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ABSTRACT

In this paper new notions of dimensions for ideal topological spaces
are inserted, called x-quasi covering dimension and ideal quasi covering
dimension. We study several of their properties and investigate their re-
lations with types of covering dimensions like the x-covering dimension
and the ideal covering dimension.
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1. INTRODUCTION

Various meanings of dimensions for topological spaces like the covering di-
mension, the quasi covering dimension, the small inductive dimension and the
large inductive dimension have been studied (see for example [1,2,5-10,15-17]).

Recently, meanings of dimensions are studied for the so-called ideal topo-
logical spaces (see [14,18]), developing a new branch of topological dimension
theory. Especially, the ideal types of the covering dimension, small inductive
dimension and large inductive dimension have been investigated.

In this paper, new notions of dimensions for ideal topological spaces are
introduced and studied. They are based on the notion of the quasi cover of a
topological space. Especially, in Section 2 the basic notation and terminology
that is useful for the following sections are introduced. In Section 3, we insert
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and study the meaning of *-quasi covering dimension and in Section 4, we insert
and study the meaning of ideal quasi covering dimension.

2. PRELIMINARIES

In this section we remind the main notions and notations that will be used
in the rest of this study. We state that the standard notation of Dimension
Theory is referred to [1,4,5,17].

A non empty family Z of subsets of a set X is called an ideal on X if it
satisfies the following properties:
(1) If A€ Z and B C A, then B € 7.
(2)If A,Be€Z,then AUB€T.

A topological space (X, 7) with an ideal Z is called an ideal topological space
and is denoted by (X, 7,Z) [13]. In [12] the authors defined a new topology 7*
on X in terms of the Kuratowski closure operator cl*. The family

B*={U\I:Uer [T}

is a basis for 7* and the topology 7* is finer than 7. Especially, if 7 = {2},
then 7* = 7 and if Z = P(X) (that is, the power set of X), then 7* is the
discrete topology.

In what follows, by an open set (resp. closed set), we mean an open set
(resp. closed set) in the topology 7. If a set U is open in the topology 7*, then
we say that U is a x-open set. Similarly, we define *-closed sets. In addition,
by a dense set we mean a dense set in the topology 7 and if a set is dense in
the topology 7*, then we refer to this set as *-dense.

The order of a family r of subsets of a topological space X is defined as
follows:
(1) ord(r) = —1, if r consists of the empty set only.
(2) ord(r) = n, where n € {0,1,...}, if the intersection of any n + 2 distinct
elements of r is empty and there exist n + 1 distinct elements of r whose
intersection is not empty.
(3) ord(r) = oo, if for every n € {1,2,...} there exist n distinct elements of r
whose intersection is not empty.

Let (X, 7) be a topological space. By 7-cover we mean a family of open sets
whose union is X. By 7-quasi cover we mean a family of open sets whose union
is a dense subset of X. Moreover, we define a 7¢-cover as a family consisting
of closed sets whose union is X and a 7¢-quasi cover as a family consisting of
closed sets whose union is a dense subset of X.

Similarly, if (X, 7,7) is an ideal topological space, then by 7*-cover we mean
a family of *-open sets whose union is X. By 7*-quasi cover we mean a family
of x-open sets whose union is a *-dense subset of X. A (7%)¢-cover is a family
of *-closed sets whose union is X and a (7%)¢-quasi cover is a family of x-closed
sets whose union is a *-dense subset of X.

Two families ¢; and ¢y of a set X are said to be similar, writing ¢; ~ cg, if
their unions are the same subset of X. Also, a family r of subsets of a set X
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is said to be a refinement of a family ¢ of subsets of X if each element of r is
contained in an element of c.

Definition 2.1. The covering dimension of a topological space (X, 7), denoted
by dim X, is defined as follows:

(i) dim X = —1, if X = @.

(ii) dim X < n, where n € {0,1,...}, if for every finite T-cover ¢ of X there
exists a finite 7-cover r of X, which is a refinement of ¢ and ord(r) < n.

(iii) dim X = n, where n € {0,1,...}, if dim X < n and dim X £ n — 1.

(iv) dim X = oo, if it is false that dim X < n for every n € {—1,0,1,...}.

Definition 2.2. The quasi covering dimension of a topological space (X, 7),
denoted by dim, X, is defined as follows:

(i) dimy X = —1, if X = @.

(i) dimy, X < n, where n € {0,1,...}, if for every finite 7-quasi cover ¢ of X
there exists a finite 7-quasi cover r of X, which is similar to ¢, refinement of ¢
and ord(r) < n.

(iii) dim, X = n, where n € {0,1,...}, if dim; X < n and dim, X £ n — 1.
(iv) dimy X = oo, if it is false that dim, X < n for every n € {-1,0,1,...}.

In the paper [10] it was proved that for any topological space X,
dim, X = sup{dim D : D is an open and dense subset of X}

(see [10, Proposition 2.1]), verifying that the quasi covering dimension is a
topological dimension greater than or equal to the covering dimension. Also,
it was proved that in the classes T(t.n.) of totally normal, T(p.n.) of perfectly
normal and T(met.) of metrizable spaces the dimension dim, coincides with
the dimension dim (see [10, Remark 2.1 (4) and (5)]).

3. THE #-QUASI COVERING DIMENSION

In this section, based on the notion of 7*-quasi cover, we insert and study
the x-quasi covering dimension for an ideal topological space (X, 7,7).

Definition 3.1. The *-quasi covering dimension of an ideal topological space
(X,7,Z), denoted by dim, X, is defined as follows:

(i) dim! X = —1,if X = &.

(ii) dim; X < n, where n € {0,1,...}, if for every finite 7*-quasi cover ¢ of X
there exists a finite 7*-quasi cover r of X, which is similar to ¢, refinement of
¢ and ord(r) < n.

(iif) dimy X = n, where n € {0,1,...}, if dim} X <n and dim; X < n — 1.
(iv) dim; X = oo, if it is false that dim; X < n for every n € {-1,0,1,...}.

We observe that the dimension dim;‘ X is the quasi covering dimension of the
topological space (X,7*). Thus, we can obtain corresponding results for this
dimension similar to those of [10]. For example, we state the closed subspace

property.
Proposition 3.2. If A is a closed subspace of X, then, dimy A < dimj X.
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Proof. Tt can be proved in a similar way as in [10, Proposition 2.4] taking into
consideration that every closed set is also *-closed. O

In addition, we can observe that the dimensions dim; X and dim, X are
different in general and the following examples prove this claim.

Example 3.3. (1) We consider the set X = {a, b, c,d} with the topology

7 ={2,{a},{b},{a,b},{a,b,c} {a,b,d}, X}.
Then dim, X = 1. However, if we consider the ideal Z = {@, {a}, {b}, {a,b}},
then the space (X, 7*) is the discrete space and thus, dim; X =0.

(2) We consider the set X = {a,b,c} with the topology 7 = {&, X}. Then
dim, X = 0. However, if we consider the ideal Z = {@, {a}, {b},{a,b}}, then
dim! X = 1.

(3) Generalizing the above example (2), if we consider an infinite countable set
X = {x1,x9,...} with the topology 7 = {&, X} and the ideal

Ii,j = {I Q XTI Q {Z'i,l'j}},
whenever i # j, then dimg X = 0 and dim, X = 1.

Remark 3.4. For any ideal topological space (X, 7,Z) for which 7 = 7* we have
dim, X = dim, X.

However, the converse of Remark 3.4 is not generally true and the following
example proves this claim.

Example 3.5. We consider the set X = {1,2,3,...} of positive integers with
the topology

T={o, X} U{{1},{1,2},{1,2,3},...}
and the ideal Zy of all finite subsets of X. Then clearly 7 # 7* (as 7 is the
discrete topology) but dimy X = dimz X =0.

In the following propositions we can prove further relations between the
quasi covering dimensions dim,, dim;‘ and the covering dimensions dim and
dim™, the last of which is reminded as follows.

The *-covering dimension of an ideal topological space (X, 7,Z), denoted by
dim* X, is defined as follows:
(i) dim*" X =-1,if X = @.
(ii) dim* X < n, where n € {0,1,...}, if for every finite 7*-cover ¢ of X there
exists a finite 7*-cover r of X, which is a refinement of ¢ and ord(r) < n.
(iii) dim* X = n, where n € {0,1,...}, if dim* X < n and dim" X £ n — 1.
(iv) dim* X = oo, if it is false that dim* X < n for every n € {—1,0,1,...}.
That is, the dimension dim* is the covering dimension of the space (X, 7*)
and thus, we can succeed to have results which are similar to that of the

covering dimension dim. Among these results, we state the following which
will be useful for the study of the dimension dimZ.
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Proposition 3.6. Let (X, 1,Z) be an ideal topological space such that dim* X €
{0,1,...} and n € {0,1,...}. Then, the following conditions are equivalent:
(1) dim* X < n.

(2) For every finite 7*-cover ¢ = {Uy,..., Ui} of X there exists a finite 7*-
coverr ={Vi,...,Vi,} of X such that V; CU; fori=1,...,k, and ord(r) < n.

(3) For every m*-cover ¢ = {Ux,...,Uny2} of X there exists a T*-cover r =
n+2

V1, Viya} of X such that V; CU;, fori=1,...,n+2, and ﬂ V,=a.
i=1

Proof. Tt is similar to [17, Proposition 3.1.2]. O

Proposition 3.7. For every ideal topological space (X, 7,T), where T C ¢, we
have

dim, X = dimz X.

Proof. Since Z C 7¢, we have that * C 7. Therefore, 7 = 7* and by Remark
3.4 we have that dim, X = dim} X. ]

Corollary 3.8. For every ideal topological space (X,7,Z), where T C 7¢ and
(X, 1) € P, where P is any of the classes T(t.n.), T(p.n.), T(met.), we have
dim X = dim" X = dim; X = dim, X.

Proposition 3.9. For every ideal topological T1-space (X, 7,T), where T C Iy,
we have

dim, X = dimZ X.

Proof. Since the topological space (X, 7) is T1, every I € T is closed in (X, 7).
Therefore, by Proposition 3.7 we have that dim, X = dim; X. (I

Corollary 3.10. For every ideal topological T1-space (X, 1,T), where T C Iy
and (X, 7) € P, where P is any of the classes T(t.n.), T(p.n.), T(met.), we
have

dim X = dim" X = dim, X = dim, X.
For an ideal topological space (X, 7,Z) if A C X, then the family
Ia={ANI:1€7}

is an ideal on A. So, we can consider the ideal topological space (A4,74,Z4),
where 74 is the subspace topology on A. We state that the topology (74)* is
equal to the subspace topology (7*)4 on A [12].

Theorem 3.11. For any ideal topological space (X, 7,T) we have
dim, X = sup{dim” D : D is a *-open and *-dense subset of X}.

Proof. Since the dimension dimZ is the corresponding quasi covering dimension
for the topological space (X, 7*), the statement of the theorem can be proved
in a similar way as in [10, Proposition 2.1]. O
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Corollary 3.12. For any ideal topological space (X, 7,T) we have
dim* X < dimz X.
However, we mention that the dimensions dim* and dim; are different and
the following examples prove this claim.

Example 3.13. (1) We consider the set X = {a,b, ¢, d, e} with the topology
T ={2,{a},{a,b},{a,b,c},{a,b,d},{a,b,c,d}, X}
and the ideal Z = {&, {b}}. Then the topology 7* has as a basis the family
{{a},{a,b},{a,c},{a,d},{a,c,d,e}}
with dim* X = 1 and dim; X = 2.
(2) Generalizing the above example (1), if we consider aset X = {x1,z2,...,2,},
where n > 5, with the topology which has as a basis the family
{{xl}a {xla 5172}, {xla T2, 1'3}, {xla X2, :174}3 R {I’l, T2, xn—l}a X}

and the ideal Z = {&, {x2}}, then the topology 7* has as a basis the family

{{331}, {xth}a {I1,1'3}, {$1,$4}, ceey {I1,1'7L_1}7 {331,.733, s 7In_1,$n}}

with dim* X = 1 and dim; X =n-3.

Proposition 3.14. Let (X, 7,Z) be an ideal topological space such that dimz X e
{0,1,...} and n € {0,1,...}. Then, the following conditions are equivalent:

(1) dim; X <n.

(2) For every finite 7*-quasi cover ¢ = {Uy,...,Ux} of X there exists a finite

T*-quasi cover r = {Vq, ..., Vi} of X such thatr ~c, V; CU; fori=1,...,k,

and ord(r) < n.

(3) For every 7*-quasi cover ¢ = {U,...,Upt2} of X there exists a 7*-quasi
cover r = {Vi,...,Voia} of X such thatr ~c, V; CU;, fori=1,...,n+2,
n+2
and m V., =@.
i=1

Proof. Since the dimension dimz is the corresponding quasi covering dimension
for the topological space (X, 7*), the statement of the proposition can be proved
in a similar way as in [10, Proposition 2.5], taking into consideration Proposition
3.6. |

Let (X, 7,Z) be an ideal topological space. If 5* is a topology on X (and
hence 7* = *), then the ideal Z is called 7-simple [11]. Also, the ideal Z is
called T-codense if T N7 = {&}, that is each member of Z has empty interior
with respect to the topology 7 [3].

Clearly, for an arbitrary ideal topological space (X, 7,7), every *-dense sub-
set of X is dense. The converse is not generally true.

Lemma 3.15. Let (X,7,Z) be an ideal topological space. If T is T-codense,
then every open and dense subset of X is x-open and x-dense.
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Proof. Let D be an open and dense subset of X. Clearly, D is x-open set. We
shall prove that D is x-dense. In the opposite side we suppose that D is not
x-dense. Then there exists a non empty *-open set U such that DNU = @.

Since f* is a base for the topology 7*, there exist an open set V and I € Z
such that V' \ I C U. Then

DA(V\I)CDNU =g,

and thus,
DN(V\I)=(DnV)\I=o.
Hence, DNV C I. We also have that DNV is a non empty open set. Hence, the

element I of Z has non empty interior with respect to 7. The last contradicts
the assumption that the ideal Z is 7-codense. (I

Lemma 3.16. Let (X, 7,7) be an ideal topological space such that the ideal T
is T-simple and let also A C X. Then the ideal T is T4-simple.

Proof. Tt suffices to prove that (74)* C (Ba)*. Let V4 € (74)*. Then V4 €
(7*)a. That is, there exists V € 7* such that V4 = V N A. Since the ideal 7 is
T-simple, we have 7* = * and hence, there exist U € 7 and I € Z such that
V =U\I. Thus,

Va=VNA=U\ND)NA=({UNA\INA),
where UNA €74 and INA € Z4. Thus, V4 € (Ba)*. O

Lemma 3.17. Let (X, 7,Z) be an ideal topological space such that the ideal
T is T-codense and let also A be an open subset of X. Then the ideal T4 is
T4 -codense.

Proof. Let VNA=INA€ZsNT1y, where VETand I € Z. Since INAC 1,
we have that I N A € Z. Also, since A is an open subset of X, we have that
VNAe€r. Thus,

VNA=INnAeZInr.
Finally, since the ideal Z is 7-codense, we have that Z N7 = {@}. Therefore,
Zanta={2}. O

Proposition 3.18. Let (X, 7,Z) be an ideal topological space. If T is T-simple
and T-codense, then

dim, X < dimz X.

Proof. Clearly, if dim}; X = —1 or dim; X = oo, then the inequality holds.
We suppose that dimy X = n, where n € {0,1,...}, and we shall prove that
dimg X < n. By [10, Proposition 2.1] we have that

dimgy X = sup{dim D : D is an open and dense subset of X}.

Thus, it suffices to prove that dim D < n, for each open and dense subset D of
X. Let D be an open and dense subset of X. Since Z is 7-codense, by Lemma
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3.15 we have that D is a x-open and *-dense subset of X. Also, by Theorem
3.11 we have that

dim; X = sup{dim" D : is a *-open and #-dense subset of X}.

Since dimy X = n, we have dim" D < n. By Lemma 3.16 and Lemma 3.17,
the ideal Zp is 7p-simple and 7p-codense, and thus, by [14, Proposition 3.8]
we have that

dim D < dim* D.
Therefore, dim D < n. (I

4. THE IDEAL QUASI COVERING DIMENSION

In this section, the notion of the ideal quasi covering dimension, 7 - dimg, of
an ideal topological space (X, 7,Z), is defined, combining the topologies 7 and
7*, and various of its properties are investigated.

For the meaning of the ideal quasi covering dimension it is necessary to define
the notion of 7*-family for an ideal topological space (X, 7,Z). A family ¢ of
subsets of an ideal topological space (X, ,Z) is called 7*-family if all elements
of ¢ are elements of 7*.

Definition 4.1. The ideal quasi covering dimension of an ideal topological
space (X, 7,Z), denoted by Z-dim, X, is defined as follows:

(i) Z-dimy X = -1,if X = @.

(ii) Z-dimy X < n, where n € {0,1,...}, if for every finite T-quasi cover ¢
of X there exists a finite 7*-family r of subsets of X such that r ~ ¢, r is a
refinement of ¢ and ord(r) < n.

(iii) Z-dimy, X = n, where n € {0,1,...}, if Z-dim; X < n and Z-dim, X £
n— 1.

(iv) Z-dimy X = oo, if it is false that Z - dim, X < n foreveryn € {-1,0,1,...}.

Proposition 4.2. For any ideal topological space (X, 7,T) we have that
7 -dim, X < dimg X.

Proof. Clearly, if dimy, X € {—1, 00}, the inequality holds. We suppose that
dimg, X = n, where n € {0,1,...}, and we shall prove that Z-dim, X < n. Let
¢ be a finite 7-quasi cover of X. Since dimy X = n, there exists a finite 7-quasi
cover 7 of X such that r ~ ¢, r is a refinement of ¢ and ord(r) < n. The family
r is also a 7*-family of subsets of X such that r ~ ¢, r is refinement of ¢ and
ord(r) < n. Thus, Z-dim; X < n. O

Proposition 4.3. For any ideal topological space (X, 7,T) for which the ideal
T is T-codense we have that

7 -dimy X < dimZ X.
Proof. Clearly, if dimjy X € {~1,00}, the inequality holds. We suppose that

dimz X =n, where n € {0,1,...}, and we shall prove that Z-dim, X < n. Let
¢ be a finite 7-quasi cover of X. Then by Lemma 3.15 ¢ is a 7*-quasi cover
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of X. Since dim(’; X = n, there exists a finite 7*-quasi cover r of X such that
r ~ ¢, r is a refinement of ¢ and ord(r) < n. Thus, Z-dim, X < n. O

Corollary 4.4. For any ideal topological space (X, 7,Z) for which the ideal T
is T-codense we have that

Z-dim, X < min{dim, X, dim; X}.

It is observed that the ideal quasi covering dimension Z-dim, is different
from the dimensions dim, and dim; and the following examples prove this
assertion.

Example 4.5. (1) We consider the set X = {a, b, c,d} with the topology

T ={9,{a},{b},{a,b},{a,b,c}, {a,b,d}, X}
and the ideal Z = {@, {a}, {b}, {a,b}}. Then Z-dim, X =0 and dim, X = 1.
(2) We consider the indiscrete space (R, 7) and the ideal Z={I CR:0 ¢ I}.
Then 7* = {@} U{U C R : 0 € U}. Since dim*R can be arbitrary large [2,
Example 1.1.11], by Theorem 3.11 we have that dim; R can also be arbitrary
large. In addition, Z - dim, R = 0.

(3) We consider the indiscrete space (R, 7) and the ideal Z; of finite subsets
of R. Then 7* is the cofinite topology on R for which dim*R = oo (see [2,
Example 1.1.12]) and thus, by Theorem 3.11 we have that dim; R = occ. Also,
Z-dimgR =0.
Example 4.6. We consider the following ideal topological spaces:
(1) (X,7x,Zx), where X = {a,b,c,d},
Tx = {@,{a},{b},{a,b},{a,b,c},{a,b,d}, X} and Tx ={I C X : I C {a,b}}.
(2) (Y,7v,Zy), where Y = {x,y, 2z, w} such that X NY = &,
v ={&,Y}and Zy ={I CY : I C {y,z,w}}.
Then
dimg X =1, dimj X =0, dim,Y = 0 and dim; Y = 2.
We consider the ideal topological space (Z,7z,Z7), where Z = X UY,
7z ={UCZ:UNXe€erx, UNY €1y}
and
I;={ICZ:IC{a,b,y,zw}}.

Then Zz -dim, Z = 0, dim, Z = 1 and dim, Z = 2.
Remark 4.7. We can generalize Example 4.6 in order to succeed a construction
of an ideal topological space with different dimensions 7 - dimy, dim, and dimz.
For that, we consider two ideal topological spaces (X, 7x,Zx) and (Y, 7y, Zy)
with the following properties:

1) XNY = o,

(2)ZIx ={I CX:IC A} for some A C X,

(3)Zy ={ICY:1C B} forsome BCY,
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(4) dimy X < min{dim, X,dim, Y} and
(5) dim, Y < min{dim, X, dim, Y'}.
Then we construct the ideal topological space (Z,77,Z7) as Z =X UY,
TZ:{UQZ:UOXGT)(, UﬂYGTy}
and
Iy={ICZ:1C AUB).
We have that
dimg Z = max{dim, X, dim, Y} = dim, X
and
dim; Z = max{dim, X, dim; Y’} = dim} Y.
Also,
Tz -dim, Z < max{dim; X, dim, Y},
proving that
1z-dimy Z < dimg X = dimg Z
and
Iy-dim, Z < dim;“ Y = dimz Z.
Proposition 4.8. If (X, 7,7) is an ideal topological space and A is a closed
subset of X, then
Za-dimg A <Z-dimg X.

Proof. Obviously, if Z7-dim, X = —1 or Z-dim; X = oo, then the inequality
holds. We suppose that Z-dim, X = n, where n € {0,1,...}, and we shall
prove that Z4 -dimg; A < n.

Let ca = {U{},..., U} be a finite 74-quasi cover of A, that is
k
Just=p4,
i=1
where D4 is an open and dense subset of A. For every i € {1,...,k} there

exist U; € 7 such that U* = AN U; and an open subset D of X such that
D4 = AN D. We consider the finite 7-quasi cover
c={U;ND:i=1,...;k}U{X \ A}

of the space X. We observe that the family ¢ consists of open subsets of X
whose union is the dense set DU (X \ A).

Since Z-dim,; X = n, there exists a finite 7*-family r of subsets of X such
that r ~ ¢, r is a refinement of ¢ and ord(r) < n.

We consider the family

ra={ANV:V er}

Then r4 is a finite (74)*-family of subsets of A such that rq4 ~ ca, 74 is a
refinement of ¢4, and ord(ra) < n. Thus, Z4 -dim, A < n. O
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In order to present a different approach of the ideal quasi covering dimension
it is considered to be necessary to remind the meaning of the ideal covering
dimension [14].

Especially, the ideal covering dimension, denoted by Z-dim, is defined as
follows:

(i) Z-dmX =-1,if X = 2.

(ii) Z-dim X < n, where n € {0,1,...}, if for every finite 7-cover ¢ of X there
exists a finite 7*-cover r of X, which is a refinement of ¢ with ord(r) < n.

(iii) Z- dim X = n, wheren € {0,1,...},ifZ-dim X <nand Z-dim X € n—1.
(iv) Z-dim X = oo, if it is false that Z-dim X < n for every n € {—1,0,1,...}.

Theorem 4.9. For any ideal topological space (X,7,T) we have
Z-dim, X =sup{Zp -dim D : D is an open and dense subset of X}.
Proof. Firstly, we shall prove the inequality
sup{Zp -dim D : D is an open and dense subset of X} < Z-dim, X.

Clearly, if 7-dimgy X € {—1, 00}, then this inequality is true. We suppose that
Z-dimy, X =n, where n € {0,1,...}. We shall prove that

sup{Zp-dim D : D is an open and dense subset of X} < n.

Let D be an open and dense subset of X. It suffices to prove that Zp-dim D <
n. Let ¢ be a finite 7p-cover of D. Since every element of ¢ is open set in D
and D is open set in X, we have that ¢ consists of open subsets of X. That is,
c is a finite 7-quasi cover of X. Therefore, there exists a finite 7*-family r of
subsets of X such that r ~ ¢, r is a refinement of ¢ and ord(r) < n. Since r ~ ¢,
r is a finite (7p)*-cover of D (as (7p)* = (7*)p). Hence, Zp-dim D < n.

We shall prove the inequality

Z-dimy X <sup{Zp-dimD : D is an open and dense subset of X}.
If
sup{Zp-dim D : D is an open and dense subset of X} € {—1, 00},
then this inequality holds. We suppose that
sup{Zp-dim D : D is an open and dense subset of X} = n,

where n € {0,1, ...}, and we shall prove that Z-dimy X < n. Let ¢ be a finite
7-quasi cover of X. Then, the union of ¢ is an open and dense subset D of
X. Our assumption tends us to have Zp-dim D < n. Since c is a finite 7p-
cover of D, there exists a finite (7p)*-cover r of D, refinement of ¢, such that
ord(r) < n. Since every element of r is *-open set in D and D is an open subset
of X (and thus, *x-open in X), we have that every element of r is *-open set in
X. Then r is a finite 7*-family of subsets of X such that r ~ ¢ and ord(r) < n.
Therefore, 7-dim, X < n. (I

Corollary 4.10. For any ideal topological space (X, 7,T) we have
Z-dimX < 7-dimg X.
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The following examples show that these types of ideal dimensions are differ-
ent.

Example 4.11. (1) We consider the set X = {a,b, ¢, d} with the topology

T= {@7 {a}7 {avb}v {avc}v {aab;c}7X}
and the ideal 7 = {@, {b}}. Then Z-dim X =0 and Z-dim, X = 1.

(2) Let n € N\ {0}, (Y, 7y) be a metrizable space with dimY = n and the ideal
Iy = {@} on Y. According to Corollary 3.8 we have that

dimY =dim"Y =dim, Y = dimz Y =n.

Also, Iy -dimy Y = dimy Y = n. Then we consider a point p that does not
belong to Y, the set X =Y U {p} with the topology

x={UCX:Ue€ryoU=X}

and the ideal ZTx = {@,{p}} on X (with respect to the meaning of the ideal
on subsets of X we clearly have that (Zx)y = Zy) Then we observe that
the 7%-cover {X} of X is a refinement of every finite 7x-cover of X. Thus,
Ix-dim X = 0. Also, by the definition of the space X a proper subset of X
is open and dense in X if and only if it is open and dense in Y. Hence, by
Theorem 4.9, we have that Zx -dim; X = Zy -dim, Y = n.

Proposition 4.12. Let (X, 7,7) be an ideal topological space with T -dim, X €
{0,1,...} and n € {0,1,...}. Then, the following statements are equivalent:
(1) Z-dimy X < n.

(2) For every finite T-quasi cover ¢ = {Uy,...,Ux} of X there exists a finite
T*-family r = {V1,...,Vi} of subsets of X such that r ~ ¢, V; C U; for
i=1,...,k, and ord(r) < n.

(8) For every T-quasi cover ¢ = {Uy,...,Upso} of X there exists a 7*-family
r={Vi,...,Vaya} of subsets of X such thatr ~ ¢, V; CU; fori=1,...,n+2
n+2
and ﬂ V:=0.
i=1
Proof. Firstly, we shall prove the implication (1) = (2). Let ¢ = {Uy,..., U}
k

be a finite 7-quasi cover of X. Then U U; = D, where D is dense in X.

i=1

By Theorem 4.9 we have that Zp-dim D < n. Thus, by [14, Proposition 4.4]
there exists a finite (7p)*-cover r = {Vi,...,Vi} of D such that V; C U; for
i=1,...,k, and ord(r) < n. Since every element of r is x-open set in D and
D is an open subset of X (and thus, *-open in X), we have that every element
of r is x-open set in X. Also, r ~ ¢ and hence r is the desired 7*-family.

The implication (2) = (3) follows directly by the meaning of the order.

We shall prove the implication (3) = (1). Since Z-dim, X € {0,1,...}, by
Theorem 4.9 there exists an open and dense subset Dy of X such that

T-dim, X = Zp, - dim Dy.
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Let ¢ = {Ux,...,Unt2} be a tp,-cover of Dy. Since every element of ¢ is open
set in Dy and Dy is open set in X, we have that ¢ consists of open subsets of X.
That is, ¢ is a T-quasi cover of X consisting of n 4 2 elements. By assumption,

there exists a 7*-family » = {Vi,...,V42} of subsets of X such that r ~ ¢,
n+2

ViCU;fori=1,...,n+2, and ﬂ Vi = @. Since r ~ ¢, r is a (Tp, )*-cover

i=1
of Dg. Thus, by [14, Proposition 4.4] we have Zp,-dim Dy < n and hence
Z-dimg X < n. O

In the following result we present a characterization of the ideal quasi cov-
ering dimension for hereditarily *-normal spaces. In particular, an ideal topo-
logical space (X, 7,7) is said to be %-normal if the space (X, 7*) is normal (in
the usual meaning of normal topological spaces).

Also, a property of a topological space X is said to be hereditary if each
subspace of X has also this property. Especially, an ideal topological space
(X, 7,7) is called hereditarily *-normal if each subspace of X is x-normal. Sim-
ilarly, an ideal topological space (X, ,Z) is called hereditarily normal if each
subspace of X is normal.

For the next result it is also useful the meaning of relatively closed family.
We recall that for a topological space (X, 7) a family ¢ of subsets of X is said to
be relatively closed if all elements of ¢ are closed in the subspace | J{U : U € ¢}
of X.

Similarly, for an ideal topological space (X, 7,Z) a family ¢ of subsets of X
is said to be relatively *-closed if all elements of ¢ are *-closed in the subspace

U{U : U € ¢} of X.

Proposition 4.13. Let (X,7,Z) be a hereditarily *-normal space such that
Z-dim, X € {0,1,...} and n € {0,1,...}. Then, the following conditions are
equivalent:

(1) Z-dim, X < n.

(2) For every finite T-quasi cover ¢ = {Uy,...,Ux} of X there exists a finite
relatively x-closed family r = {Fy,...,Fy} of subsets of X such that r ~ c,
F,CU; fori=1,...,k, and ord(r) < n.

(8) For every T-quasi cover ¢ = {Uy,...,Upta} of X there exists a relatively
x-closed family r = {F1,...,Fnota} of subsets of X such that r ~ ¢, F; C U;
n+2
fori=1,..., n+2, and ﬂ F,=0.
i=1

Proof. Firstly, we shall prove the implication (1) = (2). Let ¢ = {Uy,...,Ux}
k
be a finite 7-quasi cover of X. Then U U; = D, where D is dense in X.

i=1
By Theorem 4.9 we have that Zp-dim D < n and by [14, Proposition 4.21]
there exists a finite ((7p)*)%-cover r = {F1,...,Fx} of D such that F; C U;
for i = 1,...,k, and ord(r) < n. Since each element of r is *-closed in the
subspace Fy U...U Fy, = D, r is the desired relatively *-closed family.
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The implication (2) = (3) follows directly by the meaning of the order.
We shall prove the implication (3) = (1). Since Z-dim, X € {0,1,...}, by
Theorem 4.9 there exists an open and dense subset Dy of X such that

T-dim, X = Ip, - dim D.

Let ¢ = {Uy,...,Unt2} be a Tp,-cover of Dy. Since every element of ¢ is open
set in Do and Dy is open set in X, we have that ¢ consists of open sets in X.
That is, ¢ is a T7-quasi cover of X consisting of n 4 2 elements. By assumption,

there exists a relatively *-closed family » = {F}, ..., Fj,12} of subsets of X such
n+2

that r ~¢, F; CU; fori=1,...,n+ 2, and ﬂFi:Q Since r ~ ¢ and r is

i=1
relatively #-closed, r is a ((7p,)*)¢-cover of Dy. Thus, by [14, Proposition 4.21]
we have Zp, - dim Dy < n and hence Z-dim,; X < n. O

We also study the ideal quasi covering dimension in hereditarily *-normal
spaces under the view of partitions. We recall that a subset L of a topological
space (X, 7) is called a partition between two disjoint subsets A and B of X
if there exist open subsets U and V of X satisfying the conditions A C U,
BCV,UnNnV=gand X\L=UUV.

Proposition 4.14. Let (X,7,Z) be a hereditarily x-normal space such that
Z-dim, X < n, wheren € {0,1,...}. Then for every open and dense subset D
of X and every family

{(AlvBl)v EER) (An+1aBn+1)}

of n+1 pairs of disjoint closed subsets of D, there exist x-closed sets L1, ..., Lyy1
in D such that L; is a partition between A; and B; in the space (D, (tp)*) for
n+1
i=1,...,n+1 and ﬂ L, =09.
i=1

Proof. Let D be an open and dense subset of X and
{(A17 31)7 ey (AnJrl’ Bn+1)}

be a family of n+ 1 pairs of disjoint closed subsets of D. By Theorem 4.9, since
Z-dimy X < n, we have Zp-dim D < n, Thus, by [14, Theorem 4.25], since
the corresponding ideal topological space (D, Tp,Zp) is *-normal, there exist

x-closed sets Li,...,Lyy1 in D such that L; is a partition between A; and B;
n+1

in the space (D, (7p)*) for i =1,...,n+ 1 and m L, =o. O
i=1

Proposition 4.15. Let (X, 7,7) be a hereditarily normal ideal topological space
and assume that for every open and dense set D of X and every family

{(Ah Bl)v B (A’ﬂ+17 Bn+1)}
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of n+1 pairs of disjoint closed subsets of D there exist x-closed sets L1, ..., Ly41
in D such that L; is a partition between A; and B; in the space (D, (tp)*) for
n+1
i=1,....,n+1 and ﬂ L; =@. Then I-dim; X < n.
i=1

Proof. Let D be an open and dense subset of X and
{(Ala 31)7 ) (An+1v Bn-&-l)}

be a family of n + 1 pairs of disjoint closed subsets of D. By assumption there

exist *-closed sets Li,...,L,41 in D such that L; is a partition between A;
n+1

and B; in the space (D, (rp)*) fori =1,...,n+ 1 and ﬂ L; = @. Then by
i=1

[14, Theorem 4.26], since the corresponding ideal topological space (D, Tp,Zp)
is normal, we have Zp-dim D < n and therefore by Theorem 4.9 we have
Z-dimg X < n. O

In what follows, properties of the ideal quasi covering dimension, using dif-
ferent ideals on the underlying sets, are studied.

Proposition 4.16. Let (X, 1) be a topological space and Zy,T> be two ideals
on X. If Ty C Iy, then

T, -dim, X < Ty -dim, X.

Proof. Clearly, if Z; - dim, X € {—1, oo}, the inequality holds. We suppose that
7 -dimy X = n, where n € {0, 1,...}, and we shall prove that Z, - dim, X < n.

Let ¢ be a finite 7-quasi cover of X. Since Z;-dimyX = n, there exists a
finite (71)*-family 7 of subsets of X, which is similar to ¢, refinement of ¢ and
ord(r) < n. (We state that the topology (71)* is referred to the ideal Z;.) Also,
since Z; C Ty, r is a (72)*-family of subsets of X (similarly, (72)* is referred to
the ideal 7). Thus, Z, - dim; X < n. O

Corollary 4.17. Let (X, 7) be a topological space and Zy,Zs be two ideals on
X. Then

max{7Z; -dim, X, 7 -dim, X} <Z; NZ; -dim, X.

Corollary 4.18. Let (X,7) be a topological space, A, B subsets of X and
I, = P(A), Io, = P(B) and I3 = P(AU B) three ideals on X, where P(A),
P(B) and P(AU B) are the power sets of A, B and AU B, respectively. Then

T3 -dimgy X < min{Z; -dim, X, Z, -dim, X }.
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