Banchoff y Lovett|2010]. Intuitively, a
curve can be obtained from a straight line by bending (curvature) and twisting
(torsion). So, for |x(s)| > 0 and torsion 7(s), there exists a unique space curve
defined by its Frenet-Serret equations as follows

T'(s) 0 k(s) 0 ] [T(s)
N'(s)| = [—k(s) 0 7(s)| [N(s) (4.1)
B'(s) 0 —7(s) 0 B(s)
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being T(s), N(s), and B(s) the tangent, normal, and binormal vectors of a
right-handed unit orthogonal system, respectively. While T(s) = dT(s)/ds,
N'(s)=dN(s)/ds, B'(s)=dB(s)/ds are the first derivatives of such vectors.

Thus, this orthogonal system is defined as R(s):=[T(s) N(s) B(s)] and it can
be integrated from Eq. based on a specific pair of functions of curvature
k(s) and torsion 7(s), with a given initial value R(0):=[T(0) N(0) B(0)]. The
position is obtained by integrating the tangent vector:

C(s) 1= C(0) +/OST(§) de (4.2)

On the other hand, based on a curve C(s), we can obtain the tangent T(s),
normal N(s), and binormal B(s) vectors. Hence, taking into account the theory
of differential geometry of curves |[Banchoff y Lovett 2010], the following equa-
lities for the mobile trihedron of any curve C(s) are defined

)= ooy “3)
T'(s)  [C/s) x C'(s)] x C'(s)

N = m(@)] = 0(s) % O7(s)] x O(s)] (4.4

B(s) = T(s) x N(s) = - o) X () (4.5)

IC(s) x C"(s)]|
being C'(s) =dC(s)/ds, C"(s)=d*C(s)/ds?, C"(s)=d*C(s)/ds® the deriva-
tives of position vector C(s).

4.2.2 Planar and spatial clothoids

An Euler spiral or planar clothoid (C2D) is defined in R? as the curve whose
curvature varies linearly with respect to arc-length

K(S) = Ko + 0,S (4.6)

where kg is the initial curvature and o, := dk(s)/ds is the clothoid’s shar-
pness, which is related to its homothety factor or scale K by o, := 7/K?, and
clothoid’s tangent angle is

B(s,p) = fo + kos + %32 (4.7)
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Capitulo 4. A clothoid-based three-dimensional curve for attitude planning

where [ is the initial tangent angle and p = {f, ko, 0} is the parameter
vector (for notation compactness). In addition to this, the tangent vector can
be expressed as

_ [cos(8(s,))
Tp) = St 48

From Eqgs. (4.2), (4.7), and (4.8)), well-known equations for a planar clothoid
(contained in plane XY) [Levien 2008a], noted as C(s, p), can be derived from

Fresnel integrals as follows

_ C(S’ p) o fos COS(BO + HOf + %fz) d§
Cls.p) = [S<s,p>} - [f; sin(By + Kof + Z€2) d&] (49)

being C(s,p) and S(s,p) the Fresnel’s cosine and sine integrals. Note that
without loss of generality, the clothoid is assumed to be origin-centered, that

is C(0) =0 in Eq. (4.2)).

It is a well-known fact that clothoids provide some interesting geometric,
aspect-appearance, comfort, and safety advantages, which are worth to be used
in road, railway, and roller coaster design [Meck y Walton 2004a; Marzbani,
Jazar y Fard 2015|. Clothoids are also good to control non-holonomic vehicles
|Girbés, Armesto y Tornero [2014; Marzbani y col. 2015b; Gim y col. 2017a].
Unfortunately, there is no closed-form solution to compute Fresnel integrals,
although it is still possible to analytically compute some geometric properties
such as curvature and tangent angle. Despite of clothoid not having analyti-
cal solution, some approximations allow real-time computation [Mielenz 2000;
Montés y col. 2008; Brezak y Petrovic |2014; Narayan 2014; Chen y col. [2017a].
Thus, due to their good accuracy to compute clothoids, these approximations
are considered, henceforth, as analytical solution. Hence, there is no loss of ge-
nerality by assuming that clothoids can be computed analytically with errors
up to 1072 [Montés y col. 2008].

The authors of Harary y Tal [2012a] introduced the 3D Euler spiral or clothoid
(C3D), defined in R?, as a curve whose curvature varies as in Eq. and its
torsion evolves as

7(8) =719 + 0,5 (4.10)

where 75 is the initial torsion, and o, := d7/ds its first geometric derivative or
torsion sharpness.
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The main contribution of Harary y Tal 2012a/is the development of a smooth
curve to join two arbitrary point-vector configurations in the space for 3D curve
completion. The authors used Frenet-Serret formulas (Eq. ) to compute a
space curve as in Eq. (4.2). To find a solution to the problem, they implemented
an optimization procedure using Gradient-descent algorithm [Press, William
H., Teukolsky, Saul A., Vetterling, William T., and Flannery 2007] to get the
optimum values of initial curvature ko and torsion 7y, as well as sharpness of
curvature o, and torsion o,. Therefore, their solution could take any initial
and final values of curvature and torsion.

However, aerial or underwater robots moving on a 3D space cannot follow
arbitrary curves with instantaneous changes in orientation, curvature, or tor-
sion. Therefore, in many practical cases, apart from taking into account non-
holonomic constraints, trajectory planners use robot’s current state to set
initial values of curvature and torsion. In these cases, the algorithm in [Ha-
rary y Tal 2012a] only allows to reach either an arbitrary target position or
orientation at a time, but not both simultaneously.

4.2.3 Problem Statement

As stated in section [4.2] it is possible to compute a curve C(s) using Frenet-
Serret matrix, Eqgs. (4.1)) and . However, the main drawback is that, apart
from some particular cases such as straight lines, helices, and some geometric
curves, it is not possible to know a priori the position and orientation of the
final configuration based on generic curvature and torsion functions. In order
to compute them, numerical methods need to be used [Press, William H., Teu-
kolsky, Saul A., Vetterling, William T., and Flannery 2007|, which have a high
computation cost for small integration steps. Besides, accuracy is inversely pro-
portional to the integration step size. In these cases, an optimization procedure
is required to solve planning problems to reach final Cartesian position and/or
orientation [Harary y Tal|[2012a], which is highly computationally demanding.

In this sense, it is of particular relevance that the proposed curve can provide
not only analytical expressions and closed-form implementation and synthesis
(curve design), with low computation time and high accuracy, but also some
interesting properties/operations such as scaling, computing symmetric curves,
ensuring smoothness, computing orientation, generalizing other simplistic cur-
ves, and ensuring that position and orientation increase monotonically [Knuth
1979).
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Capitulo 4. A clothoid-based three-dimensional curve for attitude planning

Xy

Figure 4.1: Cb3D curve (blue) and its projections onto XY plane (dashed red) and XZ
plane dash-dotted green).

In particular, we seek for a curve parametrized by a generic vector p, noted
as C(s,p). Actually, the parameter vector can be divided into two subsets
p := [po P], where py is a list of parameters defining initial conditions, and
p is the design parameter vector. The goal is to compute p* such that the
tangent vector of the curve T(s,p) equals an arbitrary target tangent vector
T* for a given s > 0.

Equivalently to the problem statement in Harary y Tal 2012al the problem to
solve can be stated as an orientation minimization problem

p* = arg; min | T* — T(s,p)|| (4.11)

Without loss of generality, it can be assumed that the local frame of the curve
is coincident to the global coordinate frame, which implies that the start point
is C(0,p) =100 0]".

4.3 Clothoid-based three-dimensional curve

A clothoid-based three-dimensional curve (Cb3D) is defined as a composition
of two planar clothoids. As depicted in Fig. 1] each clothoid is contained in a
plane orthogonal to each other (clothoids are defined in planes XY and X 7).
However, the clothoid contained in plane X Z is indeed a clothoid whose length
depends on the clothoid on plane XY, as explained later.
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4.3 Clothoid-based three-dimensional curve

4.3.1 Clurve definition and properties

Lemma 4.3.1 Let Ci(q,p1) := EEZ’ glﬂ € R? be a first planar clothoid
y D1

contained in plane XY with arc-length q and parameters p; = {1y, €0, u}, and

Cy(w,py) := E’EZJ; ?)2;] € R? a second planar clothoid contained in plane X Z
s P2

with arc-length w and parameters pe = {6o, vo, p}, both defined as in Eq. (4.9).

A Cb3D curve can be computed as a composition of both planar clothoids as

follows

C(C(Sap2)7p1)
C(S7p) = C(Svp17p2) = S(C(87p2)7p1) (412)
_8(57P2)

where the spatial curve has the following properties/operations:

A Scalability: \C(s, p1,p2) = C(As, A71-py, A71pyo), with A7 = [1, £, 5.

B Symmetry: C(s,q - p1,q - p2) = —C(=s,9-p1,q - p2), with q :=
[£1,F1,£1].

C' Smoothness: A Cb3D curve is C* smooth with €y # 0 or u # 0; vg # 0
or p #£ 0.

D Orientation: Pitch 0(s,p2), yaw (s, p1,P2), and roll ¢(s, p1, P2) angles
defined as

0(s,p2) := 6y + vos + 552 (4.13)

(s, P1,P2) i= o + Cls, p2) + £.C3(s,p2) (4.14)

. 9/(87 p2)
o(s,p1,Pp2) := — arcsin (4.15)
' ? \/w(37p17p2)2 +0I(Sap2)2

bElng W(S, P1, p2) = COS(G(Sa pZ))wl(Sa P1, p2); (9/(5’ P2) = de(sv p2)/d87
and (s, p1,Pp2) := di(s, p1, P2)/ds; where tangent, normal, and binor-
mal vectors can be computed as:
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cos(Y(s, p1, P2)) cos(0(s, p2))
T(s,p1,P2) : = | sin(¢(s, p1,P2)) cos(6(s, p2)) (4.16)
—sin(0(s, p2))
N(s,p1,p2) : = m (4.17)
B(s,p1,p2) : = T(s, p1,P2) x N(s,p1,p2) (4.18)

E Straight line: A Cb3D curve is a straight line iff p1 = {Vibo, €0 = 0, 0 =
0} and py = {¥0y,vo = 0, p = 0}.

F Circular arc: A Cb3D curve is a circular arc iff p1 = {Vibo, €0 # 0, 0 =
0} and P2 = {90 = 07’U0 = O,p = O}, or p1 = {V"l/}o,ﬁo = O,ILL = 0} and
P2 = {V0o,vo # 0, p = 0}.

G Planar clothoid: A Cb3D curve is a planar clothoid iff p1 = {10 =
0,60 =0, =0} and Vp,y, or pa = {0, = 0,v9 = 0,p = 0} and Vp;.

H Circular heliz: A Cb3D curve is a circular heliz iff p1 = {Yibo, €0 #
0, =0} and ps = {0y # 0,09 = 0,p = 0}.

I Monotonic increasing in position of C(s, pl,pg) for any s>0, with
0(S>p2) € [_71-/270] a’nd ZZ)(S’PbPz) [0 7T/2] 7T/2 < 0() < 0 0 <
o <7/2,09<0,€6 >0, p<0and pu>0.

J Monotonic increasing pitch and yaw angles for any s > 0, with
0(871)2) S [077[-/2] cmd w(37p17p2) S [0771-}7 Zﬁo S 00 S 71-/2; 0 S 1/)0 S ,
Vg >0,¢>0,p>0and u > 0.

Proof 4.3.1 Appendiz[4] contains a detailed list of proofs for the properties
stated in Lemma|4.3. 1] |

Fig. shows a Cb3D curve C(s, p1, p2) with the following parameters p, =
{0,0,—7} and p; = {0,0,7/C*(1, p2)}, with arc-length s € [0,1] m. The final
tangent vector is T(1,py,p2) = [0,0,1]", which is equivalent to final orien-
tation angles yaw ¥ (1, py,p2) = 7/2 rad and pitch (1, py) = —7/2 rad, as
stated in Eq. . Notice that the projection of a Cb3D curve onto XY
plane (horizontal plane Z =0) is the planar clothoid C; (s, p;,p2), as can be

seen in Fig. [1.2(b)]

On the other hand, Cy(s,p2) is a second clothoid produced by unrolling the
Cb3D curve onto a virtual vertical plane defined by the length of the horizontal
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Figure 4.2: Cb3D curve C(s,p1,p2), for s € [0,1] m, p2 = {0,0,—7} and p; =
{0,0,7/C*(1, p2)}, with I=C(s, p2).

clothoid I=C(s, p2) as base and z=S(s, p2) as height, shown in Fig. It is
interesting to remark that the projection of a Cb3D curve onto X Z plane is not
strictly a planar clothoid, but a 2D clothoid flattened along its # component,
as can be observed in Fig. Based on the symmetry property (C) of
Lemma a Cb3D curve can be defined for s € R in any of the 8 octants
in R3 space, as depicted in Fig. [4.3) where a Cb3D curve parametrized as in
Fig. [f22 has been used.
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Figure 4.3: Family of symmetric unitary Cb3D curves covering all 8 octants, parametrized

as in Fig. @

4.83.2 Synthesis

As explained in the problem statement, the parameter vector p is composed
by two sets of parameters: pg related to the initial conditions of the curve
and p the actual parameters to design. In particular, the Cb3D curve uses
pPo := {0,600, €0,v0} and p := {p, p}. So, let’s recall that our aim is to find
p* := {u*, p*} such that Eq. is minimized. Thus, by abusing of notation
we denote C(s, p*) = C(s, po, P*) = C(s,p1, P3), with p] := {1, €, u"} and
p; := {00, vo, p*}.

Lemma 4.3.2 Given an arbitrary target tangent vector T, defined by final
angles 0* € [—m/2, /2] rad and y* € [—7, 7] rad, and given values of arc-length
s > 0, and parameters pg = {o, o, €9, vo} which can be obtained from initial
orientation, curvature, and torsion, there is only one pair of parameters p* =
{w*, p*} that synthesize a Cb3D curve C(s, pi, p3) reaching T(s, p}, ps) = T*.

Proof 4.3.2 For a given value of arc-length s > 0, and final angles {6*,¢*},
using Eqs. (4.13)) and (4.14), the parameters in p* can be computed as
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2 (0* — 90 — UoS)

= o (4.19)
2 (* —1bo — €C(s,P3))
TP (420

Therefore, the solution is unique and synthesizes a Cb3D curve expressed as in

Egs. (A10) and (A1) of Appendiz[4]

fOC(S,pi) COS(?!JO + €0 + %52) d¢
C(s,p1,p3) == fy " sin(y + eof + 14 €2) d¢ (4.21)
- foé Sin(t% + ’Uoé‘ + %52) df

with

C(s,p;) == /OS cos(fy + vo& + %*52) d¢ (4.22)

Lemma 4.3.3 Given an arbitrary final tangent vector T, and any pair of
arc-lengths s; > 0 and sy > 0, the solutions to reach T*, computed as in
Lemma [41.3.2] (Egs. and ([£.20)), are p} := {u}, pi} and P} = {u3, p5}
for each arc-length. Then, the ratio n* := pi/u; = p3/ps is a constant value
for Vs; € RT and Vs, € RT iff vy = 0 and ¢, = 0.

Proof 4.3.3 From property (A) of Lemma (Egs. (A.l) and (A.2) in

Appendiz , it is straightforward to see that scaling arc-length by a factor \,
so that sy = \s1, requires a new pair of parameters {ps, us} = {p7/ \?, ui/A\?},
whose ratio n* remains constant.

20" —60) 200" —6y) p}

P2 = 52 A2 N2 (423)
* Q(W - 7wa) _ 2(1?* - %) _ 2(1/)* - 1/)0) — &T (4 24)
2 C2(sq,p%) C2(Asi, A7t -pi)  A2C%(s1,p}) A2 '

|

Figure 4.4(a)| shows a Cb3D curve reaching an arbitrary final tangent vector
T*. It can be observed that final angles §* and ¥* are the deflection angles of
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Figure 4.4: Examples of Cb3D curves reaching arbitrary final tangent vector T*: (a) Cb3D
curve (blue) and its projections onto XY plane (red) and X Z plane (green). (b) Family of
Cb3D curves with different arc-lengths.

the tangent vector with respect to planes XY and X Z, as stated in the orien-
tation property (D) of Lemma[4.3.1] On the other hand, Fig. [1.4(b)]illustrates
Lemma closely related to the scaling property (A) of Lemma where
multiplying a Cb3D curve by a scale factor does not modify its shape and final
orientation.

Lemma 4.3.4 Given an arbitrary target position vector C* := {x*,y*, z*},
with arc-length s > 0 and initial parameters py = {0, 0, 0,0}, there is only one
pair of parameters p* = {u*, p*} that synthesize a Cb3D curve as a solution
to the following position minimization problem

p* = arg; min||C” — C(s, po, p)|| (4.25)
where, for C* to be reachable by the Cb3D curve, the following conditions are
required y .

ly*| < 1,765042236 - x (4.26)
|2*] <0,561947501 - [* (4.27)
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being [* the arc-length of a planar clothoid C,(I*,p;) = {z*,y*}, so that
the condition that constrains component z* depends on the solution of the
projection of C* onto XY plane.

Proof 4.3.4 If a solution for C* = C(s,pg, P*) can be found, therefore such
solution will minimize (4.25)). So, let’s define a unitary planar clothoid Cy(s1,p1)
as in Eq. , with p; = {0,0,7}. The goal is to solve the following problem

|y*\ _ S(slvpl)
¥ C(s1,p1)

(4.28)

being s1 the arc-length of Cy(s1,p1) contained in the horizontal plane, where
the solution s7 can be found using any root finding algorithm, and it is uni-
que iff condition 1s satisfied. Such condition establishes the maximum
ratio between coordinates X and Y, which is produced when the line tangent
to the planar clothoid passes through the origin Kostov y Degtiariova-Kostova
1995, where for a unitary clothoid it happens at s; = 1,634577 m, so that
C,(1,634577,{0,0,7}) ~ {0,345860, 0,610458} m.

From property (A) of Lemma 3.1 (Egs. and in Appendiz A), the
horizontal unitary clothoid contained in plane XY, found as a solution to
FEq. , can be scaled to the original target position coordinates, so that
{z*,|ly*|} = K1C(s},p1), with scaled arc-length I* = K;sj, being K, the ho-
mothety factor of the first planar clothoid, which can be easily computed as

x* ||
K, = — 4.29
' CGip - Sshpy (4.29)

Now, let’s repeat the previous steps for a second unitary planar clothoid Ca(ss, p2)
in the vertical plane, with ps = {0,0,7}. We aim to find a solution to the fo-
llowing equality

|2*|  S(s2,p2)
—_— = 4.30
I C(S2>P2) ( )

being sy the arc-length of Cy(sa, p2), where the solution s can be found by
any root finding algorithm, being unique iff condition s satisfied, whe-
re for a unitary clothoid it happens at s, =1 m, so that Cy(1,{0,0,7}) ~
{0,779893,0,438259} m. Again, using property (A) of Lemma 3.1, the unitary
clothoid can be scaled {I*,|z*|} = KyC(s3,p2), where s* = Kys} is the arc-
length of the vertical planar clothoid and Ky its homothety factor
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I* e

K = =
’ C(S§7p2) S($§7p2)

(4.31)

Using planar clothoids properties, p* = {u*,p*} can be computed as p* =

sgn(y*)KL% and p* = — Sgn(z*)Klg, where sgn(e) is the signum function. [ |

As a conclusion, Lemmas [£.3.2] [£.3.3] and [£.3.4] imply that a Cb3D curve can
reach a target position C* in the space with one and only one orientation
T*. On the contrary, a target tangent vector T* can be reached by a Cb3D
curve in multiple positions, depending on the arc-length s > 0. However, the
final position of such solutions lies in a straight line, since any solution to the
problem has the same shape and is related by a scaling factor A.

Finally, it is obvious that the solution to the orientation minimization problem
to reach target tangent vector T*, which is stated in Eq. and given
by the pair of design parameters p* = {u*, p*}, is the same as the solution
obtained when solving the position minimization problem in Eq. , iff
arc-length s =s*, where s* is the length of the Cb3D curve designed to reach
target position C*. Therefore, in path planning problems, due to geometric
constraints only final arbitrary orientation or position can be reached by a
Cb3D curve, but not both simultaneously.

4.4 Comparison: C3D vs. Cb3D

In this section we will compare the proposed clothoid-based 3D curve (Cb3D)
and the pure 3D clothoid (C3D) introduced in [Harary y Tal 2012al. Both
curves are considered geometric curves and therefore can be directly compared
considering not just only their geometric properties, but also their kinematic
properties as well as their computational time requirements. An example of
singular case for C3D is also shown and explained in order to compare both
curves.

The authors of [Harary y Tal2012a] used a fixed step Euler integration method
[Press, William H., Teukolsky, Saul A., Vetterling, William T., and Flannery
2007]. In this sense, to speed up computation, such method has been improved
by implementing an algorithm to solve ordinary differential equations with
variable step [Press, William H., Teukolsky, Saul A., Vetterling, William T.,
and Flannery [2007]. Besides, values of curvature sharpness o, and torsion
sharpness o, required to join initial and final orientations cannot be known
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a priori, so an optimization procedure using Gradient-descent algorithm is
required |Harary y Tal [2012a]. Regarding the parameter initialization of the
optimizer, initial sharpness pair (o,, and o,,) is set to the solution proposed
in our method. Although they do not represent the same variables, we could
verify that this initialization is better than random or naive initializations,
in terms of computation time and final accuracy. On the other hand, initial
values of curvature and torsion are set to kg = 0 and 7y = 0, and they are
not modified during optimization procedure, which differs from [Harary y Tal
2012a]. This modification is due to the fact that we want to solve the problem
of a fixed-wing airplane following a straight line, which in a certain time instant
needs to perform a maneuver to turn and change its height and direction of
movement. Therefore, ko =7y =0 rad/m is required as a boundary condition
for the problem to be solved.

It is interesting to remark that, other approaches, based on parametric curves,
such as Bézier, Splines or B-spline curves were considered as well, however as
stated by [Pérez y col.|2018], we found they were very sensitive to control points
initialization and in order to be comparable with clothoid-based approaches
they were required to minimize the jerk and to impose specific constraints on
the curves. The results were not satisfactory and are not shown for brevity.

The test performed consists of planning a curve joining the initial tangent vec-
tor T(0) = [1 0 0]", equivalent to py = {0,0,0,0}, to a final arbitrary T*,
whose pitch and yaw angles are randomly drawn from a uniform distribution
0* ~ U(0,7/2) rad and ¢* ~ U(0,7/2) rad. A total of n=10° random com-
binations of samples have been generated. For all cases the curve length is set
to s=1 m.

Computation Time and Accuracy

As shown in Table computation time of a Cb3D curve is much lower
(around 10~ times smaller) than for the case of C3D. The main reason is that
Cb3D curves can be computed in closed-form based on C2D approximations
[Mielenz 2000; Montés y col. [2008|, while C3D computation requires numerical
integration of Eqs. and [Harary y Tal|2012a], which is much slower.

Now, analyzing the worst case of computation time, for C3D it is around 0,4
s, while the maximum computation time of a Cb3D curve is approximately
700 ps. Therefore, our method can be used to compute 3D smooth curves
in real-time. Note that all processing has been done in a computer with In-
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tel Core i7-6700HQ 2.60GHz processor and 16GiB DDR4 memory, using an
implementation of both methods in MATLAB® R2017a.

Table 4.1: Computation time and accuracy: Cb3D vs. C3D.

Performance Metric Space curve Mean Standard deviation Worst case

Computation time [ms] C3D 282.241 27.670 413.251
Cb3D 32.991-10~3 28.499-10~3 0.731

Accuracy [m] C3D 7.595-10~ 15 49.053-10~1° 8.982:10~ 13
Cb3D 1.764-10~1° 1.399-10~1° 8.006-10~1°

Regarding the accuracy, a Cb3D curve has the same order of magnitude as
planar clothoids [Mielenz[2000], whilst the accuracy of C3D depends on the stop
conditions of the optimization method. Thus, the more accurate, the higher
the computation time, and vice versa. In order to obtain the results of Table
the stop condition was intentionally set to e = 107 m to do a fair
comparison, where e = \/(0*—0)2+(o*—p)? is the error between the target
orientation {6*, ¢*} and the final orientation {6, ¢} reached by the generated
C3D.

Geometry and Kinematics

Some geometric and kinematic metrics are evaluated in this section. On the one
hand, geometric metrics, which only depend on arc-length s, comprise mean
and maximum values of curvature s(s), torsion 7(s), and their derivatives,
curvature sharpness o,(s) and torsion sharpness o,(s). On the other hand,
kinematic variables, which depend on time ¢, are mean and maximum values of
acceleration a(t), jerk j(t), angular velocity w(t), and angular acceleration «a/(t).
Kinematic variables have been computed assuming a constant linear velocity
vel = 1 m/s, so that curve length is time-dependent s(t) = t. Besides, since
all four kinematic variables are vectors, metrics have been computed as the 2-

norm of such vectors. Note that | | means maximum values, while | ® | means
average values.

For each random case, metrics have been computed as a ratio between absolute
values of the variables obtained when computing Cbh3D with respect to C3D,
so that r; := |m,,.,|/|Micsp | 1s the ratio of the i-th metric, where m,,,, is
the metric obtained with Cb3D and m;_,, is the metric obtained with C3D.

From Fig.[4.5(a)} it can be concluded that Cb3D tends to have lower maximum

values of curvature || (100 % of cases) and torsion |7] (86,2 % of cases). Moreo-
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Figure 4.5: Ratio Cb3D/C3D of metrics related to geometry (a,b) and kinematics (c,d),
with maximum absolute values (a,c) and mean absolute values (b,d).

ver, the maximum value of curvature sharpness |o,| is very similar according
to the box-whiskers diagram, although slightly better for Cb3D computation

(50,8 % of cases). However, the maximum value of torsion sharpness |o,| is
worse for Cb3D (only in 34,3 % of cases Cb3D is better). This phenomenon
is explained later in a graphical example of a particular case representing this
situation.

In Fig. the average values of geometric variables show that Cb3D tends
to have lower mean values in all four metrics: || (100 % of cases), torsion 7]
(100 % of cases), curvature sharpness |o,| (100 % of cases), and torsion shar-
puess |o,| (77,1 % of cases). This happens because, as explained later through
a graphical example, the Cb3D has lower values most of the time. However, in
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some particular cases the maximum value of torsion sharpness increases very
much, which has 3 different effects: 1) maximum torsion sharpness is much
higher in Cb3D than C3D (r; > 1 for |o.[), 2) which might imply that the
average torsion sharpness of Cb3D surpass the value of C3D (r; > 1 for |o,|),
and 3) the maximum torsion of Cb3D might also increase to be higher than

C3D (r; > 1 for |7]).
Regarding kinematic variables, Fig. shows that maximum values tend to

be lower in Cb3D curve, since most ratios are r; < 1: acceleration ﬁ (96,6 %
of cases), jerk |j] (100 % of cases), angular velocity |w] (96,5% of cases), and

angular acceleration |a| (100 % of cases). Something similar happens for ratios
of mean values: acceleration |a| (100% of cases), jerk [j| (95,6 % of cases),

angular velocity |w| (100 % of cases), and angular acceleration |a| (97,3 % of
cases).

Singular case

Figure [.6] shows a singular case in which both curves converge to final orien-
tation §* = —7/2 and ¢* = /4 (gimbal effect of Euler angles with singularity
0* — +7m/2 rad), as depicted in Fig. In this particular case, it can
be observed that C3D (dashed red line) needs to correct the yaw angle very
abruptly, while Cb3D solves the same problem with a smoother solution based

on properties (j) and (k) of Lemma [1.3.1]

Regarding curvature and torsion, Figs. [4.6(c) and [4.6(d)|show that for a Cb3D
curve these variables are non-linear, since their sharpness are not constant
values. This result implies that the proposed clothoid-based three-dimensional
curve (Cb3D) is not claimed to be a pure three-dimensional clothoid (C3D),
but a smooth space curve based on a composition of two-dimensional clothoids
(C2D).
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Figure 4.6: Singular case to reach final orientation §* = —7 /2 rad and ¢* = 7/4 rad: Cb3D
(blue) vs. C3D (dashed red).

4.5 Simulation results

Our curve proposal has been validated in a UAV attitude planning application
using the simulator FlightGear 2018, with the dynamic model of the fixed-wing
airplane Kadett 2400 Velasco-Carrau y col.[2015| depicted in Fig. [£77] The sys-
tem has 4 inputs to control the aerodynamic surfaces and speed: J. (elevator),
J, (aileron), 0, (rudder) and d, (throttle). Fig. also shows the control struc-
ture used to drive the aircraft. Given some initial conditions (current tangent
vector T) and a target configuration (final tangent vector T*), a reference tra-
jectory is generated in a local planning framework for heading-attitude control
architectures, which can be used for obstacle avoidance.

85



Capitulo 4. A clothoid-based three-dimensional curve for attitude planning

Reference
Trajectory

Figure 4.7: Model of Kadett 2400, with variables definition and control scheme.

The goal is to keep a constant velocity vel* along the trajectory, which is
accomplished by a PID controller that affects the throttle. Besides, the profiles
0* and ¥* of the generated trajectory are used as a reference input for two
more PID controllers. The first PID controls the elevator, which affects the
pitch orientation. Whilst the output of the second PID is applied to the rudder,
which affects the yaw orientation and is used to compensate little errors when
tracking the reference yaw 1*. Besides, the output of such PID controller is
multiplied by a gain K to control the aileron, which directly affects the roll
orientation, but also makes the aircraft turn in yaw.

Some results of the experiments carried out in Flight Gear simulator are shown
in Figs. and The reference velocity is set to vel* = 18 m/s, with a
sampling period of T, =20 ms to control the airplane. Since the time to perform
the maneuver is set to t=10 s, the length of the reference trajectory is s =180
m. For this particular case, the target tangent vector T* is defined by final
angles pitch 0*=—0,6 rad and yaw ¢*=0,2 rad.

Figure shows that the aircraft follows a completely different trajectory
depending on the curve used as reference. In Fig. it can be seen that,
in both cases, the UAV starts at t=0 s with initial roll ¢(0)=0, pitch 6(0)=
0 and yaw (0) = 0 (relative to its current local frame, used as reference
coordinate system for the planning task). The Cb3D reference (blue line) is
much smoother and more intuitive, since it avoids unnecessary turnings. The
main drawback of using a C3D as reference (dashed red line) is the fact that in
order to follow such a curve the airplane has to overshoot and turn excessively
in yaw, and then compensate by counter turning to reach the target orientation,
using roll to stabilize itself. This problem is intrinsic of pure 3D clothoid,
since it is a spiral with some particular properties and limitations. On the
contrary, all these problems are avoided by the way a clothoid-based 3D curve
is generated, because for any target configuration both orientation and position
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increase monotonically and smoothly, which helps fixed-wing planes track such
a reference.

2 4 6 8 10
2 4 6 8 10
4 6 8 10
ts]
(a) Trajectory (b)Pitch and yaw angles

Figure 4.8: Trajectories followed by the UAV with different references to reach final orien-
tation 8" = —0,6 rad and ¢* = 0,2 rad: Cb3D (blue) vs. C3D (dashed red).

Figure [£.9] depicts a sequence of screenshots of the previous simulation at dif-
ferent time instants ¢ = {0,3,7,10} s. It can be seen that the UAV starts at
t =0 s completely horizontal, moving straight in both cases (see Figs. 4.9(a)
and [£.9(¢)). Then, it starts to turn to the left by rotating in roll (see Figs.
@9 and [£.9(F))), while progressively increasing its height (see Figs. [£.9(c)]
and |4.9(g)). The last pair of images (see Figs. 4.9(d)| and [4.9(h)) show the
UAV in the last configuration at t=10 s, with pitch §(10)=—0,6 rad and yaw
1(10) =0,2 rad. Even though both trajectories guide the vehicle to the same
target tangent vector, notice that the C3D planning forces the vehicle to turn
much more in roll and yaw, than for the case of Cb3D planning. This unne-
cessary turning might difficult the control task and produce some undesired
oscillatory or even unstable behavior in the airplane. For instance, UAV’s final
attitude for the C3D reference has a positive roll (see Figs. [4.8(b)|and [4.9(d))),
which makes the airplane turn to the right, but the target yaw was a positive
value so the turning tendency should be to the left. This situation is one of the
potential cases where a Cb3D curve outperforms a pure 3D clothoid in motion
planning problems for fixed-wing UAVs.

The previous example and some more target orientations are shown and ex-
plained in the following The first case is for a final orientation 6* = 0
rad and ¥* = 7 rad, where both planners generate the same reference, a planar
clothoid, so the UAV traces the same trajectory both times. The second exam-
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ple is for target angles 8* = —0,2 rad and ¥* = 0,6 rad, where the trajectories
followed by the airplane are not exactly the same, although they have similar
profiles of roll, pitch and yaw. The third case, for 8* = —0,6 rad and ¥* = 0,2
rad, has been already explained before in detail. Finally, the fourth example is
for target orientation 6* = —0,9 rad and ¥* = 0 rad, and it can be seen that
for high values of 8* with low ¥* the C3D planner generates poor references,
whilst the Cb3D trajectories generated by the planner are smoother and very
intuitive, since they increase monotonically in both position and orientation,
which helps the low-level controller track the reference, guiding and stabilizing
easily the flying vehicle. So, as a conclusion, the lower the value of 8* the more
similar C3D and Cb3D trajectories are. On the contrary, the higher the value
of 6* the more different C3D and Cb3D trajectories are, being the Cb3D curve
more intuitive and easy to follow from UAV’s navigation perspective.

(c)t =175 (C3D)

(e)t=0s (Cb3D) (f)t =35 (Cp3D) (g)t=7s(cb3D)  (h)t=10s (Cp3D)

Figure 4.9: Screenshots of the simulation in FlightGear with final orientation 8 = —0,6
rad and " = 0,2 rad, using different references: C3D (a-d) and Cb3D curve (e-h).

4.6 Conclusions

Navigation of unmanned aerial vehicles (UAVs) and autonomous underwater
vehicles (AUVs) requires generation of reference trajectories that need to be
achievable and fast to compute. Space curves can be used to control such
vehicles, but most of them are not very intuitive and/or require optimization
procedures, which might be not feasible for real-time applications. Specially for
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the case of an airplane moving forward that needs to turn in order to change
its attitude and altitude, for instance to avoid a collision.

A new space curve, coined as clothoid-based three-dimensional curve (Cb3D),
has been presented as a composition of two planar clothoids. As proven in
the paper, the proposed Cb3D curve can be seen as a generalization of other
curves such as a straight line, a circular arc, a circular helix or a planar clothoid.
They can be scaled and symmetric curves can be easily computed too. More
importantly, it has been shown that the Cb3D curve is C* smooth, and its
position and orientation vectors are monotonic increasing. This property is very
helpful for motion-planning, specially in obstacle avoidance problems. In fact,
the shape of a Cbh3D curve avoids unnecessary turnings, allowing its inclusion
as a primitive for more complex path planning problems, where arbitrary initial
and final configurations (position and orientation) could be joined smoothly.

Cb3D curves have been compared to pure 3D clothoids (C3D). Our results show
that Cb3D curves can be several order of magnitude faster, because they can
be approximated in a closed-form with high accuracy and can be computed
analytically, which has benefits in terms of computation time for real-time
planning. Besides, in the problem of joining two arbitrary orientations in the
space, most of geometric and kinematic properties tend to be lower for Cbh3D
than for C3D, both in mean and maximum values. Besides, since the solution
is unique, a Cb3D curve is not dependent on parameter initialization, contrary
to Bézier or B-spline curves, and does not require optimization procedures as
3D clothoids and parametric curves.

Contrary to C3D, in the case of a Cb3D curve its curvature and torsion evolve
non-linearly with respect to curve length. This might look inappropriate from
the point of view of differential geometry, but from the perspective of plan-
ning and navigation of UAVs and AUVs it is not that relevant, as it has been
shown. In addition to this, we used the FlightGear simulator to show some of
the benefits of our proposal in motion-planning methods, since the generated
trajectory is smooth and has not overshoot on the orientation.
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Capitulo 5

Elementary Clothoid-based 3D
curve for Unmanned Aerial
Vehicles

This chapter performs a mathematical analysis of a new Clothoid 3D curve,
which is based on the Clothoid-based 3D Curve (Cb3D), Different properties
are highlighted, which show a good applicability towards a Smooth 3D Path
Planning.

Chapter Note: The contents of this chapter can be found in the paper:

Armesto, L., Vanegas, G., & Girbés-Juan, V. (2022). Elementary Clo-
thoid-Based Three-Dimensional Curve for Unmanned Aerial Vehicles.
Journal of Guidance, Control, and Dynamics, 45(12), 2421-2431. JCR:
Q1, Impact Factor: 2.486, SJR: Q1, Impact Factor: 1.34, DOI: https://
doi.org/10.2514/ 1.G006935.
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5.1 Introduction

Unmanned Aerial Vehicles (UAVs), either multi-rotor or fixed-wing UAVSs, can
be used in many fields to solve complex problems in safety [Afman y col. 2018,
communications [Baek y Lim [2018; Varshosaz y col.|2020|, military applications
[Hartmann y Giles|[2016; Orfanus, Freitas y Eliassen 2016, civilian applications
[Mualla y col. 2019; Lobl y col. [2021], protection of nuclear plants [Islam, Ah-
med e Islam 2018|, energy efficiency [Liu y col. 2018|, nonlinear control [Mo
y Farid [2019} Nicotra, Naldi y Garone 2017] and path planning [Roberge, Tar-
bouchi y Labonte 2018|, among others. Vertical Take Off and Landing (VTOL)
is by far the most used UAV’s configuration [Finger, Braun y Bil 2017]. Pro-
bably the main reason is that, nowadays, there are lots of low cost multi-rotor
models. VTOL strategies can be applied to fixed-wing airplanes [Cakici y Le-
blebicioglu 2016|, however in normal operation they usually fly horizontally to
keep a constant altitude [Liu y Chen 2016; Guclu, Kurtulus y Arikan 2016],
but they need to perform changes in their heading and altitude very often,
specially in cluttered environments [Floreano y col. 2017].

One approach to deal with navigation problems of UAVs is from the point of
view of optimization and control theory. In [Hong y col. 2019|, a model pre-
dictive convex programming (MPCP) for constrained vehicle guidance was de-
veloped. Compared to model predictive static programming methods, it offers
the advantage of considering state and input constraints as well as choosing
the cost function. The same authors have recently used trigonometric series
for UAV path planning [Hong y col. 2021]. In this work a computationally
efficient trajectory is generated for smooth aircraft flight level changes. It uses
convex-optimization based on linearizations of the dynamics.

A second approach to solve navigation applications is from the trajectory plan-
ning point of view. In [Wang y col. 2017b|, the authors proposed a curvature
continuous and bounded path planning method for UAVs considering kinema-
tic and dynamic constraints such as maximum velocity and curvature. Indeed,
they proposed the use of Bézier curves as transition curves, but this type of spa-
tial curve has no physical meaning and it is hard to get the relationship between
its parameters and vehicle’s physics (kinematics and dynamics). Pythagorean
Hodographs are also well extended for UAV planning, but they require to sol-
ve an optimization problem in order to take constraints into account [Neto,
Macharet y Campos 2013; Vinokursky, Mezentceva y Samoylov |2020]. Among
other spatial curves, clothoids (also known as Euler or Cornu Spirals) play an
important role, because of their “nice” geometric properties, including a close
relation between physical phenomena (normal acceleration and jerks) with the
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clothoid scaling parameter. Therefore, borrowing the idea from the planar mo-
vement, spatial clothoids could be used in Path Planning [Celik, Yayli y Guler
2016; Girbés, Vanegas y Armesto [2019].

Clothoids have been studied deeply in ground mobile robotics [Fraichard y Scheuer
2004a; Alia y col.2015; Girbés, Armesto y Tornero 2014; Lima y col. 2015; Gir-
bés, Vanegas y Armesto 2019; Arshad y col. 2020]. For instance, in [Kim y col.
2017; Sedighi, Nguyen y Kuhnert 2019; Horvath y Pozna 2021] the authors
showed that the use of clothoids as transition curves not only guaranteed con-
tinuous curvature (G? continuity) but also a bound on its derivative, the shar-
pness. So, when the tracking speed is constant, the normal acceleration is
bounded if the maximum curvature and its derivative are bounded. In order to
increase driving safety and comfort in road design, many studies have been do-
ne to determine appropriate values for clothoid sharpness in transition curves
[Wilde 2009; Gim y col. 2017b|. Indeed, clothoids are usually used in highway,
railway and roller coasters design [McCrae y Singh 2008|, among other applica-
tions. Recent works proved that including comfort and safety requirements in
the path planning process can avoid tip-overs in forklifts carrying heavy loads
at high speeds [Girbés, Armesto y Tornero 2014; Lima y col. 2015|.

Even though the benefits of planar clothoids have been proven, researchers have
paid little attention to the use of such curves in the 3D space [Xiao y col. 2020].
A few works proposed the use of clothoids in path planning for UAVs [Wan
y col. [2011]. Others instead, approached a similar problem from the field of
computer graphics [Celik, Yayli y Guler 2016|. Nevertheless, only one seems to
match with the exact definition of a 3D clothoid [Harary y Tal 2012a]. But, the
problem is that this approach is based on a Frenet-Serret frame and requires a
numeric integration to be computed. Moreover, since they are generated from
the linear equations of curvature and torsion, it is not possible to know a
priori the increment in position and orientation with respect to the origin of
the curve.

A new spatial clothoid-based 3D curve is proposed in this Note. The new curve
is built with two clothoid-based three-dimensional curves (Cb3D) [Girbés, Va-
negas y Armesto 2019] and inherits many of their interesting properties, such
as smoothness, scaling and symmetry, for path planning methods. The main
contribution with respect to our previous work, with the new curve definition,
we can join line segments pointing towards arbitrary target directions. Thus,
it can be used as a transition curve for many path planning methods for UAVs
[Fu y col. 2018]. In addition to this, we show how to compute the parame-
ters of the new curve, and analyze the conditions in which the monotonicity
property holds. It is important to remark that constraints on the maximum
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sharpness of curvature and torsion are considered in this approach. In sum-
mary, Cb3D curves represent the tool on which our new proposal is based on,
while this Note proposes the proper combination of two of them to actually
build a transition curve with application to UAVs, resembling a 3D extension
to Elementary paths [Scheuer y Fraichard 1996a| used in car-like vehicles.

The note is organized as follows. Section provides some preliminaries as well
as states the problem to be solved. In Section [5.3]the proposed curve is defined,
and it shows curve properties such as smoothness, scalability, and symmetry,
among others. Section [5.4] conducts an analysis of the target angles region
where the curve increases monotonically in position and orientation. Section
(-5 describes the proposed design methodology to obtain the shortest possible
curve satisfying parameter constraints and shows a case study, a comparison
with 3D pure clothoids and its application to fixed-wing UAVs in orientation
heading and altitude change problem. At the end of the Note, we discuss the
application and advantages of the proposed method in Section and draw
some conclusions in Section B

5.2 Preliminaries

5.2.1 Clothoid-Based Three-Dimensional Curve (Cb3D)

In Girbés, Vanegas y Armesto 2019 a new clothoid-based three-dimensional
curve (Cb3D) is defined as a composition of two planar clothoids. The authors
proposed that each clothoid is contained in a plane orthogonal to each other
(clothoids are defined in planes XY and X Z). The clothoid contained in plane
XY is indeed a clothoid whose length depends on the clothoid on plane X Z,
curve used as a reference trajectory to control a fixed-wing UAV.

Let Ci(q,p) := [C(q,p) S(g,u)]" € R? be a planar clothoid contained in
plane XY with arc-length g, being u the clothoid’s curvature sharpness; and
Cy(w, p) == [C(w, p) S(w, p)]T € R? another planar clothoid contained in pla-
ne X7 with arc length w and torsion sharpness p, both defined by Fresnel
integrals C(s, o) = [ cos(4€%) d¢ and S(s, o) = [ sin(5€?) d&.

A Cb3D curve can be generated as a composition of both planar clothoids
Girbés, Vanegas y Armesto [2019] as follows:

C(s, 1, p) = [C(C(s.p) 1) S(C(s,p).1) —S(s,p)]" . (5.1)
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while its pitch (s, p) and yaw ¥(s, u, p) angles can be computed as

6(s,p) = 5% (s, p) = £C%(s.p), (5.2)
and its tangent vector is
T(s, 1) : = [cos(U(s, 1, p)) cos(6(s, p)  sin(F(s, 1, p)) cos(8(s, p)) —sin(e(s,p»]? "
o.

Thus, given an arbitrary target tangent vector T*, defined by final angles
0" € [-7/2,7/2] rad and ¥* € [—m, 7| rad, and arc-length s > 0, there is
only one pair of parameters p* and p* that synthesize a Cb3D curve |Girbés,
Vanegas y Armesto [2019]:

. 26¢
p = 82 (54)
A
* = 2.5
YOG )

5.2.2 Problem Statement

The aim is to generate a path E(s,p), where p = {u, p} are curve speci-
fic parameters (curvature and torsion sharpness) and s € [0,5] is the curve
length. Parameters p are assumed to be constrained, i.e.: it € [—fmaz, lmaz)
and p € [—Pmazs Pmaz)- For a given initial configuration with null curvature
and torsion, the path must point towards a given relative direction T*, that

is, T* = ”]g((g f:))\l' Without loss of generality, it can be assumed that the UAV

is centered at the origin and its initial orientation is also zero (local and global
coordinate frames are coincident), otherwise we can always apply a transfor-
mation to obtain a local target direction. We also assume that a low-level
controller ensures that the UAV follows that path and thus, the design of such
low-level controller is out of the scope of this note.

5.3 Elementary Clothoid-based 3D curve: Definition and
Properties

In the planar case, the concept of Elementary Path was introduced by Frai-
chard and Scheuer y Fraichard |[1996al, as a combination of two symmetrical 2D
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clothoids with the same sharpness and length. In this sense, the work presented
in this note extends this idea to 3D space, combining two Cbh3D curves. An
Elementary Clothoid-based 3D curve (ECb3D or Elementary for short) can be
defined, for s € [—S5,S] and § > 0 as:

C(s,p) if[s| <35

E(s,3,p) == { C(s,5,p) otherwise (56)

with § the length of each Cb3D curve (referred here as primary and secondary
curves), S is the overall Elementary length and thus, by definition, S := 23,
and Cb3D sharpness parameters are p = {u, p}. The secondary Cb3D is indeed
a rotated and translated Cb3D curve as follows:

0(87 57 p) = RT(§,p) (7'[') (C(S - Sign(s)2§7 p) + sign(s)C(§, p))+SlgH(S)C(§, p)a

(5.7)
being Rz p)(7) a rotation of m around vector T (S, p), that is, based on Ro-
drigues formula [Dai [2015] we have:

Rsp) () = cosmlzus + (1 — cosm)T(5,p)T7 (3, p) + sin(m) [T(5, p)«]
= 2T(3,p)T7 (3,p) — Isxs,
(5.8)

being [T(5,p)«] a skew-symmetric matrix.

Figure shows a representative ECb3D curve with its 4 possible cases, i.e.,
combinations of positive and negative values of the clothoid parameters. The
primary clothoid C(s,p), painted in solid line, is a Cb3D curve evaluated for
|s| < § and it can be computed for positive or negative s, while § is the length
of such primary clothoid. On the other hand, the secondary clothoid, é(s, 5,p),
painted in a dashed line, is another Cb3D curve properly rotated and translated
to ensure position continuity as well as coincident tangent vectors for s = §,
i.e. the curve has G* continuity by definition. Note that in Fig. [5.1] the colored
frame axis at the origin have been depicted for reference. By convenience, and
abusing of notation, we will drop the last arguments of expressions if it is clear
from the context, i.e.: E(s, §, p) might be expressed as E(s, §) or even E(S)
for the particular case when s = S = 23. Similarly, C(s, p) can be expressed

as C(s).
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Figure 5.1: Elementary Clothoid-based 3D curves, all 4 possible cases based on clothoid
parameters, with Primary clothoids in solid lines and secondary clothoids in dashed lines.

Lemma 5.3.1 (Smoothness) An Elementary clothoid-based 3D curve is C™
smooth with u # 0 or p # 0 for s € [—25,25] and § > 0. Indeed, the n-th
derivative can be computed as a piece-wise function as follows:

) . <z
E™(s,5,p) = { Ry ((;)cgff(?— 2%, p) e e (69)
where C™ (s, p) is a vector with trigonometric expressions:
[y, cos U(s)cosO(s) + da., sin ¥(s) cos O(s)]|
+ ds.,, cos ¥(s) sin f(s)
+ dy., sin ¥(s) sin f(s)
C™(s,p) = |dy., cos U(s) cosb(s) + da,, sin U(s) cos O(s) | , (5.10)
+ ds., cos () sin O(s)
+ dy., sin U(s) sin O(s)
_(il,n sin@(s) + dy,, cos O(s) |

fOT‘ some pOlynommls Cil,n; C52,77,; Ci?),n; CZ4,7L; CZl,n; CZZ,VL; Cz3,n; J4,n; Czl,n and sz,n;.
and pitch and yaw angles are given by Eq. (5.2)), where parameters . and p are
omitted to simplify notation.
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Proof 5.3.1 The proof is made for s > 0, but equivalent proof can be made
for s < 0. A C*™ function is differentiable for all degrees of differentiation;
that is, its position vector can be derived oo times. Since an Elementary curve
s a piece-wise function, its derivatives can be computed for s < § and s > §
and recalling the smoothness property of a Cb3D curve in [Girbés, Vanegas
y Armesto |2019], we can clearly see that E™ (s,5) = C™(s) is O for s < §
and also is C™ for s > 5 due to E™(s,5) = é(")(s,é), where C(")(s,é) =
Rer(s)(m)C™ (s — 25) is a transformed Cb3D curve and thus the same property
holds.

So, to complete the proof we need to check that the following limits exist:

lim E™(s,3) = lim E™ (s, ). (5.11)

s—5— s—§T

In this sense, we can see that lim, ;- EM™(s,3) = C™)(5,3) and on the other
hand:

C1(s,5) — C"1)(3, 5)

lim E™(s,3) = lim = C"(5), (5.12)
s—st s—35t S
because lim,_, s+ Cr V(8- C V(&S = Rylim, ,z+ & GV (s—28) OV (5-23)

R C™(—3). Noting thatﬂ( 5)=10(3), ¥(—35) = ¥(3) andG(”)( 5) = -0 (3),
U (-3) = —‘If(”)( ) form = 1,3,..., while 0™ (=35) = 6 (35), ¥ (-3

UM (3) forn = 2,4,...; and the fact that coefficients in FEq. - depend
on polynomials of such derivatives of order n — 1 that are affected in such
a way that also di,(—8§) = —dm( 5), dyn(—3) = —don(3), etc... for n =
1,3,... and dy,(—3) = dyn(3), don(—3) = don(3), etc... forn = 2,4,....
As a consequence, we can express C™W(—3) = (=1)""*C™(3) and therefo-
re, RpC™(=3) = (—=1)" 'Ry C™(35) = C™(3), because C™(3) || T(3) for
n=1,3,... and C™(3) L T(3) for n = 2,4,... and thus Ry does not af-
fect to cases n = 1,3,... and changes the sign of C™(3) for n = 2,4,...,
additional details have been omitted for brevity B

Thus, Lemma, states that the proposed curve is smooth, that is, their de-
rivatives are differentiable. This is a desirable property in many path planning
methods to ensure that control actions are also smooth [Wang y col. 2017b].
In [Girbés, Vanegas y Armesto [2019|, the authors show that some kinematic-
based and dynamic-based metrics such as linear and angular velocities, linear
and angular accelerations, jerks, etc. are improved using this type of curves.
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Lemma 5.3.2 (Symmetry and Scalability) An Elementary clothoid-based
3D curve is a symmetric and a scalable curve with scaling factor X > 0 as
follows:

,p) = —E(—s,3,p) (5.13)
) = E(\s, A5, \?p). (5.14)

Proof 5.3.2 Let’s recall the symmetry property of a Cb3D curve [Girbés, Va-
negas y Armesto |2019], that is C(s,p) = —C(—s,p), we have:

~ o _C(_Sap) Zf ’S’ S §
—E(-s,5,p) = { —C(—s,5,p) otherwise

_ [ C(s;p) if|s[ <3
| C(s,8,p) otherwise

(5.15)
=E(s,3,p).

Now, recalling the scalability property of a Cb3D curve in [Girbés, Vanegas
y Armesto |2019], a Cb3D curve is scalable as follows A\C(s,p) = C(As, A\"2p).
Thus,

_ [ XC(s,p) if[s| <As
| AC(s,A3,p)  otherwise

_ [ Cs,A7%p) if || <As (5.16)
N )\s AS,A\7?p)  otherwise
=E(\s,\5,\’p).

The scalability property of Lemma allows us to design a curve for the
unitary case § = 1 and then scale it, if necessary, by multiplying with the
factor A (to extend its length, which implies that curve parameters are indeed
multiplied with a factor g < A2 and p + A7?p). As a consequence, the
unitary curve can be approximated with a look-up table (LUT) up to a desired
accuracy and evaluated in a zero-cost time. On the other hand, the symmetry
property of Lemma allows us to implement only the half of the LUT, to
save some memory resources.
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Lemma 5.3.3 (Tangent vector) Tangent vector Tg(s,$,p) can be compu-
ted as follows:

T(s,p) if |s|<3
Tp(s,5,p) = { Rrep(m)T(s—23,p) otheruwise (5.17)
T(s,3,p)

In particular, the tangent vector evaluated at the end of the curve, that is
Tg(£S, p, ) with S = 23, can be computed as:

2cos(6(3, p)) cos” (L (3, p, ) —1
Tp(£S,p,u) = | cos?(0(3, p)) sin(2¥(3, p, 1))
—sin(20(s, p)) cos(¥ (3, p, 1))
2 cos? (£ )~cos (5C*(5,p)) — 1
= cos? ”; )sm(,uC (5,p))
— sin(ps?) cos(5C*(5,p))

(5.18)

Proof 5.3.3 Tangent vector can be obtained from the vector corresponding to
the first derivative of Eq. . It’s unitary expression is simply computed as

T(s,p) = ugﬁﬁ i Jfor |s| < § and for |s| > § the tangent vector is computed

_ C (s,5,p) _ Rre p)(ﬂ')c (s—23,p) _ B c’ (s—23,p)
as T(s, 5,p) 1= Gl = Reenmcezpl = Rren (M) ey =

RT(§,p) (W)T(S — 2§, p)
On the other hand, Eq. (5.7)) is indeed a transformed Cb3D curve, where the

term C(s—sign(s)2s, p) is the piece of the original curve. It can clearly be seen
that for s = £2§ the tangent vector is indeed coincident with X -axis T(0) =

= [1 0 0]". Thus, the rotation of X around T(3) = [T(3) T,(8) T.(3)]" is
the vector:

T

Tp(£25) = Ry (1)X = [212(3) =1 2L(G)T,() MGG, (5.19)
Therefore, replacing the elements of the tangent vector in Eq. (5.3]) gives:

) —
~)) , (5.20)
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After some trivial trigonometric manipulations and substituting pitch 6(3) and
yaw Y (5) angles at the intermediate point, given by Eq. (5.2), we get to Eq.
(15.18)) | §

Lemma allows to compute the pointing direction of the curve. Particu-
larly, Eq. (5.18]) provides the direction that UAV following that curve will point

given a set of parameters S, p and u. Indeed, this is a supporting lemma for
the following two lemmas, as well as for the design of the curve parameters.

Lemma 5.3.4 (Pitch and yaw angles) Pitch Vg(s, s, p) and yaw 05(s, §,p)
can be computed as follows:

[ b(ssp)  ifls|<3
Op(s, 5,p) := { —arcsinT,  otherwise

)

U(s,p) if o] <3 (5.21)

Ug(s,§,p):= { T,

arctan =  otherwise ’

ﬁ

where Tx, Ty and T, are the elements of the tangent vector ’i‘(s,:p) i Lemma
. 5. 3.

In particular, for intermediate angles 0(5) € [—-75,0] and ¥(5) € [0, §], yaw and
pitch angles at the end of an ECb3D are:

0(5) > 0p(25) := arcsin (cos ¥(8) sin(26(3))) € [— g,O] (5.22)

cos?(0(5)) sin(2¥(3)) 3m
2 cos2(6(3)) cos2(¥(3)) — )) € [0, 1 J. (5.23)

U(5) < Up(25) := arctan (

Also, the inverse relation can be obtained. Given pitch 0p(25) € [-7,0] and
yaw Wp(25) € [0,3] angles of an Elementary Clothoid-based 3D curve, the
angles, that is 6(5) and V(§), of the primary Cb3D curve are:
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~ 2) = arctan sin(0g(23))
0(28) < 6(8) := arct <\/c082(9E(2§)) + 2cos(0g(25)) cos(VE(25)) + 1)

(5.24)

Up(25) > ¥(3) := arctan < cos(05(25)) sin(¥(25)) )

cos(Wp(25)) cos(0p(25)) + 1 (5.25)

€ [0, %1

Proof 5.3.4 The orientation in S* defined by the TNB basis of any space
curve in R® can be defined by Euler angles roll ¢(s,35), pitch 0g(s,3), yaw
Up(s,s), expressed as Rp(s,5) = R, (Yg(s,$))R,(0r(s, 5))R.(¢r(s, ). The
corresponding X -azis of the local frame (first column of Rg(s, 3)) is indeed the
tangent vector, which depends on 05 (s,3) and Ug(s,3) (similar to Eq. (5.3)):

cos(Ug(s,5))cos(fg(s,s))
Tp(6(s,3), Vi(s,3)) := |sin(Wg(s, 3)) cos(@(s, )

—sin(0g(s, 5))
Thus, combining Eqs. (5.17) and (5.26]), we get Eq. (5.21]).

Now, from we can get the angles for s = 28, thus comparing Eqgs.
(.18) and (5.26), and after some trivial manipulations, we get Eqs. (5.22)
and (5.23). It is worth noting that, for 6(5) € [-7,0] and ¥(5) € [0, F], Egs.
(.22) and (5.23) provide values within ranges 0(23) € [-3,0] and Vg(25) €
[0, 27], because sin(0p(25)) € [—1,0] (the minimum is given for 0(5)=—= and
U(5)=0). On the other hand, the mazimum for tan(Vg(25)) is produced when
0(5)=—2% and U(5) ==, being Vp(25)=2E for those values, see Fig. in its
(a) and (b) plots. Also note that 0(3) > 0x(25) and ¥(5) < Vg(25). A similar
prove could be done for s=—2§, since the curve is symmetric (Lemma .

On the other hand, from Eq. (5.20) we can get primary Cb3D angles for a given
target tangent vector Tg(28) = [Te.. Tey Te.])" as follows:

(5.26)
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Figure 5.2: (a)-(b) Pitch and yaw angles of an ECb3D curve (in blue) and (c¢)-(d) its inverse
relations for a Cb3D curve (in red).

T
U (5) = arctan —TEfj— : (5.27)

_T zZ . ~

0(3) = arctan [ —2Z sin U(3)
Ey

5.28

T (5.28)

\/(TE,w)2 + (TE,y)2 + 2TE,x +1

= arctan
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Now, using FEq. (5.26) and after some basic trigonometric manipulations, we
can get to Egs. (5.24) and (5.25)). Figure in its (c) and (d) plots, shows

that pitch and yaw angles of the primary Cb3D are within the indicated ranges
in Eqs. (5.24) and (5.25), and also that 05 (25) < 0(3) and ¥y(25) > ¥(3) A

Lemma states that for the given range of 6(5) € [-7,0] and ¥(3) € [0, ]
the value of final pitch angle of the Elementary curve is always smaller (also
the opposite relation occurs, given 05(23) € [—Z,0] and ¥y(25) € [0, 2] the
intermediate pitch angle is always greater). A similar reasoning can be applied
to the yaw angle.

5.4 Analysis of ECb3D Monotony

The aim of this section is to analyse the regions of space where an ECb3D curve
is monotonic in position and/or orientation (pitch and yaw angles). First, we
study the necessary conditions such that the curve is monotonic in position.
Afterwards, we focus on the orientation problem, which is more difficult to
prove. Without loss of generality the study is made for the case where target
angles 03 € [~7,0] and ¥}, € [0, 7], that is the red curve in Fig. but a
similar proof can be made for the other cases.

Lemma 5.4.1 (Monotonically increasing in position) An Elementary Clothoid-
based 3D curve monotonically increases its position over s if 0g(s,$,p) €
[—%,0] and ¥g(s,5,p) € [0,Z].

Proof 5.4.1 The position vector of E(s, 5, p) is monotonically increasing iff
the elements of the tangent vector, as stated in Eq. (5.26) of Lemmam are

positive:

cos(Vg(s, s,
Tg(s,5,p) =4 sin(Vg(s,Ss,

(5.29)

We can clearly see that all elements of the tangent vector are always zero or
greater than 0 for the given ranges 0 (s, 3,p) € [=5,0] and (s, 3,p) € [0, 5]
[}

Lemmal5.4.T|provides necessary conditions to ensure that the position increases
monotonically. However, given arbitrary clothoid parameters p and u, angles
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= 0.000 p=0.049 o= 0.098

[rad/s]
[rad/ 5]

P e s[m] 0 ha s[m]
p=0.196 o= 0.245

[rad/ s
[rad/ s]

[rad/ s]
[rad/ s]

\\‘_ e 4
-0. -04 0
P s[m] P s[m] 12 s[m]

Figure 5.3: Elements of Tg(s,3,p) (Tx,e(s) in red, Ty, g(s) in green and 7% g(s) in blue)
over a parametric sweep of p € [-5,0] and p € [0, 5] with § = 1.

in Eq. might outside the bounds indicated in Lemma for some s.
This is shown in Fig. where the elements of Eq. have been obtained
over s and a parametric sweep of p € [~7,0] and p € [0, 7] with 5 = 1. It can
be seen that the X coordinate of the tangent vector can take negative values
for some combinations of s, p and p, while Y and Z coordinates are always
positive. This implies that ¥y in Eq. can take values greater than 7 and
thus the curve is not monotonic in X for those cases.

Indeed, if we plot the minimum of the X element of the tangent vector (as
shown in Fig. [5.4(a)]), we can see that the following constraint (depicted in
black in the figure) includes all the cases where the curve is monotonic in X:

) (22) -

p*§2
/2

<1, (5.30)

N*§2
/2

105



Capitulo 5. Elementary Clothoid-based 3D curve for Unmanned Aerial Vehicles

-1.5

-0.5 0 05 1 15
p v

o 15

(a) Minimum of the X coordinate of the tangent (b)Conﬁguration region with monotonicity.
vector.

Figure 5.4: Analysis of the monotonicity of X.

being ¢ = 0,15 a parameter that has been experimentally adjusted by trial
and error until all represented cases provide positive values for all elements
of the tangent vector. Constraint in Eq. (5.30) can be expressed in terms of
intermediate angles using Egs. and (5.5)) independently of the value of §:

20 \° N 20 ? 5

/2 C?(1,20%)m/2
Figure [5.4(b)| represents the region of the target configuration space where
the solution obtained increases monotonically in position (blue region), which

basically covers the entire configuration space. This region has been obtained

by replacing Eqs. (5.24) and (5.25) in Eq. (5.31)). Based on this result, in a
conservative option, we could bound Eq. (5.31]) with ¥}, < 1,51 rad (depicted
as a black line in the figure) to ensure monotonicity.

u
/2

2+
C2(1,20%)7/2

‘ <1.  (5.31)

Lemma 5.4.2 (Monotonically increasing in yaw) An Elementary clothoid-
based 3D curve monotonically increases its yaw angle over s if the final pitch
and yaw angles are within the ranges 0p(25) € [—3,0] and ¥p(25) € [0, 5].

Proof 5.4.2 Yaw angle monotonically increases iff its derivative is positive,
thus, recalling that ¥'(s) > 0 for |s| < § as demonstrated in [Girbés, Vanegas
y Armesto . we need to check that the secondary Cb3D yaw angle also
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increases monotonically (Eq. (5.21)) from Lemmal5.5.4). Its derivative, for|s| >
S, 1s computed as:

By (s,5) = eI ~ T

Soif x(s,8) := Ty’(s, §)Tw(s, §)—Té(s,
which is true for the given ranges:

X(s,8) = (sin(26(5)) sin(¥(s — 25") — U(5))0'(s — 25)
— c0s(20(3)) cos?(A(s — 23))¥'(s — 23)
1o _ B (5.33)
~3 sin(26(3)) sin(20(s — 23)) cos(¥(s — 25)

—W(E)W (s — 25)) > 0,
since 0(5) > 05(25), ¥(3)
>0, sin(W(s—28)—U(3))
cos(W(s —25) —U(3)) >

< W(25) and the fact that sin(20(5)) < 0, cos(26(5))
<0, 6 (s—25) >0, ¥(s—25) <0, sin(20(s—25)) <0,
0. |

Lemma provides necessary conditions to obtain solutions where the ro-
tation given by the yaw angles increases monotonically. However, we cannot
guarantee that pitch angle decreases monotonically for the specified ranges.
Indeed, there are cases, depending on p and g, where the derivative of the
angle for the secondary Cb3D takes positive values. This can be seen from the

derivative of Eq. (5.22):

i) =~ 2
sin(f(s — 23)) sin(20(3)) cos(¥(s — 25) — ¥(3))— o' (s — 25)+ (5.34)
T.(s,3) = — cos(f(s — 25))(2sin”(0(5)) — 1) >0,

+ (sin(¥(s — 23) — ¥(3)) sin(20(5)) cos(d(s — 25))) ¥'(s — 23)

where the terms multiplying 6’'(s—25) and ¥’ (s—25) are both positive, however
0'(s — 25) > 0 and W'(s — 25) < 0. As a consequence, there is no guarantee
that T"(s,3) is positive for all s. Indeed, by definition, T"(3,3) > 0 because
the primary Cb3D increases monotonically for those ranges, and T;(Qé, 5)=0
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since the ECb3D path’s curvature and torsion are both zero when s = 2s.
Therefore, depending on p and p the derivative could take positive values.

= 0.000 p=0.196 p=0.393

[rad/ s]

[rad/ s]

-1 1.5 -1.
p s[m] P s[m] P s[m]

Figure 5.5: Derivatives W5 (s,3) (in red) and 0%(s, 3) (in blue) over a parametric sweep of
p€[—%,0] and p € [0, 5] with 5 =1.

This aspect is shown in Fig. 5.5 where a study has been conducted to represent
the derivatives over s of yaw and pitch angles, U, (s, §) and 60/(s, §) respecti-
vely, and a parametric sweep of p € [-5,0] and p € [0, 5] with § = 1. It can
be seen that there are combinations, particularly with large |p| and |u|, that
generate a slight increase of 9~E(s, 5) (positive values of its derivative depic-
ted in blue in Fig. , while the derivative of Ug(s, §) is always positive (as
already proved in Lemma. Varying the clothoid length would provide si-
milar results. Indeed, if we use the scaling property of Lemma [5.3.2] clothoid’s
parameter ranges need to be reduced by a factor of A2, being A the scaling
factor, which produces a derivative scaled with A\=! factor.

Inspired by this result, we seek now a region where pitch angle decreases mo-
notonically. Figure shows the maximum of 0;(s, §) over a parametric
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0 0.5 1 1.5

P o,

(a) Maximum of the derivative 5}3(5, 3) (b)Conﬁguration region where pitch angle de-
creases monotonically

Figure 5.6: Analysis of the monotonicity of pitch angle.

sweep of p € [~55,0] and p € [0, 35| with § = 1. It can be seen that there
is a wide region where the maximum is zero (which implies that pitch angle
decreases monotonically). Due to the shape of this region, we have experimen-
tally adjusted an ellipsoid that constrains solutions to ensure a monotonicity

of pitch angle:
N 2 N 2
\/<p—> + (“—) <1 (5.35)
Tp T
with r, = 3% and r, = &3, being ¢ = 0,943277178. The value for ¢ has

2329

been experimentally obtained by analysing all the cases depicted in Fig.[5.6(a)
where the maximum derivative of the angle is zero. Replacing p* and p* with

Eqgs. (5.4) and (5.5)), respectively, then Eq. (5.35)) can be equivalently expressed

as:
26+ \ 2 20+ ’
_— 1. .
(22) +<w202(1,29*)> < e

It is important to remark that Eq. is independent of the clothoid arc
length and sharpness parameters. The configuration region where this con-
dition is satisfied is depicted in blue in Fig. A conservative constraint
would be to impose that ¥, < 1,36 rad (depicted as a black line in Fig. [5.6(b))).
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5.5 Design Methodology Proposal

In this section we describe a design methodology to compute clothoid parame-
ters p* and p* based on target angles 63 € [-7, 0] rad and ¥}, € [0, 1,36]
rad, where admissible regions to ensure monotonicity have been taken into
account as a result of the analysis performed in Section An important
aspect to consider is that we seek for solutions with the minimum possible
curve length S, given admissible clothoid parameters p* € [—pmaz, Pmaz] and
1 € [—lmazs fmaz)- Thus, the length of the primary Cb3D, 3, needs to be
computed together with the clothoid parameters.

The methodology is based on the following steps:

1.

110

Compute primary clothoid angles 6* and ¥* from target angles 0}, and

U3, using Eqs. (5.24) and (5.25)).

. Then, assume that maximum torsion sharpness is applied, that is, p* =

sign(0*) prmaz- Thus, from Eq. (5.4), we compute the primary Cb3D length

as:
. /216%|
Smin — 9 537
Pmax ( )

where §,,;, is the shortest possible length (considering only the torsion
sharpness constraint).

Compute p* using Eq. assuming such length and previously com-
puted yaw angle U*. If |u*| < fyaz, it means that the assumption about
the maximum torsion solution was correct and then s* = §,,,,. However,
if |u*| > fmas, it means that the primary Cb3D is too short, since it
violates the admissible curvature sharpness, i.e.: torsion sharpness needs
to be reduced. In that case, we now assume the maximum curvature shar-
pness is applied p* = sign(V*) 4. Using Eq. (5.5) we can compute the
primary Cb3D length §*, by replacing p* of Eq. (5.4) into Eq. , that
is C(8, p*) = C(8, 2;; ). Then, recalling the scalability property of Fresnel
cosine, this term can be computed as C(5,2-) = C(1,20%)5. As a con-
sequence, a proper clothoid length can be chosen to ensure that both
sharpness constraints are satisfied:

2| x|

~k Hmaz
= G (5.38)




5.5 Design Methodology Proposal

4. Compute torsion sharpness p* using Eq. (5.4) and the previously compu-
ted length.

5.5.1 Case study

The proposed method finds clothoid parameters with the shortest possible
length because it finds solutions trying to maximize clothoid sharpness (it
selects the solution that first violates the maximum clothoid sharpness cons-
traints). Figure shows the computed values for §*, p* and p* using the
proposed method, assuming that ppe. = 5 and fiye. = 5. These results were
compared with a nonlinear optimization procedure (using fmincon function in
Matlab®) where the curve with the shortest length, satisfying clothoid shar-
pness constraints, was found. As a result, the maximum error between both
alternative procedures in the whole surface was 107, but the optimization

procedure takes about 100 times more to produce the same results.

Two particular cases of ECb3D curves are analyzed next. In the first one the
solution obtained reaches the maximum torsion sharpness, whereas the second
one provides the maximum curvature sharpness. In particular, if 6* = —%
and " = 7, we obtain p* = —7, u = 1,24511 and s* = 0,731738; while 1f
0" = —% and ¥* = 3%, we obtain p* = —0,64818, y* = 7 and §* = 0,85105.
Figure @ represents these two curves, where it can clearly be seen that the
parameters obtained for the curve depicted in solid blue imply a solution where
torsion sharpness is maximum, while the curve depicted in dashed red provides
a solution with maximum curvature sharpness. In both cases, the curves reach

the specified angles.

It’s worth mentioning that the average computational time to compute 200
points of the curve parameters is approximately 170us (including clothoid pa-
rameters computation) based on our code implemented in Matlab® 2019b run-
ning on computer with an Intel® Core i7-8750H processor and 16 GB of RAM
memory and Windows 10.

5.5.2 Benchmarking

To complete the analysis of the proposed methodology, we have generated 10*
random target orientations, ¥* and 6*, comprised in the ranges ¥* € [0, 7] rad
and 0* € [0, 7] rad, respectively. The aim is to compare some geometric pro-
perties, such as abruptness, maximum bending energy, as well as accuracy and
computational time between our proposed curve (ECb3D) and an elementary

curve consisting of two symmetric pure 3D clothoids (EC3D) [Harary y Tal
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#w 0.5

o ©

Figure 5.7: Computed clothoid parameters using the proposed methodology.

. EC3D are obtained after an optimization procedure where the curve
sharpness parameters for curvature and torsion are adjusted so that the curve
reaches the target orientations. In both cases, the length of the curves have
been set to S =2 m.

On the one hand, Fig. depicts the histogram of the maximum bending
energy of each curve max(B(s)), being B(s) := x*(s) + 7%(s) and «’(s) and
7'(s) the geometric derivatives of curve’s curvature and torsion, respectively.
In both cases, it can be seen that, in most cases, the proposed curve provides
smaller bending energy (histogram cases are concentrated on the lower part of
the chart). On the other hand, Fig. [5.9(b)| shows the results obtained for the
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Figure 5.8: Two representative Elementary Clothoid-based 3D curves, with final angles
0" = —% and ¥* = 7 (solid blue), and with final angles 6 = —% and ¥* = 3% (dashed
red). Sharpness bounds appear in dash-dotted black.

curve abruptness A(S) = fOS B(s)ds, where it can be seen that ECb3D curve
provides a solution with smaller abruptness.

The average computational time for computing curve parameters for a ECb3D
is 28 s, while computing an EC3D curve takes 121 ms in average. The supe-
rior performance is clearly influenced by the fact that the EC3D requires an
optimization procedure in order to synthesize the curve. In addition to this,
the proposed method is exact (errors are in the order of numerical accuracy),
while the EC3D provides an approximated solution with an average error of 1
mrad, measured as € := /(¥* — ¥(S9))2 + (6= — 0(9))2.
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Figure 5.9: Maximum bending energy and abruptness histograms to compare ECb3D and
EC3D curves. Vertical axis represents parts per unit, where red lines show mean values for
each metric.

5.5.3 Fized-wing UAV manoeuvres generation

The aim is to find a path for an UAV moving on a horizontal plane that ma-
noeuvres to reach a target heading orientation ¥* € [—m, x| (relative to its
current heading direction) on another horizontal plane (6* = 0) at a different
altitude z*, without exceeding the maximum allowed pitch angle 0| < 0,4,
and also considering maximum allowed sharpness in curvature and torsion,
that is, p € [—Pmazs Pmaz] a0d [ € [—lmazs fmaz). In order to solve this pro-
blem, we can use two concatenated ECb3D curves with intermediate heading
orientation W, = L= and 07, = —sign(2*)0,4,. These angles will be the ac-
tual target angles to reach with the first ECb3D curve (as explained at the
beginning of this section). Then, we compute relative pitch and yaw angles
required for the second ECb3D by computing the relative rotation matrix
R: = (R.(¥:)R,(05)) " (R.(T*)R,(0%)), details left to the reader.

Due to the assumption that the first ECb3D produces a curve with a maximum
or minimum pitch angle, i.e.: 8}, = 0,4, or 8" = —0,,,,, this implies that the
curve reaches a minimum altitude change z,,;,. Thus, if |2*| > 2., then the
curve can be scaled by a factor A = (22:2)2. On the contrary, if |2*| < 2y, then
we need to find the pitch angle that produces the required height (using any
optimization method). The resulting solution produces a curve that reaches z*
with the maximum sharpness parameters.

Figure[5.10(a)|shows three cases of two concatenated ECb3D curves generating
manoeuvres with W* = 7 heading at different altitudes with p,00 = Hmae =
0,001 rad/m? and 6,,,, = 0,6 rad. In particular, we show in green the case
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where, due to the given constraints, the target altitude is equal to z,,;,. The
curve plotted in red represents a case where z* < z,,:,, while the curve plotted
in blue represents a case where z* > z,,;,. It can be seen that minimum pitch
angle for green and blue curves is min(6) = —0,6 rad, expected by design (the
blue one reaches a higher altitude by scaling the ECb3D parameters). The
minimum pitch angle for the red curve is bigger than —0,,,, as a consequence
of an optimization procedure that makes the curve reach the target altitude.
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Figure 5.10: Three paths with two concatenated ECb3D curves each, with pmaezr = ftmaz =
0,001 md/m2 and 0pqz = 0,6, reaching final orientation ¥* = g rad and different altitudes
z* =20 m (red), z* = 33,44 = zpmin m (green) and z* = 50 m (blue).

5.6 Discussion

Smooth spatial paths for autonomous aerial vehicles are usually generated
using Bezier curves, splines or Pythagorean Hodographs, among other curves
[Wang y col. |2017b; Neto, Macharet y Campos 2013; Vinokursky, Mezentceva
y Samoylov [2020; Pfeifle y Fichter 2021]. However, they do not have a clear
physical meaning or require to solve an optimization problem in order to ta-
ke geometric, kinematic or dynamic constraints into account |Neto, Macharet
y Campos [2013; Vinokursky, Mezentceva y Samoylov 2020|. The curve pro-
posed in this Note inherits the properties from the Clothoid-based 3D curves
introduced in Girbés, Vanegas y Armesto[2019|and, therefore, it has a physical
meaning as its design parameters are related to curvature and torsion shar-
pness. ECb3D paths can be computed using optimization-free approximation
methods [Sanchez-Reyes y Chacon [2003; Montés y col. [2008; Meek y Walton
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2004b| based on Bezier, splines or polynomial curves, among others. ECb3D
paths are smooth and scalable, which make them suitable for many UAV na-
vigation applications.

Some potential applications of the proposed Elementary Clothoid-based 3D
curve are the following. Firstly, ECb3D curves can be used as transition curves
in global path planning problems defining a poly-line in the workspace. Using
ECb3D as a transition curve between segments will avoid the intrinsic C* dis-
continuity. Secondly, ECb3D curves can be integrated in local path planning
methods to avoid obstacles by generating random motion primitives pointing
to different directions. Collision tests could be performed and the collision-free
ones would be selected as candidate solutions, where the final decision would
depend on specific optimization criteria. Finally, ECb3D curves can also be
used as a primitive in UAVs planning problems, combining straight segments,
arcs and transition curves as part of their set of primitives. For instance, specific
planning problems, such as changing the direction and altitude of a fixed-wing
UAV, can benefit from the use of ECb3D curves by combining two of them as
shown in section

5.7 Conclusions

In this note, we have proposed a new curve by concatenating two symmetric
Clothoid-based 3D curves (Cb3D). We have proved that the new curve keeps
the same properties regarding smoothness, scalability and symmetry as the
original Cb3D curves. One of the main advantages of the new curve, compa-
red to Cb3D, is that curvature and torsion are zero, both at the beginning
and at the end of the path, which makes it easier to combine with straight
line segments and use them as transition curves to change the direction, whi-
le satisfying curvature and torsion sharpness constraints, i.e.: to ensure that
transitions are smooth and compliant with some higher-level kinematic and
dynamic constraints.

This note also shows how to obtain curve parameters given the curve length,
as well as how to compute pitch and yaw angles at the end of the curve and
at the intermediate position. We also analyze the range of target pitch and
yaw angles that ensures that the proposed curve increases monotonically in
position and orientation, which is a desirable property for transition curves.

A method to obtain the shortest possible curve satisfying parameter cons-
traints has also been proposed in section [5.5] We also show a case study where
fundamental variables of the curve are depicted and a comparison between the
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proposed curve and the curve in [Harary y Tal[2012a] has been conducted. The
benchmarking concludes that the proposed curve generates smoother paths in
the majority of the cases, with reduced bending energy and abruptness. The
computational time and error are clearly smaller due to the closed-form solu-
tion presented.

At the end of the Note, we discuss why ECb3D paths are suitable for many
UAV navigation applications. The main conclusions are that smoothness and
scalability properties, as well as accuracy and reduced computation time, allow
the use of ECb3D paths as primitive curves for higher level 3D path planners.

Further work will be oriented to generalize the problem statement to design
curves that join two arbitrary positions and orientations in the configuration
space, for instance, by combining ECb3D curves with line segments and helix
curves extending the ideas of [Scheuer y Fraichard [1997] to 3D.
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Capitulo 6

Smooth three-dimensional route
planning for fixed-wing
unmanned aerial vehicles with
double continuous curvature

In this chapter a new path planner is described, which is able to generate a
smooth trajectory that starts from an arbitrary 3D position and orientation at
the same time. In addition the path planner is also able to concatenate several
curves of the same type, generating a trajectory without loss of continuity.

Chapter Note: The contents of this chapter can be found in the paper:

Vanegas, G., Armesto, L., Girbés-Juan, V., & Pérez, J. (2022). Smooth
Three-Dimensional Route Planning for Fixed-Wing Unmanned Aerial
Vehicles With Double Continuous Curvature. IEEE Access, 10, 94262-
94272. JCR: Q1, Impact Factor: 3.476, SJR: Q1, Impact Factor: 0.93,
DOI: https://10.1109/ACCESS.2022.3203069.
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Abstract: This paper presents a smooth flight path planner for
maneuvering in a 3D Fuclidean space, which is based on two new
space curves. The first one is called “Elementary Clothoid-based 3D
Curve (ECb3D)”, which is built by concatenating two symmetric
Clothoid-based 3D Curves (Cb3D). The combination of these cur-
ves allows to reach an arbitrary orientation in 3D FEuclidean space.
This new curve allows to generate continuous curvature and torsion
profiles that start and finish with a null value, which means that they
can be concatenated with other curves, such as straight segments,
without generating discontinuities on those variables. The second
curve is called “Double Continuous Curvature 3D Curve (DCC3D)”
which s built as a concatenation of three straight line segments
and two ECb3D curves, allowing to reach an arbitrary configura-
tion in position and orientation in the 3D Fuclidean space without
discontinuities in curvature and torsion. This trajectory is applied
for autonomous path planning and navigation of unmanned aerial
vehicles (UAVs) such as fized-wing aircrafts. Finally, the results
are validated on the FlightGear 2018 flight simulator with the UAV
kadett 2400 platform.

Keywords: Nonholonomic Motion Planning, Motion and Path Planning, Cons-
trained Motion Planning, Autonomous Vehicle Navigation.

6.1 Introduction

In the last decades, the aeronautics industry has maintained a continuous and
vertiginous development, particularly in the military field [Chaurasia y Mohin-
dru 2021]. The literature in the different fields of research is extensive. A rele-
vant field of study focuses on path planning, which has been approached from
different perspectives, such as communication networks [Zhang y col. |2019b;
Zhang y col. [2019a] or computational intelligence based on path planning al-
gorithms |Zhao, Zheng y Liu 2018; Cabreira, Brisolara y Ferreira Paulo 2019)|.
Additionally, applications for civilian missions are currently in high demand
[Wargo y col. [2014], such as rescue missions [Hayat y col. 2017; Ryan y col.
2004], or work in agriculture [Xiang y Tian 2011].

The aim of flight planning for aerial vehicles is to generate a path joining
initial and final configurations, while passing through several intermediate tar-
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get points. In case of potential collisions with static or dynamic objects, such
as other UAVs flying nearby, the initial route must be replanned to guarantee
collision-free paths [Huang, Teo y Tan 2019; Huang y Teo [2019].

In particular, this paper addresses the 3D path planning task for UAVs with
nonholonomic characteristics [Velasco-Carrau y col. 2016; Shen y col. |2018],
i.e., fixed-wing aircrafts. In this sense, it should be highlighted that one of
the most relevant particularities of this kind of paths is the continuity of the
curve, since a fixed-wing UAV cannot perform abrupt maneuvers during its
flight time. Therefore, the starting point to create a smooth flight path must
consider the particular maneuverability capabilities of the UAV. Several studies
have been proposed in this context, where 3D path planning algorithms use
cubic Bezier spiral curves to satisfy the curvature constraint are presented in
[Yang y Sukkarieh 2008b} Yang y Sukkarieh 2008c; Gonzalez y col. [2014], while
[Neto, Macharet y Campos [2010] proposes a seventh-order Bézier curve as a
continuous curvature path approximation, which does not exceed the kinematic
constraints of an aerial vehicle. The authors of [Liu y col.|2021] have performed
a fusion between two heuristic methodologies, with the aim of solving the
smooth path planning problem in a mountainous environment, for which the
characteristics of B-spline curves are exploited.

The authors of [Wang, Li y Li 2014] study curvature constraints in path plan-
ning and solve this problem through Dubins curves. In Tan y col. 2022, the
smooth trajectory planning problem with continuous curvature is solved th-
rough an optimization algorithm based on Pythagorean curves, which satisfies
the kinematic constraints of the UAV, in a similar approach, the authors of
Davoodi y col. |2015| propose a path planning generated through a multiobjecti-
ve optimization problem operating with standard genetic operators. In Huang
y col. 2016] coordinated path planning for multiple UAVs is performed, star-
ting from an ant colony optimization algorithm smoothed through a k-degree
smoothing method. While in Wu y col. |2018 a Rauch-Tung-Striebel (RTS),
smoothing is used, a procedure that permits smoothing the path produced by
a Particle Swarm Optimization (PSO) algorithm, while in Armesto y col. 2015
an RTS smoothing is also used for the control of mobile robots with nonho-
lonomic wheels. A particular approach is presented in Liu y Hu [2021, where
a smooth path planning algorithm based on a Gaussian spectrum function is
built, which aims to optimize the smooth path. Finally, in Kaiser y Verl 2021
model-based smooth paths are proposed for the estimation of the optimal geo-
metric parameters, through polynomial spline curves, the results are used in
industrial robots, with the aim of improving the productivity.
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Focusing on works with good results based on clothoid curves, Gim y col.
2017b| solves the problem of generating continuous curvature paths by compo-
sing multiple clothoids. The relevance of clothoid curves and their application
to nonholonomic vehicles can also be appreciated in Lima y col. 2015} Silva
y Grassi 2018} Kim y Chung 2021 In Chen y col. 2017b; Vanegas y col. [2018],
clothoids are approximated using Bézier curves to minimize curvature profiles
and thus guarantee higher-order geometric continuity while minimizing error.
In Lambert, Romano y Watling 2021}, smooth paths based on clothoid curves
are proposed for planning high-speed wheeled vehicle paths, for which a nu-
merical optimization is performed within the constraints of convex regions. In
Sui y col. 2020, autonomous valet parking service path planning is performed.
Finally, the authors of [Huang y col. 2021] propose a path smoothing, based
on clothoid curves, parameterized by the arc length.

The aim of this work is to generate a smooth flight path in the context of fixed-
wing UAV autonomous navigation. A new 3D smooth curve, called Elementary
Clothoid-based 3D Curve or ECb3D, is proposed, which is built by combining
two symmetric Cb3D [Girbés, Vanegas y Armesto |2019]. An ECb3D is capable
of reaching an arbitrary direction in 3D space, being its curvature and torsion
profiles equal to zero at both the beginning and the end of the curve. That
property allows to build more complex curves combining them with straight
line segments or other ECb3D curves. In this sense, a second 3D smooth curve
is introduced, coined as Double Continuous Curvature 3D Curve (DCC3D),
which is a concatenation of two ECb3D curves and three straight line seg-
ments. A DCC3D curve can reach any arbitrary position and orientation in
3D Euclidean space. Finally, it should be emphasized that collision avoidance
is out of the scope of this paper, although the proposed path could be used as
a primitive in both global and local planners to generate collision-free paths.

This paper is organized as follows: in section the formulations of the pre-
liminary works related to this article are discussed. Section describes the
problem to be solved. In Section [6.4] the methodology to design smooth curves
to reach arbitrary target orientation is explained in depth, whereas Section [6.5
describes how to generate 3D Double Continuous Curvature Curves that allow
to reach arbitrary position and orientation. Section[6.6] presents the results that
validate the application of this new curve through flight simulations performed
on a fixed-wing UAV. Finally, conclusions and further work are described in
Section

122



6.2 Preliminaries

6.2 Preliminaries

A nonholonomic constraint cannot be expressed only in position variables but
includes the time derivative of one or several variables. In direct reference to
fixed-wing UAVs, these constraints are directly related to their maneuverability
in flight.

There are different approaches used for the construction of smooth paths,
whether they are heuristic [Mac y col. 2016| or geometrical [Hota y Ghose
2010a; Hota y Ghose [2010c; Upadhyay y Ratnoo 2015|. Thus, this work ta-
kes a geometric approach for constructing smooth paths as a starting point,
based on the criterion of 3D continuous curves. Thereafter, a set of concepts
necessary for the development of this article are defined.

6.2.1 Curves in space

A curve in space R", can be defined as a vector function [Do Carmo 2016| such
that:

C:la,b] - R",C(s) = (z1(s),...,x.(5)) (6.1)

where, the points C(a) and C(b) are the initial and final boundaries of the
curve. In particular, a curve in the three-dimensional space R? can be defined
as C(s) = (z(s); + y(s); + 2(s)k), where i, j, k refer to the unit vectors of the
global reference frame.

Tangent, normal and binormal vectors are defined as:

» T(s) is the unit vector tangent to the curve, pointing tp the direction of
movement:

L O
T =156 6.2)

» N(s) is the unit normal vector, given by the ratio of the derivative of
T(s) to its length:

[C'(s) x C"(s)] x C'(s
IC'(s) x C"(s)] x C'(s)|I

~—

N(s) = (6.3)
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» B(s) is the binormal unit vector, represented by the cross product of T'(s)
and N(s):

C'(s) x C"(s)
IC(s) x C"(s)]|”

where C'(s) = dC(s)/ds, C"(s) = d*C(s)/ds?, and C"(s) = d°C(s)/ds* are
the derivatives of the position vector C(s).

B(s) = T(s) x N(s) = (6.4)

On the other hand, x(s) defines the curvature of the curve, such that:

g IC6) x )
SN T<T .

and 7(s) is the torsion, defined as:

C'(s) - (C"(s) x C"(s))

(e} = IC(s)IP

(6.6)

Therefore, for a continuous curve defined in R?, as the one shown in Figure
T(s) is a unit vector defining the direction of the curve, N(s) is perpendicular
to T(s), while B(s) forms a right-handed system between ( ) and N(s).
Based on Frenet Serret frame, the derivative of equations (6.2)-(6.4) depends
on and ( , and can be computed as follows:

!

(s) T(

'(s) IN(
'(s) 0 —7(s) 0 B(s)

where T'(s) = dT(s)/ds, N'(s) = dN(s)/ds and B/(s) =

first derivatives of such vectors.

T
N —k(S) 0 7(s) (6.7)
B

[ 0 K(s) 0

dB(s)/ds are the

Then, the orthogonal basis of the system is defined as R(s) := [T(s) N(s) B(s)],
which can be integrated from ([6.7]), based on the functions of x(s) and 7(s),
from an initial value, such that, R(0) := [T(0) N(0) B(0)]. Hence, the position
can be determined by integrating the tangent vector.

Cls) =00+ [ “T(e)de (6.8)
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Figure 6.1: Curve in the space R3, where three orthogonal local systems are shown, which
are defined by T vectors (red arrows), N vectors (green arrows) and B vectors (blue arrows).

6.2.2 Clothoid in space R* (C2D)

A planar clothoid (C2D) [Levien 2008b]|, also known as the Euler Spiral, defined
in R? (see Figure , is a curve whose curvature varies linearly with respect
to the arc length, being:

K(S) := 0us (6.9)
where, o, := dk(s)/ds is referred to as the curvature sharpness, which is related

to the homotopy factor K, being o, := 7/K?. Hence, the tangent angle of the
clothoid is defined as:

Ok o

B(s,0.) := ?’5 (6.10)

The C2D is a curve that has contributed in various aspects, both in develop-
ment and construction of roads and/or railroads |Lambert, Romano y Watling
2019; Vazquez-Méndez y Casal 2016|, and also in research performed by Gir-
bés, Armesto y Tornero 2014] giving nonholonomic vehicles a good tracking
control, due to its various geometric properties such as curvature and tangent
angle. Being the tangent vector computed as:

_ |cos(B(s,04))
T(s,0,) = [sin(ﬂ(s,aﬁ))} (6.11)
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X

Figure 6.2: Clothoid curve in space RZ.

Consequently, a planar clothoid curve contained in the plane XY, is defined
by the equations (6.8), (6.10) and (6.11). Hence, C(s,0,) can be solved using
the Fresnel integrals, as follows:

oo =[S~ [P oo

where C(s,0,) and S(s,0,) are the Fresnel integrals in cosine and sine, respec-
tively. Finally, it should be noted that without loss of generality, it is assumed
that the clothoid starts from the origin of coordinates, being C(0) = 0 accor-

ding to the equation .

6.2.3 Clothoid in space R* (C3D)

The concept of Euler Spiral defined in R?, also known as a 3D clothoid (C3D),
was introduced by Harary y Tal 2012bl The curvature of a C3D varies as a
function of the equation , while its torsion is defined as:

7(s) == o0,s (6.13)

where o, := dr/ds is the first geometric derivative (also known as torsion
sharpness). The development of this 3D smooth curve allows arbitrary confi-
gurations to be achieved, either in position or orientation in 3D space, but not
both at the same time.
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6.3 Problem definition

Let us assume R as a UAV of nonholonomic characteristics, such as a fixed-wing
aircraft, whose state space qr = [rr yr 2r Or ¥r]T € R x §?, is composed
of the coordinates position pr = [rz yr 2z|’, and orientation coordinates
Zqr = [0r Ux|T, pitch and yaw angles. Whereas the input parameters to the
system are given by the curvature sharpness o,, and the torsion sharpness
0. 1t is important to remark that the roll angle of the curve is not relevant
for computing the curve geometrically and, for this reason, it is not considered
as part of the configuration.

Assuming that R can perform motions within its kinematic boundaries of ma-
neuverability (boundaries set by the particular aerodynamic constraints of the
UAV) and that the values of the geometric derivatives of curvature and tor-
sion (defined as curvature sharpness and torsion sharpness, respectively), are
within the set boundaries, being o, € [0s,,. 0x,...] and 0., € [0, . o, ]
Then, the aim is to build a new smooth curve G! to join two arbitrary con-
figurations in position and orientation, starting from qg = [zs ys 25 05 \IIS]T
to q¢ = [r¢ Yo 2¢ bc \I/G]T. In addition to this, curvature and torsion at start
and goal configurations must be zero, i.e., kg = kg = 0 and 79 = 7¢ = 0.

6.4 Elementary Clothoid-based 3D Curve (ECb3D)

The aim is to construct a new three-dimensional curve, in the space R*xS?, able
to reach an arbitrary configuration in orientation with continuous curvature
and torsion (CC). This new curve will be composed of two segments of the
Clothoid-based 3D curve (Cb3D) [Girbés, Vanegas y Armesto 2019].

The procedure starts with the description of the Cb3D curve. Afterwards, the
generation process of the new Elementary Clothoid-based 3D Curve (ECb3D),
generated from the concatenation of two symmetrical Cb3D curves is detai-
led. Specifically, the ECb3D will allow reaching an arbitrary orientation, but
the position will be given according to the shape and size of the constructive
clothoid parameters.

127



Capitulo 6. Smooth three-dimensional route planning

6.4.1 Clothoid-based 3D Curve (Cb3D)

The authors of Girbés, Vanegas y Armesto[2019, propose a new Clothoid-based
3D Curve (Cb3D), capable of achieving an arbitrary configuration in position
or orientation in 3D space. The Cbh3D is built from two C2D curves generated
in the orthogonal XY and X Z planes. Thus, Cb3D projects a C2D curve in
the XY plane with arc length s, while the clothoid in the orthogonal X Z plane
depends on the length of the C2D curve in the XY plane (see Figure. The
curve Cb3D achieves relevant results due to its analytical solution. Moreover,
the curve presents a set of interesting properties/operations such as scalability,
symmetry, monotonicity, and smoothness along the curve. Appendix[A]includes
the most relevant aspects of the curve [Girbés, Vanegas y Armesto [2019], which
have been included in this work to justify the computations of the proposed
methodology.

xy

Figure 6.3: Clothoid-based 3D Curve (Cb3D). The dotted red line shows the C2D cons-
truction in the XY plane, the green line shows the C2D in the X Z plane while the blue line
shows the Cb3D curve. Image taken from Girbés, Vanegas y Armesto |2019

6.4.2 ECb3D Curve Generation

The concept of Elementary Curve in R? (E2D) was introduced by Scheuer
y Fraichard [1996b, a curve developed to build appropriate paths for mobile
wheeled vehicles. In that sense, the E2D is built by combining two symmetric
C2D curves that have the same homotopy factor and the same length. The goal
is to create smooth trajectories that do not exceed certain physical limits asso-
ciated with comfort and safety in mobile vehicles [Girbés, Armesto y Tornero
2014], leading to proper path following.
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In particular, the ECb3D curve seeks to extend the original concept of E2D
curve to the space R?, by concatenating two symmetric Cb3D curves [Girbés,
Vanegas y Armesto 2019]. Continuity and smoothness are guaranteed due to
the properties of the original Cb3D curve (see Appendix |[A|for a brief descrip-
tion of Cb3D curves). An ECb3D curve has zero curvature and torsion values
at start and goal configurations, that is kg = kg = 79 = 7¢ = 0.

Zqe = [0 Va]"

— C(s;up)
=== Cr(s,pup)
—— Ci(s,5,p)

Figure 6.4: ECb3D curve generation from the symmetry of two concatenated Cb3D curves,
through an intermediate deflection angle Zqas. It is assumes an initial orientation configura-
tion Zqs = [0s ¥s]” = [0 0]", while the goal orientation configuration is Zq¢ = [fc " .

Figureshows an example of ECb3D curve, where C(s, u, p) (in solid blue) is
the first Cb3D curve, C*(s, u, p) = C(—s, p, p) (in dashed red) is symmetrical
to C, and C(s, 3, i, p) (in solid red) is the second Cb3D curve, which is C*
rotated and translated. Consequently, the curve C' starts at configuration qy,
and ends at configuration qg. Note that in Figure[6.4] the start configuration qs
is at the origin of coordinates aligned with x-axis, so Zqs = [fs ¥s]" =[0 0]".
In a generic case, where start configuration with respect to the global frame is
different from zero, that is, Zq% # [0 O]T, we can compute the local tangent
vector of Zqg, by considering the following rotation:

cos(0g) cos(¥q) cos(0%) cos(¥L)
Te=|cos(fg)sin(¥s) | :=R" (0,602, ¥L) | cos(62) sin(T2) (6.14)
—sin(fg) —sin()
with 2q% := [#% ¥]" and Zq := [#% ¥2]" being init and goal angles expres-

sed with respect to a global frame and R is a rotation matrix
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R(6,0,7) = R.(1)R, (O)R.(¢) (6.15)
where R, (o), R, (o) and R, (e) are basic rotation matrices around each axis of

the global reference frame; being roll ¢, pitch # and yaw ¥ the Euler angles.

Then, the deflection angle Zqs = [0g \I'G]T can be computed from (6.14) as
follows

TG,z
¢ := arctan <\/(TG@)2 n (TG,y)2> (6.16)

T

U = arctan <Gy) (6.17)
TG@

where subscripts z, y and z refer to each component of the tangent vector Tg.

On the other hand, for the computation of the intermediate deflection an-

gle Zqy, the following rotations must be applied to ensure that the curve is
continuous (in position, curvature and torsion):

[T, Ne, Be] =R.(¥ar) - Ry (Our) - Ry (Onr) - R (V)
2 cos?(0p) cos? (W) — 1 (6.18)
Tq = [2cos?(0y) cos(Wyy) sin(Wyy) '
—2cos(0yr) cos(W ) sin(fyy)

where the first column of the right-side expression corresponds to the symbolic
expression for computing T¢. Thus, with equations (6.14) and (6.18]) we can
compute the intermediate deflection angle Zqy = [0y Yis]*:

0y := arctan (tan(&c) Sln(\IjM))

sin(Ug)
cos(0g) sin(¥¢) >
cos(fg)cos(Wg)+1/°

(6.19)

W, :=arctan (

Therefore, the parameters necessary to build Cb3D curves are computed by
means of the following expressions (see Appendix):
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205
pr= (6.20)
20,
= 6.21
/"L 62(57 p*>7 ( )

being 5 the length of one Cb3D, that is, the half length of the ECb3D curve.

On the other hand, the transformation governing the rotation and translation
of the curve C*(s, , p) to obtain CT(s, u,p) (see Figure is expressed as:

H:[ Tl > %< oy )&su,) ‘ﬂT

9] o [e19]

where, it can be seen that, as the C' curve has been defined, when s = 0 the
curve is in the qy; configuration, while when s = §, the curve ends in the qg
configuration.

(6.22)

Finally, as a result of the concatenation of the curves C and CT, the ECb3D
curve is defined as:

S C(s, 1, p) if s <5
E(s, 8, p,p) = { C'(25 — 5,5, u,p) otherwise

Hence, the ECb3D curve is evaluated for s € [0 23], with no discontinuity.

(6.23)

Figure shows a comparative example of the ECb3D curve (blue line) and
the Cb3D curve (dashed red line), both of which point to a goal orientation of
0 =—7/4 and ¥ =7/2 with 5§=0,5. In Figure [6.5(b)] the variation of the
pitch 6 and yaw ¥ Euler angles is displayed, while in Figures|6.5(c)and [6.5(d)|
the behavior in the curvature profiles and their sharpness in the orthogonal
XY and X Z planes can be appreciated. It can be highlighted that the ECb3D
curve starts and ends with curvature and torsion equal to zero (k =7 = 0),
characteristic that allows the ECb3D to link with another curve without loss
of continuity, a property lacking in the Cb3D.
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Figure 6.5: Case study with final orientation ¢ = —m/4 rad and ¥¢ =m/2 rad, with §=0,5.
ECb3D (blue) vs. Cb3D (dashed red): (a) position, (b) Euler angles, (c) curvature profile
and its sharpness in the orthogonal plane XY, (d) curvature profile and its sharpness in the
orthogonal plane X Z.

6.5 Double Continuous Curvature 3D Curve (DCC3D)

This section defines a curve that reaches an arbitrary configuration in position
and orientation in the 3D Euclidean space. The new Double Continuous Cur-
vature 3D Curve (DCC3D) is built by three straight line segments and two
ECb3D curves, as can be seen in Figure [6.6]

In this sense, since there are two ECb3D paths in a DCC3D, a subscript has
been added in order to refer to the corresponding ECb3D. Therefore, configu-
rations qg, qur and q¢ of an ECb3D have been renamed as qs i, qa,; and qg 4,
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Figure 6.6: Double Continuous Curvature 3D Curve (DCC3D)

respectively, where i=1 refers to the first ECb3D, FE;, and i=2 to the second
one, 5. Thus, the following equalities relative to configurations’ orientations

hold: Zqs = Zqs,, £9G, = Zds,,; £96, = Zd¢-

Since there are multiple solutions to the problem, the deflection angle Zq¢ 1
is assumed to be known, which allows determining the straight lines and
clothoids’ lengths. That is possible because derivatives of curvature and torsion
are performed at the maximum admissible sharpness, that is s < fime. and
|p| < pimaz- This allows to obtain the shortest path for the given deflection angle
in a preliminary step. Thus, this states a numerical optimization problem that
aims to obtain the shortest curve by finding the intermediate orientation Zq¢ 1
that minimizes the overall length, while ensuring that the path satisfies some
constraints to avoid abrupt changes in curvature and torsion. As shown later
on, the lengths of the first and third straight lines act as relazation variables
in order to satisfy position constraints for a given Zqg ;.

133



Capitulo 6. Smooth three-dimensional route planning

6.5.1 DCC3D curve generation

Let us assume that the intermediate orientation of the DCC3D curve is given,
that is, Zq¢ 1. Let us also assume that in order to satisfy position constraints
imposed by qg, we allow maneuvers, that is, changes in the direction of the
curve that would force a robot stop to avoid abrupt changes in curvature and
torsion. The steps to generate the DCC3D curve are described next.

1. Compute the first ECb3D: the intermediate deflection angle Zq;;; =
[Orr1 ¥ MJ]T is determined from equation using the orientation
of the goal configuration Zqg; = [fg1 Ye.i]' (assuming that the start
configuration Zqg; = [0 0]7). Otherwise, a rotation must be applied to
compute Zq¢,; with respect to the local frame of Zqg;, as in equation

619).

Assuming that the curve is computed with the maximum allowable torsion
sharpness p; := piaz, the arc-length of each Cb3D curve (of the ECb3D),
and the curvature sharpness to reach the deflection angle Zq,,; can be

obtained from ([6.20) and (6.21]) as follows:

. [2]0nr4] 2Wara
§1 1= ———, = 6.24
! Pmaz H 62(817 pmaw) ( )

If |p1| > fmaz, then it means that the assumption of the previous point
was incorrect and, therefore, the curve with the maximum admissible
curvature sharpness (1 := fmq, must be computed as:

[2|War1] 9
5 = Moz _ 2 (6.25)

T 2o T TR

2. Compute the second ECb3D: repeat the previous step to obtain cur-
vature po and torsion p, sharpness parameters, as well as the arc-length
59 based on deflection angle between /qss = Zq¢,;1 and Zqg 2 = Zqg.

3. Compute line segments: it is interesting to remark that the resulting
curve, as a consequence of concatenating the two ECb3D, satisfies orien-
tation constraints, but it does not satisfy position constraints. Indeed,
the position displacement imposed by the clothoid arcs is:

Pe,, e, = E1(251) + E(25,) (6.26)
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Thus, line segments must generate the remainder position displacement
in order to satisfy position constraints:

Ap = pc — Ps — P, 5 (6.27)
As a consequence, lengths of line segments can be computed as:

L =[Ts T, TG]T Ap (6.28)
where 1 denotes the Moore-Penrose pseudo-inverse, Tg := [1 0 0]7 and

cos(0 1) cos(¥e1)
Tq,:= |cos(fg,1)sin(Vegq) (6.29)
— sin(@G,l)

Obviously, when the rank of [Ts T Tg| is not 3, i.e., the matrix has
one or two singular values close to zero, it implies that line segments are
redundant. In those cases, we can force to zero one of the line segments
and compute the others. In particular, we propose to force to zero L; and
L3 before forcing to zero Lo, details left to the reader.

6.5.2 Shortest curve

The aim now is to compute the curve with the shortest length, being Zqg ;
decision variables of an optimization process:

Aqal =arg min L; 4+ 25; + Ly + 255 + Ls,
£ac6.1 (6.30)
subject to Ly, Lo, L3 >0

Note that values of Ly, Lo, L3, §; and S, depend on the deflection angle as
discussed in the previous section. Since this procedure looks for solutions of
maximum sharpness in torsion or curvature of the clothoid arcs, the curve
resulting after solving will produce the shortest length that joins the
initial and goal configurations without discontinuities. Also note that the posi-
tiveness constraints imposed to L, L, and L3 ensure that the obtained curve
will imply no maneuvers, and thus are suitable for fixed-wing UAVs.

Lemma 6.5.1 The optimal solution will imply that lengths for the first and
third lines are zero.
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Proof 6.5.1 For the unbounded problem, where pq. = 00 and iz = 00, the
clothoid lengths have zero length, i.e.: 51 = 0 and §5 = 0, which implies an
istantaneous change of orientation between the line segments. In that case, it
s obvious that the optimal solution joining two points in the Cartesian space

is Zqg,, = [arctan(z ") arctan(%)]ﬂ which implies that the lengths
' © Ap2+Ap]

of the line segments are Ly = 0, Ly, = |Ap| and L3 = 0. The optimal solu-
tion of the bounded problem will generate clothoids with the shortest possible
length such as the angle between T 1 and Ap is minimum, which implies that
numerically Ly — 0 and Lz — 0, details left for. |

6.5.3 Computation time

In order to test the computational effort to generate a DCC3D curve, a total
of 10* arbitrary goal positions and orientations have been used to analyse time
performance. The computational time has been divided into two stages. In the
first stage, the optimization process to find the intermediate configuration angle
Zqg, ; that minimizes the overall length, obtaining an average time of %‘1&,1 =
0,110 s. The second timing analysis focuses on determining the computational
time to get p and p values for each Elementary segment, £1 and £2. The mean
time to compute such parameters is tz = 0,0024 s.

The computer used for this analysis has the following specifications: CPU Intel
i5-9400F 4.100GHz, GPU NVIDIA GeForce GT 610 and 8 GB DDR4 memory,
under an Ubuntu 18.04.4 LTS x86 64 OS with Kernel 5.4.0-120-generic.

6.5.4 Case study

To achieve a better understanding of the results obtained, a specific case study
with three variants is described next. Figure shows an example of DCC3D
curves joining the initial configuration qg¢ = [0 000 O}T with a goal configu-
ration q¢ = [170 120 90 7/4 7 /6]". The aim is to describe the behavior of
the DCC3D curve by setting three different values for the maximum curvatu-
re sharpness and torsion sharpness. Figure shows the curves obtained
in 3D space. In Figure [6.7(b)] the Euler orientation angles along the curves
length are shown, while in Figures[6.7(c){and [6.7(d)} the curvature and torsion
profiles together with their sharpness are depicted.

As expected, lower values of maximum curvature sharpness and torsion shar-
pness yield longer and smoother ECb3D curves. That implies shorter straight
lines and, consequently, longer DCC3D curves. It is interesting to remark that,
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Figure 6.7: DCC3D curve with final orientation 6 = /4 rad and ¥¢ = 7/6 rad, final
position pg = [170 120 90]T m, wWith pmaez = maes = 0,001 (blue), pmaz = fimaz = 0,0005
(red), and pmaz = fmas = 0,00025 (green). (a) Smooth path 3D, (b) Euler angles, (c)
curvature profile and its sharpness in the orthogonal plane XY, (d) Curvature profile and
its sharpness in the orthogonal plane X Z.

reaching positions too close would imply curvy trajectories with a very pro-
nounced S shape (or even an 8 shape) or a complete loop, i.e. turning to the
opposite direction. If we do not seek for such type of curves, then the target
configuration must be consistent with the sharpness constraints and the initial
deflection angle can be set to Zq¢!"* = [arctan(2%) arctan(\/ﬁ)]f
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6.6 Flight Simulation Experiments and Results

In order to realistically reproduce the Kadett 2400 fixed-wing UAV dynamic
model, a setup with the Flight-Gear 2019 simulator and Matlab R2020b has
been used for the low-level control of the different subsystems shown in Figure
For this experimentation the same computer as in Section has been
used.

The UAV has four actuators J. (elevation), d, (aileron), 4, (rudder) and dy,
(throttle), which are controlled by three PID regulators implementing low-level
control of the yaw ¥* and pitch 6* angles, as well as the ground speed vel*.
The yaw and pitch references are obtained from the yaw and pitch angles of the
designed smooth curve, while the forward velocity reference is kept constant at
vel* =18 m/s throughout the simulation. Notice that in our implementation the
aileron and rudder angles are actuated by the same controller, which directly
affects the yaw orientation.

Trajectory

\IJ*

I+
Lo} —s{ Ay
Kaddet 2400

Figure 6.8: Kadett 2400 control model with 3 inputs to control roll, yaw and pitch which
modify the aerodynamic surfaces d. (elevator), d, (aileron), &, (rudder).

As mentioned before in the article, a nice characteristic of the DCC3D curve
is to maintain zero curvature and torsion values, both at the beginning and
at the end of the path. Therefore, a concatenation of DCC3D curves can be
easily performed, producing a smooth flight path without any in-flight lift
loss. Figure [6.9] shows an example of a smooth flight, where three DCC3D
paths have been concatenated, being the maximum values of Cb3D sharpness
parameters fi,.. = 0,001 rad/m? and p,,e, = 0,001 rad/m?. Without loss of

138



6.7 Conclusions

generality, the path begins at initial configuration qg (the UAV in horizontal
flight), passes through two intermediate configurations q4 and qp, and finishes
at goal configuration qg:

00 00 00 00 00 00]"

QS:[

qA:[ 480,0 200,0 20,0 0,0 —-04 O,S]T

qB:[lo()O,O 440,0 28,0 0,0 0,2 O,Q]T
[

qc = (1400,0 600,0 56,0 0,0 —0,6 O,I}T

Figure [6.9(a)| shows the reference path followed by the UAV. Figure [6.9(b)
shows the Euler angles, where the reference angles of the DCC3D curve are the
blue lines, and the UAV angles generated by the in-flight tracking system are
the dashed red lines. In Figure [6.9]it can also be seen that the errors during the
curve tracking in yaw and pitch angles are small, being the mean square error of
€9 =0,00042 rad and ey =0,006 rad, respectively, where, €5 = é OST(H* —0)ds
and ey = # o7 (¥ — W)ds. Finally, it is important to mention that the flight
time is t =86,68 s with a full flight path of s =1560,28 m.

6.7 Conclusions

The work developed in this paper presents a novel 3D smooth path planner
based on a concatenation of Clothoid-based 3D curves (Cb3D) and straight
line segments. The planner solves the problem of joining two arbitrary configu-
rations (position and orientation) in 3D space (without loss of continuity and
smoothness), making it suitable for navigation of fixed-wing UAVs.

To generate DCC3D paths, a new 3D smooth curve called Elementary Clothoid-
based 3D Curve (ECb3D) has been presented. An ECb3D can achieve any
orientation with zero curvature and torsion values both at initial and final
configurations. That feature allows ECb3D paths to be used as primitives for
path generation, since it is possible to smoothly concatenate several ECb3D
paths and straight lines without loss of curvature and torsion continuity.

The computational time of the curve, including finding the curve with the
shortest distance takes, in average about 0,1 on an Intel i5 (seed details in
section 5). Hence, the fast computation of the proposed DCC3D, allows to
generate 3D smooth paths in real-time.
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Figure 6.9: DCC3D curve and flight simulation with four concatenated configurations.

As further work, we aim to include the proposed trajectory in global planners
such as Randomized Path Planner (RPP), Probabilistic Road Map Method
(PRM), Rapidly Exploring Random Tree (RRT). A different use of DCC3D
curve would be the development of a local path planner for obstacle avoidance
in 3D maneuvers. Finally, the same methodology could be implemented using
other transition curves in order to compare the performance against the Cb3D
curves used in this work.
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Conclusiones y Trabajos
Futuros

Resumen: El trabajo de tesis se ha llevado a cabo con el obje-
tivo de desarrollar un planificador de trayectorias suaves 3D, basa-
do en curvas Clotoides. En particular, se ha disenado un generador
de trayectorias que permite unir 2 configuraciones en el espacio
(posicion y orientacion), con una curvatura continua y de valor
acotado. Finalmente, es importante resaltar que la nueva curva 8D
basada en Clotoide (Cb3D) se puede integrar facilmente en un pla-
nificador de trayectorias 3D, como se ha demostrado a lo largo de
la experimentacion detallada en los diferentes capitulos de la te-
sis y se describe a través de las conclusiones que se presentan a
continuacion.
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7.1 Conclusiones

La clotoide o espiral de Corni, es una curva que posee resoluciéon numérica,
lo que implica un coste computacional elevado. En consecuencia, para resolver
ésta ecuacion es necesario definir sus particulares, traducidas como la longitud
de arco y el radio de curvatura en cada curva, lo que posibilita su resolucion
a partir de la serie de Taylor. Por lo tanto, en cuanto a la generaciéon de las
trayectorias Cb3D, se han alcanzado varios 6rdenes de magnitud més rapidos,
yva que al ser aproximadas de forma cerrada, su calculo se completa de manera
analitica, lo que significa ventajas en términos de tiempo de célculo para la
planificacién en tiempo real.

Para la construccion de la Cb3D se han evaluado algunas métricas geométri-
cas y cineméticas. Por un lado, las métricas geométricas (que solo dependen
de la longitud de arco s) comprenden los valores medios y méaximos de cur-
vatura k(s), torsion 7(s) y sus derivadas, la brusquedad de curvatura o,(s) y
la brusquedad de torsion o, (s). Por otra parte, las variables cinematicas (que
dependen del tiempo t) que son los valores medios y maximos de la aceleracion
a(t), la sacudida j(t), la velocidad angular w(t) y la aceleracion angular a(t).
Esto puede parecer poco relevante desde el punto de vista de la geometria di-
ferencial, no obstante, desde la perspectiva de la planificacién y navegacion de
UAVs si es relevante, como se puede apreciar en los valores maximos de bruz-
quedad de torsién y bruzquedad de curvatura, descritos a partir de un ejemplo
grafico en el capitulo

Una caracteristica relevante alcanzada en la tesis ha sido enmarcada en la
capacidad de concatenacién curvas. Es decir, se gener6 la posibilidad de unir
varias curvas, ya sean curvas de tipo Cb3D o rectas, proceso completado de
forma correcta, sin pérdida de continuidad en la curva final.

Es importante destacar que todas y cada una de las contribuciones alcanzadas
en el trabajo de tesis han sido descritas en cada capitulo, lo cual detalla ca-
da conclusién parcial. En este sentido, a continuacién, se ponen en evidencia
diferentes conclusiones generales de la tesis como un todo, finalizando con las
propuestas de los posibles trabajos futuros.

= Fstudio y descripcion de un conjunto de diferentes curvas continuas y
suaves en el espacio Euclideo 2D y 3D.

En el capitulo [2] realiza un breve estudio del estado del arte (analisis
enfocado en curvas en el espacio Euclideo), se estudian diferentes tipos
de curvas, sus propiedades, sus alcances y limitaciones. El objetivo del

142



7.1 Conclusiones

capitulo [2] es lograr definir la base metodologica que se usa como punto
de partida en la construccion de curvas suaves 3D y que han contribuido
en los diferentes aportes durante el transcurso de la tesis. De esta forma,
a partir de las conclusiones definidas en el capitulo [2] ha sido posible
la publicaciéon maés relevante del trabajo de tesis, la que se detalla en
el capitulo 4] Ahi se propone la base matematica Cb3D, definida como
primitiva de trabajo para los aportes de los capitulos [f] y [f]

Aprozimacion C8D mediante Bézier-Racional.

Las curvas spline, y en particular las curvas Bézier y Bézier Racionales
han sido muy explotadas por la comunidad cientifica que se dedica a la
construccién de planificadores de trayectorias suaves. En este sentido, el
capitulo [3| realiza una aproximacién hacia la curva C3D mediante Bézier-
Racionales. El objetivo es medir el rendimiento de C3D contra una curva
ya experimentada en la resolucién del problema de planificacion de tra-
yectorias, resultados que muestran un desempeno aceptable, lo cual dio
cabida a la continuacién del trabajo de la presente tesis.

Definicion del concepto Curva 3D basada en Clotoide (Cb3D).

A lo largo del capitulo [4] se describe el concepto de Curva 3D basada en
Clotoide (Cb3D). Es importante resaltar que el capitulo describe diversas
propiedades intrinsecas al nuevo concepto de curva suave y que la hace
muy apropiada para completar la tarea de planificacién de trayectorias
suaves en el espacio 3D.

Curva Elemental 3D basada en Clotoide (ECb3D).

Un nuevo concepto de curva suave se propone en el capitulo [o} De esta
forma, las diferentes propiedades alcanzadas y descritas en el capitulo
han sido ampliadas y demostradas en este capitulo, agregando ademas
limites de curvatura k y torsiéon 7 cero, tanto al inicio como al final de la
curva. Ademés, se garantiza que las transiciones entre segmentos de curva
sean suaves y cumplan las restricciones cinematicas del modelo UAV.

Curva 3D de Doble Curvatura Continua basada en Clotoide (DCCS3D).

Por ultimo, en el capitulo [6] se describe un concepto adicional, el cual
une segmentos diferentes en una sola curva, que conserva el concepto de
curvatura x y torsion 7 cero tanto al inicio como al final de la curva.
Este concepto mantiene transiciones continuas entre segmentos, ademas
de definir posiciéon y orientacién 3D tanto al inicio como al final de la
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Capitulo 7. Conclusiones y Trabajos Futuros

curva. Caracteristicas que parten de la primitiva definida en el capitulo
[ lo cual indica que el punto de partida posee un enfoque adecuado y ha
permitido el desarrollo continuo de los aportes en la tesis.

7.2 Trabajos Futuros

Las contribuciones presentadas y aceptados en el trabajo de tesis obedecen
a una secuencia de ideas que parten de las curvas clotoidales. Es asi que el
primer concepto denominado como Curva 3D basada en Clotoide (Cb3D) ha
dado lugar a nuevos aportes, cada uno proponiendo un avance con respecto al
anterior.

De esta forma, un primer posible trabajo a futuro, esta centrado en la conca-
tenacion de curvas de tipo Curva 3D de Doble Curvatura Continua basada en
Clotoide (DCC8D), que toma los resultados de un planificador de trayectoria
tipo RRT y alcanza una trayectoria suave en entornos con obstéculos estaticos.

Por otra parte, la tesis asume un solo UAV de caracteristicas definidas, en un
entorno de vuelo libre de obstaculos. Entonces, otro posible enfoque de trabajo
se puede describir sobre entornos aéreos con varios UAV en vuelo simultaneo,
ademas de la posibilidad de enfrentarse de forma simultanea a obstaculos es-
taticos y/o dinamicos.

Finalmente, retomando el punto de partida Cb3D, se debe recordar que los
conceptos adicionales (ECb3D y DCC3D) pueden ser ampliados al agregar pa-
rametros con incidencia de tiempo que mejoren las curvas, a través de procesos
de optimizacién sobre diversos UAVs.
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Apéndice A

Proof of Lemma

A.1 Scalability

First, we can see that for the planar clothoid, the scalability property holds.
For the tangent angle in Eq. (£.7), it can be seen that 3(s,p) = S(As, A~ - p).
Therefore, we can also see that T(s,p) = T(As,A™' - p) in Eq. (4.8) and so

AC(s,p) = C(As, A" p) in Eq. [9).
Now, we will proof that the same properties hold for Eq. (4.12)). Following the
same argumentations, it can clearly seen that AC(s,p1) = Ci(As,A™' - p;)
and ACy(s, pa) = Co(As, A~! - py). Therefore, it can also be asserted that
)‘C(C(Sv p2)7 pl) = C()\C(Sv p2)7 Ail : pl) = C(C()‘Sv A71 : p2)7 Ail ' pl) (Al)
AS(C(s,p2),P1) = S(AC(s,p2), A" - p1) = S(C(As,A™" - p2), A" - py) (A2)
—AS(5,p2) = —S(As,A7" - py) (A.3)
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A.2 Symmetry

Let’s first assert that a planar clothoid is a symmetric curve, such that C(s,p) =
—C(—s,q - p), which can be easily proven from Eq. (4.9) by considering

thatf(s,p) = B(—s,q-p) in Eq. and T(s,p) = T(-s,q-p) in Eq.

(4.8) can be asserted too. Therefore, we can also prove that
C(C<87 p2)7 pl) - —C(—C(S, p2>7 q- Pl) - _C(C(_87 q- p2)7 q- pl) (A4)
S(C(s,p2),p1) = =S(=C(s,p2),q - P1) = =S(C(—s,q-P2),a-p1) (A5)
S($7p2) = _S(_57q : Pz) (A6)

A.3 Smoothness

A C*° function is differentiable for all degrees of differentiation, i.e. its position
vector can be derived oo times. Let’s first proof that the planar clothoid (Eq.
(4.9)) is C. Its n-th derivative is continuous and differentiable, and can be
expressed as

n _ [Gin(s,p)sin(B(s,P)) + C2n(s, P) cos(B(s, p))
d%@_LﬁwMM@M+%@mmWwﬂ (A7)

for some polynomials ¢; ,,(s, P), C2.n(S, P); C1.n(S, P), C2.n(S, P).
It is then clear that the n-th derivative of Eq. (4.12) can be expressed as
d1, (%) sin(y(®)) + da 0 (%) cos(t(e))

mwﬂﬁp*mwmwmw%wmwm] (A.8)
1, (8) Sin(6(e)) + da,n(s) cos(6(e))

where cilyn(*), JQ,n(*)a d_l,n(*)a and Jzyn(*) denote some polynomials and trigo-
nometric expressions related to f(e) and its derivatives (which are also conti-

nuous and differentiable); while d; ,(e) and dzm(o) are some polynomials of s,
as long as €9 #0 or u#0; vo#0 or p#0. Details omitted for brevity.

A.4 Orientation

From fundamental theorem of calculus and using the chain rule, we get the
following equality

b(z)
d/ f)dt = f(b(z))b'(z) — fla(z))d'(2) (A9)

% a(z)
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A.4 Orientation

being f(t) an integrable function over the range [a(x), b(x)], with a(z) and b(z)
derivable functions.

From Eq. (4.12) a Cb3D curve can be expressed explicitly as

JEEP cos(tho + eof + 4€2) dE
C(s,P1,P2) = 4 [T sin(yhy + eof + £€2) dé (A.10)
— fos sin(90 + U()é~ + §§2) df
with .
C(s.pz) i= [ cos(to + vt + Be?) e (A1)
0

Hence, from Eqgs. (4.3) and (4.12)) the tangent vector can be derived from
position vector, such that

cos(tho+€oC(s, P2) +5C3(s, p2))C’ (5, P2)
C'(s,p1,P2):=1 sin(vo+€C(s, p2)+5C*(s,p2))C (s, p2) (A.12)
—sin(fy + vos + 557)

where

C'(s,p2) = cos(fy + vos + 552) (A.13)

On the other hand, for any space curve in R?, orientation can be defined in &3
by Euler angles roll ¢(s), pitch 0(s), and yaw 1(s). Using algebra of rotation
matrices, orientation can be expressed as a product of rotation matrices so

that

R(¢(s),0(s5), ¥(s)) := Ry (4(5))Ry (6(s)) Ruc(6(5)) (A.14)
being Ry (o), Ry(e), and R,(e) three-dimensional rotation matrices around
each axis of the global frame.

The first column of a rotation matrix represents the tangent vector T(s), com-
puted as in Eq. (4.16]), whose components are defined with respect to a global
coordinate system.

Finally, the module of Eq. (A.12)) can be computed easily to get |C'(s, p1, p2)| =
1 and, as a consequence, Eq. (4.3) becomes T(s, p1,p2) = C'(s,p1,p2). The-
refore, from Eqs. (A.12)) and (A.13) it is easy to proof the definitions of Egs.

(4.13) and (|4.14).
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A.5 Straight line

A straight line in R3 is defined as

z(s,p) = as
C(s,p) == y(s,p) =bs (A.15)
z(s,p) = cs

where a, b, and ¢ are constants.

For p; = {Viy,e60 = 0,u = 0} and py = {Vhy,vy = 0,p = 0} it is straight-
forward to see that Eq. (4.12)), expressed explicitly in Eqgs. (A.10) and (A.11])),

becomes

Cls,ps) = /0 " cos(6o) d€ = cos(0)s (A.16)
S5, ) = — /0 sin(8y) dé = —sin(6o)s (A.17)
celopap) = [ coslio)de = eos(uo)eos@i)s (A18)
S(C(s.p2).p) = [ T (o) de = sin(un) cos(@)s (A19)

Thus, from Egs. (A.15)), (A.17), (A.18]), and (A.19) we can state a = cos(¢g) cos(6y),
b = sin(vg) cos(6y), and ¢ = —sin(6y).

A.6 Circular arc

A circle in R? can be defined as
x(s,p) = acos(b+ cs)
C(s,p) :=<% y(s,p) =asin(b+ cs) (A.20)
z d

being a the radius, b an initial angular offset, cs the turning angle traveled by
the circle and d a plane parallel to z = 0.
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A.7 Planar clothoid

For p; = {Viyg,€0 # 0,0 = 0} and p, = 0 we can see that Egs. (A.10) and
(A.11}) become

C(s, ps) = /O cos(0) € = s (A.21)
_S(s,py) = — /0 " sin(0) dé = 0 (A.22)
C(C(s,p2),P1) = /O cos(tho + €o€) d€ = Smw(’ejﬁos) (A.23)
S(C(s.ppi) = [ sino +ag)de = —EEDD (40

From trigonometric relationships cos(w) = sin(7/2—w), sin(w) = cos(w/2—w),

cos(—w) = cos(w) and sin(—w) = —sin(w), Egs. (A.23) and (A.24) can be

rewritten as

cos(Yo — /2 + €)

C(C(Sap2)7p1) = ) (A25)
S(C(s, p), py) = S0 _;/2 ) (A.26)

Then, from Egs. (A.20)), (A.22)), (A.25]), and (A.26) we get the following equa-
lities a = 1/€g, b =19 — 7/2, ¢ = €p, and d = 0.

Proof for the case of p; = {Vt)y, €0 = 0, u = 0} and py = {Vby, vy # 0,p = 0}
is omitted for brevity, although it can be easily obtained.

A.7 Planar clothoid

A planar clothoid in R? is defined as in Eq. (4.9)). But, for a planar clothoid
contained in the X Z plane, equations can be expressed in R? as follows

z(s,p) = C(s,p)
C(s,p) =1 y(s,p)=0 (A.27)
Z(S7 p) = _8(87 p)
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For p; = 0 and Vps, Egs. (A.10) and (A.11]) can be rewritten as

Cls, o) = / " cos(fy + vof + Pe) ag (A.28)
0
—S(s,p2) = —/ sin(fy + vo& + gé‘) d§ (A.29)
0

C(s,p2)
C(C(s, ), p1) = /O cos(0) d¢ = C(s, p») (A.30)

C(s,p2)
S(C(s,ps),p1) = /0 sin(0) d¢ = 0 (A.31)

Therefore, it is straightforward to see that Eqgs. (A.29), , and (|A.31)

compose a 2D clothoid contained in the X Z plane.

Proof for the case of p, = 0 and Vp; is omitted for brevity, although it can be
easily obtained following the same argumentation as in proof of circular arc’s

property.

A.8 Circular helix

A circular helix of radius a and slope d/a can be parametrized by arc-length s
as follows

y(s,p) = asin(b + cs) (A.32)

{ x(s,p) = acos(b + cs)
C(S7p) =
z(s,p) = dcs

with b an initial angular offset, ¢ = 1/v/a? + d?, and cs the turning angle
traveled by the helix.
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A.9 Monotonic increasing position

For p; = {Viy, €0 # 0,0 = 0} and py = {Vby, vy = 0,p = 0} it is straightfor-
ward to see that Eqgs. (A.10) and (A.11)) can be expressed as

C(s,p2) = /S cos(fy) d€ = cos(by)s (A.33)
0
—S(s,p2) = — /S sin(fy) d§ = —sin(6y)s (A.34)
’ cos(6p)s
CCls.p)p) = [ coslihy+ o) d =
o (A.35)
sin(t + €9 cos(fp)s)
= .
cos(p)s
SCsp2)p) = [ sinv + o) df =
0 (A.36)

— cos(to + € cos(by)s)
€o

From trigonometric relationships, Eqgs. (A.35)) and (A.36]) can be rewritten as

cos(thg — /2 + €y cos(by)s)
€0

sin(yo — /2 + €y cos(bp)s)
€o

C(C(87p2)7p1) = (A37)

S(C(s,p2), 1) = (A.38)

Finally, from Egs. (A.32), (A.34), (A.37), and (A.38) we get the following
equalities a = 1/ey, b = 1pg — /2, ¢ = €gcos(by), and d = —sin(by)/c =
—tan(fy) /€.

A.9 Monotonic increasing position

Cb3D curves can be defined in all 8 octants using symmetries (see Fig. .
Depending on each case the elements of position vector will be either mono-
tonic increasing or decreasing. A monotonic decreasing function become mo-
notonic increasing when using the absolute value. In this sense, using posi-
tion vector’s absolute value, all 8 cases can be reduced to only one. When
C(s,p1,p2) = [C(s,p1,p2)| the final angles are 0(s,pz) € [-7/2,0] and
(s, p1,P2) € [0,7/2], with s> 0. Hence, under these conditions the position
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vector C(s, p1,p2) of a Cb3D curve is monotonically increasing, iff

cos (s, p1, P2) cosO(s, p2) > 0
C'(s,p1,p2) := 4 siny(s,p1,pz2)cost(s,pz) >0 (A.39)
—sinf(s,p2) >0

For equations in Eq. ({A.39) to be true, the following conditions need to be true

cos (s, p1,P2) >0, cosf(s,p2) >0, (A.40)
Sini/’(& P1, p2) Z 07 —sin 0(57 p2) Z 0. :

which are true in the defined domain 6(s, p2) € [—7/2,0] and (s, p1,p2) €
[0,7/2], iff —71/2 <6y <0,0<y<7/2,v9<0,€6 >0,p<0,and > 0.

A.10 Monotonic increasing orientation

As in the previous property, depending on each case the angles 6(s, p2) and
(s, p1, P2) can be either monotonically increasing or decreasing. However, all 8
cases can be reduced to only one, where (s, p2) = |6(s, p2)| and ¥ (s, p1,p2) =
| (s, p1, P2)|- So, without loss of generality we only focus in such case to proof
that the statement is true for 0(s, ps) € [0,7/2] and ¢(s, p1,p2) € [0, 7], with
5>0.

For angles yaw and pitch to be monotonic increasing, the following conditions
in the derivatives of Eqs. (4.13)) and (4.14)) must be satisfied

0'(s,pa) =vo+ ps >0 (A.41)
Y'(s,p1,P2) = €0 + puC(s,p2)C'(5,P2) > 0 (A.42)

For Egs. (A.41]) and (A.42)) to be true, the following conditions need to be true

UOZO, PZOa

€ >0, pn>0, C(s,p2) >0, C'(s,p2)>0. (A.43)

which are all true in the defined range for s >0, iff C'(s, p2) = cos(fy + vos +
£s*) > 0, that is only true if 0 < 6y < 7/2 since 0(s,p2) € [0,7/2]. Also
considering that ¥ (s, p1,p2) € [0, 7], the condition 0 <y < 7 must be also
required.
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Apéndice B

Plataforma de test: Kadett 2400

Un Vehiculo Aéreo no Tripulado UAV, es un Vehiculo Mévil que se desenvuelve
en el espacio aéreo (a través del vuelo sostenido), el cual posee diversas habili-
dades que le otorgan las destrezas necesarias para realizar tareas especificas sin
la intervencion de un operador humano abordo (el operador puede interactuar
a distancia).

Nota: Los Vehiculos balisticos o semibalisticos, misiles de crucero, proyectiles
de artilleria, torpedos, minas, satélites, y sensores desatendidos (sin forma
de propulsion) no se consideran vehiculos no tripulados |Clapper y col.
2007].

Con el objetivo de realizar un acercamiento hacia el UAV utilizado en el de-
sarrollo de la experimentacion del trabajo de tesis, a continuacién, se describe
el hardware y software referente al modelo UAV Kadett 2400, asi como de la
formalizacién matemaética de su cinematica y dinamica.

Una vez mas, es importante resaltar que el trabajo de tesis ha sido enfocado en
un desarrollo de planificacién de vuelo suave desde una perspectiva cinematica,
no obstante, y debido al uso de las bondades brindadas por el UAV Kadett 2400,
se ha considerado relevante realizar una breve descripcién de la dinamica del

modelo UAV.
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B.1 Graupner Kadett 2400 RC aircraft

El modelo UAV Graupner Kadett 2400 RC aircraft (ver figura ha sido
construido de forma convencional en su totalidad de madera, posee una en-
vergadura aproximada de 2400 mm, longitud total aproximada de 1745 mm,
superficie alar aproximada de 100 dm?®, un peso total segiin equipamiento 4900
g v un total de 1,65 x 1072 m?® de volumen disponible para el hardware de
control.

B — - i |

(a)Graupner Kadett 2400 RC aircraft (b)Graupner Kadett 2400 RC aircraft
(vista frontal). (vista lateral).

Figura B.1: Modelo UAV Graupner Kadett 2400 RC aircraft. Fuente: Velasco Carrau y col.

P

Equipado con todas las superficies de control necesarias para su desenvolvi-
miento (timon, rueda de cola acoplada, elevador, alerones, flaps de aterrizaje,
acelerador). De esta forma, el fuselaje, alas y paneles de cola estan recubiertos
de plastico, el timén se maneja a través de un cable de traccidon, mientras que
elevador, alerén y flaps de aterrizaje son accionados por servos instalados cerca
de las superficies de control. Sus diversos elementos hacen que el modelo esté
Casi Listo para Volar (ARFT) y lo convierte en un dispositivo ideal para el
vuelo, ademés que su velocidad de aterrizaje es extremadamente baja.

Este UAV Kadett 2400 lleva embebidos todos los dispositivos necesarios pa-
ra ejecutar vuelo continuo, mismo que puede ser controlado, tanto de forma
manual, como automatica. La propulsiéon es proporcionada por un motor de
corriente alterna sin escobillas, el variador y los servomotores estan controlados
por senales de comando moduladas por ancho de pulso de (PWM). Entonces,
con el objetivo de describir las conexiones internas del UAV Kadett 2400, en
la Figura [B2] se muestran los diferentes dispositivos y el Sistema de Control
de vuelo.
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B.1 Graupner Kadett 2400 RC aircraft

SWITCH CONTROLLER FCS
mau]- Toum

Q-

SERIE

SERIE

UAV

Figura B.2: Sistema de Control Completo del UAV Kadett 2400. Fuente: Velasco y Garcia-

Nieto

De forma independiente de las caracteristicas detalladas sobre el modelo Kadett
2400, a continuacion, se realiza una breve descripcién del modelo cinemético
y dindmico de una aeronave de 3 ejes y 6 Grados de Libertad (6 Dof).

B.1.1 Modelo cinemdtico de la aeronave

En términos generales, la cineméatica describe aspectos geométricos del movi-
miento sin considerar las fuerzas que las ocasionan. Entonces, con el objetivo
de realizar un analisis de movimiento del UAV es necesario definir los diferentes
sistemas de referencia, siendo:

Sistema de referencia inercial. Definido a partir de las leyes del movimiento,
las cuales cumplen con las leyes de Newton. La Figura [B.3(a)| muestra un
ejemplo, donde E representa el sistema de referencia inercial.

Sistema de referencia fijo al cuerpo. Sistema de referencia fijado al cuerpo
del UAV, como se puede ver en la Figura|B.3(b)| La posicion y orientacion del
UAV son medidas respecto al sistema de referencia inercial, representado por
B.

Entonces, un modelo UAV de tipo aeronave de ala fija posee 6 DoF, traducidos
como desplazamientos en x, desplazamientos en y, desplazamientos en z, es
decir, desplazamientos sobre los dngulos de alabeo ¢, cabeceo 6 y guinada .
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Z
E
Y
X
(a) Sistema de Referencia Inercial. (b)Sistema de referencia fijo al cuerpo.

Figura B.3: Cinematica del sistema UAV, sistemas de referencia.

En consecuencia, los movimientos del UAV se dividen en rotacion y traslacion,
movimientos definidos en los 3 ejes fijos (X,Y, 7), y a través de la oscilacion
de los angulos de navegacion se determinan los dngulos de guiniada (eje Z),
cabeceo (eje V) y alabeo (eje X). Por tanto, los movimientos se traducen en 3
movimientos de traslacion (z,y, z) y 3 movimientos de rotacion (¢, 6,1)).

Rotacién Angular en alabeo. La rotacién sobre el eje x, se obtiene al mo-
dificar el valor del &ngulo de alabeo ¢, lo cual produce movimientos hacia
la derecha e izquierda.

Rotacién Angular en cabeceo. La rotaciéon sobre el eje y, se obtiene al
modificar el &ngulo de cabeceo 6, lo cual produce movimientos hacia arriba
y abajo.

Rotaciéon Angular en guinada. La rotacion sobre el eje z. El movimien-
to en el angulo de guinada ¢ produce un desbalance aerodindmico que
produce que el UAV realice un giro sobre su propio eje.

Sistema de Referencia. Con el objetivo de definir las ecuaciones de la diné-
mica del sistema UAV, es necesario expresar diversas fuerzas y momentos
en el sistema de referencia inercial. En este sentido, si se asume que el
UAV se desplaza en el transcurso del tiempo, entonces, el UAV cambia
de posiciéon respecto a un punto de referencia que se supone fijo. Por lo
tanto, la posicion del UAV se determina por medio de 2 puntos, uno fi-
jo en tierra E = [rg,yE, 2g], y €l otro en el centro de masa del UAV
B = [zp,yB, z5]. La posicion y traslacion del UAV se describen mediante
el movimiento de los angulos (¢, 0, 1), como se describe en la Figura
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En el sistema de referencia B se emplean las ecuaciones cinematicas de
rotaciéon y translaciéon. Dicho punto esta en el centro del UAV, sobre el
que se refieren los giros y movimientos.

Figura B.4: Sistema de Referencia UAV.

En consecuencia, la posicion del UAV en el punto E esta definida por el
vector p = [z,y, 2|7, mientras que la orientacion esta dada por el vector
o = [p,0,1]. Es asi que, con base a estos angulos se formula la orientacion
del UAV con respecto al sistema de referencia E.

Por lo tanto, para la definicién de matrices de rotacién se utiliza la con-
vencion [z,][ys][xe] [Markley y col.|[2014], de movimiento alrededor de los
ejes.

La matriz de rotacién en alabeo se define por

1 0 0
R(z,6) = |0 cos(6) —sin(¢) (B.1)
0 sin(¢) cos(¢)

La matriz de rotacién en cabeceo se define por

cos(#) 0 sin(0)
Ry.0)=| 0 1 o0 (B.2)
—sin(f) 0 cos(6)



Apéndice B. Plataforma de test: Kadett 2400

La matriz de rotacién en guifiada se define por

cos(v) —sin(yp) 0
R(s6) = [sin()  cos(y) 0 (B.3)
0 0 1
Siendo la matriz de rotacién completa definida por:
ey  cpsbed — spedp  csbeo + sysp (B.4)
scl  sslsp + ciped  ssbep — spcy '
—sb s cBcop

donde ¢ = cos y s = sin, entonces, la ecuacion [B-4] expresa el movimiento
de traslacion del UAV.

B.1.2 Modelo dinamico de la aeronave

En general, las ecuaciones para el modelo dindmico de una aeronave se definen,
a través de las ecuaciones de fuerza, tal que

q T
U =1rv—qu+ ﬁC’X(é[e,a, r]) —gsinf + —
m m
@:pw—TU"FﬁCy((S[e,a,r])+gcos€sin¢ (B.5)
m
W= qu— pv + %Cz(é[e,a,r]) + gcosfcos ¢

donde g representa la intensidad del campo gravitacional cerca de la superficie
de la Tierra, mientras que m representa la masa total del sistema [Chang y col.
2018].
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Las ecuaciones de par de fuerzas se definen por:

. Ixz . qu Iz — Iy Ixz
-t = Ci(de,a,r]) — Ut w
q= I—C’m((S[e,a,r]) B (p*—r)+ L% (B.6)
Y Y )
re b= Gldleanrl) = =pa e = L

Las ecuaciones cineméticas se definen como:

¢ = p+ tan O(gsin ¢ + r cos p)

6 = qCcos ¢ — rsing (B.7)
. gsing +rcos¢
P =

cos 6

En este sentido, en la Figura se muestra el cuerpo de referencia (X,Y,2),
mientras que (u, v, w) representan las componentes de la velocidad de trasla-
cion. Las variables (p, ¢, r) representan las componentes de velocidad angular.
Los momentos de inercia se describen a través de (I,1,1.). Donde, I, es el
producto de inercia. Los productos de inercia I, y I,. relacionados al plano
longitudinal (Y, = 0) son nulos debido a la simetria del UAV con respecto
al plano. I, es la rotacion inercial del motor y la hélice, 2, es la velocidad de
rotacion, y T es el empuje del motor. .S, b y € son la superficie aerodindmica del
modelo Kadett 2400, la envergadura y la cuerda alar respectivamente, y G es
la presion dinémiczﬂ Los coeficiente aerodinamicos (AC) Cx,Cy,Cz, C;, Cy,
y C,, son variables del sistema. El simbolo § entre paréntesis representa la de-
pendencia de las deflexiones de las superficies de control (d.,6, y 6, son las
deflexiones de los elevadores, alerones y timén). Finalmente la orientacion del
UAV se representa por los angulos de Fuler alabeo 6, cabeceo ¢ y guinada .

A partir de un entorno de vuelo estable en el cual no se realizan maniobras
abruptas [Klein y Morelli 2006|, entonces, el sistema UAV se define por medio
de un conjunto de las ecuaciones de primer y segundo orden. Por lo tanto, se
asume que las variables simétricas (longitudinales) u, w y ¢, no afectan a las
fuerzas y pares asimétricos (laterales) Y, L y N. Por otra parte, las variables

1Es una funcién de la la densidad del aire y la velocidad del aire en relacién con el viento local
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Figura B.5: Ejes del modelo UAV Kadett 2400 (ejes de viento, y de la velocidad relativa
del viento). Fuente:[Velasco y Garcia-Nieto 2014]

asimétricas (laterales) v, p y 7, no afectan a las fuerzas y pares simétricos
(longitudinales) X, Z y M. Siendo las ecuaciones de los modelos aerodinamicos
representadas como:

Modelos aerodinamicos longitudinales

1
CD(t) = CDO + CDVVAV(t) + CDQAO[(t)
0

~ (B.8)
+Cp_,Aa(t)* + ch,%q(t) + Cp,, A, (t)
0
1
CL(t) = CLO + CLVVAV(t) + CLQAOé(t)
0
+Cyp ,Aa(t)? + Cr, ——a(t) (B.9)
o 2%
+ Cr,——q(t) + Cr, A6, (t)

qQV'O
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1
Con(t) = Cing + Cony - AV () + Crn, Aar(1)
0

+ Cu . Ac(t)” + C (B.10)

m, T%a(t)
Q(t) + ane Ad. (t)

C
c.
+ Cmagy

Modelos aerodinamicos laterales

Cy(t) = Cy, + CYBA,B( )+ CYp 2V0 p(t)

b
+Cv,—— oY 7(t) + Cy, Adu(t) + Cy, Ad,(t)
0

(B.11)

Ci(t) = Ci, + C AB(E) + Cy, 57 ov.P p(t)

b
+ C,=—7(t) + C1, Adu(t) + Cy, AS,(t)
2% al r

(B.12)

C(t) = Cpy + Cu, AB(t) + Cp,, %p(t)
0 (B.13)

+ Cpy o7 (t) + Cn. Adu(t) + Cny AS(1)

an‘/O

donde « y ( son el angulo de ataque y de desplazamiento lateral, respectiva-
mente. Mientras que V es el velocidad del aire. En particular, Vj es la velocidad
del aire medida en estado de vuelo estacionario. Estas variables dependen de
la velocidad y se definen como:

« = arctan (%) ; B = arcsin <%) (B.14)
= |7| = Vu? +v? + w? (B.15)

Finalmente, C; y Cp describen los coeficientes de elevacion y arrastre, en
relaciéon con C'y y Cz, definidos como:
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Cp(t) = —Cz(t) cos(a(t)) + Cx (t) sin(c(t)) (B.16)
Cp(t) = —Cx(t) cos(a(t)) + Cz(t) sin(«(t)) (B.17)

Por lo tanto, el modelo dinamico se ha definido desde hasta [B.13] Lo cual
da lugar al conjunto de constantes no dimensionales de estabilidad y control.
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