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ABSTRACT

In this paper we study the space of strongly Lipschitz (£, {q)-factorable
operators between metric spaces and a Banach spaces. In particular, a
factorization of this class through ¢, and {, spaces is given. We show
that this type of operators fits in the theory of composition a-Banach
Lipschitz operator ideal. As a special case, we get a Lipschitz version
of weakly p-nuclear operators.
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1. INTRODUCTION AND BACKGROUND

The ideal of ¢,-factorable operators was introduced by Pietsch for 1 < p <
oo [19] (for p = oo see also Dazord [9]), and comprehensively examined recently
by Kim [16] (called weakly p-nuclear operators). In [14], Jarchow introduced
and studied the a-Banach ideal of (p,q)-operators (1 < p < ¢ < 0), as a
generalization of /,-factorable operators. Moreover, when p = g we recover the
ideal of ¢,-factorable operators. To avoid confusion, in this paper, we call it a
(¢p, ¢,)-factorable operators.

Farmer and Johnson [11] introduce the notion of p-summing operators for
Lipschitz maps, prove their basic first properties and leave to interested readers
a list of open problems. Since then, many works have appeared related to this
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class of Lipschitz mappings. In 2016 an axiomatic theory of Lipschitz operator
ideals for Banach spaces-valued Lipschitz mappings was given by the first au-
thor, Rueda, Sdnchez-Perez and Yahi [1] (see also [24]) and in [2] for Lipschitz
operator ideals between pointed metric spaces ). Very recently, several different
operator ideals have been fruitfully generalized to the Lipschitz setting (see, for
example [3, 4, 6, 8, 13, 17, 21, 22, 25] and the references therein). The present
work is in this direction. We extend the class of (¢,, {,)-factorable operators to
Lipschitz operators.

The paper is organized as follows: after this introduction, where a prelimi-
nary discussion about the basics on Lipschitz mappings is given, in Section
2, we introduce and study the strongly Lipschitz (¢, ¢,)-factorable operator
as a Lipschitz mapping between a pointed metric space and a Banach space
by a representation of series and we prove a factorization theorem for these
mappings through the spaces ¢, and ¢,. We show that the injective hull of
strongly Lipschitz (¢, {,)-factorable operators can be expressed as a composi-
tion of the space of Lipschitz mappings and the class of quasi (¢,, ¢,)-factorable
linear operators. In particular, the Lipschitz a-Banach ideal (¢,, {2)-factorable
is injective for 1 < p < 2. As an application, we compare our class with some
well known Lipschitz operators. In Section 3, the notion of factorable Lipschitz
quasi weakly (p, g)-nuclear operators is introduced. We present a characteri-
zation given by Lipschitz injective hull of strongly Lipschitz (¢,, ¢,)-factorable
operators. Also, we establish the relationship between our class and the class
of Lipschitz (r, s)-summing operators. As a new result of this section, we char-
acterize the adjoint operators of weakly p-compact operators.

Our notation is standard. X and Y will be pointed metric spaces with a base
point denoted by 0 and metric will be denoted by d. We denote by Bx the
closure of the ball centered at 0 with radius 1. Also, £ and F will stand for
Banach spaces over the same field K (either R or C) with dual spaces E* and
F*. A Banach space E will be considered as pointed metric spaces with a base
point 0 and distance d(z,z’) = || — 2’||. With Lipo(X,Y") we denote the set
of all Lipschitz mappings from X to Y such that maps 0 to 0 and we put

Lip(T) = inf{C > 0: d(T(z),T(2") < Cd(z,2")); Vz,2’ € X}.

In particular, Lipo(X, E) is the Banach space of all Lipschitz mappings T from
X to FE that vanish at 0, under the Lipschitz norm Lip(-). When E = K,
Lipo(X,K) is denoted by X# and it is called the Lipschitz dual of X. The
space of all linear operators from E to F' is denoted by L(E,F) and it is a
Banach space with the usual supremum norm. It is clear that L(E, F) is a
subspace of Lipy(F, F') and, in particular, E* is a subspace of E#.

Let X be a metric space. A molecule on X is a scalar valued function m on

X with finite support that satisfies > m(x) = 0. We denote by M(X) the
reX
linear space of all molecules on X. For z,2’ € X the molecule mg, is defined

by Mear = X{z} — X{a'}, Where x4 is the characteristic function of the set A.
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n
For m € M(X) we can write m = Zl AjMa;a for some suitable scalars Aj,
]:
and we write

Iy = inf § S A d(asal), m=3" A o
j=1 j=1

where the infimum is taken over all representations of the molecule m. Denote
by /£ (X) the completion of the normed space (M(X), ||.[[ xy(x))- This space
was first introduced by Arens and Eells [5] in 1956. The terminology Arens-
Eells space E(X) is due to Weaver [23]. The Arens-Eells space is also known
as the Lipschitz-free Banach space of a metric space X.

A different approach to the preduality problem of X# was taken with the next
known result.

Theorem 1.1 ([23]). Let X be a pointed metric space. Then there exist a
Banach space E(X) and an isometric embedding 6x : X — HE(X),dx(z) =
mgo satisfying the following universal property: For each Banach space E and
each map T € Lipo(X, E), there is a unique operator Tr, € L(E(X), E) such
that Ty, o 0x =T that is, the diagram

commutes, and | Tr|| = Lip(T). The correspondence T +— Ty, establishes an
isometric isomorphism between the Banach spaces Lipy(X, E) and L(A(X), E).
In particular, the spaces X# and A(X)* are isometrically isomorphic.

Let 1 < p < o0, we write p* the conjugate index of p, that is 1/p+1/p* = 1.
As usual, when p = 1, p* = cc.

Definition 1.2 ([6]). Let (f;); be a sequence in X#. The sequence (f,); is
Lipschitz w*-p-summable if there is a constant C' such that for all n € N and
for all x, z € X we have

(3 (@) = f5@))j=i ]|, < Cd(z, ).
The smallest such constant C' will be denoted by || (fj)j ||£’w* and 65*“’* (X7#)
will denote the set of Lipschitz w*-p-summable sequences in X#. Clearly
(i@ = £,
up L

z,x'eX d((l), :L'/)
rFx!

Lw* _
» =

I1(f5); 1

It is a well known result (see [6, Lemma 2.4 and Proposition 2.5]) that the
canonical correspondence
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T — ((e,T(.)));, provides an isometric isomorphism of Lipy(X,£,) onto
L,w*
(L (X#) and

[l (), I 1] = e (%), - 11T

p

2. STRONGLY LIPSCHITZ ({,{,)-FACTORABLE MAPPINGS

Let 1 < p < ¢ < o0. Recall that a linear operator T' € L(E, F) is called
(€p, ¢y)-factorable( see [14] ) if T has a factorization T = B o J, , o A, where
Ae L(E L), Be L({,, F)and J,,: £, — £, is the canonical injection. The
a-norm on the vector space F, 4(E, F') of all (¢,,{,)-factorable operators from
FE to F'is defined by

1T 7,, :==inf {|A[[||B|| : A€ L(E,{,),B € L({y, F) and T = Bo J, 0 A} .

It is shown in [14] that (Fp 4, - |7, ,) is a a-Banach operator ideal and that
T € Fpq(E, F) if and only if T has a representation 7' =Y ° | x}(-)y,, where
(2)n € £5(E)and (o) € 6. (F). Also, [T, = inf {[(z2)nll2 ()l .
with the infimum taken over all representations of T as above.

The notion of quasi (¢,,¢,)-factorable operators was introduced by Jarchow
[14, p. 125]. For 1 < p < ¢ < o0, a linear map T € L(E, F) is said to be quasi
(£p, £q)-factorable if there exists a sequence (x},), € £ (E*) such that

1T ()] < [I(27,(2))nllq for all z € E. (2.1)

This class, which is denoted by QF) 4, endowed with the a-norm |- [|gF, , de-
fined as the infimum of ||(x},),[, taken over all the sequences (x},), satisfying
the above inequality, becomes a a-Banach operator ideal.

Note that when p = ¢, we have the class of weakly p-nuclear operators (re-
spectively, the class of quasi weakly p-nuclear) as defined in [16] (see also
[19]). The ideal of weakly p-nuclear (respectively, quasi weakly p-nuclear)
operators from E to F is represented by (N, ,(E,F),|l - |, )(respectively,
Qf/\/w’P(X7 E)7 H ’ HQ/\/'w,p)~

Let us introduce the Lipschitz version of (£, {,)-factorable operators.

Definition 2.1. Let X be metric space and E be a Banach space. For 1 <
p<qg<ooandT € Lipg(X, E), we say that T : X — F is strongly Lipschitz
(¢p, £y)-factorable operators if T' can be written in the form

T(x) = fal@)yn,Vz € X, (2.2)

n=1
where (fn)n € Eﬁ’w*(X#) (co(X#) when p = o) and (yn)n € £%.(E). Also,
the set of all strongly Lipschitz (¢,, {,)-factorable operators will be denoted by

L
SF, (X, E) and we set

ITlsrs . =t (a2 | @)

w
q*
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with the infimum taken over all representations of T as in (2.2). In particular,
whenever p = ¢, S]:Iﬁq(X, E)= S/\/'ﬁ’p (X, E) is the class of all Lipschitz weakly
p-nuclear operators from X to E. With this notation, a Lipschitz version for
the well-known notion of ¢,-factorable [19] (recently, called weakly p-nuclear
operators [16]) is also given.

The first result concerning strongly Lipschitz (¢,,¢,)-factorable mappings is
the factorization through the canonical injection J, 4 : £, — ¢;.

Theorem 2.2. Let1 <p<qg<ooandT € Lipg(X,E). ThenT € S]-"Iﬁq(X, E)
if and only if there exist R € Lipo(X,¢p) (R € Lipo(X,co) when p = 00),
SeL(ly,E) andT = SoJ,,0R such that the following diagram commutes:

x— T g

P,q
R
fp E’I

In this case;
ITllsss, = inf Lip(R).|S],
wher the infimum is taken over all the above factorizations.

Proof. Let e}, and e,,, respectively, be the standard unit vector bases in £+ (co whenp =
1) and ¢,. Assume that T is strongly Lipschitz (£, {,)-factorable operators. Let
(frn)n € Eﬁ""*(X#) and (yn)n € €. (E), such that

T(z) =Y fola)yn,Vz € X. (2.3)

Define the mapping R : X — £,,x +— (fn(x))n. Then by [6, Lemma 2.4],
we get that R € Lipy(X,¢,) and Lip(R) = ||(fn)n||£“’ Consider the map
S:ly — E e, > yp. It follows from [10, Proposition 2.2] that S € L(¢,, E)
and [[S]| = [[(yn)n
Moreover, for each x € X, we have

w
q**

SJpgR(x) = S (Jpq(fu(x)) =5 (Z fn<w>en> =3 fal@)yn = T(2).

Thus, T'= S o J, 4 © R and inf Lip(R).||S|| < HTHSfﬁ.q'
Conversely, suppose that T has a factorization T = S o Jp,q 0o R, where R €
Lipo(X,£4,) and S € L({y, F). Consider the sequences f, = (e}, R(:)) and

yn = S(e,). Again by [6, Lemma 2.4] and [10, Proposition 2.2] we have
[(enR)nll5 = ||R| and [|(Sen)n . = [|S]]. It follows that

T(z) = SolygoR(z) = 5 (Z(efm R(fﬂ)>en> = {en R@)S(en) = Y ful@)yn.
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Since the factorization of 1" was arbitrary,
ITlls7s, < inf Lip(R).|S]\.

The following facts are straightforward

Proposition 2.3.
1) Ewvery strongly Lipschitz (€, {,)-factorable map T is bounded with Lip(T) <
Tlsre,
2) Let p <r and q <s. If T is strongly Lipschitz ({,,,)-factorable, then
T is strongly Lipschitz (€, ¢s)-factorable with HTHSJTTL-,S < ||T||3fg,q .

The next result give the relation of the strongly Lipschitz (£, {,)-factorable
mappings with the known linear theory using via their linearization.

Theorem 2.4. Let X ba a pointed metric space, E be a Banach space and let
1 <p<q< o0 An operator T € Lipy(X, E) is strongly Lipschitz (£p, 4y)-
factorable operators if and only if its Linearization Ty, : B(X) — E is (€, {y)-
factorable linear operators. Moreover, we have

ITlsrs, = T2l
In particular, whenever p = q; T is Lipschitz weakly p-nuclear operators if and
only if its Linearization Ty, is weakly p-nuclear linear operators.

Proof. Let e > 0. Suppose that T € SF5 (X, E), then T = S0 J, ;0 R with
R € Lipo(X,¢y,), S € L({y, E) and ||R|.||S]| < (1 —|—E)||T||S;£q. Consider the

following
T

X E
& V
E(X)
R S
Rp
JIp,q

by ———— 4,
Since S is linear, it follows frome uniqueness of linearization that 177, = S o
Jpg o Rp with Ry, € L(E(X),¢p) and S € L({y,E). By [14, (1.2) ], T1, €
Fp,q(B(X),E) and

IRLIIS|I = Lip(R).||S]|
<A+)Tlsre -
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Letting e — 0 we get
IT2l5,, < I Tlsrs
To show the other part, suppose that Tr, € F, ((£(X) ,E). By (1.2) in [14],

there exist A € L(E(X) ,¢,), B € L({4, E) and J, 4 : £, — {4 such that
Tp, =BoJyg0Aand

IAILIBI < (1 + )l TLllz,,,-

Hence T'=Tpodx = BoJ,,0A0dx =SoJy,,0Rwith S = B € L({,, E) and
R = Aodx € Lipo(X,ty). Then T € SF, (X, E) and ||T||sr < (1+¢) ||
Tt ||, , and the proof follows. O

Lemma 2.5. Let 1 < p < oo. Then S./\/‘ip(X7 ¢p) is isometrically equal to
Lipo(X, £,) (£ is replaced by co when p = 00).

Proof. Let T € Lipo(X, £p). By Theorem 2.4 and [16, Lemma 2.3], T’ € SN£7P(X, lp)
if and only if Ty, € L(E(X),£,). Again T € L(E(X),£,) if and only if
T € Lipo(X,¥¢,). The proof conclude. O

Remark 2.6.

1) Lemma 2.5 does not hold in general for the case p = 1. To clarify, if we
were to assume that S./\/fj)l(N, £1) is equivalent to Lipo(N, ¢1), it would
result in a contradiction. This stems from the fact that SN 571 (N, 1) =
Nuw1(E(N), £1) isometrically and E(N) = ¢;(see [12, Page 46]), by
Remark 2.5 in [16], Ny, 1(¢1, 1) is not equal to L(¢1, (7).

2) When 1 < p < oo, it becomes apparent that Lipschitz weakly p-
nuclear operators are not necessarily compact. This observation is
based on the equality between g":TJ\/ﬁ,J,(I\T7 £p)s N p(1,4,) and Remark
2.6 in [16]. Additionally, it’s important to emphasize that Lipschitz
weakly 1-nuclear operators are typically non-compact.

From Theorem 2.2, Lemma 2.5 and [16, Lemma 2.3], we have

Corollary 2.7. Let1 < p < oo andletT € Lipg(X,E). ThenT € Sfiq(X, E)

if and only if there exist R € SN (X, £,), S € Ny q(€y, E) and the canon-
ical injection J, 4 1 Ly, — Ly (£, is replaced by co when p = o0) such that
T=So0Jpq0R.

Following [1] (see also [7]) an operator ideal between a pointed metric space
and Banach space Ay, is a subclass of Lipy such that for every pointed metric
space X and every Banach space E the components

Arip(X,E) := Lipg(X,E) N ALip
satisfy

i) Apip(X, E) is a linear subspace of Lipg(X, E).
ii) For any f € X# and e € E, the map fe: z — f(z)e € ALip(X, E).
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iii) The ideal property: if S € Lipo(Y,X), T € Apip(X,E) and w €
L(E,F), then the composition wo T o S is in Az, (Y, F).
A Lipschitz operator ideal Af;, is a a-normed (a-Banach) Lipschitz operator
ideal if there is || - [|4,,, : ArLip — [0, 00[ that satisfies
i’) For every pointed metric space X and every Banach space E, the pair
(ALip(X, E), || - laz,,) is @ a-normed (a-Banach) space and Lip(T) <
HT”AMP for all T € .ALip(X, E)
ii’) [[Idx: K — KJ|.4,,, = 1, where Idx is the identity map of K.
iii’) If S € Lipo(Y, X), T € Ap;p(X,E) and w € L(E, F), the inequality
lwoT oS|la, < Lip(S)|T] L, l|lwll holds.
Clearly, the Lipschitz operator 1-Banach ideal is precisely the Lipschitz opera-
tor Banach ideal.
Let A be a linear a-Banach operator ideal. A Lipschitz mapping T' € Lipo(X, E)
belongs to the composition Lipschitz operator a-Banach ideal operator Ao Lipg
if its linearization T, belongs to A(E(X), E). Moreover, Ao Lipy endowed with
the a-norm ||T'|| soLip, = ||Tr]|4 is a a-Banach Lipschitz operator ideal. This
way to obtain a a-Banach Lipschitz operator ideal from a a-Banach operator
ideal is called composition method and the Lipschitz a-Banach operator ideals
obtained in this way are called ideals of composition type.
In [1], the authors introduced the injective hull of a Banach Lipschitz operator
ideal we can translate this for a-Banach Lipschitz operator ideal. The injective

hull AZL% of an a-Banach Lipschitz operator ideal Az, is defined as follows;

A(X E) = {T € Lipo(X,E) : tp o T € Apip(X, loo(Bp-)},

Lip
where tg: E — {oo(Bpg~) is the natural isometry, and |7

'AILT:L - HiET”'ALiP
for T € AZ’%(X ,E). If Ap;, is a a-Banach Lipschitz operator ideal, then AZZ,
is also a a-Banach Lipschitz operator ideal.

Mimicking the proof of [1, Corollary 3.3] and [2, Proposition 2.4], we have
the following result.
Proposition 2.8. If A is a a-Banach operator ideal then,

a) Ao Lipg is a oz-B(_mach Lipschitz operator ideal.
b) (Ao Lipg)™ = A" o Lip, isometrically.

In particular, if Arip is a a-Banach Lipschitz operator ideal of compo-
inj

sition type, then so is also ALip.

By Theorem 2.4 and the above criterion, we have the following.

Proposition 2.9. The space (S}'II;’(I(X, E),| - ||5}-£q) is a-Banach Lipschitz
operator ideal of composition type. In other words

S]-'ﬁ’q(X, E) = F,.q40 Lipy(X, E) isometrically
for every pointed metric space X and every Banach space E.

As a consequence of the above, from Proposition 2.8 and [14, Page 125 |, we
have the following.
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Corollary 2.10. Let X be pointed metric space and E be a Banach space.
Then

i) For1<p<2
(S]:ﬁgym = (Fp,2 0 Lipy)™
= (Fp2)™ o Lip
= Fp,2 0 Lipo,
=SFh,
ii) For1<p<g<o0
(SF5 )" = (Fpg o0 Lipo)™
= (Fp.q)™ o Lip
= QFp 40 Lipo.
For 141 > 141 recall the operator ideal [S./\/(LT,M), IE HSN(LT,M)] of strongly

Lipschitz (r, s, t)-nuclear (see [6]). The ideal S/\/(Lns)t) is defined as all operators
T which have a representation

n=1

where (A\,), € 4, if 1 <r <ooor (A\,)n €coifr=o00,(fn)n € EtLJ“’* (X#) and
(Yn)n € L. € (E).
and we set

= | ) [l () 12l (@)

w
s*)

1Tl s

(r,s,t)

where the infimum is taken over all the strongly Lipschitz (r, s, t)-nuclear rep-
resentations of T'. Strongly Lipschitz (p, p, 1)-nuclear are simply called strongly
Lipschitz p-nuclear operators [8, Corollary 2.9]. The ideal of all strongly Lips-

chitz p-nuclear operators is denoted by [8/\/‘5 (X, E),| - HSN,E}

Proposition 2.11. Let X be a pointed metric space, E be a Banach space and
let 1 < p < q< oo satisfying:

1 o1\" L./ -t 1 11 1 1
-+ — <p<minst', | -+—-+——-1 and — =14———————.
r o t* rott s* q p r t* s*

Then, SN, .4)(X, E) C SF, (X, E) and ||T|szr < ITlsnr -
Proof. By [6, Proposition 2.12], [14, Page 127] and Proposition 2.9, we get
SN([;gs,t) (Xv E) = Nr,s,t o Lipg (Xa E)
C Fpq0 Lipo(X, E)
=SFL (X E),
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O

As a consequence of above Proposition, whenever r = p,s =p and t = 1 we
obtain the following corollary.

Corollary 2.12. Let 1 <p < oo. Then
SNE(X,E), |l lsws | © [SNE (X, B). [llsw, ] -

3. FACTORABLE LIPSCHITZ QUASI WEAKLY (p,¢)-NUCLEAR OPERATOR

Motivated by the Corollary 2.10 and the ideas from [18, Proposition 4.8],
we have the following definition.

Definition 3.1. Let X be pointed metric space, F be a Banach space and
1 <p<g<oo. Amapping T € Lipo(X, E) is called factorable Lipschitz quasi
weakly (p, ¢)-nuclear operator if there exists a sequence (f), € Eﬁ’“*(X#)
such that

@\ 7

N ) N
D (T () = T(h))|| < ZZ (falzy) = ful@)| | . (31)
j=1 n=1|j=1

for all z;,2% € X, \; € K, (1 <j < N).
We denote by FN LQ (X E) the space of all factorable quasi weakly (p, q)-

nuclear Lipschitz mappmgb between pointed metric spaces X and Banach space
FE. In such case, we put

1Tl mpre =it {[(Fa)alls : (fa)n satisfying (3.1)}

In particular, whenever p = ¢, FA'Z () (X E) = .7:./\/£7p(X, E) is the class of
all factorable Lipschitz quasi weakly p-nuclear operators from X to E. With
this notation, a Lipschitz version for the well-known notion of quasi weakly
p-nuclear [16] is also given.

Theorem 3.2. Let X be pointed metric space, E be a Banach space and 1 <
p<qg<oo. ThenT € fNL%Dq (X, E) if and only if Ty, € QFp 4(E(X), E).
Proof. Let m = Zévzl )\jm / for all x],x €X,and \; €K, (1 <j<N), we
have

|Tr(m)|| = ||ZA T(x)))|. (3.2)

Suppose that T' € .FNLQ

o (X E)7 then there exist a sequence (fy, ), € Zﬁ’“’* (X7#)
such that

a\ 7

[eS) N
ITz(m) < [ D210 X (faleg) = falah)

n=1|j=1
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Since A(X)* and X7 are isometrically isomorphic, then by Proposition 2.5 in
[6], there is a sequence (m}), € KZ(E(X)*) such that

for all x],x € X, (1 <j<N), we obtaln

e’} N
IT(m)ll < Q01D Aymi(m, )[4

n=1 j=1

0o N
= (Z |mZ(Z Ajm )1%)
Z [ (m

Therefore, by (2.1) Ty, € QFp, 4(E (X) , E). The converse follows from (3.2) and
(3.3). O

Q=

-Q\»—A

From Proposition 2.9, Corollary 2.10 and the above theorem we obtain the
following corollary.

Corollary 3.3. Let X be pointed metric space, E be a Banach space and
1<p<qg<oco. ThenT € (8]—'5’ )ind if and only if T € fNLQ Nee E).

From Proposition 2.3 and the above corollary, we have

Corollary 3.4. Let 1 < p < qg<r <s<oo. Let X be a pointed metric
and E be a Banach space. Then, FNEQ (X E) C FN'? (X,E) and

w,(p,s) w,(q,r)

||T||]_—NLQ( ) < ||T||]_—NLQ( , for every T € FN'9 () (X E).
w,(g,r w,(p,s)

Johnson and Schechtman in [15] introduced the concept of Lipschitz (r, s)-
summing operators. For r;s > 1, a Lipschitz map T is called Lipschitz (r, s)-
summing, if there exists a constant C' > 0 such that regardless of the choice of
points x1,...,Tn, 2}, ..., 2, in X and for all Ay,..., A, € R} we have

1

<ZAiT<xi>—T<x;>||rE> <C (Zw >|>5. (3.4

In this case we put W(Lm)(T) = inf {C : satisfying (3.4)}. The space of all

r

Lipschitz (r, s)-summing operators from X to E is denoted by H(LT’S)(X, E).
If we take r = s we find the definition of Lipschitz r-summing operators of
Farmer and Johnson [11]. Notice that the definition is the same if we restrict
to A\; = 1. From the definition, it follows that T is Lipschitz (r, s)-summing
and W(Lr’s)(T) < 7(r,s)(T1) whenever T, is (r, s)-summing.

We can establish the following comparison between the classes of factorable

Lipschitz quasi weakly (p, ¢)-nuclear, Lipschitz weakly p-nuclear and Lipschitz
(r, s)-summing.
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Proposition 3.5. Let X be a pointed metric space, E be a Banach space and

1<p<qg<oo,p<oo. Putr=p for2<gq 07’7":(%+%fé)71 for q < 2.
. L

Then we have, with o > 7, 1(Jpq) : ]:wa(zpvq) (X,FE) C H(LM)(X, E); W(Lr,l)(') <

all llznre

Proof. Let T € Lipo(X, E), then

TeFN2, (X.E) & Ty € QF, ,(B(X), E)
=1L € H(r,l)(}E(X)7 E)
=T ellf;, (X, E),

where the first equivalence follows Theorem 3.2 and the second implication
from (1.7) in [14]. O

Proposition 3.6. Let X be a pointed metric space, E be a Banach space and let
1 <p<oo. If T is Lipschitz weakly p-nuclear, then T is Lipschitz p-summing
with 75 (T) < || T|lsnz -

w,p

Proof. Let T € SN (X,E) then, T(z) = Y02, fu(x)yn where (fn), €
02T (X#), (yn)n € £ (E) and

ITllsar, o= 10 | (F)ally -1 (yn)n

w
p**

Thies implices ||(fn)n||£“’*\|(yn)n we< (1 +5)||T||SNQLJYP for every e > 0 .
We may assume that [|(f,)n]|5“" = 1, then

1(Yn)n

4 < (14 6)|Tllons .

Hence, for each f, € Bx%,n € N =, z € X and by Holder inequality, we have

oo

IT(@) = T = | Y (fal@) = fula)ynlle
= sup |3 (ful@) = fule) (")
< lZ (@) = fn<x’>|p] Sup. [Z <yn,y*>p*] p
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= [ZUH al )| ] (yn)n p

n=1

IN

[Zm fu )ﬂ A+ Tlsnz

1
P

= (1+9)|Tlswz, ( /B f) - f(x’>|pdu<f>>

where = Y7, &4, is a probability on By« .
Consequently, by the Pietsch domination theorem for the class H}f (see [11,
Theorem 1]), T is Lipschitz p-summing and 7} (T') < (1 + Tl sarz - O

Sinha and Karn [20] introduced an ideal of weakly p-compact. Let 1 < p <
0o. A subset Kof a Banach space F is called weakly p-compact if there exists
(Tn)n € £y (E) (co(E) when p = 00) such that

K C p-co(xy)n : {Z any : (ap) € By, }

n=1

We denote the unit ball of £ by Bg and replace By,. with B, if p=1. For a
linear map T': F — E, T € W,(F, E) if T(Bp) is a weakly p-compact subset
of E. In such case, we put

ITllw, = mf{[|(zn)nllp : (@n)n € € (E) and T(Br) C p — co(xn)n}-

For each T € Lipy(X,E), the linear operator T : E* — X% given by
T'(y*) = y* o T for all y* € E*, is called the Lipschitz transpose map of 7.
The norm [|T"]| is given by ||T*|| = Lip(T). If (A, ||-|| ,) is a Banach ideal, then
the Lipschitz dual of A is defined by Achour et al. [1, Definition 3.8] as follows
Abir=dual( X B) = {T € Lipy(X,E) : T" € A(E*,X#)},

for a pointed metric space X and a Banach space F.

We define, ||T| grip-auar = ||[T?]| 4. Then (ALP=dual ||| 1/ 4.0) becomes a
Banach Lipschitz ideal and AXP~dual( X F) = AdualoLipg(X, E) (see [1, The-
orem 3.9]).

In the next, we will show that in fact the factorable Lipschitz quasi p-nuclear
operators are the adjoints of weakly p-compact linear operators.

Proposition 3.7. Let X be a pointed metric space, E be a Banach space, and

1 < p < co. For an operator T € Lipy(X,E), Tt : E* — X% is weackly

p-compact operator if and only if T € fNLQ(X E) and |T|| zpze = T, -
w,p

In other words, fNﬁ?,(X, E) = W[ir- dual(X' F) isometrically.
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Proof. By Theorem 3.2 and Theorem 3.7 in [16], we have

FNES(X,B) = QN o Lipo(X, E)
= W,)™ o Lipy(X, E)
— WpLip—dual<X, E)

The result follows. (]
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