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Abstract

In this work we carry out an intensive theoretical labor to describe optical communica-
tion systems which employ orthogonal frequency division multiplexing (OFDM), and, more
concretely, those systems which use direct laser intensity modulation and direct detection.
Placed within the unceasing search process of higher transmission rate and functionality of
optical communication systems, OFDM, a widespread technique in other communication
systems, has attracted a great interest during the last years due to its ease of linear e�ects
equalization, �exibility, scalability and high use of well-known and mature signal process-
ing techniques. Optical metro and access networks is one of the scenarios where it has
raised a great interest, where the link reach is in the order of tens of kilometers, and the
cost-e�ectiveness is of the main concern.

Optical OFDM (OOFDM) is di�erent to subcarrier multiplexing (SCM) technique because
subcarrier's data spectral content overlap one to another, but it can be detected correctly
thanks to its orthogonality property. Besides, its detection and generation can be done
electrically through the calculation of the Fast Fourier transform and its inverse, respectively.
Under a proper design, OOFDM o�ers an easy equalization of the linear communication
system e�ects, though its high peak-to-average power ratio is one of its main disadvantages.

As starting point, we propose an analytical model to study in detail all those phenomena
which a�ect the signal information detected at the receiver. Such phenomena are the laser
nonlinearity, laser phase and intensity modulations, propagation through the optical �ber
taking into account the chromatic dispersion, and the intensity detection by means of a
square-law detector. This analytical model is validated through comparisons with simula-
tion results obtained by means of commercial software. Given the singularity of OFDM
signal due to its multi-carrier nature, the amplitude of the generated signal is random, and
the analytical model is complemented with a study of signal clipping at the transmitter.
Moreover, �ltering e�ects a�ecting the signal through the communication system are also
taken into account. With the analytical model reported we can describe in a rather com-
prehensive way the main phenomena as well as exploring and optimizing the �nal system
performance of OOFDM systems with direct modulation and detection.

Since the optical communication systems with direct modulation and detected are severely
a�ected by nonlinear distortion, and for multi-carrier signals such as OFDM signals it means
the mixing of the information symbols carried by the di�erent subcarriers, we propose in
Chapter 5 a pre-distortion technique based on the analytical model previously proposed.
This technique improves the modulation e�ciency, making possible to increase the signal
information term without increasing the nonlinear distortion at the receiver. Great nonlinear
distortion cancellation e�ciency values are achieved, and our technique is also compared to
another one previously published in order to evaluate its performance.
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Another technique for the improvement of systems with direct modulation and detection
is the employment of optical �ltering. Though it is understood in an intuitive way for
traditional optical modulation formats, it is necessary to have a mathematical formulae
for OOFDM signals in order to understand exactly its working principle, the improvement
obtained, as well as its potentiality. For such purpose, in Chapter 6 we present an analytical
model which extends that previously proposed. The simpli�cation of the mathematical
expressions just obtained allows us to systematically explore the di�erent e�ects involved in
the �nal performance obtained, the study of OOFDM systems with di�erent optical �ltering
structures, as well as the possibility of optimization in a quick and e�cient manner di�erent
optical �ltering structures. In our particular case, we study an optical �lter based on Mach
Zehnder interferometer and uniform �ber-Bragg grating structures.

To put it brie�y, with this Ph.D. Thesis we have pretended to contribute on getting a greater
understanding and a better design of optical communication systems employing OOFDM
as well as exploring alternatives for their improvement.



Resumen

En este trabajo se realiza una intensiva labor teórica de descripción de sistemas de co-
municaciones ópticas que utilizan la técnica de multiplexación por división de frecuencias
ortogonales (OFDM en inglés), más concretamente en sistemas con modulación directa de la
intensidad de un láser y detección directa. Enmarcada en el incensante proceso de búsqueda
de mayores tasas de transmisión y de funcionalidad de los sistemas de comunicaciones óp-
ticas, OFDM, una técnica muy popular en otros sistemas de comunicaciones, ha atraído
un gran interés para sistemas de comunicaciones ópticas en los últimos años debido a la
facilidad de ecualización de efectos lineales, �exibilidad, escalabilidad y alto uso de técnicas
conocidas y maduras de procesamiento de señal. Uno de los escenarios donde ha suscitado
un gran interés ha sido el de redes ópticas metropolitanas y de acceso, donde el alcance es
del orden de decenas de kilómetros, y la e�ciencia en los costes es de primordial importancia.

OFDM óptico (OOFDM en inglés) se distingue de la técnica de multiplexación por subpor-
tadoras (SCM en inglés) en que el contenido de las subportadoras se solapan espectralmente,
pero se puede detectar correctamente gracias a su propiedad de ortogonalidad. Además, su
detección y generación se puede realizar eléctricamente mediante el cálculo de la transfor-
mada rápida de Fourier y su inversa, respectivamente. Bajo un apropiado diseño, OOFDM
ofrece una fácil ecualización de los efectos lineales del sistema de comunicaciones, aunque su
alto ratio de �valor de pico a potencia media" es una de sus principales desventajas.

Como punto de partida, planteamos un modelo analítico que estudia con detalle todos
aquellos fenómenos que afectan a la señal de información detectada en el receptor. Tales
fenómenos son la nolinealidad del láser, las modulaciones de intensidad y de fase ópticas, la
propagación a través de la �bra óptica teniendo en cuenta la dispersión cromática, y la detec-
ción de intensidad óptica �nal mediante un detector de ley cuadrática. Este modelo analítico
es validado mediante comparaciones con resultados obtenidos a través de simulaciones con
software comercial. Dada la singularidad de las señales OFDM, debida a su naturaleza
multi-portadora, la amplitud de la señal generada es aleatoria, y el modelo analítico es com-
plementado con un estudio que contempla el recorte o �clipping" en el transmisor. Además,
se tiene en cuenta los efectos de �ltrado de la señal a lo largo de sistema de comunicaciones.
Con el modelo analítico desarrollado se está en disposición de realizar una descripción bas-
tante completa de los principales fenómenos así como explorar y optimizar el funcionamiento
�nal de sistemas OOFDM con modulación y detección directa.

Puesto que los sistemas de comunicaciones ópticas con modulación y detección directa se ven
perjudicados por la distorsión no lineal, que para señales multi-portadora como OFDM se
traduce en la mezcla de los símbolos de información que transportan las diferentes subpor-
tadoras, se propone en el Capítulo 5 una técnica de pre-distorsión que se basa en el modelo
analítico previamente propuesto. Esta técnica mejora la e�ciencia de modulación, haciendo
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posible incrementar el término de la señal de información sin que se vea incrementada la
distorsión no lineal en el receptor. Valores muy altos de cancelación de la distorsión no lineal
se consiguen, y la técnica aquí propuesta se compara también con otra ya publicada con el
objetivo de evaluar su funcionamiento.

Otra técnica para la mejora de sistemas con modulación y detección directas es la rea-
lizada mediante �ltrado óptico. Aunque se conoce de forma intuitiva su funcionamiento
para formatos de modulación ópticos tradicionales, es preciso disponer de una formulación
matemática para señales ópticas OFDM para entender de forma exacta su principio de
operación, las mejoras obtenidas, así como su potencial. En el Capítulo 6 se desarrolla
un modelo analítico para tal �n que extiende el análisis teórico previamente propuesto.
La simpli�cación de las expresiones matemáticas obtenidas nos permite explorar de forma
sistemática los diferentes efectos que afectan el funcionamiento �nal obtenido, estudiar el
sistema OOFDM con diversas estructuras de �ltrado óptico, así como la posibilidad de
optimizar de forma rápida y e�ciente diferentes estructuras de �ltrado. En nuestro caso par-
ticular, se estudian un �ltro basado en un interferómetro Mach Zehnder y una red uniforme
de Bragg grabada en �bra óptica.

En de�nitiva, con este trabajo de tesis doctoral se ha pretendido contribuir a conseguir un
mayor entendimiento y mejor diseño de sistemas de comunicaciones ópticas que emplean
OOFDM y explorar alternativas para su mejora.



Resum

En aquest treball, es realitza una intensiva labor teòrica de descripció de sistemes de co-
municacions òptiques, que utilitzen la tècnica de multiplexació per divisió de freqüencies
ortogonals (OFDM en anglès); més concretament, en sistemes amb modulació directa de la
intensitat d'un làser i detecció directa. Emmarcada en l'incessant procés de cerca de majors
taxes de transmissió i de funcionalitat dels sistemes de comunicacions òptiques, OFDM, una
tècnica molt popular en altres sistemes de comunicacions, ha atret un gran interès en els
últims anys, a causa de la facilitat d'equalització d'efectes lineals, �exibilitat, escalabilitat
i alt ús de tècniques conegudes i madures de processament de senyal. Un dels escenaris on
ha suscitat un gran interès ha estat en el de xarxes òptiques metropolitanes i d'accés, on
l'abast és de l'ordre de desenes de quilòmetres i l'e�ciència en els costos és de primordial
importància.

OFDM òptic (OOFDM en anglès) es distingeix de la tècnica de multiplexació per subpor-
tadores (SCM en anglès) en que el contingut de les subportadores es solapen espectralment;
però, es pot detectar correctament gràcies a la seua propietat d'ortogonalitat. A més, la seua
detecció i generació es pot realitzar elèctricament, mitjançant el càlcul de la transformada
ràpida de Fourier i la seua inversa, respectivament. Sota un apropiat disseny, OOFDM ofer-
eix una fàcil equalització dels efectes lineals del sistema de comunicacions, encara que la seua
alta ràtio de valor de pic a potència mitjana, és una de les seues principals desavantatges.

Com a punt de partida, plantegem un model analític que estudia amb detall, tots aquells
fenòmens que afecten al senyal d'informació detectada en el receptor. Tals fenòmens són la
no-linealitat del làser, les modulacions d'intensitat i de fase òptica, la propagació a través
de la �bra òptica tenint en compte la dispersió cromàtica i la detecció d'intensitat òptica
�nal mitjançant un detector de llei quadràtica. Aquest model analític és validat mitjançant
comparacions amb resultats obtinguts a través de simulacions amb programa comercial.
Donada la singularitat, dels senyals OFDM, deguda a la seua naturalesa multi-portadora,
l'amplitud del senyal generat és aleatòria i el model analític és complementat amb un estudi
que contempla la retallada o clipping en el transmissor. A més, es té en compte els efectes de
�ltrat del senyal al llarg del sistema de comunicacions. Amb el model analític desenvolupat
s'està en disposició de realitzar una descripció, bastant completa, dels principals fenòmens;
així, com explorar i optimitzar el funcionament �nal de sistemes OOFDM amb modulació i
detecció directa.

Ja que els sistemes de comunicacions òptiques amb modulació i detecció directa es veuen
perjudicats per la distorsió no lineal, que per a senyals multi-portadores, com OFDM, es
tradueix en la mescla dels símbols d'informació que transporten les diferents subportadores,
es proposa, en el Capítol 5, una tècnica de pre-distorsió, que es basa en el model analític
prèviament proposat. Aquesta tècnica millora l'e�ciència de modulació, fent possible in-
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crementar el terme del senyal d'informació, sense que es veja incrementada la distorsió no
lineal en el receptor. Valors molt alts de cancel·lació de la distorsió no lineal s'aconsegueixen
i la tècnica, ací proposada, es compara també amb una altra ja publicada, amb l'objectiu
d'avaluar el seu funcionament.

Una altra tècnica per a la millora de sistemes amb modulació i detecció directes és la real-
itzada mitjançant �ltrat òptic. Encara que es coneix, de forma intuïtiva, el seu funcionament
per a formats de modulació òptics tradicionals, cal disposar, d'una formulació matemàtica
per a senyals òptics OFDM, per entendre de forma exacta el seu principi d'operació, les
millores obtingudes, així com el seu potencial. En el Capítol 6 es desenvolupa un model
analític per a tal �, que estén l'anàlisi teòrica prèviament proposat. La simpli�cació de les
expressions matemàtiques obtingudes, ens permet explorar de forma sistemàtica els diferents
efectes que afecten el funcionament �nal obtingut, estudiar el sistema OOFDM amb diverses
estructures de �ltrat òptic, així com la possibilitat d'optimitzar de forma ràpida i e�cient
diferents estructures de �ltrat. En el nostre cas particular, s'estudien un �ltre basat en un
interferòmetre Mach Zehnder i una xarxa uniforme de Bragg gravada en �bra òptica.

En de�nitiva, amb aquest treball de tesi doctoral s'ha pretès contribuir a aconseguir un major
enteniment i millor disseny de sistemes de comunicacions òptiques que empren OOFDM i
explorar alternatives per a la seua millora.
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Chapter 1

Introduction

1.1 Context

1.1.1 The need for further transmission capacity

In the so-called �information age", only two windows of the electromagnetism spectrum are
nowadays used for supporting the huge worldwide information tra�c [1]: the �rst one spans
from long-wave radio to millimeter wave (100KHz to 300GHz), whilst the second one is
located in the infrared lightwave region (30THz-300THz). Applications such as radio and
TV broadcast, wireless local area networks or mobile phone communications make use of
the �rst one, providing bit rates up to the order of Gbits/s. On the other hand, lightwave
systems which make use of the second window, due to its huger available spectrum and thus
the potentiality of supporting Tbits/s capacities over many thousand kilometers, are the
backbone to the modern-day information infrastructure.

Telecommunications have become a central element of society's daily life and newly emerged
communication services such as IPTV, video conference, remote medical support, online
gaming or social networking are adopted at a rapid speed. These huge bandwidth demanding
services require the transport of large information �ows from one place to another, passing
through di�erent segments of the communication network until reaching the end-users, as
illustrated in Fig. 1.1.

As result, there is a relentless demand for more network capacity, putting a great pressure
on the communication network infrastructures at every scale, from core to metro, access
networks and in-building or in-house networks. In order to put it in numbers, Fig. 1.2 shows
a forecast of the global Internet Protocol tra�c for the years 2012-2017 extracted from [2]:
the expected Internet Protol tra�c per month at 2017 is expected to be 120.6 exabytes from
69 exabytes per month in 2014, showing an increase of around 23% per year.
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Figure 1.1: Information network

Figure 1.2: Global Internet Protocol tra�c.

1.1.2 Technical advances on optical communications

Fueled by this endless demand for more transmission capacity, technical advances brought by
research on optical communications have allowed the achievement of higher data rates, longer
distances, lower cost and more functionality [3, 4]: advanced modulation formats, coherent
systems with digital signal processing (DSP), advanced coding, low-loss optical components,
low-noise optical ampli�ers and advanced optical �bers. Among these, research on advanced
modulation formats and the employment of digital signal processing techniques are of special
importance to understand the motivation of this work.

Until recently, most of the installed optical networks used traditional intensity-modulation
direct-detection (IMDD) formats based on nonreturn-to-zero (NRZ). Smaller separation be-
tween wavelength channels is required in order to get a more e�cient exploitation of the
available �ber spectrum, and, thus, more e�cient ways of encoding the information sig-
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nal into narrower frequency bins. Furthermore, apart from lowering the cost per informa-
tion bit, the employment of advanced modulation formats may provide salient advantages
such as robustness to �ber impairment e�ects (chromatic dispersion, �ber nonlinearities,
polarization-mode dispersion,...), to optical component penalty e�ects (e.g., optical �ltering
due to optical add-drop multiplexers), and also adaptability, �exibility, amongst others.

Chromatic dispersion on single-mode �ber (SMF) has been the main �ber impairment to
overcome in optical communications, and, for such, dispersion compensating �bers have been
traditionally employed along the optical �ber link. However, in 2005, Nortel demonstrated
the transmission of a 10Gbits/s return-to-zero di�erential phase-shift keying signal through
5120 km of standard SMF, with no optical dispersion [5]. The optical �eld was modulated
by a precompensated signal using a inphase-quadrature optical modulator. This electronic
approach for the dispersion compensation represented a solution with a smaller cost and ease
for adaptation than its optical counterpart. In the following years, the research on digital
signal processing techniques in optical communication systems has been very extensive[6�
16]. The performance improvement in CMOS technology, manifested by the doubling of
transistors in electronic integrated circuits as foreseen by the Moore's, is the underlying
force which makes feasible such complex DSP techniques operating at speeds of Gsam/s.

In this context, one may wonder what orthogonal-frequency division multiplexing (OFDM)
brings to the optical communications world and why it has become so popular in a so
relatively short period of time. The next advantages of optical OFDM (OOFDM) [1] can
help to answer these questions and understand our motivation to carry out this research
work on it:

� Scalability. The information on OFDM signals is managed in the frequency domain,
and so it is relatively easy to achieve greater capacities by making use of broader trans-
mission spectrums. The migration to higher information rates can be made smoothly
without incurring signi�cant expenses as result of the substitution of hardware and
software.

� Adaptability. OOFDM, thanks to its easy equalization, can easily adapt to any optical
dispersion and meet the actual conditions of the �ber link (length, single or multi
mode, mechanical variations,...). On the other hand, by means of some additional
digital signal processing, the information transmission can be adapted to the channel
conditions by changing the modulation format and/or the power of each subcarrier,
or its code rate.

� Sub-carrier granularity. Although routed wavelength division multiplexed (WDM)
networks o�er well known advantages, their rigid and coarse granularity leads to in-
e�cient capacity utilization. It may be bene�tial to get access to parts of the tra�c
for subsequent routing until the end-user, and OOFDM bands and subcarriers are
promising candidates to provide such �ne granularity.

Amongst the great variety of scenarios where OOFDM has been proposed [1, 17, 18], in this
work we focus on communication applications with short/medium reach links (up to around
100km of standard single mode �ber). Thus, this work must be placed within the research
literature on optical metro networks, but, mainly on conventional and reach-extended optical
access networks.
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1.1.3 Optical access networks

The access network is that part of the telecommunications network that connects service
providers central o�ce (CO) to end users [19]. Conventional communication technologies
employed in this part of the network based on twisted-pair telephony and coaxial cable are
struggling to meet the end-users demands for larger data rates, whose provision come at
the expense of shorter reach [20]. Due to its enormous volume, the upgrade of this part
of the telecommunications networks yields large cost expenses, but communication carriers
are �nally adopting commercial solutions based on optical �ber due to its low loss and huge
bandwidth. The penetration of optical �bre directly to the home, referred to as �bre to the
home (FTTH) or more generally FTTx (x can be H for home, B for building, and C for
curb), has consequently undergone a rapid mass deployment.

Passive optical network (PON) is an attractive solution for realizing FTTH, since the cost
maintenance is lowered and simpli�ed because the absence of active components. In Fig. 1.3
the point-to-point and point-to-multipoint architectures are shown.

OLT

ONUOptical fiber

Splitter

ONU

ONU

OLT

ONU

ONU

ONU

a)

b)

FTTC

FTTH

FTTB

Figure 1.3: a) Point-to-multipoint PON. b) Point-to-point PON.

The point-to-multipoint con�guration shown in Fig. 1.3(a) employs a power splitter to dis-
tribute the signal from the optical line terminal (OLT) to users at di�erent optical network
units (ONUs). Another type of PON called WDM-PON uses a wavelength multiplexer as
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the remote distribution node. Table 1.1 summarizes the current di�erent standardized PON
technologies [21].

It is also worth to remark the interest on a new type of optical access network, the so-
called long-reach passive optical network (LR-PONs) [22�24]. LR-PON aims to simplify
the telecommunication network by integrating access networks with metro networks and
extend the coverage span of PONs from the traditional range 20km to 100km and beyond
by exploiting optical ampli�er and wavelength-division multiplexing technologies.

Capital cost and operational expenses for deployment of optical access as �future-proof"
solution are the main concern for operators. Some of the desired features for a highly
scalable new generation PON are [25, 26]:

� High splitting ratio, long reach and speed.

� Tolerance to low-cost opto-electronic components.

� Higher spectral e�ciency and more robustness to �bre dispersion compared to con-
ventional techniques used in current PONs.

� Passive.

� Simple upgradeability.

� Centralized management.

� Dynamic resource allocation.

� Compatibility with the already deployed PON infrastructures.

As indicated in Table 1.1, 10G-PON standard de�nes a maximum transmission capacity
of 10Gb/s. This speed is achieved by employing conventional signal modulation schemes,
which are now reaching the limit where further increasing transmission capacity whilst main-
taining cost-e�ectiveness is highly challenging. Requirements for future PON impose heavy
restrictions on optical transceiver designs in terms of available bandwidth, scalability re-
quirements, ONU simplicity and dynamic bandwidth allocation capacity. DSP-enabled ad-
vanced modulation and multiplexing approaches are a reasonable way to increase data rate
to 20-40Gbits/s and beyond [27].

1.1.4 OOFDM in optical access networks. State of the art

As we will see in Chapter 2, OOFDM has been proposed for a myriad of optical commu-
nication scenarios, with diverse architectures. In the context of optical access networks,
intensity-modulated and direct-detection is an attractive alternative due mainly to its low-
cost and reduced complexity. In this subsection we outline some of the works which have
been published in the last years on IM/DD OOFDM systems, although we must remark
that coherent detection is attracting more interest as the time even for its application in
optical access networks [28].

Bangor University's optical communications research group has extensively contributed to
the work on OOFDM transceivers, being the �rst research group on demonstrating a real-
time operation of an OOFDM system at Gbits/s. For these reasons, we remark some of
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Table 1.1: Standardized PON technologies

Technology Standard Data rate

Gigabit-PON ITU-T G.984
2.5Gbits/s downstream

1.25Gbits/s upstream

10G-PON ITU-T G.987
10Gbits/s downstream

2.5Gbits/s upstream

Ethernet-PON IEEE 802.3ah 1Gbits/s symmetric

10G-EPON IEEE 802.3av

10Gbits/s downstream

1Gbits/s upstream�

10Gbits/s upstream

� Co-existence with EPON

their most important achievements in Table 1.2. The systems were tested with SMF and
multi-mode �ber (MMF), and with several intensity modulators: distributed-feedback laser
(DFB), re�ective semiconductor optical ampli�er (RSOA), electro-absorption modulated
laser (EML), electro-absorption modulator (REAM), and vertical-cavity surface emitting
laser (VCSEL) [29�37].

Table 1.2: Real-time transceivers OOFDM achievements of Bangor University

Modulator Fiber
Single-band

Multi-band
Bit rate Reach

DFB MMF Single-band 1.5Gbits/s 500m

DFB MMF Single-band 3Gbits/s 500m

DFB MMF Single-band 6Gbits/s 300m

RSOA SMF Single-band 7.5Gbits/s 25km

DFB MMF Single-band 11.25Gbits/s 500

VCSEL SMF Single-band 11.25Gbits/s 25km

EML SMF Multi-band 19.25Gbits/s 25km

REAM SMF Multi-band 19.25Gbits/s 25km

EML MMF Multi-band 25.25Gbits/s 300m

Since the results were achieved in a real-time system implemented using �eld-programmable
gate array technology, much attention in these works was paid to implementation issues.
An excellent report of the progress achieved during the past recent years is found in [38].
Recently, other groups [39, 40] have also demonstrated a real-time operation of an OOFDM
system targeted at PON applications, whilst the great majority of literature with experi-
mental results on OOFDM has been achieved through o�-line processing.

There has been also an increasing interest on using DSP technique for the mitigation of
nonlinearities in directly modulated/detected (DM/DD) OOFDM systems. For example, in
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[41] an iterative equalization to mitigate the distortion at the receiver without the knowledge
of the transmitted data is proposed, achieving a reach extension from 10km to 100km with a
DML 30-Gbps OFDM signal. In [42] a similar but improved iterative equalization technique
is employed to demonstrate a 32.25-Gbits/s OOFDM system over 100km using an EAM
as intensity modulator. These works are based on a previously published work [43] which
reported a small-signal analysis of DM/DD OOFDM systems, whose theory was used to
reconstruct the nonlinear distortion at the receiver.

NEC laboratories research group proposed in 2007 the so-called OFDMA technique to share
the same feeder optical �ber among the multiple ONUs in a PON [44]. Recent advances
of NEC laboratories have demonstrated an OFDMA-PON with a downstream signal line
bit rate 40Gbits/s using external intensity modulation and, by introducing polarization
multiplexing with direct detection in conjunction with novel 4× 4 multiple-input multiple-
output (MIMO) DSP equalization, allowed them to achieve a record 108 Gbits/s down-
stream OFDMA-PON transmission [45]. In [46] they demonstrate the feasibility of a WDM-
OFDMA-PON to support a total capacity in the order of Tbits/s over 90km SMF and a 1:32
passive split; worthy to mention that OLT receiver employs coherent detection in order to
avoid signal × signal beat interference as result of the upstream transmission by the di�erent
ONUs.

These works represent a very small sample of the work done in OOFDM systems for
short/medium reach. For example, OFDM radio-over-�ber systems have been also focus of
research [47, 48], or the employment of OOFDM for in-building networks [49]. Externally-
�eld modulated OODFM signals have been proposed for medium reach in [50, 51]. And
many other OOFDM systems for its application in PONs have been proposed [52�54].

In this context, part of the work developed in the present Ph.D. Thesis has been realized
under the framework of the European FP7 ALPHA project (Architectures for fLexible Pho-
tonic Home and Access networks), grant agreement no.: 212 352, which main goal was
the development of innovative architectural and transmission solutions for access and in-
building integrated multi-service Internet/Intranet and 3G/B3G networks with adequate
management and control. This project, with a duration of 39 months since January 1st

2008, was coordinated by ACREO AB (Sweden) and integrated by the following European
institutions: the Universitat Politècnica de València, Interdisciplinair Instituut Voor Breed-
bandtechnologie vzw, Danish University of Technology, Home�bre Digital Network GmbH,
3S Photonics and Telekomunikacja Polska R&D. st, France Telecom R&D, Alcatel-Lucent
Bell Labs France, CommScope Italy Srl, University of Bologna, Telefonica I+D, Technical
University of Eindhoven, Telsey S.p.A., Bangor University, Politechnico di Torino, Luceat
S.p.A.

The rest of work was developed under the framework of national project �NEW generation
optical OFDM transmission Techniques for future WDM-PONs" (NEWTON/TEC2011-
26642) granted by the Ministerio de Economía y Competitividad since 1st Jan, 2012 until
now, which main goals are to investigate and develop further potentialities of OOFDM signal
transmission.
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Chapter 1. Introduction

1.2 Objectives

The global objective of this Ph.D. Thesis is to develop a model to understand and describe
DM/DD OOFDM transmission systems, aimed to explore the potentiality of these systems,
overcome the main limitations and optimize the conditions to obtain the highest performance
in terms of transmission capacity and maximum achievable reach link. Some of the essential
partial objectives for the accomplishment of this global goal are:

� To carry out a theoretical analysis to study the main transmission e�ects in DM/DD
systems with regard the performance of the received OOFDM signals. Due to the
sensibility of OFDM signals to nonlinearities, such theoretical analysis must go beyond
the description provided by an analysis based on a small-signal approximation aimed
to describe only linear e�ects and provide an accurate description also of the nonlinear
distortion of the transmission system: namely, laser nonlinearities, propagation of
the chirped OOFDM signal through the dispersive optical �ber and the �nal optical
intensity detection.

� To check the validity of the proposed theoretical analysis by comparing it with sim-
ulation results provided by commercial software (in particular, Matlabr and VPI-
transmission-Makerr) and explore its feasibility to describe DM/DD OOFDM in vari-
ant operating conditions.

� The development of a relatively straightforward software tool for the comprehensive
evaluation of DM/DD OOFDM systems. Those who have had the opportunity to
work with OFDM signals know its powerful features, but also how complicated the
in�uence of its manifold determining system parameters is and, thus, how interesting
a tool for the systematic and separately evaluation of the in�uence of each of these
parameters is. Due to its importance on the design of OOFDM systems, the in�uence
of two system parameters such as the clipping level and the length of cyclic extensions
must be included in the derivation.

� The proposal of a DSP technique to improve the system performance of a DM/DD
OOFDM system beyond to that o�ered by a conventional one. As commented in
Section 1.1, an important advance on optical communication systems has been the ap-
plication of DSP techniques to optical communication systems. Besides, all of them,
to a large extent, are based on a deep knowledge of the communication system e�ects
on the received signals. We pretend to take advantage of the theoretical derivation
previously presented, and, particularly, of the simpli�ed analytical model of the non-
linear distortion, to implement and test a DSP technique to allow the increase of the
transmission information rate of OOFDM signals.

� The provision of an end-to-end analytical model of optically �ltered DM/DD OOFDM
systems in order to grasp the foundations of its operation and �nd out its potentiality
and limitations, as well as the rapid evaluation of the achieved system performance with
di�erent optical �lters. All-optical signal processing techniques are destined to play
an important role in the system performance improvement of optical communication
systems. The employment of optical �ltering techniques in DM/DD systems for its
system performance increase has been proposed for traditional intensity modulation
formats during the last years; although it has also been studied recently for OOFDM
systems, there is a lack of understanding on its foundation, potentiality and limitations.
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Although this Ph.D. Thesis focuses on optical communication systems with short/medium
reach links with direct modulation/detection, it has been our goal to address the presented
objectives in a broad and accurate way in order to make our contribution easily usable to
other optical scenarios with di�erent transmission/detection architectures.

1.3 Thesis Structure

This Ph.D. Thesis comprises seven chapters. In this �rst chapter we have presented the
context in which this work has been carried out, as well as the objectives pursued. Chapter
2 presents the basics of the OFDM technique in order to facilitate its understanding: we start
by explaining the generation of OFDM signal waveforms, how this technique takes advantage
of the division of the available bandwidth into multiple frequency bins to allocate the OFDM
subcarriers, the principle of orthogonality between overlapping subcarriers and its detection
at the transmitter in order to extract the data information. Then, its implementation based
on e�cient DSP algorithms is explained, together with important concepts such as cyclic
pre- and post-�xes, clipping of the generated signal, power and bit loading techniques, as well
as how linear e�ects a�ect the received signal and its easy equalization at the receiver. The
di�erent OOFDM optical communication system architectures proposed in the last years
are also brie�y discussed, with an emphasis on directly modulated/detected con�gurations.

Chapter 3 presents the analytical formulation used to mathematically understand and char-
acterize DM/DD OOFDM systems. Concretely, the analysis starts by deriving a mathema-
tical expression of the optical signal at the output of the directly modulated laser (DML),
accounting for the linear and nonlinear e�ects of the direct modulation. E�ects of the optical
�ber are limited to those due to second order chromatic dispersion, and the operation of a
p-i-n photodiode is modeled by an square-law detector. The results obtained through the
evaluation of the analytical model and those obtained through simulations using commercial
software are compared.

Chapter 4 extends and simplify the theory presented in Chapter 3. The aim of extending the
previously presented theory is to include the e�ects of important design OOFDM parameters
and explore the potentiality of DM/DD OOFDM systems in a comprehensive and quick
manner. To this respect, we explain how to determine the e�ects of clipping by calculating
the power spectral density of the clipping noise, and we propose its re�nement by taking
into account the impulsive nature of the clipping process; besides, the e�ects of inter-symbol
interference (ISI) and inter-carrier interference (ICI) also included in the analytical model,
and simpli�ed expressions of the nonlinear distortion are derived. With the help of this
simpli�ed analytical model, we explore the potentiality of DM/DD OOFDM systems and
investigate the inter-related e�ects on the system performance of some of the main design
system parameters.

In Chapter 5 we propose a novel pre-distortion technique for the mitigation of the nonlinear
distortion present in DM/DD systems. The proposed technique is based on the recon-
struction of the interference terms following the analytical model reported in the previous
chapter. In order to perform such interference reconstruction, our proposal also includes a
simple feedback mechanism for the identi�cation of essential magnitudes such as the trans-
fer function of the laser intensity modulation. The potentiality of the proposed technique
is studied and the performance obtained is compared with that provided by a conventional
DM/DD OOFDM system.
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Chapter 1. Introduction

The insertion of an optical �lter in the optical link of an DM/DD OOFDM system is ana-
lytically studied in Chapter 6. The �rst part of this chapter can be considered to be an
extension of the theory presented in Chapter 3 and the e�ects of the optical �ltering are
included in a straight manner in the analytical model. Similarly to that done in Chapter
4, in order to account for the nonlinear distortion in this new optical scenario, simpli�ed
expressions of the nonlinear distortion are derived in order to perform quick evaluations of
its e�ects. Power budget improvements obtained with di�erent optical �lters are quanti�ed
and characteristic parameters of Mach-Zehnder and uniform �ber Bragg grating based op-
tical �lters are optimized in order to obtain an optimized working operation. To �nish this
chapter, the underlying operation of such technique as well as its limitations are discussed.

Finally, in Chapter 7 we summarize the main conclusion of this work and outline possible
futures lines of work.

Further mathematical details on the derivations are included in Appendixes A, B, C and D.
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Chapter 2

Fundamentals of (O)OFDM

2.1 Introduction

Orthogonal-frequency division multiplexing is a multicarrier multiplexing technique, which
means that the data information is carried over a set of lower rate subcarriers. Its robustness
to channel delay spread and its ease of channel estimation and compensation of linear channel
e�ects in time-varying environments has made of it a popular technique.

The concept of OFDM was already suggested in the 1960s, but it has been necessary the
development of very large-scale integrated (VLSI) CMOS chips for the beginning of its broad
usage, and OFDM is currently employed in a great variety of guided and RF communications
scenarios. Among the important standards that incorporate OFDM modulation technology
are the European digital video broadcasting (DVB), wireless local area networks (Wi-Fi,
IEEE 802.11a/g), wireless metropolitan area networks (WiMAX; 802.16e), asymmetric digi-
tal subscriber line (ADSL; ITU G.992.1), and the fourth-generation mobile communications
system (long-term evolution)[1].

This chapter is structured as follows: �rstly, the mathematical basis behind OFDM as well
as a description of a typical OFDM system are explained; important concepts related to
OFDM such as the cyclic extensions appended to each OFDM symbol, the peak-to-average
power ratio (PAPR) of OFDM signals and the �ne granularity at a subcarrier level OFDM
o�ers us. Finally, we discuss brie�y the application of OFDM in optical communications.
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Chapter 2. Fundamentals of (O)OFDM

2.2 Orthogonal Frequency Division Multiplexing Basics

2.2.1 OFDM Signal Waveform

The driving principle of OFDM technology is rather simple: one OFDM symbol is composed
of a set of subcarriers, and each of them is modulated by an information symbol with
its corresponding quadrature and in-phase component. This is very similar to subcarrier
multiplexing (SCM) technique, except that subcarriers in OFDM overlap as it is described
below to maximize the spectral e�ciency.

Mathematically, the de�nition of orthogonality between two symbols An(t) andAm(t) (which
are basically functions de�ned in a time interval 0 ≤ t ≤ T ) is

1

T

∫ T

0

An(t)·A∗m(t)dt = 0 if m 6= n (2.1)

In the particular case of OFDM, we have:

An(t) =

{
exp
(
jΩnt

)
, 0 ≤ t < T

0, otherwise
(2.2)

and substituing in Eq. (2.1):

1

T

∫ T

0

exp
(
jΩnt

)
·exp

(
− jΩmt

)
dt =

1

T

∫ T

0

exp
(
j2π

n

T
t
)
·exp

(
− 2π

m

T
t
)
dt =

{
0, if m 6= n

1, if m = n
(2.3)

Therefore, the de�ning condition in OFDM to ensure orthogonality is that the spacing
frequency between adjacent subcarriers is equal to the period of integration T . This ortho-
gonality between subcarriers allows a more e�cient employment of the available bandwidth
for transmission, since the spectrum of the subcarriers are allowed to overlap, but the infor-
mation is not corrupted provided that the orthogonality between subcarriers is maintained.

The low-pass equivalent representation of the OFDM signal is then given by the sum of a
certain number of these fundamental waveforms:

sB(t) =

∞∑
i=−∞

N/2−1∑
k=−N/2

Xi,k·rect
( t− T/2− iT

T

)
· exp

(
Ωk·
(
t−iT

))
(2.4)

where Xi,k is the encoded data symbol at the kth subcarrier of the ith OFDM symbol,

N is the number of subcarriers, T is the OFDM symbol duration and rect( t−T/2−iTT ) is
the rectangular function centered at T/2 + iT and with duration T . By applying that the
Discrete Fourier Transform (DFT) of the rectangular function rect( tT ) is a sinc function,
some DFT properties and using the fact that the crosscorrelation between Xi,m and Xi,n is

〈Xi,m ·X∗j,n〉 =

{
0, for i 6= j or m 6= n

σ2
x, for i = j and m = n

(2.5)
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the power spectral density of the OFDM signal can be expressed as [55]:

Ps(Ω) =
σ2
x

T

N/2−1∑
k=−N/2

1

2π
·T 2sinc2(Ω− k ·∆Ω) (2.6)

where sinc(x) = sin(π ·x)/(π ·x) and ∆Ω = 2π ·1/T . A plot of Eq. (2.6) is shown in Fig. 2.1.
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Figure 2.1: Power spectral density (PSD) of an OFDM signal with N = 7, σ2
x = 1 and T = 1

(black line).

We note in Fig. 2.1 that the OFDM spectrum has a nearly rectangular shape and the signal
power is smoothly spread over the used bandwidth (similar to white noise), which is one
of the advantages of OFDM. If we use the null-to-null bandwidth de�nition, the OFDM
signal's bandwidth is equal to:

BOFDM = (N + 1) ·∆Ω = 2π
(N + 1)

T
(2.7)

2.2.2 Description of a typical OFDM System

The direct generation and detection of N RF tones by using oscillators becomes unfeasi-
ble when N increases to values of tens or hundreds. Luckily, the Inverse Discrete Fourier
Transform (IDFT) makes possible the generation of multi-tone signals, and the Inverse Fast
Fourier Transform (IFFT) algorithm provides an e�cient implementation of it; meanwhile,
the Discrete Fourier Transform (DFT), through its Fast Fourier transform (FFT) implemen-
tation, o�ers an e�cient way to perform the detection operation, taking advantage of the
orthogonality given by Eq. (2.3). In Fig. 2.2 we show an OFDM system which employs the
IFFT and the FFT operations at the transmitter and at the receiver, respectively:

Firstly, a fragment of the information binary data stream is converted into a set of infor-
mation symbols. These information symbols may belong to any type of modulation, such
as di�erential phase shift keying (DPSK), M-phase shift keying (M-PSK) or M-quadrature
amplitude modulation (M-QAM). The input at the IFFT processor is a vector of values
denoted as (X−FS/2, X−FS/2+1,..., XFS/2−1), where FS is the IFFT size, and the discrete
output is given by:

x[m] =

FS/2−1∑
k=−FS/2

Xk·exp
(
j·2π·k· m

FS

)
,m = 0, 1, 2, ..., FS − 1. (2.8)
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x[0]
x[1]X-FS/2+1

X-FS/2

X-FS/2+2

Y-FS/2+1

Y-FS/2+2

YFS/2-1

...

x[0]
x[1]
x[2]

x[FS-1]

x[FS-1]

x[FS-Npre]

S/P
Mapping

IFFT

XFS/2-1

x[2]

x[FS-1]

Add
Cyclic
Prefix

...

..
P/S

Sampling

Filter...
...

x

x

-sin(Ωct)

cos(Ωct)

+

Channel

Filter

x

x

-sin(Ωct)

cos(Ωct)

Filter

Sampling

S/P
Remove

CP

y[0]
y[1]
y[2]

y[FS-1]

...
FFT

Ῡ -FS/2+1

Ῡ-FS/2

Ῡ-FS/2+2

ῩFS/2-1

...

Demap.

P/S

Transmitted
Binary Data 

Stream

Received
Binary Data 

Stream

Equalizer
Y-FS/2x

x

x

x

Figure 2.2: Schematic illustration of an OFDM system

Therefore, the m-th sample of an OFDM symbol is given by the sum of FS complex ex-
ponential functions. For the sake of clarity, the binary information to complex symbols
mapping as well as the IFFT operation is schematically illustrated in Fig. 2.3. The two
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Figure 2.3: Binary information to QPSK complex symbols mapping and IFFT operation.

OFDM symbols shown in Fig. 2.3 are transmitted subsequently through the communication
system after being conveniently physically adapted, which requires its conversion to an ana-
log signal. With a digital-to-analog converter (DAC) working at a sampling rate equal to
fsam, the Nyquist frequency is equal to fsam/2. OFDM provides an easy way to carry out
oversampling just by not using the whole spectral content from −fsam/2 to fsam/2, that is,
setting to zero a determined number of subcarriers at those frequencies closer to the Nyquist
frequency. Generally, the sampling rate is designed so that fsam = FS/T . The oversampling
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facilitates the analog �ltering requirements at the transmitter and receiver. Fig. 2.4 shows
a typical symbol/subcarrier arrangement for the sake of clarity.

…

X-N/2 X-N/2+2 XN/2-4
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Figure 2.4: Data symbols/subcarrier arrangement.

After DAC, the signal must be frequency up-converted in order to transmit its in-phase
and quadrature components. The generated analog signal at an OFDM transmitter with
up-conversion at a frequency Ωc has typically the next expression:

s(t) =

Re

{ ∞∑
i=−∞

N/2−1∑
k=−N/2

Xk·exp
(

Ωk
(
t−iT

))
∗ htrx(t) · exp

(
Ωc·
(
t−iT

))}
(2.9)

where Re{·} stands for the real part of a complex quantity and htrx(t) is the impulse response
of the transmitter �lter.

If one is interested on not using a frequency up-conversion stage for hardware simplicity,
x[m] can be forced to be a discrete real-valued signal by imposing the Hermitian symmetry
on the information symbols at the input of the IFFT:

X0 = X−FS/2 = 0

Xk = X∗−k, k = 1, 2, ...FS/2− 1 (2.10)

Then, the analog OFDM symbol may be expressed as:

s(t)=

N∑
k=1

|Xk|·cos
(
Ωk·t+ ϕXk

)
∗ htrx(t), 0 ≤ t < T (2.11)

where N is still the number of subcarriers with information, having set the rest of subcarriers
to zero. This variant of OFDM is sometimes called discrete multi-tone (DMT) [56].

After passing through the channel, with impulse response hchannel(t), the received signal is
then frequency down-converted and passed through an analog-to-digital converter (ADC),
to generate the discrete received OFDM symbol:

y[m] =

FS/2−1∑
k=−FS/2

Xk·exp
(
j·2π·k· m

FS

)
∗ h[m], 0 ≤ m ≤ FS − 1 (2.12)

where h[m] = htrx[m] ∗ hchannel[m] ∗ hrx[m], being hrx[m] the sampled impulse response of
the electronic �lters at the receiver. The information symbols contained in the signal r[m]
can �nally be recovered as in Eq. (2.3) by calculating its FFT:

Y [r] =

FS/2−1∑
m=−FS/2

y[m]·exp
(
− j·2π·m· r

FS

)
, r = −FS/2,−FS/2 + 1, 2, ..., FS/2− 1 (2.13)
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In the next subsection we see how the linear e�ects of the whole communication system
a�ect the received symbols Y [1], ...Y [N ].

2.2.2.1 Cyclic extension

In [57] it was proposed the use of a cyclic extension with a su�cient length in order to make
the transmitted �sequence ... appear periodic to" the communication channel. In Fig. 2.5(a)
we show the appending of a cyclic pre�x of length Npre samples, and Fig. 2.5(b) we show
the same operation, but with both pre- and post-�x extensions.

x[FS-Npre]

x[FS-Npre]

x[FS-1]

x[FS-1]

x[0]

x[0] x[1]

x[1]

x[Npos-1] x[FS-Npre] x[0]x[FS-1] x[Npos-1]

x[FS-Npre] x[FS-1]

Original OFDM Symbol (Duration=T)

OFDM Symbol with cyclic prefix (Duration=T’=T+Npre∙T/FS)

Original OFDM Symbol (Duration=T)

OFDM Symbol with cyclic pre- and post- fixes (Duration=T’=T+(Npre+ Npos) ∙T/FS)

a)

b)

Figure 2.5: Time domain OFDM symbol showing the appending of cyclic extensions.

Cyclic pre�x involves the extension of the transmitted OFDM symbol
[
x[0], x[1] ..., x[FS −

1]
]
by Npre samples. Since each sample represents a sample period equals to T/FS, the

appending of Npre extra samples results in a new OFDM symbol with duration T ′ = T +
Npre·T/FS. For two-sided channel impulses responses, the actual received OFDM symbol
is a�ected by the previous and the next OFDM symbol, and we must append both a pre-
and a post-�x. In this last case, the resulting symbol duration is equal to T ′ = T + (Npre +
Npos)·T/FS.

The goal of the cyclic extensions is to avoid inter-symbol interference (ISI) due to multi-path
e�ect or frequency dispersion. Provided that the length of the cyclic pre�x is su�ciently
long, the corrupted samples due to ISI are discarded at the receiver-end side. Besides, with
a proper value of cyclic extension length(s), the transmitted sequence appears to be periodic
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to the channel and the linear convolution in Eq. (2.12) mimics a circular convolution:

y[m] = x[m] ~ h[m], 0 ≤ m ≤ FS − 1 (2.14)

where ~ denotes circular convolution. Thus, given the properties of the DFT, we can write:

Y [r] = X[r] ·H[r], r = −FS/2,−FS/2 + 1, 2, ..., FS/2− 1 (2.15)

This equation represents one of the main advantages of OFDM, since it indicates that linear
channel e�ects can be equalized once we know the coe�cients of the system transfer function
H[r], r = −FS/2,−FS/2 + 1, 2, ..., FS/2 − 1. By designing a correct training strategy, we
can obtain an estimation of the transfer function coe�cients, Ĥ[r], r = −FS/2,−FS/2 +
1, 2, ..., FS/2− 1, and the equalized symbols are given by:

Ŷ [r] = X[r] ·H[r] · 1

Ĥ[r]
= {Ĥ[r] = H[r]}

= X[r], r = −FS/2,−FS/2 + 1, 2, ..., FS/2− 1 (2.16)

However, the addition of cyclic extensions means the transmission of redundant information,
and thus a waste of information transmission rate, given by:

R(bits/s) = No. bits/OFDM symbol
Total OFDM symbol duration

=


log2(M)·N

T/FS · (FS +Npre)
, with pre-�x

log2(M)·N
T/FS·(FS+Npre+Npos)

, with pre- and post-�x

(2.17)

(2.18)

where M stands for the constellation size of the QAM format used. The length of the cyclic
extension is under a trade-o� between robustness to interference due to �ltering e�ects and
the achieved transmission information rate.

2.2.2.2 Peak-to-Average Power Ratio and Clipping

PAPR is considered by literature the most important drawback of OFDM [58]. From pre-
vious section, we know that each discrete signal value at the IFFT output is the result
of a random sum of N exponential functions, each one with its corresponding amplitude
and phase, determined by its corresponding information complex symbol. The distribu-
tion of the amplitude may then be approximated by a Gaussian distribution, in which the
tails represent the relative small propability that a high amplitude peak occurs, and values
around the mean (zero) represent the most likely amplitude values. For illustration, Fig. 2.6
shows a numerically generated discrete real value signal x[m] and the associated amplitude
distribution.

The PAPR, in the discrete domain, is de�ned as:

PAPR =
maxm{|x[m]|2}
〈|x[m]|2〉

,m ∈ Z (2.19)
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Figure 2.6: a) Real-valued discrete OFDM signal and b) amplitude probability density function

where maxm{|x[m]|2} is the maximum peak value squared of the signal x[m] and 〈|x[m]|2〉
is the average signal power. A high value of PAPR is undesirable, since it determines the
dynamic range of electronic components such as DAC or ampli�ers, and optical components
such as DMLs or external modulators. As numerical example, a PAPR of 10 dB means that
for the transmission of 2mW, the transmitter should be able to handle peaks of 20mW.

Hard clipping is a simple technique to limit the excursion of the OFDM signal by doing:

x[m] =

{
x[m], if |x[m]| < AClip

A·exp(j·ϕx[m]), otherwise
(2.20)

where the value of AClip is an important system parameter in optical OOFDM systems: the
smaller its value, the smaller the amplitude excursion of the electrical OFDM signal, and
therefore less stringent conditions on the design of electronics in the transceiver and higher
optical modulation e�ciency, but the higher the distortion introduced by such nonlinear
operation.

AClip is usually given in relation to the clipping level, de�ne as:

CL =
A2
Clip

〈|x[m]|2〉
(2.21)

The optimum value for the clipping level depends on several system parameters, such as
digital-to-analog conversion resolution, the desired system bit-error-rate (BER) or the mo-
dulation format employed [59�61].

2.2.2.3 Subcarrier granularity

The generation and detection of OFDM signals transform the whole frequency transmission
channel into a joint of N narrowband parallel channels. This division into multiple chan-
nels reports signi�cant advantages, such as channel adaptability and di�erentiated service
provisioning.

If one works under the hypothesis that a feedback link from the receiver to the transmitter is
feasible, the transmitter can adapt the information transmission conditions to those present
in the channel. Power or bit loading, as well as the combination of both are e�cient strategies
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to realize this adaptation [1]. The signal-to-noise ratio (SNR) in Fig. 2.7 is the �gure of merit
used to illustrate the concept of power allocation and bit loading techniques.
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Figure 2.7: a) Power loading and b) bit loading techniques

Power loading allows the optimization of information transmission according to the water-
�lling principle by increasing (decreasing) the power of each subcarrier as the channel trans-
mission characteristics are worse (better); similarly for bit loading, in which the constellation
size of the modulation format employed on each subcarrier is varied as the channel transmi-
ssion characteristics. Note that when bit loading is used, the transmission information rate
changes:

R(bits/s) = No. bits/OFDM symbol
Total OFDM symbol duration

=



∑N
k=1 log2(M [k])

T/FS · (FS +Npre)
, with pre-�x

∑N
k=1 log2(M [k])

T/FS·(FS+Npre+Npos)
, with pre- and post-�x

(2.22)

(2.23)

where M [k] stands for the constellation size of the QAM format used at the kth subcarrier.

On the other hand, the availability of multiple and independent channels make possible the
simultaneous provision of di�erent services to the same user and the coexistence of several
users by sharing the available number of subcarriers, access technique referred as OFDM-
Access (OFDMA) [58]. Provided that proper signaling information for the delivery and
reception of the composing OFDM signal subcarriers, the subcarriers can play as information
tubes and provide virtual point-to-point connections.

2.3 Application to Optical Communications

Traditionally time-division multiplexing based schemes (Fig. 2.8(a)) employed in optical co-
mmunications become more and more challenging as the transmission rate increases: its
non-rate-scalability nature forces to the employment of shorter pulses as the transmission
rate increases, with its consequent narrower receiver time window and wider optical band-
widths, making necessary precisely engineering dispersion compensation [62]. Alternatively,
OOFDM makes a more e�cient usage of the optical spectrum and performs a parallel trans-
mission of lower rates channels/subcarriers (Fig. 2.8(b)).
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Figure 2.8: Comparison of multiplexing schemes.

The main concept behind OFDM such as the bandwidth division into orthogonal channels
has become very popular and has found its room into multiple optical scenarios with di�erent
variants. Fig. 2.9 aims to show an overview of the di�erent variants of optical communication
systems

optical

electrical

OFDMultiplexing

optical modulation

intensityfield

direct detection

direct modulation external modulation

coherent detection

homodyne heterodyne intradyne

operating/local 
oscillator frequency

demultiplexing

electricaloptical

Ge
ne

rat
ion

De
tec

tio
n

Figure 2.9: Overview of OOFDM schemes.

The �rst level of decision in Fig. 2.9 appears when one must decide how the di�erent or-
thogonal channels are multiplexed and demultiplexed. An optical implementation of the
multiplexing and demultiplexing stages of an OOFDM system is advantageous in terms
of power consumption [63] compared to the electrical implementation. The multiplexing is
essentially accomplished by combining the di�erent orthogonal channels, and it is the demul-
tiplexing stage where attention has focused: the overlapping spectra contents of the di�erent
channels must be separated with no-crosstalk. The FFT operation required for such require-
ment has been realized using concatenated delay-interferometers [62] or modi�ed designs of
arrayed-waveguide grating routers [64]. Electrically demultiplexing of optically-multiplexed
OFDM signals after coherent detection is also an alternative [62].
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On the other hand, an electrical implementation employs much more mature technology for
the processing of the signals as well as more widely studied techniques for the handling of
the optical signals. We explain next the di�erent electrically generated schemes shown in
Fig. 2.9, emphasizing directly-modulated/detected systems, optical communication scheme
with which we deal in next chapters.

2.3.1 Directly-modulated/detected systems

In DM/DD systems, the electrically generated information signal drives the intensity of a
laser source. The semiconductor laser is composed of n-type and p-type basic materials that
form a p-n juncture as shown in Fig. 2.10(a). When a su�ciently high value of forward
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Figure 2.10: a) Basic structure of a distributed-feedback laser, b) energy diagram and population
inversion in semiconductors, and c) output optical power versus bias current curve.

bias is applied to the structure, inversion population occurs and the population of electrons
corresponding to the energy level E2 is higher than that to the energy level E1. The condition
for inversion population such that the rate of stimulated emission is higher than that of
spontaneous emission is that the di�erence of energy of the quasi-Fermi levels, EF,cond −
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EF,val, must be higher than the energy di�erence E2−E1, as illustrated in Fig. 2.10(b). The
electrons in the conduction band can potentially recombine with the holes in the valence
band in a radiative process, resulting, thus, in the generation of photons. The generated
light in the cavity make multiple paths between the facet mirrors located at the edges of
the structure, coming out from the structure. The bias current threshold, where the laser's
output is dominated by stimulated emission rather than by spontaneous emission, can be
easily recognized by a sharp slope increase at the functional curve presenting output light
power versus bias current as illustrated in Fig. 2.10(c).

The light radiation from semiconductor lasers can be characterized through the rate equa-
tions which describe the electrons and photon density in the laser cavity [65, 66]:

dn(t)
dt = i(t)

e·V − γe(n) · n(t)−G(n, p) · p(t)
dp(t)
dt =

(
Γ ·G(n, p)− γ

)
· p(t) +Rsp(n)

(2.24)

where i(t) is the injected current, V is the laser cavity volume, γe and γ are the electron
and photon recombination rate, respectively, G(n, p) is the gain related to the stimulated
emission, Γ is the cavity con�nement factor, Rsp(n) is the spontaneous emission rate, p(t)
and n(t) are the photon and electron densities. The total optical power emitted by the
laser can be calculated as P (t) = Cp · p(t), where Cp is the photon density to optical power
conversion factor.

Despite of its simplicity, the direct modulation of a laser entails also an optical phase mo-
dulation or frequency chirp, which can be expressed as:

dφ
dt = 1

2αΓvgag(n(t)− nt) (2.25)

The resulting optical signal fed into the optical �ber is given thus by E(t) =
√
P (t) ·

exp
(
jφ(t)

)
· exp

(
jω0(t)

)
. In a back-to-back con�guration, and assuming no other nonlinear

distortion source is introduced, a linear operation is achieved; however, once the optical
signal is propagated through the �ber, �ber linear e�ects such as the chromatic dispersion
interact with the optical �eld, resulting in nonlinear distortions upon intensity detection, as
depicted in Fig. 2.11, and is studied throughout this thesis.

freq
From the OFDM 

transmitter

To the OFDM 
receiver

Fiber

0

freqf0

freq0

Nonlinear distortion

Figure 2.11: DM/DD system.

Direct modulation of a laser source is a cost-e�ective solution able to achieve transmission
information bit rates in the order of Gbits/s and a suitable scheme for metro and access
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optical networks (an optical transport network is shown in Fig. 2.12) where the link reach
is in the order of tens of kilometers.

Optical core network

Optical metro
network (regional)

Optical access network 
(tens of kilometers)

Optical add-drop multiplexers

Optical cross-connects

Figure 2.12: Optical transport network.

2.3.2 Externally-modulated systems

For linear-�eld modulation and externally intensity modulation based-systems, the Mach-
Zehnder modulator (MZM) is usually used for optical modulation. Based on the electro-
optic e�ect, such as the refractive index of the crystal changes as a consequence of the
applied external �eld, both amplitude and phase modulation can be performed. Some of the
materials typically used for electro-optical e�ect employment are lithium niobate (LiNbO3),
indium phosphate (InP), gallium arsenate (GaAs), and some polymer materials [56].

The electrical �eld output Eout in MZM from Fig. 2.13(a) is related to the �eld input Ein
as:

Eout(t) =
1

2

(
exp
(
j
π

Vπ

(
Vrf1(t) + Vb1

))
+ exp

(
j
π

Vπ

(
Vrf2(t) + Vb2

)))
· Ein (2.26)

where Vπ is the di�erential drive voltage required to introduce a phase shift of π radians
between two waveguide arms. V1(t) and V2(t) are the electrical dive signals applied to upper
and lower electrodes, respectively. For zero-chirp operation, the modulation signals are equal
but with opposite sign (V1(t) = −V2(t) = m · Vrf (t)) and the relation between the output
and input �elds of the MZM can be expressed as:

Eout(t)

Ein
= exp

(
j
π

Vπ

Vb1 + Vb2
2

)
· cos

(
π

Vπ

(
m · Vrf (t) +

Vb1 − Vb2
2

))
· Ein (2.27)
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In Fig. 2.13(b) are shown the �eld transfer function Eout(t)/Ein and the intensity transfer
function |Eout(t)/Ein|2. For linear �eld modulation, the MZM must be operated at the
null point (NP) by setting Vb = Vb1−Vb2

2 = (2k + 1)Vπ, k ∈ Z, whilst the quadrature-point
(QP) is selected for operation when intensity modulation is performed, Vb = Vb1−Vb2

2 =
(2k + 1)Vπ/2, k ∈ Z.
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Figure 2.13: a) Mach Zehnder modulator. b) Field and intensity transfer functions of a MZM
modulation.

In linear �eld modulation based-systems, the modulating signal is generally given by a
frequency-upconverted OFDM signal, such as that in Eq. (2.9), as shown in Fig. 2.14(a).
Another option is the employment of an IQ optical modulator which comprises two MZMs
to up convert the real/imaginary parts of the signal [67, 68], as shown in Fig. 2.14(b) .
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Figure 2.14: OOFDM System with a) electrical frequency up-conversion. b) optical frequency
up-conversion.

Unlike intensity modulated systems, where direct detection is the logical choice, both direct
[67] and coherent detection [69] can be used when the �eld is modulated.
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2.3.2.1 Directly-detected systems

When direct detection is employed, an optical carrier is transmitted together with the in-
formation signal, of which generally only one of the sidebands from the �eld modulation is
transmitted in order to overcome chromatic dispersion-induced fading. Such single-sideband
modulation can be carried out by using an optical �lter at the output of the modulator, as
indicated in Fig. 2.15. The photodetector output is proportional to the incident power,
which means that only information carried by the amplitude change can be correctly de-
tected, while the phase information is lost. The beat between the optical carrier and the
signal sideband as result of the intensity detection gives us the desired information sideband
in the electrical domain, together with signal×signal beat interference terms. This is also
known as a self-coherent receiver, and has advantages in terms of phase noise, though the
spectral e�ciency is not as high as a coherent receiver [18].
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Laser (f0) Opt. Filter

From the OFDM 
transmitter

To the OFDM 
receiver

Fiber
f0f0

f0

f

signalxsignal beat interference

Figure 2.15: Directly-detected system.

2.3.2.2 Coherently-detected systems

Unlinke directly-detected systems, coherent detection allows the recovery of the full electric
�eld, which contains both amplitude and phase information, and, thus, the information
can be enconded in both the in-phase and quadrature components of the �eld. Moreover,
compared to systems with direct detection [45], the employment of both �eld polarizations for
information enconding is straightforward. Coherent detection represents the most promising
detection technique for achieving high spectral e�ciencies while maximizing signal-to-noise
ratio e�ciency [70].

The optical signal at the output of the �ber is mixed with an optical signal coming from
a local oscillator which serves as absolute phase reference, as indicated in Fig. 2.16. In
Fig. 2.16(a) the heterodyne design of the detector is shown, in which the optical angular
frequency of the signal ωs is not equal to optical angular frequency of the local laser oscillator
ωLO, whilst in Fig. 2.16(b) its homodyne version is shown, in which ωs = ωLO.
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Figure 2.16: System with a) heterodyne and b) homodyne coherent detection.

The signals at the output of the detectors in Fig. 2.16(a) can be expressed as:

I1(t) ∝ 1

2
<·|Es(t)+ELO(t)|2

=
1

2
<·|Es|2+

1

2
R·|ELO|2+<·Re

{
Es(t)·E∗LO(t)

}
(2.28)

I2(t) ∝ 1

2
<·|Es(t)−ELO(t)|2

=
1

2
<·|Es|2+

1

2
R·|ELO|2−<·Re

{
Es(t)·E∗LO(t)

}
(2.29)

where Es(t) = As(t) ·exp
(
ωs ·t+φs(t)

)
and ELO(t) = ALO(t) ·exp

(
ωLO ·t+φLO(t)

)
are the

transmitted information and the local oscillator optical signals, and < is the responsivity of
the photodetector. The output of the balanced detector is thus given by

I(t) = I1(t)− I2(t) = 2<·Re
{
Es(t)·E∗LO(t)

}
(2.30)

= 2< ·As(t) ·ALO(t)·cos
(
ωIF ·t+ φs(t)− φLO(t)

)
(2.31)

where ωIF = ωs − ωLO. An electrical oscillator is then employed to down-convert the
signal at the intermediate frequency ωIF to baseband, as shown Fig. 2.16(a). Similarly, the
photocurrents at the output of the balanced detectors in the homodyne design are given by:

II(t) = I1(t)− I2(t) = 2<·Re
{
Es(t) · E∗LO(t)

}
= 2< ·As(t) ·ALO(t)·cos

(
∆ω·t+ φs(t)− φLO(t)

)
(2.32)

IQ(t) = I3(t)− I4(t) = 2<·Im
{
Es(t) · E∗LO(t)

}
= 2< ·As(t) ·ALO(t)·sin

(
∆ω·t+ φs(t)− φLO(t)

)
(2.33)
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Optical phase lock-loops or signal processing algorithms must be used to correct mismatches
between the transmitter laser and the local oscillator frequencies, apart from the processing
needed for the recovery of the phase information φs(t) [56, 70, 71]. Both aspects are of great
importance in OOFDM systems due to the sensitivity of OFDM to frequency o�sets and
phase noise, which destroy the orthogonality between subcarriers.

2.4 Summary

We have reviewed the basic concepts on OFDM for the understanding of the work presented
in next Chapters. In short,

� OFDM is a multiplexing technique with which the information data is transmitted
in parallel at lower rates than in a serial fashion and over the transmitted signal's
frequency content.

� The IDFT realizes the assignation of data to an orthogonal basis function at the
transmitter, and the DFT its corresponding detection at the receiver side.

� Both operations also determine the points where the signal is translated from frequency
to time domain and from time to frequency domain, respectively.

� Linear e�ects which a�ect to the signal, x[m],m = 0, 1, ...FS − 1, can be easily com-
pensated at the receiver end side if proper values of the cyclic extensions are used.

� The amplitude values of the OFDM signal is random, and they can achieve unexpected
high values, which imposes stringent conditions on the transceiver design.

� The main advantages OFDM brings to optical communications come from the division
of the available transmission bandwidth into independent channels (scalability, adapt-
ability and subcarrier granularity), as well as its ease equalization of linear �ltering
e�ects.

� Manifold and di�erent architecture designs have been proposed for the transmission of
OOFDM signals for optical communications, being the result of the many trade-o�s
involved: link reach, cost, transmission rate, signal quality, power e�cienciy,...

� In metro and access optical networks, where the cost is of main concern and the
link reach is limited to a tens of kilometers, direct modulation/detection is a suitable
scheme for the provision of Gbits/s communication services.
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Chapter 3

Theoretical Analysis of DM/DD
OOFDM Systems

3.1 Introduction

As we have pointed out in Chapter 1, impressive experimental results in terms of signal line
rates in OOFDM systems with direct modulation have been achieved. Nevertheless, there
is an obvious lack of theoretical results which enlighten the physics behind the performance
of such systems. A deep understanding of such physics is necessary for a proper design of
DM/DD OOFDM systems leading to higher transmission bit rates.

We can �nd in the literature some IM/DD OOFDM analysis which study the system perfor-
mance. However, they focus on the in�uence of the transceiver electronics design parameters
but not on the direct modulation process and �ber transmission e�ects [60], or based on not
general mathematical assumptions on the optical direct modulation process [43]. In [41], a
small-signal analysis which includes the laser rate equations is performed, but, consequently,
laser nonlinear distortion is neglected in the analysis. In [72], they neglect the in�uence of
laser chirp when OOFDM is compared with on-o� keying format. In [73] they report a
signi�cant performance improvement when OOFDM signals are propagated through nega-
tive dispersion �bers, but a clear and explicit explanation of this phenomenon for directly
modulated OOFDM signals propagation is needed in order to �nd out the conditions which
make possible this improvement, what can only be achieved through a rigorous mathematical
description of the physical mechanisms involved.

In this chapter, we present a theoretical analysis using a detailed mathematical treatment
to study the e�ects of the laser nonlinearity and the global impact of the laser chirp and
chromatic dispersion with regard to the system performance. Our approach allows the
evaluation of an IM/DD OOFDM SMF link under di�erent conditions and the separate
computation of the di�erent intermodulation distortion (IMD) penalties. The chapter is
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structured as follows: in Section 3.2 we describe the DM/DD OOFDM system and present
the mathematical formulation derived to obtain an analytical expression of the detected
photocurrent. Section 3.3 presents the results obtained by evaluating the previous expression
and we compare them to those provided by commercial software simulations for di�erent
system parameter values with the aim of theoretical validation. In Sections 3.4 and 3.5 the
analytical formulation allows us to isolate and study the useful term for the information
signal detection at the receiver-end side and the nonlinear distortion which impairs the
system performance. Finally, in Section 3.6, the contents of the chapter are summarized.

3.2 Analytical Formulation

As we saw in Chapter 2, after calculating the IFFT of the information symbols block, with
Hermitian symmetry and digital-to-analog conversion, the OFDM symbol starting at t=0
and with duration T can be expressed as:

s(t) =

N∑
k=1

|Xk| · cos(Ωkt+ ϕXk) ∗ htrx(t) + ntrx(t), 0 ≤ t ≤ T (3.1)

where Xk = |Xk|ej·ϕXk are the information complex symbols, Ωk is the angular frequency
value of the k-th subcarrier, N the number of subcarriers, and ntrx(t) is a noisy term due
to quantization and clipping [60]. The value of the discrete frequency Ωk is given by k·∆Ω,
where ∆Ω is the spacing angular frequency between consecutive subcarriers. The analog
OFDM signal is then scaled to yield a certain value of peak current and a dc value is added
to operate the optical source. The input current to the laser is then given by:

i(t) =i0 + im(t) = i0 +m ·
( N∑
k=1

|Xk| · cos(Ωkt+ ϕXk) ∗ htrx(t) + ntrx(t)
)

=i0 +

N∑
k=1

2ik · cos(Ωkt+ ϕik) ∗ htrx(t) + n′trx(t), 0 ≤ t ≤ T (3.2)

where i0 represents the dc-o�set added just before the laser, m is the scaling factor deter-
mined by the electrical attenuation to operate the laser within a certain region (|im(t)| ≤ ∆i),
and ik ·exp((−)jϕik) is the driving current coe�cient at frequency (−)Ωk. The directly mo-
dulated laser model employed for simulations is governed by the following equations [65,
66]:

dp(t)
dt = [Γ · vga n(t)−nt

1+εnl·p(t) −
1
τp

]p(t) + ζΓ · n2(t)
dn(t)
dt = i(t)

e·V −An−Bn
2 − Cn3 − vga n(t)−nt

1+εnl·p(t) · p(t)
dφ
dt = 1

2αΓvgag(n(t)− nt)
(3.3)

where p(t), n(t) are the photon and carrier densities in the laser active region, respectively,
φ(t) is the phase of the output optical signal, Γ is the con�nement factor, vg is the group
velocity, ag is the linear material gain coe�cient, nt is the transparency carrier density,
εnl is the nonlinear gain coe�cient, τp is the photon lifetime, ζ determines the fraction of
spontaneous emission that is emitted into the fundamental mode of the laser, V is the volume
of the active region, i(t) is the driving current fed into the laser, e is the electron charge, A is
the non radiative-recombination coe�cient, B is the radiative-recombination coe�cient and
C is the Auger recombination coe�cient. This DML model takes into account longitudinal
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mode spatial hole burning, linear and nonlinear carrier recombination, and nonlinear gain
e�ects. Although Langevin source noises are not included, this lumped DML model has
proved to provide su�ciently accuracy when compared to experimental results [41, 74].

The optical �eld at the output of the DML laser is given by:

E(t, z = 0) =
√
P (t) · exp

(
j · φ(t)

)
· exp

(
j · ω0t

)
(3.4)

where P (t) and φ(t) are the output optical intensity and phase, respectively, and ω0 is the
laser central wavelength. The optical intensity is related to the photon density by:

P (t) =
1

2
αmηoptvghf0

V

Γ
· p(t) = Cp · p(t) (3.5)

being ηopt the coupling e�ciency, hf0 the photon energy at the emission frequency f0, and
αm the mirror loss. The output optical phase, φ(t), is determined by Eq. (3.3).

The transfer function of the SMF is given by:

Hfib(ω) = exp
(
j · (β0 + β1 · (ω − ω0) +

1

2
β2 · (ω − ω0)2) · L

)
(3.6)

where β(ω) is the propagation constant of the �ber, β0 its value at ω = ω0, β1 and β2 are
its �rst and second derivatives evaluated at ω0 and L is the length of the �ber. β2 is related

to the dispersion parameter D of the �ber through β2 = −D λ2
0

2π·c0 , where c0 denotes the
speed of light in vacuum. Therefore, the mathematical analysis performed is applicable to
OOFDM systems operating in the third window where the second order dispersion parameter
dominates and the coe�cient of the third order dispersion is small. Once the optical signal
is propagated through the �ber, the optical intensity is detected by means of a square-law
photodetector:

Iph(t) = < · |E(t, z = L)|2 (3.7)

where < is the responsivity of the photodetector. The described OOFDM system is depicted
in Fig. 3.1.

Our goal is to obtain a mathematical expression of Eq. (3.7), since it will be a much more use-
ful tool for the understanding of directly modulated OOFDM systems than the observation
of the �nal results in numerical simulations.

In order to derive an approximated mathematical expression of the detected photocurrent
which faithfully describes the laser nonlinearity and the conversion of laser chirp to optical
intensity as result of the chromatic dispersion, we make several assumptions. First of all,
noises generated at the transmitter electronic stage, such as quantization and clipping noises,
are ignored. Besides, transmitter �ltering e�ects are neglected as well, and the OFDM
symbol duration extends to −∞ to ∞, so we can write:

i(t) = i0 +

N∑
k=1

2ik · cos(Ωkt+ ϕik) (3.8)

Given the fact that the optical �ber transfer function operates in the �eld domain, we need
to get rid out of the square root in Eq. (3.4) in order to determine a mathematical expression
of the ouput �ber optical �eld. We approximate the optical intensity |E(t, z = 0)|2 by:

P (t) ≈ P0+P1(t)+P2(t)+P11(t) (3.9)
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Figure 3.1: Schematic illustration of the simulated OOFDM system. Inset: OFDM signal power
spectrum

where P0 is the mean optical power and

P1(t) =

N∑
k=1

2pk · cos
(
Ωkt+ ϕpk

)
P2(t) =

N∑
k=1

2p2k · cos
(
2Ωkt+ϕp2k

)
P11(t)=

N∑
k=1

k−1∑
l=1

2pkl · cos
(
(Ωk+Ωl)t+ϕpkl

)
+

N∑
k=1

k−1∑
l=1

2pk_l · cos
(
((Ωk−Ωl)+ϕpk_l)

)
(3.10)

where pk·ej·ϕpk , p2k·ej·ϕp2k , pkl·ej·ϕpkl and pk_le
j·ϕpk_l are the �rst and second order complex

coe�cients of the intensity at frequencies Ωk, 2Ωk, (Ωk + Ωl) and (Ωk − Ωl), respectively,
whose values are determined by the transfer functions Hp1(Ωk), Hp2(Ωk), Hp11(Ωk,Ωl) and
the input driving current:

pk · exp
(
j · ϕpk

)
= Hp1

(
Ωk
)
· ik · exp

(
j · ϕik

)
p2k · exp

(
ϕp2k

)
= Hp2

(
Ωk
)
· i2k · exp

(
j · 2 · ϕik

)
pkl · exp

(
j · ϕpkl

)
= Hp11

(
(Ωk,Ωl)

)
· ik · il · exp

(
j · (ϕik + ϕil)

)
pk_l · exp

(
j · ϕpk_l

)
= Hp11

(
(Ωk,−Ωl)

)
· ik · il · exp

(
j · (ϕik − ϕil)

)
(3.11)

The �rst and second order intensity/driving current transfer functions, Hp1(Ωk), Hp2(Ωk)
andHp11(Ωk,Ωl) have been derived by doing a perturbative analysis of Eqs. (3.3), and whose
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details can be consulted in Appendix A. Using the approximation
√

1 + x ≈ 1 + x
2 −

x2

8 , the
modulus of the optical �eld is approximated by:

|E(t)| ≈ 1

P
1
2

0

·
(
1+

P1(t)+P2(t)+P11(t)

2
− P 2

1 (t)

8·P0

)
=

a+b·P1(t)+c·P2(t)+c·P11(t)+d·
N∑
k=1

N∑
l=1
l 6=k

2pk·pl·cos
(
(Ωk+Ωl)t+ϕpk+ϕpl

)

+d·
N∑
k=1

N∑
l=1
l 6=k

2pk·pl·cos
(
(Ωk − Ωl)t+ϕpk−ϕpl

)
+d

N∑
k=1

2p2
k·cos

(
2(Ωkt+ ϕpk)

)
(3.12)

where the constants

a = P
1
2

0 , b = c =
1

2P
1
2

0

, d = − 1

8P
3
2

0

(3.13)

have been introduced merely because of nomenclature simpli�cation. To describe completely
the optical signal in Eq. (3.4), we need to �nd a mathematical approximation for the optical
phase φ(t). Preliminary results have shown the convenience of adding also the laser nonlin-
earity into the mathematical expression of optical phase φ(t). For that reason, the optical
phase is approximated by:

φ(t) ≈
N∑
k=1

mk · sin(Ωkt+ ϕmk) (3.14)

wheremk is the frequency modulation index at the k-th subcarrier and ϕmk its corresponding
phase, which values are given by:

mk · exp
(
j · ϕmk

)
=2j·Hφ1

(
Ωk
)
· ik · exp

(
j · ϕik

)
+

2j·Hφ2

(
Ωr
)
· ir · exp

(
j · 2 · ϕir

)
+

2j·Hφ11

(
Ωm,Ωn

)
· im · exp

(
j · ϕim

)
· in · exp

(
j · ϕin

)
+

2j·Hφ11

(
Ωp,Ωq

)
· ip · exp

(
j · ϕip

)
· iq · exp

(
− j · ϕiq

)
(3.15)

where the di�erent indices must satisfy:

k = 1, 2, ...N

2 · r = k

m+ n = k,m > n

p− q = k, p > q

That is, we have included in mk · exp
(
j · ϕmk

)
the second harmonic and intermodulation

products which fall at the discrete subcarrier frequency Ωk. The mathematical approxima-
tion of the complex electric �eld we obtain for subsequent mathematical analysis is given
by:

E(t) = |E(t)|·exp
(
j ·

N∑
k=1

mk · sin(Ωkt+ ϕmk)
)

(3.16)

Complex exponential functions are usually handled using a small argument approximation,
as done in [43] and [41] to study the time-varying output phase from the laser. Nevertheless,
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at the aim of carrying out a rigorous theoretical analysis, we use the Jacobi-Anger identity
to deal with the approximated output optical phase φ(t):

exp
(
j·

N∑
k=1

mk · sin(Ωkt+ ϕmk)
)

=

N∏
k=1

( ∞∑
nk=−∞

Jnk
(
mk

))
· exp

( N∑
k=1

nk
(
Ωk·t+ ϕmk

))
(3.17)

In this way we obtain an expression with which each spectral component of the optical signal
is completely determined. The e�ects of the propagation through the dispersive �ber can
be taken into account by multiplying the signal's spectral content with the �ber transfer
function in Eq. (3.6), and going back to the time-domain by calculating the inverse Fourier
transform [75]:

E(t, z = L) = FT−1{FT{E(t, z = 0)} ·Hfib(Ω)} (3.18)

Using the Graf's theorem for the summation of Bessel functions [76], as done in [77], and
neglecting some higher order terms, the �nal expression of the photocurrent calculated as
Eq. (3.7) can be simpli�ed up to a point. Because of its length, we separate the photocurrent
expression in di�erent terms:

Iph(t) ≈ <·
∞∑

n1...nN=−∞

(
T0(n1...nN ) + T1(n1...nN ) + T2(n1...nN )+

T3(n1...nN ) + T4(n1...nN ) + T5(n1...nN )

)
·exp

(
j
(

Ωimpt+

N∑
k=1

nk
(
ϕmk +

π

2

)))
(3.19)

where θk = −β2

2 ΩimpΩkL, with Ωimp =
∑N
k=1 nk·Ωk. By particularizing for di�erent com-

binations of values of n1, n2, ..., nN , the di�erent components which fall at Ωimp can be
easily found. The expressions of T0, T1, T2, T3, T4 and T5 are:

T0(n1...nN ) = Jn1
(µ1)··JnN (µN )·

(
a2+2·b2

N∑
k=1

p2
k·cos(2θk)

)
(3.20)

being µk = 2mk · sin(θk). The term T0 is due to the laser phase/frequency modulation
and its conversion to intensity after propagation: as result of the spectral imbalance due
to chromatic dispersion, the coe�cients µ begin to be di�erent to zero; as result nonlinear
distortion products start to appear at Ωimp, but also a linear information signal component,
as we will see in Section 3.4.

T1(n1...nN ) =

Jn1
(µ1)··JnN (µN )·

(
2ab

N∑
k=1

pk·cos(θk)

Jnk(µk)
·
(
Jnk+1(µk)·exp

(
j(ϕmk−ϕpk+

π

2
)
)
+

Jnk−1(µk)·exp
(
−j(ϕmk−ϕpk+

π

2
)
)))

(3.21)

T1 contains the useful part of the intensity modulated information signal. By setting an
index nr to 1 at once, the information modulated into the intensity may be found for
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frequencies Ωimp = Ω1,Ω2, ..,ΩN . It is the result of the beating betwen the optical carrier
and the information sideband, as we can see from the fact that it is directly proportional to
a · b. The expression of T1 allows us to determine the di�erent intermodulation products
which arise because of the interplay of laser chirp and chromatic dispersion at Ωimp as result
of the propagation of P1(t) through the �ber.

T2(n1...nN ) =

Jn1
(µ1)··JnN (µN )·

(
2ac

N∑
k=1

p2k·cos(2θk)

Jnk(µk)

(
Jnk+2(µk)·exp

(
j(2ϕmk−ϕp2k

+π)
)
+

Jnk−2(µk)·exp
(
−j(2ϕmk−ϕp2k

+π)
)))

(3.22)

T3(n1...nN ) = Jn1
(µ1)··JnN (µN )·(

2ac

N∑
k=1

k−1∑
l=1

pkl·cos(θk+θl)

Jnk(µk)Jnl(µl)

(
Jnk+1(µk)·Jnl+1(µl)·exp

(
j(ϕmk+ϕml−ϕpkl+π)

)
+

Jnk−1(µk)·Jnl−1(µl)·exp
(
−j(ϕmk+ϕml−ϕpkl+π)

))
+

2ac

N∑
k=1

k−1∑
l=1

pk_l·cos(θk−θl)
Jnk(µk)Jnl(µl)

(
Jnk+1(µk)·Jnl−1(µl)·exp

(
j(ϕmk−ϕml−ϕpk_l)

)
+

Jnk−1(µk)·Jnl+1(µl)·exp
(
−j(ϕmk−ϕml−ϕpk_l)

)))
(3.23)

The origin of T2 and T3 is the laser second order nonlinear distortion represented by P2(t)
and P11(t) in Eq. (3.10). This nonlinear distortion is a�ected by the laser chirp and its
consequent conversion to intensity due to chromatic dispersion. When intensity detection
occurs, its beat with the optical carrier generates T2 and T3.
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T4(n1...nN ) = Jn1(µ1)··JnN (µN )·(
N∑
k=1

N∑
l=1
l 6=k

pk·pl
Jnk(µk)Jnl(µl)

(
−Jnk+1(µk)·Jnl+1(µl)·exp

(
j(ϕmk−ϕpk+ϕml−ϕpl)

)
·

(
2ad·cos(θk+θl)+b

2·exp
(
j(θk−θl)

))
−

Jnk−1(µk)·Jnl−1(µl)·exp
(
−j(ϕmk−ϕpk+ϕml−ϕpl)

)
·(

2ad·cos(θk+θl)+b
2exp

(
− j(θk−θl)

)))
+

N∑
k=1

N∑
l=1
l 6=k

pk·pl
Jnk(µk)Jnl(µl)

(
Jnk+1(µk)·Jnl−1(µl)·exp

(
j(ϕmk−ϕpk−ϕml+ϕpl)

)
·

(
2ad·cos(θk−θl)+b2·exp

(
j(θk+θl)

))
+

Jnk−1(µk)·Jnl+1(µl)·exp
(
−j(ϕmk−ϕpk−ϕml+ϕpl)

)
·(

2ad·cos(θk−θl)+b2·exp
(
− j(θk+θl)

))))
(3.24)

T5(n1...nN ) = Jn1
(µ1)··JnN (µN )·(

N∑
k=1

p2
k

2ad·cos(2θk)+b2

Jnk(µk)

(
Jnk+2(µk)·exp

(
j2(ϕmk−ϕpk+

π

2
)
)
+

Jnk−2(µk)·exp
(
−j2(ϕmk−ϕpk+

π

2
)
)))

(3.25)

Finally, terms T4 and T5 are due to the nonlinear mapping inherent to intensity modulation
[1] between the electrical OFDM signal and the optical �eld. In our mathematical treatment
we have considered the term P 2

1 (t) in Eq. (3.12), and T4 and T5 are the result of its
propagation through the dispersive link and subsequent intensity detection.

The mathematical treatment performed to deal with the laser chirp using the Jacobi-Anger
identity allows us to calculate any order of intermodulation which results of the conversion
of the laser chirp to intensity. E�ectively, the di�erent intensity terms in Eq. (3.9) and
transmitted through the dispersive link interfere with those due to the laser chirp, which
causes di�erent nonlinear distortion products in the detected photocurrent. The particular
contribution of each term (T0, T1,...T5) at di�erent frequencies is obtained by particularizing

for di�erent values of n1, n2, ..., nN , being its order equals to n =
∑N
i=1 |ni| [77]. As example,

the contribution of T0 at Ω = Ω4 can be calculated for an order equals to n = 2 by imposing
n2 = 2, nk = 0 with k ∈ [1, 3...N ], or n1 = 1, n3 = 1, nk = 0 with k ∈ [2, 4, 5, ...N ], or
n5 = 1, n1 = −1, nk = 0 with k ∈ [2, 3, 4, 6, 7, ...N ]. Proceeding in this way, we can calculate
the contribution of T0, T1,...T5 for di�erent combinations of values for n1, n2, ..., nN .

Please note that the derived expression for the photocurrent can be easily adapted to a
directly modulated OOFDM system with RF-upconversion, since, in that case, the driving
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modulating signal can be written as:

i(t) = i0 +

N/2−1∑
k=−N/2

ik · cos
((

Ωc + Ωk
)
·t+ ϕik

)
(3.26)

and, thus, its mathematical treatment is very similar to that explained for Eq. (3.8).

3.3 Accuracy of the analytical model

Given the complex derivation procedure of the analytical formulation, one is left with the
uneasy question of whether it may be correct and accurate. Moreover, the analytical for-
mulation just presented is the basis of the next chapters, and, therefore, it is mandatory to
validate it and explore its possible limitations. In order to validate it we have compared
the results provided by Eq. (3.19), with those provided by commercial simulation packages
based on the numerical integration of the laser rate equations. After all, in order to derive
Eq. (3.19), we have done several assumptions:

� We have assumed that the analog electrical OFDM signal can be expressed as a sum of
in�nite time duration tones in Eq. (3.8). In the frequency domain, in�nite-time tones
are represented by Delta's dirac, but, as we saw in Chapter 2, OFDM signal's power
spectrum is better represented by sinc2 functions, with their corresponding non-zero
bandwidth.

� We have considered up to a second order laser nonlinearity in Eq. (3.9). Depending
on the laser parameters, its operation point and the number of tones of the laser
modulating signal, it may be convenient to consider third order laser nonlinearity as
well.

� The modulus of the optical signal has been approximated by using a series expansion

of
√

1 + x ≈ 1 + x
2 −

x2

8 where x << 1: the smaller is the value of the modulating
signal im compared to the dc-o�set i0, the more accurate this approach is.

� Finally, after photodection, we retain the most signi�cant beats: those generated by
the optical carrier, and the signal × signal beat.

In order to demonstrate the validity of the analytical formulation performed in the previous
sections, we carry out a series of comparison tests with the simulations results obtained by
using Matlab and VPI software packages. In order to quantify how close the theoretical
formulation is to the simulation results, we calculate the next �gure of merit:

Erry[r] =

√√√√√
〈
|Yrecsim [r]− Yrectheo [r]|2

〉
〈
|Yrecsim [r]|2

〉 × 100, r = 1, 2, ...N (3.27)

where Yrecsim [r] and Yrectheo [r] are the received complex symbols before equalization at the
r-th subcarrier from simulations and from the evaluation of 3.19, respectively. Since we are
also interested on the validity of the model to measure the IMD which impairs the recovery
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of the signal at the receiver-end side, we also calculate numerically the total IMD with the
aim of comparison:

IMD[r] = 〈|Ŷ [r]−X[r]|2〉, r = 1, 2, ...N (3.28)

where Ŷ [r] is the equalized complex symbol of the r-th subcarrier.

Amongst the great variety of system parameters which can be varied, we perform our com-
parisons by changing:

� OOFDM modulation parameters: cyclic pre/post �x lengths (Tpre and Tpos), signal's
bandwidth (BW ), and the number of subcarriers the OFDM signal is composed (N).

� Laser modulation: bias point, i0, and the laser driving signal amplitude swing, ∆i.

� Laser internal parameters: the nonlinear gain coe�cient, εnl, the linewidth enhance-
ment factor, α and the photon lifetime, τp (through the laser cavity loss, αint).

Given the large number of parameters involved, the comparisons are done by varying just one
of the parameters at once. The default number of subcarriers N is 26 and the default values
for i0 and ∆i are 60mA and 5mA, respectively, whilst the next default laser parameters are
used: εnl = 3× 10−23m3, α = 4 and τp(αint = 2873m−1) = 1.9375ps.

On other hand, as it can be noted from Eqs. (6.8)-(6.13), we need to truncate their compu-

tational evaluation to a certain limit of intermodulation order n =
∑N
i=1 |ni|: T0 and T1 are

evaluated up to an order equal to n =
∑N
i=1 |ni| = 3, whilst T2, T4 and T5 are evaluated

up to an order equal n =
∑N
i=1 |ni| = 2. Such di�erent treatment is easily explained by the

di�erent origin of T0 and T1 with respect to T2, T4 and T5: as explained in Section 3.2,
T0 and T1 �nd their origin in the �rst order laser frequency/phase and intensity modula-
tions, respectively, whilst T2, T4 and T5 are intrinsically nonlinear terms, and, therefore,
of smaller magnitude.

3.3.1 OOFDM modulation parameters

The next parameter values are used: a sampling rate fsam equal to 4GHz, which gives us
an electrical bandwidth BW equal to 2GHz. This electrical bandwidth is divided into 32
bins, which means a spacing frequency ∆f equal to 62.5 MHz. From these 32 bins, N = 26
are used for the transmission of information data; 32-QAM is used as modulation format,
and the electrical transmitter and receiver �lters are square root raised cosine type. A cyclic
pre/pos�x of 50% the original OFDM symbol duration are appended to each OFDM symbol
and a CL, de�ned as in Eq. (2.21), of 13.8dB is set. The laser operation point is 60mA. The
default laser parameters used for the DML model are those shown in Table 3.1

The time waveform and the power spectral density of the laser driving modulating signal
(with no bias o�set) is shown in Fig. 3.2.

We can observe that the peak-to-peak driving current amplitude is approximately 10mA and
the signal bandwidth is approximately 1.6GHz (26 × 62.5MHz=1.625GHz). For a back-to-
back transmission, the received complex symbols, the de�ned error measurement Erry and
the intermodulation distortion are shown in Fig. 3.3.
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Table 3.1: Laser Parameters

Parameter Value

Cavity length, width and thickness 300, 2 and 0.2 µm

Con�nement factor 0.3

Group refractive index 4

Linear gain coe�cient 4 x 10−20 m2

Nonlinear gain coe�cient 3 x 10−23 m3

Transparency carrier density 1.5 x 1024 m−3

Nonradiative recombination rate 0.1 x 108 s−1

Biomolecular recombination coe�cient 1.0 x 10−16 m3

Auger recombination coe�cient 3 x 10−41 m6/s

Internal loss 2873 m−1

Mirror loss 2990.9 m−1

Coupling factor 1x10−5

Optical e�ciency 1

Facet re�ectivities 0.3
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Figure 3.2: a) OFDM waveform and b) calculated power spectral density

From the constellation diagram, we can see that the received complex symbols are very close,
and the error quanti�cation through Erry gives excellent results. Concretely, the relative
error Erry adopt values below 0.3%. For the indicated working conditions, the theoretical
formulation is able to accurately describe the physic phenomena which a�ect the detected
information signal. In Fig. 3.3(c) we have compared the IMD obtained from simulations and
the analytical formulation, showing also very good agreements.

The same results have been obtained when the OOFDM signal propagates through a disper-
sive �ber span of 140km in order to check whether the theoretical model still gives accurate
results.

As shown in Fig. 3.4 the obtained theory is able to accurately describe the e�ects of the
accumulated dispersion: the complex symbols received obtained through the analytical for-
mulation follow very precisely those obtained through simulations (Fig. 3.4(a)), giving values
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Figure 3.3: (a) Received symbols Yrecsim (blue points) and Yrectheo (red points), (b) relative error
Erry, and (c) IMD calculated from simulations and the analytical formulation.

0 5 10 15 20 25 30
-15

-14.5

-14

-13.5

-13

-12.5

-12

 

 

Simulations
Anal. Formulation

Sim. Anal. Form. x 10-5

x 10-5 0 5 10 15 20 25 30
0

0.05

0.1

0.15

0.2

Subcarrier number

E
rr

y(%
)

a)
Subcarrier number

b)

c)
Subcarrier number

0 1 2 3 4 5
-16

-14

-12

-10

Frequency (GHz)

lo
g 10

(I
M

D
)

Figure 3.4: (a) Yrecsim (blue points) and Yrectheo (red points), (b) Erry, and (c) IMD calculated
from simulations and the analytical formulation.

of relative error Erry below 0.2% (Fig. 3.4(b)), and providing an accurate description of the
IMD (Fig. 3.4(c)).
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3.3.1.1 Variation of cyclic pre/post-�x lengths

The setting of the pre�x and post�x lengths to 50% the symbol duration yields to a waste of
transmission capacity and such high values are not usual in literature on OOFDM systems.
As we commented in Chapter 2, the purpose of the cyclic pre/post�x is to cancel out or miti-
gate the ISI and ICI e�ects due to the propagation of the signal through the communication
channel. In Fig. 3.5 we show the relative error Erry and the IMD values obtained when the
length of the pre/post�x is equal to 1/4, 1/8 and 1/16 the OFDM symbol duration. The
�ber length is equal to 140km.
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Figure 3.5: Results obtained for several cyclic extension length values. (a) relative error Erry,
(b) IMD calculated from simulations and the analytical formulation.

We can see from Fig. 3.5(a) that reasonably good matching is obtained for all values of
Tpre = Tpos shown, but the relative error increases rapidly when Tpre = Tpos is changed from
a value of 1/8 ·T to a value of 1/16 ·T . In Fig. 3.5(b) we show the obtained IMD values, and
we can observe that there is also a di�erence in the IMD values provided by the analytical
model and those obtained through simulations when Tpre = Tpos = 1/16·T . We can conclude
that the the analytical formulation gives accurate results provided that the impairment due
to ISI and ICI e�ects is kept low. The reason for such discrepancy is simple: the ISI and ICI
e�ects �nd their origin essentially in the �nite duration of the OOFDM symbols sent and
their mixture due to �ltering e�ects, whilst the analytical treatment we have presented is
based on the assumption that rf-waves in Eq. (3.8) time-in�nite. In Chapter 4 expressions
to account for the ISI and ICI e�ects will be presented.
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Chapter 3. Theoretical Analysis of DM/DD OOFDM Systems

3.3.1.2 Variation of the signal bandwidth

In order to achieve information rates beyond 10Gb/s with high order modulation formats
able to provide spectral e�ciencies larger than 2bits/Hz, signal bandwidths on the order of
several gigahertzs must be used. The question is whether the analytical formulation still
gives accurate results when the bandwidth of the electrical laser driving signal is increased.
In Fig. 3.6 we show the values obtained for Erry and IMD when the electrical bandwidth
BW is changed. The �ber length is equal to 100km.
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Figure 3.6: Results obtained for several electrical bandwidth values. (a) relative error Erry, (c)
IMD calculated from simulations and the analytical formulation.

Fig. 3.6 demonstrates that the theoretical treatment presented in this chapter includes the
di�erent �ltering e�ects due to the direct modulation laser as a result of a higher occupied
bandwidth and can be used for the study of broadband communications for the provision of
high bit rates: the relative error for BW = 5.5GHz is still below 0.45%, and the nonlinear
distortion matches very precisely with that obtained through simulations. The slight increase
in the relative error observed when the electrical signal bandwidth is increased may be due
to manifold reasons. At the view of the great matching obtained when the IMD is compared
in Fig. 3.6(b), it may be due to some misalignment between the �rst order transfer functions
predicted by the theory and those e�ectively obtained in simulations (e.g., due to inaccuracies
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in the carrier and photon densities at steady state); stronger laser nonlinearities as result of
a working operation closer to the laser resonance frequency may be also contributing to this
error.

3.3.1.3 Variation of the number of subcarriers

The increase on the number of subcarriers on OFDM systems may yield advantageous fea-
tures such as a lower % of the OFDM symbol duration dedicated to the transmission of the
cyclic extensions. The number of subcarriers e�ectively used in literature is diverse, ranging
from tens to thousands of them. Given the high computational load for the evaluation of the
photocurrent expression and its exponential dependence with the number of subcarriers, the
evaluation we carry out here is limited to 110. The results for di�erent number of subcarriers
are shown in Fig. 3.7 for an electrical bandwidth BW equal to 5.5GHz, a �ber length equal
to 100km, a peak driving current equal to 5mA and a bias point equal to 60mA.
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Figure 3.7: Results obtained for several values of number of subcarriers. (a) relative error Erry,
(c) IMD calculated from simulations and the analytical formulation.

From Fig. 3.7, it is demonstrated that the analytical formulation is also applicable to
OOFDM signals with di�erent number of subcarriers, since the theory calculates accu-
rately the di�erent intermodulation combinations. The relative error Erry is smaller than
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Chapter 3. Theoretical Analysis of DM/DD OOFDM Systems

0.5% for the three cases shown, and the theoretically calculated nonlinear distortion matches
perfectly with that calculated through simulations.

3.3.2 Laser operation

The choice of the laser operation point and its modulation depth is one of the most im-
portant factors which a�ect the performance of DM/DD OOFDM systems: it a�ects the
laser modulation bandwidth, the dynamics of the intensity and phase modulations, the non-
linearities introduced by the laser and the nonlinearity as result of the signal propagation
through the dispersive link.

In Fig. 3.8 we have changed the value of the laser driving signal amplitude swing ∆i from
5mA to 15mA for a laser bias set to 60mA. The �ber length is equal to 100km and the
electrical bandwidth is equal to 5.5GHz.
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Figure 3.8: Results obtained for several values of the laser driving signal amplitude swing. (a)
relative error Erry, (c) IMD calculated from simulations and the analytical formulation.

It can be observed that the analytical model is rather sensitive to the variation of the laser
modulation depth. However, even for the maximum value ∆i = 15mA, the theory provided
give us an error smaller than 4% as we can see from Fig. 3.8(a) and the nonlinear distortion is
still precisely described (Fig. 3.8(b)). We can observe that the nonlinear distortion increases
in the same quantity when ∆i is doubled: there is 12dB of di�erence between the curves

44



corresponding to ∆i = 5mA and ∆i = 10mA, which is exactly the same di�erence between
the curves corresponding to ∆i = 7.5mA and ∆i = 15mA.

A variation of the bias point induces a change of the dynamics of the laser because of the
di�erent value of the steady-state photon density value. In Fig. 3.9 the laser operation
point is varied from 40mA to 100mA, the �ber length is equal to 100km and the electrical
bandwidth is equal to 5.5GHz.
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Figure 3.9: Results obtained for several laser operation points. (a) relative error Erry, (c) IMD
calculated from simulations and the analytical formulation.

As expected from the assumption on the small magnitude of the laser modulating signal im
with respect to its average value i0, the relative error increases substantially when the laser
point is closer to the laser threshold. However, the consideration of the laser nonlinearity
through the terms P11(t) and P2(t) in Eq. (3.9) and in the laser phase modulation through
Eqs. (3.14)-(3.15) help to obtain still very low values of relative error (smaller than 2%
for the conditions in Fig. 3.9(a)) and an accurate description of the nonlinear distortion
(Fig. 3.9(b)).

3.3.3 Laser intrinsic parameters

The nonlinear gain coe�cient εnl, the linewidth enhancement factor α and the photon
lifetime τp are chosen as variable laser parameters to carry out the next comparison tests
because of their in�uence on the laser intensity and phase modulations [78]. The nonlinear
gain coe�cient εnl models the gain compression which occurs at large current biases as result
of the depletion in the number of carriers available. In Fig. 3.10 we show the results when
εnl is varied from 7× 10−24m3 to 1× 10−22m3. The �ber length is equal to 100km and the
electrical bandwidth is equal to 5.5GHz.

It is worthy to remark from Fig. 3.10(a) that low values of εnl, 7×10−24m3 and 1×10−23m3

yield higher values for the relative error, which seems to be contradictory to the fact that
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Figure 3.10: Results obtained for several values of nonlinear gain coe�cient. (a) relative error
Erry, (c) IMD calculated from simulations and the analytical formulation.

smaller laser nonlinearity is introduced. However, as it is seen in the next sections, �rstly,
laser nonlinearity has not be necessarily and completely detrimental and can, up to a point,
mitigate the nonlinear distortion due to the signal propagation through the dispersive �ber
and subsequent intensity detection, and, secondly, εnl has a great in�uence on the laser phase
modulation and, under particular cases, it may interfere with the detected component due
to the laser intensity modulation causing dips in the transfer function of the communication
system; these dips in the transfer function may be behind of this increase of the relative
error. As result of higher values of εnl = 1 × 10−22m3, laser nonlinearity increases and
so the relative error Erry (smaller than 1.5%), as it can be also observed in Fig. 3.10(b),
where a great matching between the results obtained through the evaluation of the analytical
formulation and those obtained through simulations is observed.

As Eq. (3.3) indicates, the laser frequency/phase modulation is directly proportional to the
linewidth enhancement factor and has its origin in the carrier-induced index change. Since
we can �nd in the market lasers with diverse values of α, it is interesting to check whether the
analytical formulation provided is able to describe di�erent laser phase modulation e�ects.
In Fig. 3.11 we show the results obtained when α is varied in an OOFDM system with a
�ber link of 100km and an electrical bandwidth of 5.5GHz. Note that we have included a
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case in which α is negative for the sake of validation, though is not possible with a laser
diode source,.
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Figure 3.11: Results obtained for several values of linewidth enhancement factor. (a) relative
error Erry, (c) IMD calculated from simulations and the analytical formulation.

The results observed con�rm the validity of the theory provided and values for Erry smaller
than 1.5% are obtained, as we can observe in Fig. 3.11(a), and an accurate description of
the distortion due to the laser frequecy modulation, as we can observe in Fig. 3.11(b).

Finally, we evaluate the obtained analytical formulation when faced to changes in the value
of the photon lifetime. In Fig. 3.12 we show the results obtained when the photon lifetime
is varied from τp = 1.5319ps to τp = 2.2188ps. As in the previous cases, the �ber length is
equal to 100km, and the electrical bandwidth is equal to 5.5GHz.

The relative error Erry is once again within acceptable values and increases just slightly
with the decrease of τp. A smaller value for Erry than 0.5% in Fig. 3.12(a), together with the
accurate description of the nonlinear distortion observed in Fig. 3.12(b) lead us to conclude
that the analytical formulation can be used to describe DM/DD OOFDM systems with
variable laser intrinsic parameters.
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Figure 3.12: Results obtained for several values of photon lifetime. (a) relative error Erry, (c)
IMD calculated from simulations and the analytical formulation.

3.4 Intensity and Phase modulated optical signals

At the receiver end, after propagation through the dispersive �ber, the detected information
signal is due to both the laser intensity and phase modulated signal components. Analytica-
lly, the detected signal can be determined by setting a certain index nr, with r ∈ [0, 1, ...N ],
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to 1, and the rest of indices to 0 in the expressions for T0 and T1, Eqs.(6.8)-(6.9):

(
T0|nr=1 + T1|nr=1

)
·exp

(
j
(

Ωr·t+
(
ϕmr +

π

2

)))
≈

N∏
k=1
k 6=r

J0(µk)·

( PM︷ ︸︸ ︷
P0 · J1(µr) ·+

IM︷ ︸︸ ︷
pr·cos(θr) ·

(
− J2(µr)·exp

(
j(2ϕmr−ϕpr )

)
+J0(µr)·exp

(
jϕpr )

)
+

N∑
k=1
k 6=r

pk·cos(θk)

J0(µk)
·
(
− J1(µr)·J1(µk)·exp

(
j(ϕmk + ϕmr−ϕpk)

)
+

J1(µr)·J−1(µk)·exp
(
−j(ϕmk − ϕmr−ϕpk)

)))
exp
(
jΩr·t

)
(3.29)

Both intensity and phase modulated components contribute to the transmission and detec-
tion of the information signal through their corresponding laser transfer functions, Hp1 and
Hφ1 , respectively. Nevertheless, the phase modulated part of the transmitted optical sig-
nal has surprisingly not received much attention in research on DM/DD OOFDM systems.
Moreover, as Eq. (3.29) indicates, this part of the detected signal is proportional to the
average optical power P0, and, thus, statements on the power ine�ciency of IM OOFDM
signals [72] must be, at least, re�ned when dealing with directly modulated schemes.

In Fig. 3.13 we show the calculated constellation diagrams of the received symbols from
the evaluation of expressions for T0|nr=1 and T1|nr=1, as well as the comparison with the
received symbols obtained from the simulations for the sake of validity. The results have been
obtained for a back-to-back con�guration and a �ber length equal to 100km. As expected,
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Figure 3.13: Constellation diagrams of the received symbols corresponding to T0|nr=1 and T1|nr=1

and T0|nr=1 + T1|nr=1 for a) L=0km and b) L=100km.

for a back-to-back con�guration, the symbols detected due to the laser phase modulation
(T0|nr=1, Fig. 3.13(a.1)) are null, because no conversion to intensity due to the chromatic
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dispersion has taken place. Therefore, the �nal symbols shown in Fig. 3.13(a.3)) are due only
to the intensity modulated part of the optical signal, (T1|nr=1, Fig. 3.13(a.2)). However,
once the 100km span of dispersive �ber is inserted, the information transmitted on the phase
modulated part of the optical signal start to spring up, as observed in Fig. 3.13(b.1); this part
of the detected information signal combines with that due to the laser intensity modulation
Fig. 3.13(b.2), in order to �nally produce the �nal detected symbols, Fig. 3.13(b.3).

We can observe from Fig. 3.13(b.1) and Fig. 3.13(b.2) that some of the symbols due to the
laser phase modulation are even greater than those due to the laser intensity modulation,
predictably those on highest frequencies because the accumulated chromatic dispersion e�ect
is higher. Since the magnitude of the part of the detected optical signal due to the laser
phase modulation can be of the same order than that due to the intensity modulation, it
is straightforward to wonder on how these two signal detected terms are combined: if the
phase di�erence between them is null, they are summed up �in phase", and, on the contrary,
if the phase di�erence is π rads, they cancel one to another. It is clear that the system
performance is better when the former situation occurs.

The phase di�erence between the intensity and phase modulated parts of the optical signal
depend on the intrinsic laser parameters involved in the optical modulation and the sign of
the dispersion parameter. In Fig. 3.14, we show the constellation diagrams of the calculated
transfer functions corresponding to the intensity and phase modulated parts of the optical
signal and the total transfer function when the sign of D and the value of the nonlinear gain
coe�cient εnl are changed.
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Figure 3.14: Constellation diagrams of the transfer functions of the detected intensity and phase
modulated parts of the optical signal, and the total transfer function for a �ber length equal to
100km. a) D = 17 × 10−6ps/(km · nm) and εnl = 3 × 10−23m3, b) D = −17 × 10−6ps/(km · nm)
and εnl = 3 × 10−23m3, c) D = 17 × 10−6ps/(km · nm) and εnl = 7 × 10−24m3, and d) D =
17× 10−6ps/(km · nm) and εnl = 1× 10−22m3.

As we can see from Fig. 3.14, the magnitude of the transfer function due to the laser phase
modulation gets higher values than that due to the laser intensity modulation as the fre-
quency increases, whilst at low frequencies the total transfer function is mainly due to the
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intensity modulated part of the optical signal. The �rst case, shown in Fig. 3.14(a), corre-
sponds to that with a typical value for the nonlinear gain coe�cient and a dispersive �ber
with normal dispersion. Except for the lowest frequencies, the magnitude of the resulting
total transfer function is slightly smaller than that due to the laser phase modulation. Just
the opposite occurs for a dispersive �ber with anomalous dispersion (Fig. 3.14(b)), where the
values due to laser phase modulation rotates π and get similar phase values to those due to
T1|nr=1, resulting in a constructive interference and thus in a higher total transfer function.
As we can see from Fig. 3.14(c) and Fig. 3.14(d) the nonlinear gain coe�cient εnl has a
great in�uence on the phase di�erence between both kind of detected signal components.
For low values, Fig. 3.14(c), their phases are approximately opposite, which may produce
a signi�cant fading at determined frequencies. A more favourable situation seems to occur
in Fig. 3.14(d) where both components are added more constructively; however, a higher
value of εnl leads to higher laser nonlinearities, and, thus, a proper choice of its value is not
conditioned only by the �rst order/linear e�ects shown in Fig. 3.14.

In order to see more clearly the e�ects of the phase mismatch between T0|nr=1 and T1|nr=1,
we calculate the next power ratio:

ηDML,β2(r) =

∣∣T0|nr=1 + T1|nr=1

∣∣2∣∣T0|nr=1

∣∣2 +
∣∣T1|nr=1

∣∣2 + 2
∣∣T0|nr=1

∣∣ · ∣∣T1|nr=1

∣∣ , r = 1, 2...N (3.30)

That is, ηDML,β2 is the ratio between the actual signal power at the rth subcarrier and that
obtained in the case T0|nr=1 and T1|nr=1 are summed up with the same phase. In Fig. 3.15
we show the obtained ratio ηDML,β2 for the four di�erent cases. It is clear that the the higher
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Figure 3.15: Power ratio ηDML,β2(r) for a �ber length equal to 100km.

the value of ηDML,β2, higher is the power e�ciency of the signal information transmission.
The most advantageous situation occurs for the �ber with anomalous dispersion; these high
values of e�ciency explain the improvement observed in previous works when �bers with
negative dispersion are employed [73]. It is also worthy to remark the small values of ηDML,β2

obtained for εnl = 7 × 10−24: values smaller than 0.2 are obtained within the frequency
band

[
18 × ∆f = 1.54GHz, 41 × ∆f = 3.52GHz

]
, which severely a�ect the �nal system

peformance.
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3.5 Carrier to interference power ratio and nonlinearity
description

The analytical model presented in Section 3.2 allows to extend Eq. (2.15) in order to take
into account the nonlinear distortion which impairs the received complex symbol Y [r]:

Y [r] = H[r] ·X[r] + I[r], r = 1, ...N (3.31)

where H[r] and I[r] represent the channel transfer function and interference components of
the r-th output of the receiver FFT.

Nonlinear distortion due to the direct modulation of the laser has been identi�ed as one of
the limiting system performance factors in DM/DD OOFDM systems [74]. In the context
of wireless OFDM communications systems, nonlinear distortion e�ects have been subject
of extensive study due to the signi�cant impact on system performance [79, 80]. For the
correct design of nonlinear distortion impairment mitigation techniques (pre- and post-
compensation strategies) in optical communications, we need to know the mechanisms that
generate the nonlinear distortion, as well as its power in comparison with that of the signal.
The analytical formulation here presented is an useful tool for such purpose, since it allows us
to isolate the di�erent sources of nonlinear distortion and get a more detailed comprehension
of them than by merely observing the compound e�ect into the detected signal.

In our model, at the absence of receiver noise, the only e�ect which impairs signi�cantly the
signal is the nonlinear distortion due to the DML and the subsequent propagation of the
chirped signal through the optical �ber, since ISI & ICI e�ects are overcome with a proper
choice of the cyclic pre�x length and clipping noise is negligible. Thus, I[r] is appropriately
characterized by Eqs. (3.19)-(6.13). The system performance can be then characterized
through the carrier-to-interference power ratio (CIPR):

CIPR(r) =
|H[r]|2

〈|I[r]|2〉
, r = 1, 2, ...N (3.32)

assuming that σ2
x = 1. A reasonable estimation of CIPR(r) is given by:

CIPR(r) = (3.33)∣∣∣T0|nr=1 + T1|nr=1

∣∣∣2
|T0|n=2+T1|n=2+T2|n=2+T3|n=2+T4|n=2+T5|n=2+T0|n=3+T1|n=3|2

(3.34)

In Fig. 3.16 we show the estimated CIPR, together with that obtained through simulation
with the aim of validation. Unlike simulations, the analytical formulation also allows us
to determine the ratio between the power information signal and isolated interfering terms,
which are determined by imposing di�erent combinations for the indexes n1, n2,...nN , as
explained in Section 3.2. The laser parameters used for the DML model are those shown in
Table 3.1 whilst fsam=11GHz (BW=5.5GHz), FS=128, N=55, i0=60mA and ∆i=10mA.

We can observe that the total CIPR of both the simulated and theoretical models agree for
L = 20km and L = 100km. For the studied conditions, the second order intermodulation
is the dominant source of nonlinear distortion, whose determination is done by imposing
np = 1, nq = ±1, nk = 0, p, q and k ∈ [1, 2, ...N ] with l > p, k 6= l and k 6= p. We can
observe that for L = 20km in Fig. 3.16(a), most of the distortion comes from T1, and more
concretely, when it is particularized to np = 1, nq = −1. As the frequency increases, T1
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Figure 3.16: Comparison of the carrier to interference power ratio obtained through simulation of
a DM/DD OOFDM system and that obtained through evaluation of Eqs. (6.8)-(6.13), power ratio
between carrier and di�erent interfering terms. (a) L=20km, and (b) L=100km.

with np = 1, nq = 1 becomes more detrimental, as expected because of the higher number
of nonlinear products of this type which fall on the signal subcarriers.

We can also observe that as the distance increases to L = 100km, the distortion imposed
by T0 increases, which is due exclusively to the beat between di�erent phase-to-intensity
converted components. The high power allocated on the optical carrier (given by a in
Eq. (3.13)), yields a signi�cant value of T0, and thus the interplay between laser phase
modulation and chromatic dispersion may degrade considerably the signal quality.

The nonlinear distortion caused by terms T3, T4 as well as that caused by the laser chirp
nonlinearities are of secondary importance with respect to the system performance limita-
tion, since their corresponding ratios are several dBs higher than those corresponding to T0
and T1. Similarly with the third order intermodulation distortion, we show the product
calculated by imposing np=-1, nq=1 nm=1 in the expressions for T0 and T1; thus, for base-
band DM/DD OOFDM systems, the limitation imposed by second order distortion should
be in a �rst step overcome to enhance its system performance, and mainly that coming from
the transmission of the optical carrier and the information signal.
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Finally, note that the total CIPR gets value higher than 20dB, but, even with so high
values, nonlinear distortion a�ects the bit-error-rate when high order modulation formats
(16-QAM, 32-QAM,..512QAM) are employed, since the detected information symbols at the
receiver end side must be weakly impaired in order to correctly decide which symbol has
been transmitted.

3.6 Summary

In this chapter an analytical model to describe the e�ects of laser direct modulation and
chromatic dispersion in an DM/DD OOFDM system has been reported. The optical signal
at the laser output was analytically characterized by using an accurate second order pertur-
bative analysis of the rate equations which describe the photon and carrier densities as well
as the output optical phase.

The results obtained by the evaluation of the analytical formulation have been validated by
comparing them with commercial software simulated results and have demonstrated that the
analytical formulation o�ers a great versatility and accuracy for the description of OOFDM
systems with di�erent transmission conditions. In order to demonstrate this point, deter-
mining parameters of the generation of the laser driving OFDM signal, the laser operation
as well as the dynamics of the optical modulation have been varied. It has been found
that the analytical formulation is able to account for the main e�ects in DM/DD OOFDM
systems, providing us huge quantity for their characterization and potential technique for
their improvement.

We have observed that the detected information signal is due to two linear terms which come
from the laser intensity and phase modulations, being the latter, under particular conditions,
of higher magnitude than the former. Their phase di�erence, determined by the laser mo-
dulation and the propagation of the signal through the dispersive �ber, a�ect signi�cantly
the power e�ciency of the system and, therefore, determines the system performance. The
proposed analytical formulation also gives us an accurate description of the nonlinear dis-
tortion which impairs the detected information signal through the separation of the di�erent
interfering terms, which makes possible their analysis and penalty quanti�cation as well as
a better design of techniques for its overcoming. The results reported in this chapter have
demonstrated that second order intermodulation distortion caused by the beat between the
information signal and phase-to-intensity converted components have an important degra-
dation e�ect on the quality signal. For the studied conditions, values of CIPR slightly higher
than 20dB have been obtained, which are unacceptable when high modulation formats are
employed at the aim of increasing the transmission spectral e�ciency. As we will see, both
the mixing of the laser intensity and phase modulate parts of the optical signal and the
nonlinear distortion are focus of study in the next chapters when optimization of the system
is performed, a nonlinear distortion mitigation technique is proposed, or optical �ltering is
proposed for the enhancement of the information signal term upon photodetection. Addi-
tional e�ects, such as the e�ects of ISI & ICI due to the transmitter, channel and receiver
�ltering e�ects, as well as clipping of the signal at the transmitter must also be included to
get a better description of the DM/DD OOFDM system.
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Chapter 4

Design of DM/DD OOFDM
Systems

4.1 Introduction

In Chapter 3 we provided an analytical formulation aimed to describe the dynamics of a
DM/DD OOFDM signal which passes through an optical dispersive �ber. However, OFDM
is a technique which heavily relies on signal processing at both end-sides of the communi-
cation system, transmitter and receiver. For this reason, it is of primary importance to pay
attention to some of the main parameters which a�ect the received signal quality and the
proposal of analytical models which account for the end-to-end performance of OOFDM
systems.

DML OOFDM signals present several characteristics which make their understanding and
design rather challenging. In particular, these demanding characteristics have their origin in
its multi-carrier nature and the random amplitude of the electrical OFDM signal generated
at the transmitter. The literature on wireless OFDM systems aimed to study the in�uence
of diverse system parameters is more than extensive (see, e.g., [81�83]), but, due to the
relatively short period of time since OFDM started to attract attention for its use in optical
communications, the research on OOFDM systems is not so rich.

At the aim of giving an analytical description more comprehensive, we study in this chapter
two important design parameters: the clipping level (Chapter 2, Eq. (2.21)) used when the
generated electrical OFDM signal is deliberately clipped at the transmitter, and the length
of the cyclic extensions added to avoid ISI and the loss of the orthogonality between sub-
carriers due to �ltering e�ects. Moreover, simpli�ed expressions of the nonlinear distortion
in DM/DD OOFDM systems are also provided. The interest of such simpli�ed expressions
is motivated by the greater understanding we can get from a clearer mathematical formula-
tion and the possibility of exploring the capabilities and pushing further the potentiality of
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DM/DD OOFDM systems. Moreover, potential future equalization and nonlinear cancella-
tion techniques may take advantage of such expressions, as it is demonstrated in Chapter
5.

4.2 OOFDM system description

The OOFDM system object of study in this Chapter is depicted in Fig. 4.1.

Δi

Mapping
S/P Conj

FS-
IFFT

P/S+Add
cyclic

pre/post-fix
DAC (fs)

Clipping +Att

i0

SMF

f
LPF

Information 
binary 
stream

S/P: serial to parallel; P/S: parallel to serial; (I)FFT: (Inverse) fast Fourier transform; DAC: digital-to-analog converter; ADC: analog-to-digital converter
Att: Attenuator; VOA: Variable optical attenuator; SMF: single mode fiber; DML: directly modulated laser; 

LPF: low-pass filter; FEQ: frequency domain equalization 

DML

…
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pre/post-fix

+ 
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… FS-
FFT
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VOA

i0

0 0 0 0

Figure 4.1: Schematic illustration of the OOFDM system.

As we remember, the IFFT operation and subsequent digital-to-analog conversion maps the
incoming block of data X1, X2,...XN into a comb of squally spaced tones. After propering
operations at the receiver, analog-to-digital conversion and FFT reverse these operations
and the information symbols X1, X2,...XN are detected.

The amplitude of the discrete OFDM signal after the transmitter IFFT is limited with a
hard-clipping, which operation is described by:

x[n] =

{
x[n], if |x[n]| < AClip

A·exp(j·ϕx[n]), otherwise
(4.1)

where the amplitude valueAClip is related to the clipping level CL byAClip =
√
CL · 〈|x[n]|2〉.

At the transmitter side each OFDM symbol is also cyclically extended by copying a certain
number of samples of the original OFDM symbol and appendying them to the beginning
and end.

As we remember from Chapters 2 and 3, the received complex symbol at the r-th subcarrier,
Y [r], can be then expressed as:

Y [r] = H[r] ·X[r] +N [r] + I[r], r = 1, ...N (4.2)

where X[r], H[r], N [r] and I[r] represent the information symbol, the channel transfer
function coe�cient, the noise and interference components of the r-th output of the receiver
FFT. For the particular case studied in this work, we have included in the de�nition of H[r],
N [r] and I[r] the next factors:
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� H[r]: determined by the electronic stage of the transmitter and receiver, as well as the
optical channel.

� σ2
N [r]: the noise due to clipping, that due to ISI & ICI e�ects and receiver thermal

and shot noises are included in this magnitude.

� I[r]: the nonlinear distortion caused by laser nonlinearities, the chromatic dispersion
and the laser chirp, as described in Chapter 3.

In the following, we give a mathematical description of each of these e�ects in order to �nally
quantify the performance through Eq. (4.2).

4.3 Analytical formulation

4.3.1 Transfer function

A simple expression of the transfer function for a dispersive link when a directly-modulated
signal is propagated and detected by means of a PIN detector was derived in Chapter 3,
Eq. (3.29). By approximating the Bessel functions of �rst kind involved in Eq. (3.29) using
their Maclaurin series expansion:

Jn(µ) =

{
1 if n = 0
nµ
2 if n = ±1

(4.3)

and neglecting contributions of higher order, the contributions due to the laser phase and
intensity modulations can be expressed as:

T0|nr=1 = 2jP0 ·Hφ1(Ωr) · sin(θr) · ir · ejϕir (4.4)

T1|nr=1 = Hp1(Ωr) · cos(θr) · ir · ejϕir (4.5)

and, thus, the transfer function from the laser input to the PIN output (Ho in Fig. 4.1) is
given by:

H0(Ωr) = 2jP0 ·Hφ1(Ωr) · sin(θr) +Hp1(Ωr) · cos(θr) (4.6)

In order to �nd the expression for the transfer function which describes the end-to-end
�ltering e�ects, He(Ωr), the �ltering of the electronic stages at the transmitter and receiver
sides are included:

He(Ωr) = Htrx(Ωr) ·H0(Ωr) ·Hrx(Ωr) (4.7)

However, we assume that the �ltering e�ects are negligible and we account only for a scaling
factor at the transmitter. Therefore, the discrete transfer function from the input of the
DAC at transmitter to the output of the ADC at the receiver is given by:

He(e
jΩr ) = m ·H0(ejΩr ) (4.8)

The IFFT-to-FFT transfer function, H[r] in Eq. (4.2) can be then approximated by:

H[r] = m ·
(
2jP0 ·Hφ1

(Ωr) · sin(θr) +Hp1
(Ωr) · cos(θr)

)
(4.9)
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Figure 4.2: Schematic illustration of the OOFDM system showing the linear transfer functions
H0(Ω), He(e

jΩ) and H[r], r = 1, ..., N .

4.3.2 Clipping

After arranging the QAM symbols X1, X2,...XN with Hermitian symmetry at the IFFT
input, the signal at the input of the clipping device is given by:

x[n] = 2Re

{ N∑
k=1

Xk·exp
(
j·2π·k· n

FS

)}
(4.10)

where Re{·} stands for the real part of a complex quantity. As the central limit theorem, for
a su�ciently high value of N , x[n] follows a Gaussian distribution with zero mean (〈Xk〉 = 0)
and variance equal to 2Nσ2

x (σ2
x = 〈|Xk|2〉).

The Bussgang's theorem [84] can be used to analytically describe the memoryless nonlinear
operation performed by the clipping device, and the output signal can be expressed as the
sum of an undistorted signal part and a noisy term:

xclip[n] = χ · x[n] + np̄,clip[n] (4.11)

where the attenuation constant χ is given by [60]:

χ = 1− erfc
(√

CL/2
)

(4.12)

and the noisy term np̄,clip[n] is not correlated to the undistorted signal x[n] and erfc(·) is
the complementary error function. Note that we have included the subindex p̄ in the noisy
term np̄,clip[n]; such notation is explained later.

In order to evaluate the e�ects of the clipping noise np̄,clip[n] at the receiver, the noise power
at the kth subcarrier is calculated as:

σ2
p̄,clip[k] = np̄,clip(e

jΩk) · |He(e
jΩk)|2 ·∆Ω (4.13)

where He(e
jΩ) is given in Eq. (4.8), ∆Ω is the angular frequency separation between the

OFDM subcarriers, and np̄,clip(e
jΩk) is the PSD of clipping noise np̄,clip[n], which can be

calculated from its autocorrelation. In [85], an expression for the autocorrelation of the
clipped signal is given:

Rp̄,xclip [ς] = 〈xclip[n]·xclip[n+ ς]〉 = Rx[0]
(
χ2 ·Rx[ς] +

∞∑
q=2,4,6...

Cq ·
(
rx[ς]

)q+1
)

= Rx[0]
(
χ2 ·Rx[ς] +Rp̄,clip[ς]

)
(4.14)
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where the coe�cients Cq are:

Cq =
4 ·H2

q−1

(√
CL/2

)
π · 2q · (q + 1)!

(4.15)

being Hq an Hermite polynomial of order q [76], Rx[ς] is the autocorrelation of the discrete
OFDM signal, Eq. (4.10), rx[ς] is the autocorrelation coe�cient (rx[ς] = Rx[ς]/Rx[0]) and
Rp̄,clip[ς] is the autocorrelation of the clipping noise. Now the PSD of np̄,clip[n] can be
calculated as:

np̄,clip(e
jΩ) = Rx[0] ·

∞∑
q=2,4,6...

Cq ·
(
rx(ejΩ)︸ ︷︷ ︸

1

∗ · · · ∗ rx(ejΩ)︸ ︷︷ ︸
q+1

)
(4.16)

where
rx[ς]

FT←→ rx(ejΩ) (4.17)

For the computation of np̄,clip(e
jΩ), it can be assumed that rx(ejΩ) has a rectangular shape,

as depicted in Fig. 4.3(a). Note that the q + 1 multiplication in Eq. (4.14) becomes a q + 1
fold convolution in the frequency domain, as shown in Fig. 4.3(b).
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𝑟 𝑥 𝑒𝑗Ω ∗ 𝑟 𝑥 𝑒𝑗Ω ∗ 𝑟 𝑥 𝑒𝑗Ω 
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b)

c)-Ωsam/2 Ωsam/2 3Ωsam/2-3Ωsam/2

Figure 4.3: a) PSD of the OFDM input signal, b) two, three and four-fold convolution of the
input signal's PSD, c) PSD of clipping noise.

The q + 1 fold convolutions leads to the smearing of clipping noise with frequency, which
spreads over a wider bandwidth than the signal, causing aliasing on the discrete signal
x[n] = x(n · Tsam), being Tsam the sampling period, Fig. 4.3(c).

In Fig. 4.4 we compare the normalized power spectral density of the clipping noise for
di�erent values of CL and for N = 110 and N = 60, being FS = 256.

As expected, the smaller the value of CL, higher is the clipping noise introduced, and its
spectral density ranges from values around -40dB/Hz for CL = 10dB to values around -
20dB/Hz for CL = 5dB. We observe from Fig. 4.4 that comparisons between the PSDs
obtained through simulations and that obtained through the evaluation of Eq. (4.16) are in
good agreement. When no-oversampling (FS/(2N + 1) = 1) or a su�ciently small value
is used (Fig. 4.4(a)), most of clipping noise power falls into the signal band, and the �at
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Figure 4.4: Power spectral density of the clipped signal and the clipping noise for FS = 256 a)
N = 110, and b) N = 60.

spectrum approximation [60] is a valid assumption. The power spectrum description given
by Eq. (4.16) is a more general expression, which may also be employed for systems with
deliberate clipping using any value of oversampling ratio. In the case of N = 60, Fig. 4.4(b),
the clipping noise is not uniformly distributed, but we can observe a roll-o� with frequency
which must be taken into account in order to appropriately describe the clipping noise e�ects
on each subcarrier.

4.3.3 Clipping revisited

The spectral estimation given by Eq. (4.16) involves a statistical averaging and the clipping
noise is assumed to be uniformly distributed with time. However, CL is usually set to a high
value and the clipping noise forms a kind of impulsive noise rather than a continual back-
ground noise [86]. As a consequence, the spectral averaging may lead to an underestimation
of the bit error probability.

In order to get a better approach in these situations, we propose to divide the whole clipping
process into a �nite number of processes, which are given by the joint of the OFDM symbols
with the same number of clips, Fig. 4.5.

The problem now is to �nd out the expression for the power spectral density of each of these
composing random processes with di�erent average sampling rates.

60



… …

1 clip 0 clip 0 clip 2 clips 0 clip 1 clip 0 clip 1 clip

clipping rate =�̅�

………

…
clipping rate =1/𝐹𝑆 clipping rate =0clipping rate =2/𝐹𝑆

Figure 4.5: Re-ordering of the clipping process.

We have denoted as p̄ the �default" average sampling rate, which is calculated as the mean
value of the binomial distribution:

pi =

(
FS

i

)(
erfc

(√
(CL/2)

))i(
1− erfc(

√
(CL/2))

)FS−i
(4.18)

which gives the probability of �nding i discrete samples above or below the amplitude
threshold Aclip within FS samples under the Gaussian assumption for the amplitude of the
OFDM signal.

The derivation presented in Appendix B is based on the separation of the random process
which describes the probability distribution of the clipping noise and the sampling function
which describes its occurrence. Being n̂clip(e

jΩ) the power spectral density of the random
process, once it is sampled with an average sampling rate p̄, their power spectral densities
are related through:

n̂p̄,clip(e
jΩ) = p̄ ·Rclip[0]+p̄2

(
n̂clip(e

jΩ)−Rclip[0]
)

(4.19)

The �rst term of the right hand side corresponds to the white noise, whilst the second one
is the coloured (correlated) noise.

Observing Eq. (4.19), the power spectral density of the random process with an average
clipping rate equal to i/FS, can be expressed as a function of n̂p̄,clip(e

jΩ) by (des)normalizing
its white and coloured components appropriately:

ni,clip(e
jΩ) ≈

i

FS

1

p̄
Rp̄,clip[0]+

i− 1

FS − 1

i

FS

1

p̄2

(
np̄,clip(e

jΩ)−Rp̄,clip[0]
)

(4.20)

where Rp̄,clip[0] and np̄,clip(e
jΩ) are given by Eqs. 4.14 and 4.16.

The corresponding variance is calculated as:

σ2
i,clip[k] = ni,clip(e

jΩk) · |H(ejΩk)|2 ·∆Ω (4.21)
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Once obtained σ2
i,clip, we can re�ne the error probability by separating the di�erent OFDM

symbols featuring respectively 0, 1, 2,...imax clips:

Pr(bit error) =

imax∑
i=0

Pr(bit error|i clips) · pi (4.22)

where we use the variance σ2
i,clip for the calculation of Pr(bit error|i clips).

4.3.4 Cyclic extensions-linear �ltering e�ects

As it was said in Chapter 2, a certain number of guard samples is appended to each original
OFDM symbol in order to avoid ISI and ICI e�ects. Since the transmission information
rate is reduced because of the transmission of redundant samples, it is essential to evaluate
the penalty due ISI & ICI e�ects as a function of the number of these redundant samples.
Fig. 4.6 shows two di�erent possible situations.
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Figure 4.6: a) OOFDM signal without cyclic extensions passing through a dispersive channel, b)
OOFDM signal with cyclic extensions passing through a dispersive channel.

In Fig. 4.6(a) a null number of samples for the cyclic pre- and post-�xes is appended, whilst
in Fig. 4.6(b) the ISI & ICI e�ects due to the system impulse response are completely
canceled out thanks to the appending of a su�ciently high number of samples for the cyclic
pre- and post-�xes. Both are extreme situations, and a number of samples for the cyclic
extensions su�ciently high to reduce the ISI & ICI e�ects without sacri�cing considerably
the transmission information rate must be found.

The theoretical expressions aimed to evaluate the penalty due to ISI & ICI e�ects are
deduced from similar analysis to those reported in [87] and [88], but we take into account
the correlation between the discrete samples of the generated OFDM signal and we employ
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the transfer function given by Eq. (4.9) to include laser intensity and phase modulations as
well as the propagation of the signal through the dispersive �ber.

Npre = ηpre ·FS and Npos = ηpos ·FS samples are used as pre- and post-�x for each OFDM
symbol. We consider a channel impulse response with a positive tail extending to Tsam ·L+

and a negative tail extending to −Tsam · L− (L+ and L− represent a certain number of
samples, and Tsam is the sampling period), and we assume that ISI occurs only due to the
adjacent OFDM symbols. Apart from ISI, ICI also occurs due to the loss of orthogonality
between subcarriers, and the variance characterizing this process has the same value as that
due to ISI. The total variance due to ISI & ICI on the k-th subcarrier can be obtained as
(see Appendix D):

σ2
ISI [k]+σ2

ICI [k] =

2Rx[0]

L+∑
q=Npre+1

Hq,pos_tail[k]·H∗q,pos_tail[k]+

2Rx[0] ·
L−−1∑
q=Npos

Hq,neg_tail[k]·H∗q,neg_tail[k]+

2

L+∑
p=

Npre+1

L+∑
q=

Npre+1

q 6=p

Rx[|p−q|]·ej2π·k
p−q
FS ·Hp,pos_tail[k]·H∗q,pos_tail[k]+

2

L−−1∑
p=
Npos

L−−1∑
q=
Npos
q 6=p

Rx[|p−q|]·e−j2π·k
p−q
FS ·Hp,neg_tail[k] ·H∗q,neg_tail[k] (4.23)

where Hq,pos_tail and Hq,neg_tail represent the FS-point discrete Fourier Transform of the
positive and negative tails of the channel impulse response:

Hq,pos_tail[k] = H[k] ~DFT
{

[0 . . . 0︸ ︷︷ ︸
q

1 . . . 1︸ ︷︷ ︸
FS−L−−q

0 . . . 0︸ ︷︷ ︸
L−

]
}

(4.24)

Hq,neg_tail[k] = H[k] ~DFT
{

[0 . . . 0︸ ︷︷ ︸
L+

1 . . . 1︸ ︷︷ ︸
FS−L+−q

0 . . . 0︸ ︷︷ ︸
q

]
}

(4.25)

where ~ represents circular convolution and H[k] is given by Eq. (4.9). Note that the two
last terms in Eq. (4.23) include the contribution due to the non-zero correlation between the
OFDM signal samples for ς 6= 0. The expression for the autocorrelation of the generated
OFDM signal is given by (see Appendix C):

Rx[ς] = σ2
x

(
sin
(

2π
(
2N + 1

)
ς
FS

)
sin
(
2π ς

FS

) − 1

)
(4.26)

Equation (4.23) provides the expression for the variance due to ISI and ICI e�ects from the
signal parameters (number of subcarriers N , size of the (I)FFT FS and length of the cyclic
extensions), as well from the communication system link parameters through the transfer
function H[k], k = 1, 2, ...N .

We evaluate Eq. (4.23) for an OFDM signal with FS = 256 and N = 110. Its autocorre-
lation function, obtained through the evaluation of Eq. (4.26) and simulations, is depicted
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Figure 4.7: a) Autocorrelation function Rx[ς] for FS = 256 and N = 110. b) Arbitrary time-
dispersive impulse responses.

in Fig. 4.7(a). The two impulse reponses employed to evaluate Eq. (4.23) are shown in
Fig. 4.7(b).

As it can be observed in Fig. 4.7(a), though Rx[ς] decays rapidly, Rx[ς] adopts values for
ς = 1, 2, ...5 which can a�ect the accuracy of the computed penalty due to the ISI & ICI
e�ects as Eq. (4.23). Both impulse responses in Fig. 4.7(b) present positive and negative tails
around their maximum values at t = 0. In Fig. 4.8 the normalized variance σ2

x/(σ
2
ISI [k] +

σ2
ICI [k]), k = 1, 2, ...N is shown for several values of Npre = Npos for both impulse responses.

As we can observe in Fig. 4.8 for both channel impulses responses, the results obtained
through the evaluation of the analytical expressions are in good agreement with the results
obtained through simulations, which demonstrates the validity of the expressions for di�erent
channel impulses responses provided that the channel length does not spreads for longer than
a OFDM symbol. As expected, the variance of ISI & ICI is reduced as the number of samples
Npre = Npos increases. Since h1(t) is wider than the impulse response h2(t), the ISI & ICI
e�ects are stronger for h1(t) than for h2(t), as we can observe comparing Figs. 4.8(a) and
4.8(b) for the same value of Npre = Npos. Remarkably, the subcarriers are not equally
impaired by the ISI & ICI e�ects, as we can observe from the non-uniform distribution of
its variance with the frequency.

In linearly �eld modulation based-systems, the length of the cyclic extension is designed
to be higher than the delay di�erence between the fastest and lowest subcarrier when the
OOFDM signal passes through the dispersive channel [1, 69], which in the case of chromatic
dispersion is given by ∆t = |β2| ·L ·N ·∆Ω. For DM/DD systems, the e�ects of ISI and ICI
can not be accounted in a straight manner as in linearly �eld modulation-based systems, and,
for this reason, it is of great interest to have available expressions such as Eq. (4.6) for its
determination. In Fig. 4.9 we show the the normalized variance σ2

x/(σ
2
ISI [k] +σ2

ICI [k]), k =
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Figure 4.8: Ratio σ2
x/(σ

2
ISI [k] + σ2

ICI [k]), k = 1, 2, ...N for a) h1(t) and b) h2(t).

1, 2, ...N for di�erent �ber lengths when the system parameters speci�ed in Table 4.1 are
used in a DM/DD OOFDM system. The number of subcarriers N is equal to 110 and
Npre = Npos = 0.

Table 4.1: System Parameters

Opt. Modulation

i0 60 mA

∆i 10 mA

Input power 0 dBm

Laser Parameters

Emission wavelength 1552.52 nm

Length, width and thickness 300, 2 and 0.2 µm

Transparency carrier density 1.5 x 1024 m−3

Con�nement factor 0.3

Linear gain coe�cient 4 x 10−20 m2

Nonlinear gain coe�cient 3 x 10−23 m−3

Linewidth enhancement factor 4
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In general, the value of σ2
ISI +σ2

ICI increases with the distance, although for short distances
the trend is di�erent: the penalty due to ISI & ICI e�ects is higher for L = 0 km than for
L = 10 km, and the penalty for L = 20 is of similar value than for L = 0 km.

4.3.5 Nonlinear distortion

Using the same approximations as in the subsection 4.3.1 to obtain the expression for the
transfer function in Eq. (4.9), we can now derive simpli�ed expressions of the nonlinear
distortion given by Eqs. (3.21)-(3.25). With this approximation, the evaluation of the non-
linear distortion is rather direct and still accurate for typical parameter values employed in
DM/DD OOFDM systems in short/medium haul links.

The resulting nonlinear distortion expressions are given next:

Intensity modulation nonlinearity

Ip,DML[k] =

dk/2e−1∑
l=1

Hp11

(
Ωl,Ωk−l

)
·cos(θk)·il·ik−l·ej(ϕil+ϕik−l )+

N∑
l=k+1

Hp11

(
Ωl,−Ωl−k

)
·cos(θk)·il·il−k·ej(ϕil−ϕil−k ) (4.27)
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Phase modulation nonlinearity

Iφ,DML[k] =

− 2

dk/2e−1∑
l=1

P0·Hφ11

(
Ωl,Ωk−l

)
·sin(θk)·il·ik−l·ej(ϕil+ϕik−l )+

(−2)

N∑
l=
k+1

P0·Hφ11

(
Ωl,−Ωl−k

)
·sin(θk)·il·il−k·ej(ϕil−ϕil−k ) (4.28)

Dispersion-imbalanced intensity/phase components

Ip/φ,β2
[k] = (−2)·( dk/2e−1∑

l=1

Hp1

(
Ωl
)
Hφ1

(
Ωk−l

)
cos(θl)sin(θk−l)·il·ik−l·ej(ϕil+ϕik−l )

+Hp1

(
Ωk−l

)
Hφ1

(
Ωl
)
cos(θk−l)sin(θl)·il·ik−l·ej(ϕil+ϕik−l )−

N∑
l=
k+1

Hp1

(
Ωl
)
H∗φ1

(
Ωl−k

)
cos(θl)sin(θl−k)·il·il−k·ej(ϕil−ϕil−k )

+H∗p1

(
Ωl−k

)
Hφ1

(
Ωl
)
cos(θl−k)sin(θl)·il·il−k·ej(ϕil−ϕil−k )

)
(4.29)

Dispersion-imbalanced phase components

Iφ,β2
[k] = 4

dk/2e−1∑
l=1

P0 ·Hφ1

(
Ωl
)
Hφ1

(
Ωk−l

)
sin(θl)sin(θk−l)·

il·ik−l·ej(ϕil+ϕik−l ) − 4

N∑
l=k+1

P0 ·Hφ1

(
Ωl
)
H∗φ1

(
Ωl−k

)
·

sin(θl)sin(θl−k) · il · il−k · ej·(ϕil−ϕil−k ) (4.30)

Dispersion-imbalanced intensity components

Ip,β2
[k] =

dk/2e−1∑
l=1

1

2P0
·Hp1

(
Ωl
)
Hp1

(
Ωk−l

)(
cos
(β2

2
Ωk(Ωl − Ωk−l)L

)
− cos

(β2

2
Ωk(Ωl + Ωk−l)L

))
· il · ik−l · ej(ϕil+ϕik−l )+

N∑
l=k+1

1

2P0
·Hp1

(
Ωl
)
H∗p1

(
Ωl−k

)(
cos
(β2

2
Ωk(Ωl + Ωl−k)L

)
− cos

(β2

2
Ωk(Ωl − Ωl−k)L

))
· il · il−k · ej·(ϕil−ϕil−k ) (4.31)

The total nonlinear distortion, I[k], is given by the sum of these terms:

I[k] = Ip,DML[k] + Iφ,DML[k] + Ip/φ,β2
[k] + Iφ,β2 [k] + Ip,β2 [k] (4.32)
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and the variance due to nonlinear distortion is calculated as:

σ2
IMD[k] = 〈|I[k]|2〉 =

〈|Ip,DML[k] + Iφ,DML[k] + Ip/φ,β2
[k] + Iφ,β2

[k] + Ip,β2
[k]|2〉 (4.33)

With respect to Eqs. (4.27)-(4.31) we would like to make note that (i) the amplitude of the
intermodulation distortion is proportional to m2 through the product of the two intensity
coe�cients, as expected from the second order nonlinear distortion, and (ii) σ2

I [k] has been
computed by summing up in amplitude the di�erent nonlinear distortion terms since their
phases are not independent.

The nonlinear distortion variance σ2
IMD determined by numerical simulations of the system

and the evaluation of Eqs. (4.27)-(4.31) is compared in Fig. 4.10. The size of the (I)FFT,
FS, as well as the number of information subcarriers, N , are changed. On each plot, several
curves have been obtained for di�erent transmission distances, L. The clipping level, CL,
as well as the number of samples Npre and Npos are set to a su�ciently high value to
make clipping noise and σ2

ISI [k] + σ2
ICI [k] negligible. The dispersion parameter D is set to

17ps/(km ·nm), the responsivity is equal to 1A/W , and the rest of parameters are the same
as those speci�ed in Table 4.1.
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Figure 4.10: Signal to nonlinear distortion power ratio. a) FS = 256, N = 110, b) FS = 1024,
N = 440.

Once again, the theory provided o�ers us similar results to those obtained through simu-
lations. As expected, for higher accumulated dispersion values, the nonlinear distortion
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increases as a result of a stronger imbalance of the spectral components. It is interesting to
note that it seems that an increase in the number of subcarriers from N = 110 to N = 440,
leads to a lower nonlinear distortion, as observed when we compare the values of both �gures.
However, this e�ect is only due to the decrease of the laser modulation index as result of the
increase in the number of subcarriers: the higher the number of subcarriers, the higher is
also the amplitude swing of the analog signal which is fed into the electrical attenuator (see
Fig. 4.1), and also higher the attenuation needed to adapt the laser driving signal within a
certain region of laser operation (∆i).

The analytical expressions provided o�er us an accurate description on the nature of the
nonlinear distortion and hence, on the possible techniques to combat it. The separation
of the nonlinear distortion components as that in Eqs. (4.27)-(4.31) allows us to consider
di�erent design strategies focusing on a particular source of distortion, or the simpli�cation
of equalization techniques by processing those subcarriers which are more strongly impaired
by nonlinear distortion.

4.3.6 Signal to noise-interference ratio as �gure of merit

Due to the unique algorithm used to demultiplex the received OFDM signal through the
use of a FFT, the di�erent impairment e�ects which add to the received complex symbol,
H[k] ·X[k], can be approximated to a Gaussian distribution [17] provided a su�ciently high
number of data subcarriers N is used. Thus, the system performance evaluation can be ac-
complished through a simple �gure of merit which accounts for the power of the undistorted
part of the received information signal and the variance of the impairment e�ects on each
subcarrier [60]:

SNR[k] =
|H[k]|2·σ2

x

σ2
p̄,clip[k]+σ2

ISI&ICI [k]+σ2
s&t+σ

2
IMD[k]

, k = 1, 2, ...N (4.34)

Equation (4.34) can be easily determined since we already know all the magnitudes involved:
H[k] is given by Eq. (4.9), σ2

p̄,clip is calculated as Eq. (4.13), σ2
ISI&ICI is given by Eq. (4.23),

the expressions for the thermal and shot noises can be found in [89], and σ2
IMD is given by

Eq. (4.33).

In order to calculate the BER of each subcarrier (BER[k]), due to the analytical treatment to
study the clipping noise explained in the subsection 4.3.3, a signal-to-noise ratio conditioned
to the number of clips i is calculated:

SNRi,clips[k] =
|H[k]|2·σ2

x

σ2
i,clips[k]+σ2

ISI&ICI [k]+σ2
s&t+σ

2
IMD[k]

, k = 1, 2, ...N (4.35)

Once determined SNRi,clips[k], BER[k] with k = 1, ...N is easily determined with the help
of BER evaluation formulas [55, 90] and making use of Eq. (4.36):

BER[k] =

imax∑
i=0

Pr(bit error|i clips) · pi =

imax∑
i=0

Pr(SNRi,clips[k]) · pi (4.36)

Finally, the total BER, BERT , can be easily computed as:

BERT =

∑N
k=1 log2(M [k]) ·BER[k]∑N

k=1 log2(M [k])
(4.37)
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where M [k] stands for the constellation size of the QAM format used at the kth subca-
rrier. The transmission information bit rate depends on the particular modulation format
employed, and can be expressed in a general way as:

R(bits/s) =
No. bits/OFDM symbol

Total OFDM symbol duration

=

∑N
k=1 log2(M [k])

(BW/(FS/2))−1 · (1 + ηpre + ηpos)
(4.38)

In Fig. 4.11 we show the estimated SNR through the evaluation of Eq. (4.35) and that
obtained through simulations for di�erent values of cyclic extensions length, clipping level
and number of subcarriers transmitted N , being the optical �ber length equal to 20 km,
β2 = 17ps/(km · nm). The rest of parameters are the same as those speci�ed in Table 4.1.
Thermal and shot noises are not included in order to not mask the impairments studied.
For certain conditions, we also show the analytically estimated values for BER[k] when
128-QAM is used as modulation format.
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Figure 4.11: SNR vs subcarrier number for L=20 km. Insets: analitically estimated BER values.
a) FS = 64, N = 55, and b) FS = 1024, N = 440.

The evolution of SNR[k] when the clipping level is changed is similar for both values of
N and it increases as a result of a higher value of CL as expected. There is a signi�cant
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decrease of the SNR[k] for low frequency values when the value of CL is decreased (for
example, when CL changes from a value equal to 13.8dB to a value equal to 9dB) as a result
of the clipping noise at these frequencies.

When N is increased, the % of samples dedicated to the pre- and post-�xes on each OFDM
symbol, ηpre + ηpos, for which there is not a signi�cant improvement decreases: for N = 55,
we can observe how SNR[k] increases substantially when ηpre = ηpos changes from 0 to
1/32, but a small improvement is observed when it changes from 1/32 to 1/8; for N = 440,
there is a signi�cant improvement when we change from ηpre = ηpos = 0 to a value equal to
1/128, getting similar values when ηpre = ηpos is equal to 1/64.

With respect to the BER values shown in the insets, we obtain similar values when clipping
is the main source of impairment (CL is equal to 9dB) for both values of N . Nevertheless,
when ηpre = ηpos = 0 the BER reduces considerably when N = 440. A higher value of
N is thus advantageous to decrease the value of ηpre and ηpos, but it yields more stringent
conditions with respect to the amplitude dynamic range Aclip.

The excellent matching of the results derived from the analytical method and those pro-
vided by simulation validate the applicability of our derived expressions. Furthermore, our
equations can be applied to test various strategies for improving the systems performance
such as adaptive modulation and power allocation algorithms.

4.4 Results

4.4.1 Variation of CL, cyclic extensions length and laser modulation
depth

The set of analytical expressions derived in previous sections are used to study the described
sources of impairment in DM/DD OOFDM systems. As in the previous sections, in the
transmission of the optical signal through the �ber only the group velocity dispersion is
considered, ignoring higher dispersion terms and �ber nonlinearities. The optical modulation
and laser parameters are those in Table 4.1, whilst the group dispersion velocity is set to
17ps/(km·nm), the intensity �ber attenuation coe�cient is set to 0.2dB/km, and the thermal
noise spectral density is equal to 10 pA/

√
Hz.

We start by discussing the value of CL which should be adopted at the transmitter, though
the �nal choice of one value or another is a subject of speci�c electronics requirements. First
of all, it must be clear that clipping also a�ects the mapping e�ciency of the information
carried by the laser driving signal and �nally detected at the receiver-end side through the
laser modulation.

We show in Fig. 4.12 the BER obtained for di�erent values of CL and di�erent values of �ber
length. In order to maintain the BER values around 10−3 − 10−4, the modulation format
is varied accordingly from 128-QAM to 16-QAM. Both approaches for the quanti�cation of
the clipping noise, referred as classical and proposed, are shown: in the classical approach,
Eq. (4.13) and Eq. (4.34) are used for the calculation of the variance of the clipping noise
and the SNR, respectively; instead, in the proposed approach, Eq. (4.21) and Eq. (4.35) are
used, whilst the BER is evaluated through Eq. (4.36). Time consuming simulation BER
values based on error counting have been also included for the sake of validation.
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Figure 4.12: BER values in function of the clipping level for di�erent distances. a) FS = 128,
N = 55, and b) FS = 1024, N = 440.

Since the performance is a�ected by all the impairments studied in the previous sections (ICI
& ISI, nonlinear distortion and receiver noise), and how strongly these impairments a�ect the
signal quality depend on the �ber length (through the accumulated dispersion and the �ber
attenuation), the choice of one value of CL or another depends on the particular operating
conditions of the communication system.

In order to ease the electronics transmitter design by limiting as much as possible the
amplitude value of the OFDM signal, the value of CL is chosen in such a way a BER of
10−4 is obtained, which lets some margin until the 7% overhead FEC limit of 2.3× 10−3.

With regard to the matching with simulation results, the error is higher for 0 and 20 km,
being the classical approach for the clipping noise more inaccurate. The simple approach
proposed in this work allows to reduce the error considerably in these cases, specially when
N = 55. At a BER equal to 10−4, for N = 55 and L=0 km, the CL must be set to a value
equal to 8dB and 9dB as the classical and proposed approaches, respectively. The latter is
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much closer to the value given by the simulations, equal to 9.6dB. For N = 440, the couple
of values are [8.25dB,8.5dB], respectively.

We can observe that for L=20 km and with the same modulation format, 128-QAM, the
value of CL to obtain a BER equal to 10−4 must be increased, independently of the number
of subcarriers. Our approach gives values of CL equal to 9.8dB and 9.45dB for N = 55
and 440, respectively. From the rapid descending trend of the red curves, we can conclude
that clipping has a great impact on the system performance obtained for these particular
conditions.

As the distance increases to L=50 km and L=80 km, both approaches, the classical and
the proposed ones, give similar results and very close to those provided by simulations. For
L=50 km, the CL should be set to a value around 11.35dB, and for L=80 km the CL should
be set to value around 8.7dB, independently of the number of subcarriers. For L=50 km,
we can observe that the BER starts to increase for values higher than 13dB: as the distance
increases, the other impairment sources begin to be dominant, and an increase on the CL
yields to a laser modulation ine�ciency, which is detrimental to the information recovery at
the presence of receiver noise and nonlinear distortion. This e�ect is more important when
L=80km, and the value of CL from which there is not an important improvement is around
9.5dB.

Once a value of CL is set accordingly to the BER we want to achieve, BER values for di�erent
number redundant samples Npre = Npos are also obtained to choose an appropriate value.
Fig. 4.13 shows the results obtained.
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Figure 4.13: BER values vs Npre = Npos value for di�erent distances. a) FS = 128 and b)
FS = 1024, N = 440.
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Depending on the distance and on the speci�ed CL, an appropriate value of Npre = Npos is
selected in order to obtain a) a BER equal to 10−4 or b) a BER almost equal to 10−4, but not
equal because the small improvement that an increase of Npre = Npos does not compensate
the resulting transmission rate and power penalties, may be adopted. For example, for
N = 55 (Fig. 4.13(a)), L = 80 km, we can choose a value of Npre = Npos equal to 8
samples, which would give us a transmission rate (R in Eq. (4.38)) of 16.8Gbits/s and a
BER of 10−4, or Npre = Npos equal to 4 samples, with which we obtain R = 17.8Gbits/s
with a BER of 1.23× 10−4. With the increasing of number of subcarriers, the length of the
pre/post-�x becomes a matter of secondary concern and the transmission information rate
su�ers smaller penalties with its increase: for N = 440 (Fig. 4.13(b)), L = 50 km, 64-QAM
and Npre = Npos = 2, we obtain R = 28.25Gbits/s, whilst for Npre = Npos = 6 we obtain
R = 28.03Gbits/s.

It is also worth mentioning that, in the case the BER may be reduced by increasing the value
of CL (Fig. 4.12), it may be convenient to increase it slightly in order to reduce the number
of redundant samples. For example, for L=20km, an increase of the CL yields a smaller
BER, which might be interesting to reduce the values of Npre and Npos. At short distances,
where the improvement with an increase of CL is higher, and for low values of FS and N ,
where proportionally more samples are wasted into the cyclic pre/post�x (higher values of
ηpre and ηpos), an slight increase of CL could be more convenient to achieve a determined
BER.

If we introduce another degree of freedom by playing with the value of laser operation
region, ∆i, we can further reduce the BER value, or reduce the value of CL in order to
ease the electronics, or we can make use of adaptive modulation format in order to increase
the transmission information rate. The results obtained for N = 440, L = 50 km and
Npre = Npos = 6 are shown in Fig. 4.14.

6 7 8 9 10 11
x 10-3

-4.5

-4

-3.5

lo
g 10

(B
ER

)

CL=11.6dB
CL=11.35dB

CL=11dB
CL=10.7dB

CL=10.3dB
CL=9.8dB

CL=9.38dB

Δi=6.4mA
log10 BER =-3.998

Δi=8mA
log10 BER =-4.283

Δi (mA)

Figure 4.14: System performance for N = 440 and L=50km. BER in function of the swing of the
laser operation region (all subcarriers employ 64-QAM).

From Fig. 4.14, we can conclude that with the default value ∆i = 0.01 the system perfor-
mance was severely a�ected by nonlinearities, and a decrease of its value leads to a system
performance increase. If we maintain the value of CL at the previous value, 11.35 dB, the
optimum value is ∆i = 0.008 A. With this pair of values, we achieve a BER of 5.2×10−5. In
the case we were interested on a decrease of the clipping level, we could decrease it to a value
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of 9.38dB and use a value of ∆i equal to 0.0064 A, with which we obtain a BER of 1×10−4.
Finally, we could set CL = 11.35 dB and ∆i = 0.008 A, but changing the modulation
format of certain subcarriers (those with lowest BER) in order to increase the transmission
information rate. The resulting modulation formats and BER of each subcarrier is shown
in Fig. 4.15(b).
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Figure 4.15: System performance for N = 440 and L=50km. BER and modulation format
employed on each subcarrier to obtain a BER equal to 1× 10−4 with CL=11.35dB and ∆i = 8mA.

The resulting transmission information rate is 30.74 Gbits/s, which means an increase of
2.44Gbits/s, and a BER of 1 × 10−4. Note that under the particular conditions used, a
modulation format of 256-QAM is used at highest frequencies, which is due to the absence
of bandwidth limited devices at the transmitter and receiver which would attenuate these
frequencies. The addition of linear �ltering e�ects does not represent any problem since
they can be easily incorporated into Eq. (4.7).

4.4.2 In�uence of laser modulation dynamics

Apart from the parameters studied in the previous sections and which can be easily varied
in the electronic part of the transceiver, we need to pay some attention to those that, though
not variable in a easy fashion, play a crucial role into the achieved system performance. The
system performance is a�ected by two factors related with the laser modulation: the power
of the useful information term at the receiver, represented by the total transfer function
in Eq. (4.6), and the power of the nonlinear distortion, represented by Eqs. (4.27)-(4.31).
The results and conclusions obtained are useful to get some insight into the limiting system
performance factors, guidelines on choosing laser sources for optical modulation, as well as
the in�uence of the variation on the laser modulation dynamics (e.g., those due to thermal
e�ects) in a DM/DD OOFDM system.

In order to quantify the obtained performance, we employ the achievable transmission infor-
mation rate in Eq. (4.38), obtained as result of applying bit loading. Therefore, a feedback-
path from the transmitter to the receiver is assumed to make the transmitter able to adapt
the transmission information rate to the communication system conditions. The decision
on using a format for a certain subcarrier is based on the calculated BER of that particular
subcarrier, BER[k]. Under the Gaussian assumption for the noise distribution, the BER is
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directly determined once we have calculated SNR[k]. The modulation format of the subca-
rrier with the minimum value of BER is increased provided that the total BERT does not
exceed a certain threshold. The number of subcarriers is set to N = 110, and, thus, the
(I)FFT size is equal to 256.

4.4.2.1 Optical �ber length equal to 40km

For a �ber length equal to 40km, Npre = Npos = 32, CL = 11dB, τp = 1.5ps and an
amplitude swing ∆i = 8mA the obtained information transmission rate values when α and
εnl are varied simultaneously and two di�erent values of i0 are shown in Fig. 4.16.
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Figure 4.16: Information transmission rate for a) i0 = 46mA and b) i0 = 78mA.

The arrows in Fig. 4.16 indicate at which point the maximum value of transmission infor-
mation rate is achieved, being 27.63Gbits/s for i0 = 46mA, α = 4 and εnl = 1.7× 10−23m3,
and 26.606Gbits/s for i0 = 78mA, α = 7 and ε = 1.7× 10−23m3. From Fig. 4.16(a) we can
observe that the system performance is clearly limited by the laser chirp and the information
transmission rate decreases with α, whereas for i0 = 78mA, a higher value of α is bene�cial
because of the linear contribution due to the laser chirp, as expressed in Eq. (4.6). The vari-
ation of the achievable information transmission rate with εnl is due to two counteracting
factors: at small values, frequency dips may appear as result of the opposite phases between
the two terms in Eq. (4.6), and at higher values, laser nonlinearity becomes more signi�-
cant. In Fig. 4.17 we plot the ratios σ2

s&t[k]/|H[k]|2 and σ2
IMD[k]/|H[k]|2, k = 1, 2, ...N , for

i0 = 46mA and α = 4.

We can observe that for low values of εnl, the receiver noise impairs more signi�cantly than
the nonlinear distortion, specially at frequencies around 2π · 3.74 × 109rads/s (≈ 87 ·∆Ω),
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Figure 4.17: Nonlinear distortion and receiver noise variances to signal power for di�erent values
of εnl.

where a dip in H(Ω) enhances the detrimental e�ect of the receiver noise, assumed to
be uniformly distributed along the receiver bandwidth. As εnl increases, σ

2
s&t[k]/|H[k]|2

gets smaller values as result of the increase in H(Ω), and the nonlinear distortion be-
comes the main limiting system performance factor, as we can observe from the increase
of σ2

IMD[k]/|H[k]|2.

In Fig. 4.18, we set i0 = 46mA, ∆i = 8mA and change the value of the photon lifetime.
The maximum achievable information transmission rates are 27.64Gbits/s for τp = 2.2ps,
27.46Gbits/s for τp = 1.83ps and 26.94Gbits/s for τp = 1.5ps, the three of them with α = 4
and εnl = 1.7× 10−23m3. Therefore, variations of the value of the photon lifetime around a
reasonable value does not seem to lead to signi�cant changes in the information transmission
rate obtained for the particular conditions studied here. The bit loading technique, provided
that the monitoring and adaptive mechanism are able to track the changes in the transmi-
ssion conditions, is proven to be an useful tool for the variation of laser parameters, e.g.
due to thermal e�ects [91]. In Fig. 4.19(a), we show the obtained BER and the modulation
format employed for each subcarrier for the three di�erent values of τp. We can observe
that the BER pro�le are very similar and thus the modulation formats employed along the
signal bandwidth. In order to understand the BER values obtained, we need to study the
ratios σ2

s&t[k]/|H[k]|2 and σ2
IMD[k]/|H[k]|2, which are shown in Fig. 4.19(b). Besides, given

the fact that the 3-dB bandwidth of the intensity modulation is approximately inversely
proportional to the square root of the photon lifetime [66], it is worth getting more insight
on why an increase of the photon lifetime seems to be bene�cial.

From Fig. 4.19(b) we can observe that the variation of BER follows that due to the inter-
modulation distribution with the frequency. When τp decreases, the laser transfer function
Hp1(Ω) increases, and so may the system performance. However, the intermodulation dis-
tortion increases at a faster rate because it is a function of the product Hp1(Ω) with itself,
as pointed out by Eqs. (4.27)-(4.31). Since the system is severely limited by nonlinearities,
the decrease of τp causes the increase of the nonlinear distortion (Fig.4.19(b)), which results
in an increase of the BER, Fig. 4.19(a).
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Figure 4.18: Information transmission rate for a) τp = 2.2ps, b) τp = 1.83ps, and c) τp = 1.5ps.

In the following simulations, at the view of the marginal in�uence of the photon lifetime
into the system performance and the adaptability of the system thanks to the bit loading
technique, we set τp to a default value equal to 1.83ps.

Next we change simultaneously the amplitude swing of the laser driving signal, ∆i, and
the clipping level CL. It is very interesting to vary these two parameters simultaneously,
because both have in�uence on the optical modulation e�ciency, but the former is directly
related to the nonlinear distortion, whilst the latter controls how much clipping noise is
introduced. For these simulations, we set α = 4, ε = 1.7 × 10−23m3 and τp = 1.83ps. The
results are shown in Fig. 4.20.

The black dashed lines in Fig. 4.20, labeled with numbers �1" and �2" aim to delimit di�erent
regions in which the limiting system performance factor is di�erent: above the line �1",
an increase of CL must with a �xed value of ∆i yields a reduction of the transmission
information rate, which indicate us that the system performance is limited by the modulation
e�ciency (or, in other words, by the receiver noise power); below the line �2", an increase
of ∆i with a �xed value of CL yields also a reduction of the transmission information rate
due to the system nonlinearities; between the two lines, the system performance is limited
by the clipping noise, and, consequently, a decrease of CL yields a reduction of the system
performance. The maximum achievable transmission rate is around 24.34Gbits/s, which is
achieved for values of ∆i higher than 9mA and values of CL higher than 12.5dB. In the
presence of quantization noise, a smaller value of CL may be more convenient.
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Figure 4.20: Information transmission rate as a function of CL and ∆i.

Finally, we determine the performance achieved with di�erent lengths of cyclic extensions.
The results obtained for i0 = 46mA, α = 4, εnl = 1.7× 10−23m3, τp = 1.83ps, ∆i = 8.5mA
and CL = 12dB are shown in Fig. 4.21.

From Fig. 4.21 it is clear than smaller values for Npre and Npos can be used without falling
into a penalty due to ISI & ICI e�ects. It is worth mentioning that bit loading may be
also helping to overcome ISI & ICI e�ects by allocating more bits into those subcarrier more
weakly impaired [92], given that, as it was observed in previous sections, the variance of ISI &
ICI is not uniformly distributed with the frequency. From Fig. 4.21, a value ofNpre = Npos =
8 can be used, leading to a transmission information rate equal to 32.83Gbits/s. Taking into
account that we are generating a double-sideband OOFDM signal with a bandwidth around
4.73GHz, it means a spectral e�ciency of approximately 3.47bits/s/Hz.
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Figure 4.21: Information transmission rate as a function of Npre +Npos.

4.4.2.2 Optical �ber length equal to 100km

The obvious e�ect of the increase on the �ber length up to 100km is the higher attenuation
of the optical signal, and, consequently, a greater in�uence of the receiver noise. In Fig. 4.22
we show the results obtained for L=100km.
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Figure 4.22: Information transmission rate. a) i0=50mA, ∆i = 10mA, CL = 11dB; b) i0=75mA,
∆i = 10mA, CL = 11dB.

We can see that, as expected, the achievable transmission information rates are greatly
reduced when compared to L=40km, and the maximum value for R is around 10.8Gbits/s.
This maximum value for R is obtained when i0=50mA (Fig. 4.22(a)), εnl = 3.5× 10−23m3

and α = 4.5. An increase of the laser bias point to 75mA (Fig. 4.22(b)) yields a considerable
information transmission rate penalty due to the higher optical attenuation needed to adjust
the input power to 0dBm.

The simultaneous variation of the amplitude swing ∆i and the clipping level does not help
to the increase of R, as we can observe from Fig. 4.23(a). The great dominant in�uence of
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the receiver noise is behind the wide area for which values for R close the maximum value
are obtained. After varying the cyclic extension lengths, Fig. 4.23(b), we can achieve a
transmission information rate around 13.12Gbits/s for Npre + Npos = 4, which implies a
spectral e�ciency of 1.37bits/s/Hz.
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Figure 4.23: Information transmission rate. a) i0=50mA, εnl = 3.5 × 10−23m3, α = 4.5; b)
i0=50mA, εnl = 3.5× 10−23m3, α = 4.5, CL=12dB, ∆i = 11mA.

4.5 Summary

We have developed analytical expressions which provide a combined description of the ma-
nifold impairments which a�ect the quality of the detected OOFDM signal in a DM/DD
system.

The clipping noise at the receiver side has been derived by means of its power spectral
density, for which a slight modi�cation has been proposed to account for the non-uniform
temporal ocurrence of clipping. For systems operating at BER values around 10−3 − 10−4,
a reasonable estimation of the appropriate value for the clipping level can be obtained with
the theory provided. The results given demonstrate that for the clipping level, rather than
choosing an unique value, it should be tailored to the operating conditions, which include a
great variety of factors, and, thus, the theory provided constitutes a very useful tool for a
fast estimation and understanding of the system performance.

We have also given an expression of the penalty imposed by the channel impulse response
length, including the laser modulation and signal propagation through the optical �ber, and
the correlation between the time OFDM signal samples. The study on the length of cyclic
pre/post�x length is of great importance in systems with low number of subcarriers, where a
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signi�cant proportion of the transmitted signal is in the form of cyclic guards. Provided that
quantization noise is negligible, both, the values of cyclic pre�x/post�x length and clipping
level, can be adjusted in order to get a particular value of BER. For the particular conditions
studied in Subsection 4.4.1, for short distances (≈ 20km) the increase of CL leads to an
increase of the system performance, and to achieve a BER equal to 10−4 a CL around 10dB
is enough; on the other hand for longer distances and due to the e�ects of the receiver noise,
the increase of CL leads reduced marginal system performance improvements: for L = 50km,
a CL around [11dB,12dB] seems the most appropriate choice, and for L = 80km, the value
of CL is substantially reduced to around 9dB.

We have taken a step forward into the study of the main nonlinear distortion in a DM/DD
OOFDM system by giving detailed and comprehensive equations which o�ers great accu-
racy when compared to simulation results and allows us to �nd an optimum value of the
laser operation region. The �exibility of the theory provided allows us to estimate the sys-
tem performance at a subcarrier level, and, thus, use them in combination with adaptive
modulation format techniques. By appropriate tuning of the system parameters and using
adaptive modulation format, for N = 440 and a laser bias point i0=60mA, an information
transmission rate of 30.7 Gbits/s through 50 km of optical �ber and with an OFDM signal
bandwidth of 4.73GHz can be obtained by setting CL = 11.35dB and ∆i=8mA.

We have also quanti�ed the system performance through the information transmission rate
achieved as �gure of merit when bit loading is employed. System parameters such as the
laser bias point/modulation depth/linewidth enhancement factor/nonlinear gain coe�cient
and the clipping level have been varied to explore the potentiality of DM/DD OOFDM
systems. As expected, the laser nonlinear gain coe�cient and the linewidth enhancement
factor are determining parameters in the system performance. For a distance L = 40km,
the most appropriate values are εnl = 1.7×10−23m3 and α = 4 with a laser bias point equal
to 46mA; clear and distinguished operating regions impaired by di�erent e�ects (clipping
noise, nonlinear distortion, and receiver noise) have been found as result of changing the
value for CL within [8dB,14dB] and the value for ∆i within [4mA,12mA], giving as most
appropriate values CL = 12dB and ∆i = 8.5mA. For L = 100km, the most appropriate
values are εnl = 1.7 × 10−23m3, α = 4.5 and i0 = 50mA; due to the longer distance and
thus the higher attenuation, the receiver noise is the pre-dominant e�ect, and a broad area
for which ∆i and CL can be varied without signi�cant changes in the achieved transmission
information rate is obtained. After setting appropriately the length of the cyclic extensions,
transmission information rates equal to 32.87Gbits/s and 13.12Gbits/s for L = 40km and
L = 100km, respectively, have been achieved.
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Chapter 5

Performance enhancement with
pre-distorted signal waveforms

5.1 Introduction

As it is was mentioned in Chapters 1 and 2, OFDM is a widespread modulation format
in wireless communication systems. In these systems, unlike for optical communication
systems, the transmitted signal does not undergo any nonlinearity due to the channel [1]
and equalization techniques have focused on the interference imposed by signals coming
from di�erent sources. For the e�cient design of optical communication systems, solutions
adapted to the peculiarities of optical communication channels are needed, and, in the case
of DM/DD communication systems, techniques which focus on the nonlinearity due to the
laser modulation, the propagation of the intensity modulated signal through the dispersive
link and the photodetection process. These nonlinearities have been subject of study in
Chapters 3 and 4.

Several solutions have been proposed in order to overcome the system performance limita-
tions imposed by nonlinear distortion in intensity modulated optical systems [41, 42, 93�98].
For example, digital pre-distortion (DPD) technique was used to mitigate the nonlinear-
ity of an externally modulated re�ective semiconductor optical ampli�er in [93], of a DML
[94], and electro-absorption modulated lasers and Mach-Zehnder modulators [95]. In [96] a
multi-stage digital postprocessing linearization technique based on the iterative substraction
of distortion due to the Mach-Zehnder modulation and �ber propagation is proposed. In
[41], an analytical model for the characterization of the nonlinear distortion in a DML-based
OOFDM system is proposed and it is employed at the receiver-end side for the reconstruction
of the interference terms and subsequent substraction using a decision-feedback equalizer; in
[42] this technique is adapted to an electro-absorption modulated laser and the laser chirp
analytical model is improved to achieve higher nonlinear distortion e�ciency values in a
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100km-haul link. In [97, 98] the employment of a nonlinear adaptive Volterra equalizer at
the receiver-end side with low-cost optical modulators is investigated for short-reach links.

In this chapter, a pre-distortion technique which aims to mitigate the nonlinear distortion
in DM/DD OOFDM systems is presented. This pre-distortion technique operates in the
frequency domain (before the transmitter inverse Fourier transform), is based on the ana-
lytical model reported in Chapter 4 for the reconstruction of the interference, and takes
advantage of the channel state information provided by the feedback link. Unlike the pre-
viously mentioned references about digital pre-distortion, the technique here proposed aims
to mitigate the nonlinear distortion with an end-to-end perspective, rather than only that
originated by the optical modulator. The system performance of the OOFDM system with
the pre-distortion technique is evaluated for di�erent operating conditions (clipping ratio,
laser bias point and laser modulation depth).

The chapter is structured as follows: in Section 5.2, we provide a description of the proposed
pre-distortion technique. Section 5.3 presents the results of extensive simulations using the
analytical model of the system reported in Chapter 4 and employing the proposed pre-
distortion technique. The system performance of a conventional DM/DD OOFDM system,
that with the proposed technique and that obtained with nonlinear equalization at the
receiver are compared. Finally, in Section 5.4, the contents of the chapter are summarized.

5.2 Proposed pre-distortion technique

The principle of the pre-distortion technique proposed in this chapter to outperform the
performance of the basic DM/DD OOFDM system is rather simple and is based on the
reconstruction of the interference I[k] with k = 1, 2...N and proper substraction at the
transmitter. The motivation for such strategy relies on the potential knowledge available
at the transmitter of the interference impairing the detected signal at the receiver end-side
and, therefore, the possibility of achieving the capacity of the Gaussian channel without
interference under a proper design [99]. The conventional DM/DD system is modi�ed as
illustrated in Fig. 5.1 when the proposed technique is employed. The OOFDM transmitter
is exactly the same as that in previous chapters (mapping, IFFT, cyclic extensions, clipping
and DAC). The same applies to the OOFDM receiver at the other end-side of the SMF, where
the process is essentially the inverse to that in the transmitter. Once the optical modulated
signal is generated through the direct laser modulation, and its average optical power has
been adjusted, the signal is divided in two signals by means of an optical splitter with
constant κ: one is transmitted through the optical �ber in order to extract the information
from the received signal, and the other is directly fed-back to an OFDM receiver. The
purpose of such division and the detection of the fed-back signal is explained next.

5.2.1 Interference reconstruction

The reconstruction of the interfering term I[k] = Ip,DML[k] + Iφ,DML[k] + Ip/φ,β2
[k] +

Iφ,β2
[k] + Ip,β2

[k] with k = 1, 2, ...N is based on the expressions reported in Chapter 4,
Eqs. (4.27)-(4.31). We remember that Ip/φ,β2

, Iφ,β2
and Ip,β2

are functions of the �rst order
laser transfer functions Hp1

(Ωk) and Hφ1
(Ωk), whilst Ip,DML and Iφ,DML �nd their origin

in the laser nonlinearities, and, thus, are functions of the second order transfer functions
Hp11(Ωk,Ωl) and Hφ11(Ωk,Ωl). Thereby, in order to reconstruct I[k], we need to know
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Figure 5.1: OOFDM system. Blocks in red: parts due to the proposed pre-distortion technique.

the �ber length L, the �ber group velocity dispersion parameter β2, the �ber intensity at-
tenuation coe�cient αfib, the average optical power P0, and the laser intensity and phase
modulation transfer functions Hp1(Ωk), Hp11(Ωk,Ωl) and Hφ1(Ωk), Hφ11(Ωk,Ωl), respec-
tively.

Similarly to previous works [41, 42, 50], it is assumed that the transmitter has previous
knowledge on the optical link parameters, such as L, β2, and αfib. From the feedback
signal, the average optical power P0 [50] and Hp1

(Ωk) k = 1, 2...N can be determined.

Once P0 and Hp1
(Ωk) k = 1, 2...N are known, using the optical link attenuation and the

accumulated dispersion, Hφ1(Ωk) k = 1, 2...N can be estimated from the total transfer
function H(Ωk) k = 1, 2...N :

He(e
jΩr ) = m · e−

αfib
2 ·

(
2jP0 ·Hφ1

(Ωr) · sin(θr) +Hp1
(Ωr) · cos(θr)

)
(5.1)

Then, we can reconstruct the nonlinear distortion due to chromatic dispersion on the inten-
sity and frequency modulated parts of the transmitted optical signal, Ip/φ,β2

[k], Iφ,β2 [k] and
Ip,β2 [k] with k = 1, 2, ...N (see Eqs. (4.29)-(4.31)).

Moreover, the interfering terms caused by second order laser nonlinearity, Ip,DML and
Iφ,DML, can be also partially mitigated. As previously said, they depend on the second
order laser transfer functions Hp11

(Ωk,Ωl) and Hφ11
(Ωk,Ωl). A possible approach for their

calculation is the probing of the system with all the possible pairs of tones, though this
approach would be time consuming and ine�cient [100]. However, the second order laser
intensity transfer function can be expressed as (see Appendix A):

Hp11

(
Ωl,Ωk−l

)
= H ′p11

(
Ωk
)
·Hp1(Ωl)Hp1(Ωk−l) (5.2)

Hp11

(
Ωl,−Ωl−k

)
= H ′p11

(
Ωk
)
·Hp1

(Ωl)H
∗
p1

(Ωl−k) (5.3)
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and therefore the nonlinear distortion term Ip,DML (Eq. (4.27)) can be written as:

Ip,DML[k] = H ′p11

(
Ωk
)
·cos(θk)·

( dk/2e−1∑
l=1

Hp1
(Ωl)Hp1

(Ωk−l)·il·ik−l·ej(ϕil+ϕik−l )+

N∑
l=k+1

Hp1(Ωl)·H∗p1
(Ωl−k)·il·il−k·ej(ϕil−ϕil−k )

)
(5.4)

from which a estimation of H ′p11

(
Ωk
)
, k = 1, 2...N can be obtained from the back-to-

back feedback path, and, thus, of the second order nonlinear distortion transfer function
Hp11

(
Ωl,Ωk−l

)
, k = 1, 2...N . Finally, from Eq. (A.21) the second order transfer function

Hφ11
(Ωk,Ωl) can be written as:

Hφ11

(
Ωl,Ωk−l

)
=

(
Hφ1

(Ωk)

Hp1
(Ωk)

·H ′p11

(
Ωk
)
−

1
2αΓvgag·Γ·Gn(n0, p0)·

(
δ1n(Ωl)
δ1p(Ωl)

+ δ1n(Ωk−l)
δ1p(Ωk−l)

)
(
Γ·p0·Gn(n0, p0)+Rsp(n0)+n0·dRsp(n)

dn |n=n0

))·Hp1
(Ωl)Hp1

(Ωk−l) (5.5)

being n0 and p0 the carrier and photon density steady-state values, respectively, Gn(n, p) =
∂G(n,p)
∂n and Gp(n, p) = ∂G(n,p)

∂p and δ1n(Ωr)
δ1p(Ωr) denotes the �rst order transfer function of the

carrier density modulation versus the photon density. The �rst term of the right hand side
in Eq. (5.5) can be already determined, since we have estimated all the magnitudes involved,
and the second one is considered as unknown. Thus, the pre-distortion technique is designed
to perform a partial mitigation of the nonlinear distortion Iφ,DML[k], k = 1, 2...N . For the
sake of clarity, Fig. 5.2 depicts the way the di�erent parameters involved in the reconstruction
of the interference terms have been determined.
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Figure 5.2: Parameter estimation for interference reconstruction.

5.2.2 Processing at the transmitter

Once the magnitudes involved in the expressions of the interference terms have been esti-
mated, the reconstructed interference is substracted from the original information complex
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symbols to generate the pre-distorted symbols to be transmitted on each OFDM subcarrier.
Fig. 5.3 shows a block diagram of the proposed pre-distortion technique in order to clarify
the steps followed. The part at the right side of Fig. 5.3 aims to provide updated estimations
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B2B feedback 
path

TX-RX feedback 
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nonlinear transfer

functions

, ,
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(IV)

… …

To the 
transmitter

IFFT

Figure 5.3: Block diagram of the proposed pre-distortion technique.

of the nonlinear transfer function coe�cients for the reconstruction of the interference term.
Denoting as X0

k the original information symbols Xk, once the symbols X
0
k , k = 1, 2, ...N are

generated (block (I) in Fig. 5.3), the interference term I0
rec[k], k = 1, 2, ...N is reconstructed

(block (II) in Fig. 5.3) as:

I0
rec[k] =

dk/2e−1∑
l=1

(
Hp/φ,β2{1,1}

(
Ωl
)
·Hp/φ,β2{1,1}

(
Ωk−l

)
+Hφ,β2{1,1}

(
Ωl
)
·Hφ,β2{1,1}

(
Ωk−l

)
+

Hp,β2{1,1}
(
Ωk
)
·Hp,β2{1,1}

(
Ωk−l

)
+H ′p,DML

(
Ωk
)
·Hp,DML{1,1}

(
Ωl
)
·

Hp,DML{1,1}
(
Ωk−l

)
+H ′φ,DML

(
Ωk
)
·Hφ,DML{1,1}

(
Ωl
)
·Hφ,DML{1,1}

(
Ωk−l

))
·

X0
l ·X0

k−l+

N∑
l=k+1

(
Hp/φ,β2{1,−1}

(
Ωl
)
·Hp/φ,β2{1,−1}

(
Ωl−k

)
+Hφ,β2{1,−1}

(
Ωl
)
·

Hφ,β2{1,−1}
(
Ωl−k

)
+Hp,β2{1,−1}

(
Ωk
)
·Hp,β2{1,−1}

(
Ωl−k

)
+H ′p,DML

(
Ωk
)
·

Hp,DML{1,−1}
(
Ωl
)
·Hp,DML{1,−1}

(
Ωl−k

)
+H ′φ,DML

(
Ωk
)
·

Hφ,DML{1,−1}
(
Ωl
)
·Hφ,DML

(
Ωl−k

))
·X0

l · (X0
l−k)∗, k = 1, 2, ...N (5.6)

where the nonlinear transfer function coe�cients in Eq. (5.6) account for the e�ects of
the electrical and optical (chromatic dispersion and �ber attenuation) parts of the com-
munication system. Hp/φ,β2{1,±1} are the coe�cients for the reconstruction of Ip/φ,β2

, and
similarly for the rest of coe�cients Hφ,β2{1,±1}, Hp,β2{1,±1}, Hφ,DML{1,±1}, H

′
φ,DML{1,±1},

Hp,DML{1,±1} and H
′
p,DML{1,±1}.

The interference term just computed, I0
rec[k], is divided by the total linear transfer function

(block (III) in Fig. 5.3). Finally, the values I0
rec[k]/H[k], k = 1, 2, ...N are subtracted from

the information complex symbols (block (IV) in Fig. 5.3):

X1
k = X0

k − I0
rec[k]/H[k], k = 1, 2, ...N (5.7)

Next, we denote as I0[k] the nonlinear distortion which actually impairs the information
signal in the DM/DD OOFDM system when X0

k are transmitted. As result of the transmi-
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ssion of X1
k instead of X0

k , we have at the output of the communication system (neglecting
the noisy term):

Y [k] =H[k] ·X1
k+I1[k] = H[k] ·X0

k − I0
rec[k]+I1[k] (5.8)

where the interference I1[k] can be expressed in function of I0[k] as I1[k] = I0[k] + χ1[k],
where χ1[k] is a di�erence term due to the transmission of X1

k , k = 1, ..N instead of
X0
k , k = 1, 2, ...N through the nonlinear communication system.

With this technique, the system performance increases provided that the reconstructed
interference I0

rec[k] is su�ciently close to the actual interference I0[k] and the magnitude of
the additional nonlinear term χ1[k] is smaller than I0[k], which is a reasonable assumption
in a communication system using high order QAM modulation formats and the symbols
must be weakly impaired in order to assure a certain performance (e.g., BERT ≤ 10−4).
Under the �rst assumption:

Y [k] =H[k] ·X0
k − I0

rec[k] + I0[k] + χ1[k] ≈ H[k] ·X0
k + χ1[k] (5.9)

Provided that the reconstruction of the interference is su�ciently accurate and I0
rec[k] ≈

I0[k], it may be convenient to go further and proceed iteratively. By doing so, we can
transmit X1

k = X0
k − I1

rec[k], where I1
rec[k] is now the reconstructed interference when X1

k

are sent, and calculated by substituting X0
k by X1

k , k = 1, 2, ...N in Eq. (5.6).

The process could be repeated over and over again, but the nonlinear distortion is consider-
ably reduced after the �rst iteration, and the remaining distortion is hardly reduced without
a further re�nement of the algorithm aimed to increase its e�ciency. The limitation on the
e�ciency comes from the assumptions made for the simpli�cation of the analytical model
for the reconstruction of the nonlinear distortion and the transfer function estimations. In a
real scenario, we should also add the tolerances and deviations of a practical implementation
as another reason more for not going beyond in the iterative process.

Before the pre-distortion technique, the signal-to-noise ratio of the k -th subcarrier SNR[k]
is given by Eq. (4.34). The signal-to-noise ratio of the k -th subcarrier after application of
the pre-distortion is denoted as SNRprd[k] and is given by:

SNRprd[k] =
κ2·|H[k]|2·〈|X[k]|2〉

κ2·
(
σ2
clip[k]+σ2

ISI&ICI [k]+σ2
shot

)
+ηcanc[k]·σ2

IMD[k]+σ2
ther

k = 1, 2, ...N (5.10)

where ηcanc[k], k = 1, 2...N is the ratio between the nonlinear distortion power with and
without using the pre-distortion technique:

ηcanc[k] = σ2
IMD|prd[k]/σ2

IMD[k], k = 1, 2...N (5.11)

5.2.3 Complexity of the proposed technique

Digital techniques aimed to the mitigation of nonlinear distortion in OOFDM systems are
rather complex due to the mixing of the information transmitted in parallel by multiple
information channels. Regarding the technique proposed in this work, we have two di�eren-
tiated parts, as shown in Fig. 5.3: the right side aims to provide updated nonlinear transfer
coe�cients, and the left side aims to reconstruct the interference term.
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The update of the nonlinear transfer function coe�cients in Eq. (5.6) may be performed
every certain number of OFDM symbols, and, thus, the added complexity is less important
compared to that added by the part at the left side of Fig. 5.3.

Since the interference term depends on the information symbols to be transmitted, it must be
calculated for each OFDM symbol. The calculation of I0

rec[k], with k = 1, 2, ...N represents
the more complex part of the pre-distortion technique: its direct calculation as Eq. (5.6)
would require a number of complex multiplications proportional to N2:

Number of complex multiplications ≈ 7(inner products) ·
(1

2

N2

2
(�rst sum)

+
N2

2
(second sum)

)
+ 2 ·N(outer products, �rst sum)

+ 2 ·N(outer products, second sum). (5.12)

Once obtained the reconstructed interference terms, N complex divisions further are needed
to calculate I0

rec[k]/H[k], k = 1, 2, ...N .

Being the complexity of the algorithm of O(N2) the practical application of the algorithm,
even for a modest number of subcarriers N , is limited. Simpli�cation of the algorithm
must be carried out to achieve a reasonable applicability of the technique in a real-time
transmission:

� By applying the pre-distortion technique selectively: in the previous subsection, we
have pointed out the possibility of reducing interference terms of di�erent nature, but,
their impact is not necessarily equal and depends on the particular conditions of the
communication system. If the pre-distortion is applied only for those with stronger
power, some complexity reduction can be achieved. Moreover, the interference is not
uniformly distributed with frequency [41, 101], which allows us to further reduce the
complexity by applying the pre-distortion technique to those subcarriers more strongly
impaired.

� As suggested in [41], the convolution of subcarriers in the frequency domain, such as
that in expression Eq. (5.6), can be e�ciently computed by means of discrete Fourier
transform processing [102]. Each forward and inverse Fourier transform would require
N̄ · log2(N̄) complex multiplications (where log2(N̄) is the minimum integer such that
2N ≤ N̄)). Since each of the two sums contains 5 inner terms, we would require
to compute 10 forward and inverse Fourier transforms. However, the change of the
complexity order from N2 to N̄ ·log2(N̄) means a signi�cant complexity reduction
compared to its direct calculation for high and moderate values of N . Besides, as
commented in the previous point, it may not be necessary to cancel all the interference
terms in Eq. (5.6), which would reduce the number of forward and inverse Fourier
transforms.
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5.3 Results

5.3.1 System parameter values

The sampling rate fsam is equal to 11Gsam/s, being the electrical bandwidth BW equal
to 5.5GHz; the IFFT processor has a size of FS = 256; N = 110 subcarriers are used
for information transmission; a cyclic pre- and post-�x of 32 samples (Npre = Npos = 32,
ηpre = ηpos = 32/256 = 1/8) are appended to each OFDM symbol; after digital-to-analog
conversion, the obtained analog signal is adapted for laser driving by scaling it to yield
a peak-to-peak value of ∆i and adding a dc-o�set i0. The laser model is the same as
that employed in previous chapters (Eq. (2.24)), being the laser parameters employed for
simulations those shown in Table 5.1.

Table 5.1: Laser parameters

f0 193.1 THz

V 120× 10−18 m3

ng 4

ag 4× 10−20 m2

nt 1.5× 1024 m−3

vg 7.49× 107 m/s

γe(n)
A[s−1] +B[m3s−1]·n+ C[m6s−1]·n2 =

0.1×108+1.0×10−16·n+ 3×10−41·n2

α 5

Γ 0.3

Rsp(n)
ζ · Γ ·B · n2 =

10−4 · 0.3 · 1.0× 10−16·n2

G(n, p)
ag/(1 + εnl[m

3] · p)=
4×10−20/(1+7×10−23·p)

The �ber chromatic dispersion D is set to 17ps/(km · nm) and the loss parameter to
0.2dB/km. The responsivity of the photodiode R is set to 1A/W . After photodetection, shot
and thermal noises [89] have been considered, being 10pA/

√
Hz the thermal noise spectral

density.

5.3.2 Nonlinear distortion ratio

In order to evaluate the system performance of the OOFDM system through Eq. (5.10), the
nonlinear distortion cancellation ratio of the pre-distortion technique, ηcanc[k], k = 1, 2...N ,
must be calculated. It is worthy to remark that for its computation one must turn to
computationally time exhausting numerical simulations of the DM/DD OOFDM system in
Fig. 5.1. The nonlinear distortion cancellation ratio depends greatly on the signal quality of
both the back-to-back and Tx-Rx feedback paths, being the quality of the signals a�ected
by the laser bias point i0, the clipping introduced at the transmitter CL, and the amplitude
swing of the laser modulating signal ∆i. In Fig. 5.4 we show the value of ηcanc[k] for a
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�ber length equal to 40km and three di�erent laser bias points (i0 = 45mA, i0 = 65mA and
i0 = 85mA). Within each �gure, CL and ∆i are changed.
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Figure 5.4: Nonlinear distortion cancellation ratio ηcanc for a) i0 = 45mA, b) i0 = 65mA and c)
i0 = 85mA. Optical �ber length equal to 40km.

In general, we can observe that the pre-distortion technique does not work appropriately
at low frequencies, but this incorrect behavior is limited to a few number of the lowest
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subcarriers, where the nonlinear distortion is typically low [101]. A poor laser modulation
e�ciency, as result of high values for i0 and CL and a small value of ∆i, leads to higher
values of ηcanc, as observed in Fig. 5.4(c) for CL = 13.5dB and ∆i = 6mA; from the same
�gure, we can also observe that an increase of ∆i to 8, 10 and 12 mA, or the decrease of
CL to 9dB gives us smaller values for ηcanc. On the other hand, we must remember that
the proposed pre-distortion technique relies on an approximated analytical model which is
less accurate as the laser modulation e�ciency increases. For example, in Fig. 5.4(a) for
CL = 9dB, the increase of ∆i leads to the increase of ηcanc.

The nonlinear cancellation ratio of the proposed technique depends on the clipping intro-
duced at the transmitter. The reduction of CL leads to a stronger in�uence of the clipping
noise (which impairs the estimation of the transfer functions Hp1

and Hp11
) and a lower

accuracy of the analytical model. This can be clearly observed In Fig. 5.4(a), where a value
for CL equal to 9dB yields higher values for ηcanc than for CL = 13.5dB. In particular,
values around 0.1585 (10−0.8) are obtained for CL = 9dB, and values within a range of
[0.025, 0.1259] ([10−1.6, 10−0.9]) are obtained for CL = 13.5dB. Apart from these aspects,
the proposed technique achieves a considerable reduction of the nonlinear distortion, rang-
ing from (Fig. 5.4(a)) ηcanc = 10−1.7 = 0.02 to ηcanc = 10−0.9 = 0.126 for CL = 13.5dB
and i0 = 45mA, values lower than (Fig. 5.4(b)) ηcanc = 10−1 = 0.1 for CL = 13.5dB
and i0 = 65mA, and values around (Fig. 5.4(c)) ηcanc = 10−1.5 = 0.031 for most of the
subcarriers for CL = 13.5dB and i0 = 85mA.

5.3.3 OOFDM system with bit-loading and pre-distortion

Once calculated ηcanc for a set of system parameter values (i0 = 45, 65, 75, 85mA, CL =
9, 10.5, 12, 13.5dB, ∆i = 6, 8, 10, 12mA and L = 40, 100km), a more exhaustive
search for the optimum conditions is carried out using the simpli�ed analytical model and
the computation of the signal-to-noise ratio in Eq. (5.10). As it was done in the previous
chapter, bit-loading is used, leading to di�erent values of transmission information rate
according to the channel conditions. Setting an objective BERT equal to 10−4, the results
obtained when CL and ∆i are changed for both the conventional DM/DD OOFDM system
and that with pre-distortion are shown in Fig. 5.5.

The �rst aspect which calls our attention is the di�erence in transmission information rate
values and in the optimum operation conditions between the systems with and without pre-
distortion. The performance of the DM/DD OOFDM system with pre-distortion increases
when the laser bias point is increased to i0 = 65mA and i0 = 85mA as compared to
i0 = 45mA, as we can observe by comparing Fig. 5.5(b.1) and (c.1) with Fig. 5.5(a.1). The
amplitude swing of the laser modulating signal ∆i ranges from 6mA to 12mA, and in the
particular cases of i0 = 65mA (Fig. 5.5(b.1)) and i0 = 85mA (Fig. 5.5(c.1)), the higher
transmission information rates are found for values of ∆i higher than 10mA. Concretely,
as indicated in Fig. 5.5(c.1), a maximum value equal to R=34.781Gbits/s is found for i0 =
85mA, ∆i = 11.5mA and CL = 12.5dB. On the contrary, the decrease of the laser bias
point is bene�cial in the conventional DM/DD OOFDM system, and a value for i0 = 45mA
(Fig. 5.5(a.2)) gives us a transmission information rate R = 25.781Gbits/s when ∆i = 4mA
and CL = 12dB.

Regarding the system with pre-distortion, it can be observed that a reduction of the value
for CL is detrimental due to the clipping noise. This is clearly observed in Figs. 5.5(b.1)
and (c.1) by the fact that a reduction of CL from 11dB to 9dB leads to smaller values of
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Figure 5.5: Transmission information rate as a function of CL and ∆i for the DM/DD OOFDM
system with pre-distortion (left side) and the conventional DM/DD OOFDM system (right side)
for L = 40km a) i0 = 45mA, b) i0 = 65mA and c) i0 = 85mA.

R, but an increase of the amplitude swing of the laser modulating signal, ∆i, has marginal
e�ects. The increase of ∆i and the consequent higher impact of nonlinearities is evident
for i0 = 45mA (Fig. 5.5(a.1)). An increase of the laser bias point to 65mA (Fig. 5.5(b.1)),
and 85mA (Fig. 5.5(c)) seems to be bene�cial and results in higher values of transmission
information rate than for i0 = 45mA. A reasonable value for the clipping level equal to
12dB, i0 = 65mA and ∆i = 10mA can provide us a transmission information rate around
34.4Gbits/s.

The results obtained for L = 100km and the DM/DD OOFDM system with pre-distortion
are shown in Fig. 5.6. As we can observe, an increase of the value of CL leads generally to
a reduction of the obtained transmission information rate because of the optical modulation
e�ciency loss. Remarkably, in Fig. 5.6(a) we can observe two di�erent regions which lead
to transmission information rates around 14Gbits/s, which is the result of the trade-o�s
between modulation e�ency/receiver noise/nonlinear distortion/nonlinear distortion can-
cellation e�ciency obtained the proposed pre-distortion technique. Similarly to L = 40km,
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Figure 5.6: Transmission information rate as a function of CL and ∆i for the DM/DD OOFDM
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an increase of the laser bias point to 65mA (Fig. 5.6(b)), and 85mA (Fig. 5.6(c)) gives
us higher values of transmission information rate. By setting i0 = 65mA, CL = 12dB
and ∆i = 12mA, one can theoretically achieves a transmission information rate around
15.3Gbits/s.

In order to fully obtain the maximum system performance in terms of transmission rate,
we study the obtained values for R when the length of the cyclic extensions Npre and Npos
is changed in order to reduce as much as possible the number of redundant samples. With
the values for i0, CL and ∆i set to the previously selected values (i0 = 65mA, CL = 12dB,
and ∆i = 10mA for L=40km; i0 = 65mA, CL = 12dB, and ∆i = 12mA for L=100km),
the obtained results are shown in Fig. 5.7 for both optical �ber lengths, L = 40km and
L = 100km.

From Fig. 5.7(a) it is clear than smaller values for Npre and Npos can be used without
falling into a penalty due to ISI & ICI e�ects. It is worth mentioning that bit loading may
be also helping to overcome ISI & ICI e�ects by allocating more bits into those subcarrier
more weakly impaired. Concretely, a value of Npre = Npos = 4 can be used, leading to a
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Figure 5.7: a) Information transmission rate achieved in function of the number of samples for the
cyclic extensions, b) BER of each subcarrier and corresponding modulation format. Blue: optical
�ber length equal to 40km. Red: optical �ber lengths equal to 100km.

transmission information rate equal to 40Gbits/s for L = 40km, whilst a value of Npre =
Npos = 2 leads to a transmission information rate equals to 18.5Gbits/s for L = 100km.
Using these cyclic extension lengths, the obtained BER and the modulation format employed
of each subcarrier is shown in Fig. 5.7(b). For L = 40km, a modulation format as high as
512-QAM can be used in most of the signal bandwidth, and for L = 100km, 4-QAM, 16-
QAM and 32-QAM are used for the information transmission.

5.3.4 Comparison with brute force simulations

In previous sections we have performed extensive simulations using the approximated and
simpli�ed model of the OOFDM system, which has allowed us to save time in the compu-
tation of the system performance. Now we compute the resulting BER through brute force
simulations of the system in Fig. 5.1 and bit error counting with the �nal system parameters
obtained in subsection 5.3.3.

For the conventional DM/DD OOFDM system, using CL = 12dB, i0 = 45mA and ∆i =
4mA, Npre = Npos = 3 for L = 40km a transmission information rate equal to 31Gbits/s can
be theoretically achieved, whilst the values found in the previous subsection are employed in
the pre-distorted system. The conventional system and that with pre-distortion do not have
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the same optimum operation conditions because of the mitigation of the nonlinear distortion
and the change of the di�erent system trade-o�s involved in the performance of the two
systems. The transfer functions and the obtained signal-to-noise ratio of the conventional
system and that with pre-distortion are shown in Fig. 5.8 for L=40km. As expected, the
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Figure 5.8: a) System transfer function of the conventional system, b) SNR of the conventional
system, c) System transfer function of the system with pre-distortion technique, d) SNR of the
system with pre-distortion technique (SNRprd).

results obtained through simulations are in good agreement with those obtained using the
analytical model. The magnitude of the transfer function of the system with pre-distortion
(Fig. 5.8(c)) reach higher values than that obtained in the conventional system (Fig. 5.8(a))
due to the higher laser modulation e�ciency. However, the increase on the value of ∆i does
not lead to a reduction of the signal-to-noise ratio due to nonlinear distortion (Fig. 5.8(d))
thanks to the pre-distortion technique.

The improvement on several dBs on the SNR when using the proposed technique (Fig. 5.8(d))
compared to the conventional system (Fig. 5.8(b)) allows us to increase signi�cantly the
transmission information rate, as we see next. Before, apart from these two systems, the
system performance of a DM/DD OOFDM system with the non-equalizer receiver reported
in [41] is also studied. The schematic of such non-equalizer is shown in Fig. 5.9. After
passing the received signal into the frequency domain through the FFT operation, the com-
plex symbols are linearly equalized, making decisions afterward on them. Note that these
decisions may be right or wrong, depending on the quality of the received signal. The de-
cided complex symbols are used to reconstruct the nonlinear distortion, in the same way
as we did in our proposed technique at the transmitter. Once the interference terms are
reconstructed, these are weighted by means of weighting coe�cients previously calculated in
a training stage. Finally, the weighted interference terms are subtracted from the received
complex symbols at the output of the FFT. The process can be repeated iteratively, but
only one iteration is recommended because of the computation complexity and the marginal
improvement of further iterations [41].
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Figure 5.9: Decision-feedback equalizer at the receiver and proposed in [41].

The transmission information rate of the three systems is shown in Fig. 5.10 for L=40km
and L=100km. For L = 100km, the conventional OOFDM system achieves a transmission
information rate equal to 10Gbits/s with the optimized values i0 = 45mA, ∆i = 7mA,
CL = 12dB and Npre = Npos = 3 whilst the values found in the previous section are
employed in the pre-distorted system. In the DM/DDOOFDM system with non-equalization
at the receiver, our analytical model is used for the reconstruction of the interference. A
high number of trials have been done to adjust the amplitude swing ∆i and the laser bias
current i0 as well as the modulation format pro�le across the OFDM subcarriers in order to
maximize the transmission information rate.
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DM/DD OOFDM syst. With pre-distortion
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Figure 5.10: Obtained BER values obtained through brute force simulations.

We observe from Fig. 5.10 that the obtained BER values are close to the objective BER =
10−4. As predicted by the simulations with the simpli�ed model, the achieved transmi-
ssion information rates when the pre-distortion technique is used are considerably higher.
With the nonlinear equalizer at the receiver, the transmission information rates are equal to
33.08Gbits/s and 14.49Gbits/s for L=40km and L=100km, respectively. Though the values
obtained with the nonlinear equalizer at the receiver are not the result of a so exhaustive
system parameter optimization, the values presented in Fig. 5.10 show an intuitively clear
issue: a nonlinear equalization at the receiver can improve the quality of the detected signal,
but, since the interference reconstruction depend on decisions about the received informa-
tion signal, the obtained performance will eventually depend on the signal quality of the
conventional DM/DD OOFDM system.
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In Fig. 5.11 we show the constellation diagrams of the 62th-110th subcarriers in order to get
a visual impression of the improvement achieved by means of the proposed pre-distortion
technique.
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Figure 5.11: Constellation diagrams of the 62th to 110th subcarriers for L = 40km. a) Conven-
tional DM/DD OOFDM system (128-QAM), b) DM/DD OOFDM system without pre-distortion
technique (512-QAM), and c) DM/DD OOFDM system with pre-distortion technique (512-QAM).

The conventional DM/DD OOFDM system, with the same system parameters as those
used to obtain the results in Fig. 5.10, employs 128-QAM in the subcarriers ranging from
62 to 110, and the received symbols after equalization are shown in Fig. 5.11(a). Using
this modulation format guarantees that the obtained BER does not exceed considerably
the objective BERT = 10−4, situation which would occur if the modulation format order is
increased to 512-QAM. The aim of the constellation diagrams Figs. 5.11(b)�5.11(c) is to show
the e�ects of the proposed pre-distortion technique. Both of them show the constellation
diagram for the same subcarriers (62 to 110), using 512-QAM as modulation format and
employing the same system parameters as those used to obtain the results in Fig. 5.10 for the
system with pre-distortion, but in Fig. 5.11(b) the pre-distortion technique is not used at all.
It is clear that the quality of the received signal is ruined and it would lead to an unacceptable
value of BERT . The use of the pre-distortion technique, Fig. 5.11(c), o�ers us a much clearer
constellation diagram, and, similarly to Fig. 5.11(a), an appropriate quality of the received
symbols is achieved and the value of the obtained BERT does not increase signi�cantly.
Evidently, the transmission information rate achieved with the proposed technique is higher
than that in the conventional system as result of using higher modulation format orders.

5.3.5 Tolerance to dispersion and optical link attenuation mismatches

As explained in the subsection 5.2.1, we start the interference reconstruction from the as-
sumption that some parameters are known, such as the optical attenuation (10−αfib·L/10) or
the accumulated dispersion (D · L). In this subsection we explore the nonlinear distortion
cancellation e�ciency in front of mismatches in αfib and D. In Fig. 5.12 we show the values
obtained for ηcanc when a value 0.2dB/km of intensity �ber attenuation is assumed, and
the actual value is varied for L = 40km. As expected, the nonlinear distortion cancellation
e�ciency is deteriorated as we get away from the assumed value 0.2dB/km. In order to
get similar values of ηcanc to those obtained when the actual and the assumed values are
equal, the total attenuation must not deviate beyond 3% from the assumed value. We can
observe that errors of 7.6% may lead to values of ηcanc higher than 0.2, reaching values up
to 0.4, whilst errors of 9.6% may lead to values up to 0.6. The system performance improve-
ments obtained with such poor cancellation distortion e�ciencies may not be of su�ciently
magnitude to pay the prize of the higher complexity the proposed technique requires.
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Figure 5.12: Nonlinear distortion cancellation ratio in front of attenuation estimation mistmaches.
Optical �ber length equal to 40km.

In Fig. 5.13 we show the values obtained for ηcanc when a value for the dispersion para-
meter equal to 17ps/(km · nm) is assumed, and the actual value is varied for L = 40km.
Surprisingly, the nonlinear distortion cancellation e�ciency is not signi�cantly a�ected, or
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Figure 5.13: Nonlinear distortion cancellation ratio in front of accumulated dispersion estimation
mistmaches. Optical �ber length equal to 40km.

not a�ected at all. The explanation for this is that the change on the dispersion parameter
changes the total transfer function, and therefore the estimated value of the laser transfer
function Hφ1 . Such change of the value of Hφ1 , may be, surprisingly, compensating for the
deviations in the reconstruction of the interference terms.

5.4 Summary

We have proposed a novel pre-distortion technique which takes advantage of the relatively
stable conditions in a DM/DD system, in such a way the transmitter may know a priori the
impairing nonlinear distortion at the transmitter. Its operation conditions have been studied
in order to explore its potential performance and make comparisons with that obtained in
a conventional DM/DD OOFDM system. Signi�cant nonlinear distortion reduction ratio
values have been obtained, arriving up to values equal to [0.02,0.13]. The system performance
has been greatly improved for di�erent distances, allowing to employ higher modulation
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QAM formats on the OFDM subcarriers. Transmission information rates equal to 40Gbits/s
and 18.5Gbits/s have been obtained for L=40km and L=100km, respectively, with a BER
in the order of 10−4.

We have also compared the results obtained with those from brute force simulations, demon-
strating the feasibility of the simpli�ed analytical model to predict the �nal system perfor-
mance in front of varying system parameters. The results also show that the performance
obtained with the pre-distortion technique proposed in this work outperforms that obtained
with a nonlinear distortion canceller at the receiver: the pre-distorted waveform may be con-
sidered as a special modulation format, with particular optimum operating conditions, whilst
the performance with a nonlinear distortion canceler at the receiver is unavoidably linked to
the operating conditions/performance of the conventional OOFDM system to assure a cer-
tain level quality of the received signal. The transmission information rates obtained when
a nonlinear equalizer at the receiver is used are equal to 33.08Gbits/s and 14.49Gbits/s for
L=40km and L=100km, respectively. Furthermore, apart from the substantial improvement
compared to the nonlinear equalization at the receiver, the proposed pre-distortion tech-
nique would allow us to locate the more complex electrical parts in the optical line terminal
instead of in the optical network unit for downlink transmission, which is advantageous in
optical access networks.

Finally, we have studied the obtained nonlinear distortion cancellation e�ciency in front of
mismatches in the optical link attenuation and dispersion: the proposed technique is signi�-
cantly sensitive to errors in the estimated optical attenuation, making necessary to precisely
determine this magnitude; on the other hand, the proposed technique is very robust to errors
in the estimated accumulated dispersion, and the nonlinear distortion cancellation e�ciency
remains practically equal even for important deviations in the accumulated dispersion. The
latter aspect requires more study, and may open an interesting line for the simpli�cation of
the proposed technique.

The pre-distortion technique here proposed represents a valuable technique for its employ-
ment in optical metro/access networks, where the two-way end-to-end communications is
a reasonable assumption, and, thus, the transmitter can extract information on the trans-
mission channel. The proposed dedicated receiver added for monitoring purposes may be
that used for communications in a bi-directional communication system: the receiver is used
most of the time for communications (uplink direction), and, only, in some intervals of time,
it may perform monitoring to update the parameters involved in the reconstruction of the
interference.
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Chapter 6

Optically �ltered DM/DD
OOFDM Systems

6.1 Introduction

In previous chapters we have seen that, despite of the advantages brought by the direct
modulation of a laser in the OFDM transmitter in terms of cost reduction, compactness,
low power consumption and high optical output power, its performance is severely limited by
distortions arising from the laser, the optical intensity detection process and the propagation
of the chirped signal through the dispersive link. To overcome these one can rely, for
instance, on electronic techniques for the cancellation of the nonlinear distortions, such as
that presented in Chapter 5. Another interesting alternative is the use of an optical �lter to
improve the system performance by suitable conversion of the inherent frequency modulation
at the laser transmitter output into additional intensity modulation at the end of the link
[103].

The optical �ltering technique is only qualitatively understood and further work is necessary
to grasp the theoretical foundations which can provide the design criteria for optimum
operation. For instance a 7dB improvement of power budget has been reported in [104] but
neither a thorough explanation for this improvement nor the directions for further exploit
the potential of this technique are well understood [105].

This chapter addresses precisely this point by providing an end-to-end analytical model to
describe the operation of a DM/DD OOFDM system when an arbitrary optical �lter is in-
serted in the dispersive link. This is done by extending the analysis presented in Chapter 3
for the description of DM/DD OOFDM systems. The chapter is structured as follows: in Sec-
tion 6.2, we provide a theoretical description of the optically �ltered OOFDM system which
includes the derivation of the mathematical formulae. We also describe mathematically the
transfer functions of the di�erent optical �ltering structures which are later employed in
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the simulation and analytical results. Section 6.3 presents the results obtained by evaluat-
ing the expressions derived and those obtained through numerical simulations for the sake
of validation. We then illustrate the optimization of the �lter parameters by computing
the e�ective signal-to-noise ratio and the power budget improvements are evaluated, paying
special attention to the impact of the clipping level.

6.2 Optically �ltered DM/DD multicarrier signals: theory

6.2.1 Analytical formulation

The optically �ltered DM/DDOOFDM system considered in this paper consists of an OFDM
transmitter, the DML, the dispersive �ber link, the optical �lter, the photodetection stage,
and, �nally, the OFDM receiver, as shown in Fig. 6.1.

The main operations in the OFDM transmitter include data mapping using 16-QAM, IFFT,
cyclic pre�x insertion, OFDM symbol serialization, clipping and DAC.
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Figure 6.1: Schematic illustration of the optically �ltered OOFDM system.

As we did in Chapter 3, the complex electrical �eld at the output of the laser source is
approximated as:

E(t, z=0)=(√
P0+

P1(t)

2
√
P0

+
P2(t)

2
√
P0

+
P11(t)

2
√
P0

−P1(t)·P1(t)

8P
3
2

0

)
·exp

(
j·

N∑
k=1

mk·sin(Ωkt+ϕmk)
)

(6.1)
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where P0 is the average optical power and

P1(t) =

N∑
k=1

2pk · cos
(
Ωkt+ ϕpk

)
; P2(t) =

N∑
k=1

2p2k · cos
(
2Ωkt+ϕp2k

)
P11(t) =

N∑
k=1

k−1∑
l=1

2pkl · cos
(
(Ωk+Ωl)t+ϕpkl

)
+

N∑
k=1

k−1∑
l=1

2pk_l · cos
(
((Ωk−Ωl)t+ϕpk_l)

)
(6.2)

being pk · exp(jϕpk) the �rst order complex coe�cient and p2k · exp(jϕp2k
), pkl · exp(jϕpkl),

pk_l · exp(jϕpk_l) the second order complex coe�cients of the optical intensity, given by
Eq. (3.11), whereas mk is the frequency modulation index at the k-th subcarrier and ϕmk
its corresponding phase, which values are given by Eq. (3.15). As in previous chapters, the
SMF is assumed to be a linear medium, whose transfer function is given by Eq. (3.6), and
the �eld at its output is calculated through the inverse Fourier transform of the product of
the spectra of the signal in Eq. (6.1) and the �ber transfer function:

E(t, z = L) = FT−1{E(Ω, z = 0) ·Hfib(Ω = ω − ω0)} =
∞∑

n1,...,nN=−∞
E(n1,...,nN )(z = L)·ej

(
−β0·L+Ωimp·(t−β1·L)+

∑N
i=1 ni·ϕmi−

β2
2 Ω2

imp·L
)

(6.3)

being Ωimp =
∑N
k=1 nk·Ωk. Note that the constant phase shift e−jβ0·L is cancelled out

upon square-law detection and the time shift β1·L is not of importance under proper time
synchronization at the receiver, such that t′ = t − β1·L. The e�ects of the optical �ltering
onto the optical signal can be easily taken into account using the well-known digital �ltering
theory [106, 107]. The impulse response and corresponding transfer function of the optical
�lter are given by:

hfil(t
′) =

Ord−1∑
κ=0

hκ · δ(t′ − τκ)
FT←→ Hfil(Ω) =

Ord−1∑
κ=0

hκ · e−j·τκ·Ω (6.4)

where Ord is the order of the �lter. Equation (6.4) is obviously valid for optical �lters with
�nite impulse responses, and gives reasonably accurate results in the case of optical �lters
with in�nite impulse responses provided that the value of Ord is set to a su�ciently high
value. The �eld at its output is calculated as

Efil(t
′, z = L) =

Ord−1∑
κ=0

hκ · E(t′ − τκ, z = L) (6.5)

Finally, the photocurrent is calculated as the squared modulus of the �eld

Iph(t′) = <·|Efil(t′, z = L)|2 (6.6)

being < the responsivity of the photodetector. For the sake of simpli�cation, we only consider
the most relevant beats and we use the Graf's theorem for the sum of Bessel functions [76].
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After a lengthy mathematical manipulation, Iph(t′) can be expressed as:

Iph(t′) ≈ <·
Ord−1∑
κ=0

Ord−1∑
ε=0

hκh
∗
ε ·

∞∑
n1...nN=−∞

(
T0(n1, ..., nN )

(
κ, ε
)

+T1(n1, ..., nN )

(
κ, ε
)
+T2(n1, ..., nN )

(
κ, ε
)

+ T3(n1, ..., nN )

(
κ, ε
)

+T4(n1, ..., nN )

(
κ, ε
)

+ T5(n1, ..., nN )

(
κ, ε
))
·

exp

(
j

(
Ωimpt

′ +

N∑
i=1

ni

(
τκ + τε

2
+ ϕmi +

π

2

)))
(6.7)

T0 and T1 contain the information component, which can be extracted by setting one of the
indices n1, n2,...nN to 1, and the rest to 0, as well as nonlinear distortion due to the laser
chirp, the expressions of which are obtained by particularizing the indices n1, n2,...nN such
that

∑N
1 |nk| > 1. T2, T3, T4 and T5 are essentially terms due to nonlinear distortion which

stem from the laser nonlinearities (T2 and T3) and the imbalance caused by the chromatic
dispersion and optical �ltering on the optical �eld (T4 and T5). The expressions of T0, T1,
T2, T3, T4 and T5 are:

T0(n1, ..., nN )

(
κ, ε
)

= Jn1(µ1,κ,ε)··JnN (µN,κ,ε)
(
P0+

1

2P0

N∑
k=1

p2
k·cos(2θk,κ,ε)

)
(6.8)

T1(n1, ..., nN )

(
κ, ε
)

= Jn1
(µ1,κ,ε)··JnN (µN,κ,ε)

(
N∑
k=1

pk
Jnk(µk,κ,ε)

·cos(θk,κ,ε)

·
(
Jnk+1(µk,κ,ε)·ej(ϕmk−ϕpk+π

2 )+Jnk−1(µk,κ,ε)·e−j(ϕmk−ϕpk+π
2 )
))

(6.9)

T2(n1, ..., nN )

(
κ, ε
)

= Jn1(µ1,κ,ε)··JnN (µN,κ,ε)

(
N∑
k=1

p2k·cos(2θk,κ,ε)
Jnk(µk,κ,ε)(

Jnk+2(µk,κ,ε)·ej(2ϕmk−ϕp2k
+π)+Jnk−2(µk,κ,ε)·e−j(2ϕmk−ϕp2k

+π)
))

(6.10)
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T3(n1, ..., nN )

(
κ, ε
)

= Jn1(µ1,κ,ε)··JnN (µN,κ,ε)

(
N∑
k=1

k−1∑
l=1

pkl
Jnk(µk,κ,ε)Jnl(µl,κ,ε)

cos(θk,κ,ε+θl,κ,ε)
(
Jnk+1(µk,κ,ε)·Jnl+1(µl,κ,ε)·ej(ϕmk+ϕml−ϕpkl+π)+

Jnk−1(µk,κ,ε)·Jnl−1(µl,κ,ε)·e−j(ϕmk+ϕml−ϕpkl+π)
)

+

N∑
k=1

k−1∑
l=1

pk_l

Jnk(µk,κ,ε)Jnl(µl,κ,ε)

cos(θk,κ,ε−θl,κ,ε)
(
Jnk+1(µk,κ,ε)·Jnl−1(µl,κ,ε)·e

j(ϕmk−ϕml−ϕpk_l )+

Jnk−1(µk,κ,ε)·Jnl+1(µl,κ,ε)·e
−j(ϕmk−ϕml−ϕpk_l )

))
(6.11)

T4(n1, ..., nN )

(
κ, ε
)

=
Jn1(µ1,κ,ε)··JnN (µN,κ,ε)

4·P0

(
N∑
k=1

N∑
l=1
l 6=k

pk·pl
Jnk(µk,κ,ε)Jnl(µl,κ,ε)(

Jnk+1(µk,κ,ε)·Jnl+1(µl,κ,ε)·ej(ϕmk−ϕpk+ϕml−ϕpl+π)
(
−cos(θk,κ,ε+θl,κ,ε)+
ej(θk,κ,ε−θl,κ,ε)

)
+Jnk−1(µk,κ,ε)·Jnl−1(µl,κ,ε)·e−j(ϕmk−ϕpk+ϕml−ϕpl+π)

(
−cos(θk,κ,ε+θl,κ,ε)+
e−j(θk,κ,ε−θl,κ,ε)

))
+

N∑
k=1

N∑
l=1
l 6=k

pk·pl
Jnk(µk,κ,ε)Jnl(µl,κ,ε)(

Jnk+1(µk,κ,ε)·Jnl−1(µl,κ,ε)·ej(ϕmk−ϕpk−ϕml+ϕpl )
(
−cos(θk,κ,ε−θl,κ,ε)+
ej(θk,κ,ε+θl,κ,ε)

)
+Jnk−1(µk,κ,ε)·Jnl+1(µl,κ,ε)·e−j(ϕmk−ϕpk−ϕml+ϕpl )

)(
−cos(θk,κ,ε−θl,κ,ε)+
e−j(θk,κ,ε+θl,κ,ε)

))
(6.12)

T5(n1, ..., nN )

(
κ, ε
)

= Jn1
(µ1,κ,ε)··JnN (µN,κ,ε)

1

4·P0

(
N∑
k=1

p2
k

1− cos(2θk,κ,ε)
Jnk(µk,κ,ε)(

Jnk+2(µk,κ,ε)·ej2(ϕmk−ϕpk+π
2 )+Jnk−2(µk,κ,ε)·e−j2(ϕmk−ϕpk+π

2 )
))

(6.13)

where θk,κ,ε = −
(
τκ−τε

2 + β2

2 ΩimpΩkL
)
, and µk = 2mk · sin(θk,κ,ε). We can see that the

dispersion-induced phase delay at Ωr, equal to −β2/2 ·Ω2
r ·L, is increased by that due to the

optical �lter to result in θr,κ,ε = −
(
τκ−τε

2 + β2

2 Ω2
rL
)
. Moreover, from Eq. (6.7), the di�erent

spectra components are weighted by the product of the �lter coe�cients hκ ·h∗ε and are also
a�ected by the average phase delay (τκ + τε)/2.

Because of the complexity of the expressions provided, we have proceeded as in Chapter 4
and we have obtained a simpli�ed version of Eqs. (6.8)-(6.13) which gives reasonable good
results: provided that the argument of the Bessel functions is su�ciently small, they can be
approximated by the �rst term of their series expansion [76]; besides, within each sum, only
the most signi�cant contribution at the rth subcarrier is retained. With these simpli�cations
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and making use of the transfer function of the optical �lter Eq. (6.4), the expression for the
signal information component can be expressed as:

T0|nr=1 + T1|nr=1 =(
H∗fil(0)·Hfil(Ωr)

2

(
Hp1

(
Ωr
)
·e−j·Ω

2
r
β2
2 L + 2·P0·Hφ1

(
Ωr
)
·e−j·Ω

2
r
β2
2 L
)

+

Hfil(0)·H∗fil(−Ωr)

2

(
Hp1

(
Ωr
)
·ej·Ω

2
r
β2
2 L−2·P0·Hφ1

(
Ωr
)
·ej·Ω

2
r
β2
2 L
))
·m

2
·Xr (6.14)

whilst the expressions obtained for the second order intermodulation falling on the rth
subcarrier of the type A+B and A−B, where A and B stand for two arbitrary subcarriers,
are:

Intensity modulation nonlinearity

IA+B

p,DML[r] =

dr/2e−1∑
l=1

Hp11

(
Ωl,Ωr−l

)
·1
2

(
Hfil(0)·H∗fil(−Ωr)·e−jθr

+Hfil(Ωr)·H∗fil(0)·ejθr

)
·il·ir−l·ej(ϕil+ϕir−l ) (6.15)

IA−Bp,DML[r] =

N∑
l=r+1

Hp11

(
Ωl,−Ωl−r

)
·1
2

(
Hfil(0)·H∗fil(−Ωr)·e−jθr

+Hfil(Ωr)·H∗fil(0)·ejθr

)
·il·il−r·ej(ϕil−ϕil−r ) (6.16)

Phase modulation nonlinearity

IA+B

φ,DML[r] =

P0·2j
dr/2e−1∑
l=1

·Hφ11

(
Ωl,Ωr−l

)
·1
2

(
Hfil(0)·H∗fil(−Ωr)·e−jθr

−Hfil(Ωr)·H∗fil(0)·ejθr

)
·il·ir−l·ej(ϕil+ϕir−l ) (6.17)

IA−Bφ,DML[r] =

P0·2j
N∑
l=
r+1

P0·Hφ11

(
Ωl,−Ωl−r

)
·1
2

(
Hfil(0)·H∗fil(−Ωr)·e−jθr

−Hfil(Ωr)·H∗fil(0)·ejθr

)
·il·il−r·ej(ϕil−ϕil−r ) (6.18)

Dispersion-imbalanced intensity/phase components

IA+B

p/φ,β2
[r] = (−2j) ·

[
dr/2e−1∑
l=1

Hp1

(
Ωl
)
Hφ1

(
Ωr−l

)
4

·(
Hfil(0)·H∗fil(−Ωr)·e−jθr−Hfil(Ωr)·H∗fil(0)·ejθr

−Hfil(Ωr−l)·H∗fil(−Ωl)·ej(θr−l−θl)+Hfil(Ωl)·H∗fil(−Ωr−l)·e−j(θr−l−θl)

)

·il·ir−l·ej(ϕil+ϕir−l )+
Hp1

(
Ωr−l

)
Hφ1

(
Ωl
)

4
·(

Hfil(0)·H∗fil(−Ωr)·e−jθr−Hfil(Ωr)·H∗fil(0)·ejθr

+Hfil(Ωr−l)·H∗fil(−Ωl)·ej(θr−l−θl)−Hfil(Ωl)·H∗fil(−Ωr−l)·e−j(θr−l−θl)

)

·il·ir−l·ej(ϕil+ϕir−l )
]

(6.19)
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IA−Bp/φ,β2
[r] = (−2j) ·

[
N∑
l=
r+1

Hp1

(
Ωl
)
H∗φ1

(
Ωl−r

)
4

·

(
Hfil(0)·H∗fil(−Ωr)·e−jθr−Hfil(Ωr)·H∗fil(0)·ejθr

−Hfil(−Ωl−r)·H∗fil(−Ωl)·e−j(θl−r+θl)+Hfil(Ωl)·H∗fil(Ωl−r)·ej(θl−r+θl)

)

·il·il−r·ej(ϕil−ϕil−r )+
H∗p1

(
Ωl−r

)
Hφ1

(
Ωl
)

4
·(

Hfil(0)·H∗fil(−Ωr)·e−jθr−Hfil(Ωr)·H∗fil(0)·ejθr

+Hfil(−Ωl−r)·H∗fil(−Ωl)·e−j(θl−r+θl)−Hfil(Ωl)·H∗fil(Ωl−r)·ej(θl−r+θl)

)

·il·il−r·ej(ϕil−ϕil−r )

]
(6.20)

Dispersion-imbalanced phase components

IA+B

φ,β2
[r] = −4P0 ·

dr/2e−1∑
l=1

Hφ1

(
Ωl
)
Hφ1

(
Ωr−l

)
4

·(
Hfil(0)·H∗fil(−Ωr)·e−jθr+Hfil(Ωr)·H∗fil(0)·ejθr

−Hfil(Ωr−l)·H∗fil(−Ωl)·ej(θr−l−θl)−Hfil(Ωl)·H∗fil(−Ωr−l)·e−j(θr−l−θl)

)
· il·ir−l·ej(ϕil+ϕir−l ) (6.21)

IA−Bφ,β2
[r] = −4P0 ·

N∑
l=r+1

Hφ1

(
Ωl
)
H∗φ1

(
Ωl−r

)
4

·(
Hfil(0)·H∗fil(−Ωr)·e−jθr+Hfil(Ωr)·H∗fil(0)·ejθr

−Hfil(−Ωl−r)·H∗fil(−Ωl)·e−j(θl−r+θl)−Hfil(Ωl)·H∗fil(Ωl−r)·ej(θl−r+θl)

)
· il · il−r · ej·(ϕil−ϕil−r ) (6.22)

Dispersion-imbalanced intensity components

IA+B

p,β2
[r] = − 1

P0
·
dr/2e−1∑
l=1

Hp1

(
Ωl
)
Hp1

(
Ωr−l

)
4

·(
Hfil(0)·H∗fil(−Ωr)·e−jθr+Hfil(Ωr)·H∗fil(0)·ejθr

−Hfil(Ωr−l)·H∗fil(−Ωl)·ej(θr−l−θl)−Hfil(Ωl)·H∗fil(−Ωr−l)·e−j(θr−l−θl)

)
· il · ir−l · ej(ϕil+ϕir−l ) (6.23)

IA−Bp,β2
[r] = − 1

P0
·

N∑
l=r+1

Hp1

(
Ωl
)
H∗p1

(
Ωl−r

)
4

·(
Hfil(0)·H∗fil(−Ωr)·e−jθr+Hfil(Ωr)·H∗fil(0)·ejθr

−Hfil(−Ωl−r)·H∗fil(−Ωl)·e−j(θl−r+θl)−Hfil(Ωl)·H∗fil(Ωl−r)·ej(θl−r+θl)

)
· il · il−r · ej·(ϕil−ϕil−r ) (6.24)

where θk = θk,0,0 = −β2

2 ΩimpΩkL.
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From expression Eq. (6.14) we note that:

� Since we have only considered the photocurrent terms due to the beat with the optical
carrier, the photocurrent is null when the optical carrier vanishes, which occurs when
Hfil(0) = 0.

� When no optical �lter is used (Hfil(Ω) = 1), the expression reduces to that reported
in Chapter 3. Similar results are obtained when a symmetrical �ltering with respect
to the optical carrier (Hfil(Ω) = Hfil(−Ω)) is employed.

� In the case some asymmetry is introduced, information components that otherwise
would be counteracted, start to spring up, increasing thus the signal information de-
tected at the receiver and the system performance. This is the working principle of
optical �ltering techniques aimed to increase the system performance.

� Note that we have not taken into account ICI & ISI e�ects due to the impulse response
of the channel once the optical �lter is inserted. The previous analysis can not account
for these e�ects, since it begins from the assumption that the RF-waves in Eq. (3.2)
are non-�nite. However, ICI and ISI e�ects can be easily quanti�ed once the linear
channel transfer function of the whole system Eq. (6.14) is obtained and can be used
in Eq. (4.23).

6.2.2 Optical �ltering approaches

6.2.2.1 Supergaussian �lter

Optical �lters with Supergaussian pro�les are used as a �rst-step approximation to real
�lters (e.g., in [108]). The transfer function modulus is given by:

|Hfil(Ω = ω − ω0)| = exp

(
ln

(
1√
2

)
·
( Ω− Ωc

(∆Ω3dB/2)

)2·q
)

(6.25)

where Ωc is the central angular frequency, ∆Ω3dB is the 3-dB bandwidth and q is the order
of the Supergaussian �lter. Its phase response is approximated by the �nite summation
[105]:

φ∗fil(ωi) =
∆ω

π

R∑
r=−R

ωi
ω2
i − ω2

r

· ln (|Hfil(ωr)|) (6.26)

which is based on the assumption that the optical �lter sati�es the causality condition and,
thus, the real and imaginary parts of Hfil(Ω) are related by the Hilbert's transform [109].
In Eq. (6.26) R is an integer value for the truncation of the spectra calculation, ∆ω the
frequency step and ωr = r ·∆ω.

6.2.2.2 Mach-Zehnder interferometer (MZI)

A simple implementable optical �lter is given by the MZI, constructed simply by connecting
the two output ports of a coupler to the two input ports of another coupler by means of two
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delay lines with di�erent lengths, as depicted in the inset (c) of Fig. 6.1. Depending on the
output port, its impulse response is given by:

hfil,1(t) = j·1
2

(
exp(j · φlow) + exp(j · φupp)·δ(t− τMZI)

)
(6.27)

if the output port 1 is selected, and:

hfil,2(t) =
1

2

(
exp(j · φlow)− exp(j · φupp)·δ(t− τMZI)

)
(6.28)

if the output port 2 is selected.

6.2.2.3 Uniform �ber-Bragg grating (UFBG)

For the case of a UFBG, the coupled mode di�erential equations describing the evolution of
the two counter-propagating modes in the periodically perturbed refractive index structure
can be solved analytically. For a FBG with grating period Λ, e�ective modal index neff
and zero-to-peak amplitude of the refractive index modulation δn, the amplitude re�ection
and transmission coe�cients can be expressed as [110]:

r(f) =
−j · κγ · sinh(γ · LFBG)

cosh(γ · LFBG) + j δγ · sinh(γ · LFBG)
(6.29)

t(f) =
1

cosh(γ · LFBG) + j δγ · sinh(γ · LFBG)
(6.30)

where LFBG is the length of the grating, κ = π/(2 · neff ·Λ) · δn is the coupling coe�cient,
δ = 2π · neff · f/c− π/Λ is the detuning from the grating resonance and γ2 = κ2 − δ2. The
grating bandwidth ∆λFBG, de�ned as the wavelength range between the �rst zeros at each
side of the Bragg peak is given by [110]:

∆λFBG = λb
δn

neff

(
1 +

(
λb

δn·LFBG

)2
) 1

2

(6.31)

where λb = 2·neff ·Λ is the Bragg wavelength.

6.2.2.4 Balanced con�gurations

There are two interesting aspects that deserve consideration: (i) the transmitted optical
signal is composed of two sidebands which are conjugated one another, that is, it presents
some information redundancy, condition which is needed to obtain a real-valued signal to
drive the laser intensity at the transmitter, and (ii) the improvement observed when an
optical �lter is used is not due to the elimination of some spectral signal content, but from
introducing some degree of imbalance in such a way the spectral information components are
mixed in a more e�cient way upon photo-detection. These two aspects lead us to propose
the balanced con�gurations shown in Fig. 6.2.

In both con�gurations, the reciprocal transfer function is used to detect the otherwise wasted
sideband and the OFDM receiver processing on each branch is performed as usual. The
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Figure 6.2: Balanced �ltered con�gurations. a) both output ports of a MZI are used and b) both
re�ected and transmitted optical signals are used for information detection.

information symbols from the two branches after FFT are combined by using a maximum
ratio combiner:

Ȳ [r] =
H∗upper[r]·Yupper[r] +H∗lower[r]·Ylower[r]

|Hupper[r]|2 + |Hlower[r]|2
, r = 1, 2, ...N (6.32)

where Yupper[r] and Ylower[r] are the received complex symbols at the r-th subcarrier of the
upper and lower branch, respectively, Hupper[r] and Hlower[r] are the rth coe�cient of the
estimated transfer function corresponding to the upper and lower branch, respectively, and
Y [r] is the resulting equalized symbol.

In the balanced con�guration with a MZI, signals from both output ports are used, rather
than only one of them, Fig. 6.2(a), and with a FBG, both the re�ected and transmitted
signals from the grating, Fig. 6.2(b), are detected. Furthermore, the proper combination of
the two signals leads to some improvement, as shown in the following section.

6.3 Results

6.3.1 Default system parameters

The next default system parameters are used to obtain the presented results: the sampling
rate fsam is equal to 11Gsam/s, being the electrical bandwidth BW equal to 5.5GHz; the
information binary stream is mapped into 16-QAM complex symbols, which are arranged
with a Hermmitian symmetry at the input of the IFFT processor of size FS = 256; N =
110 subcarriers are used for information transmission; a cyclic pre- and a post-�x of 16
samples (Npre = Npos = 16) are appended for the mitigation of ICI and ISI e�ects; the
resulting transmission information rate, R, is equal to 16.8Gbits/s; a high clipping level
(CL = 13.8dB) is used in order to limit the amplitude swing of the OFDM signal. For
the modeling of the digital-to-analog conversion, quantization noise due to a limited bit
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resolution is not taken into account and a square-root raised-cosine �lter is employed. The
obtained analog signal is adapted for laser driving by scaling the analog signal to yield a
peak-to-peak value of ∆i = 10mA and adding a DC-o�set i0 = 60mA. Note that we have set
the clipping level to a relatively high value, though the employment of a smaller value may
lead to some system performance improvement because of a higher modulation e�ciency
even at the expense of some clipping noise [60]. Nevertheless, in subsection 6.3.4 we study
the impact of di�erent clipping level values used at the transmitter in order to give power
budget curves closer to those obtained in a practical scenario.

The �ber chromatic dispersion D is set to 17ps/(km·nm), the �ber-loss parameters is set
to 0.2dB/km and its length is equal to 25 km. After photodetection, shot and thermal
noises have been considered, being 10pA/

√
Hz the thermal noise spectral density. Training

symbols are used to obtain a channel estimation and perform one-tap equalization of the
detected information symbols.

6.3.2 Supergaussian �lter approach

The analysis of the system performance starts with the study of the linear e�ects on the
detected information signal, given by the expression Eq. (6.14). In Fig. 6.3 we show some
results obtained when a Supergaussian optical �lter is inserted, but without considering its
phase response. The transfer function of the optical �lter obtained through evaluation of
Eq. (6.25) is shown in Fig. 6.3(a) to illustrate the in�uence of the change of its parameters
(∆Ω3dB , Ωc and q). The modulus of the OOFDM system transfer function (|H(Ωr)| =∣∣T0|nr=1 + T1|nr=1

∣∣/|Xr|) calculated through Eq. (6.14) for di�erent values of Ωc, ∆Ω3dB

and q is shown in Fig. 6.3(b), (c) and (d), respectively. Simulation results are also shown
for the sake of validation.

With respect to the OOFDM system transfer function, the theory provided gives reasonably
accurate results when the central frequency, the optical bandwidth or the Gaussian order is
varied as shown in Fig. 6.3 (b), (c) and (d), respectively. The variation of these parameters
allows to control the degree of imbalance introduced between both sidebands and how much
the optical carrier is attenuated. Both factors �nally determine the system total transfer
function. The results show that Eq. (6.14) gives us accurate results for the evaluation of the
linear e�ects on the transmitted complex symbols in an DM/DD OOFDM system.

In Fig. 6.4 we compare the optical power budget obtained when a) a Supergaussian �lter is
employed, but without taking into account its phase, and b) when a Supergaussian �lter is
employed, and its phase is given by Eq. (6.26). In both �gures we have included the power
budget curve obtained when no optical �lter is employed for comparison purposes. The
parameters of the Supergaussian �lters used to obtain the results shown are listed in Table
6.1.

Table 6.1: Supergaussian �lter parameters

q ∆Ω3dB/(2π)(GHz) Ωc/(2π)(GHz)

Hgauss,1 1 5.5 2.5

Hgauss,2 2 5.5 2.5

Hgauss,3 3 5.5 2.5

Hgauss,4 2 10 4.6
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Figure 6.3: a) Optical �lter transfer function. OOFDM system transfer function with b) q = 2,
∆Ω3dB/(2π) = 10GHz (0.08nm), c) q = 2, Ωc/(2π) = 3.75GHz (0.03nm), and d) ∆Ω3dB/(2π) =
10GHz (0.08nm), Ωc/(2π) = 3.75GHz (0.03nm).

The optical bandwidths corresponding to those indicated in Table 6.1 are equal to 0.044 nm
(Ω3dB/(2π) = 5.5GHz) and 0.08 nm (Ω3dB/(2π) = 10GHz). Simulation results and those
derived from the analytical formulation are shown in Fig. 6.4 for the sake of validation.

First of all, we must remark the reasonably good accuracy provided by the analytical formu-
lation. The values from the analytical formulation match greatly with those from simulations
for the optical �lters Hgauss,1 and Hgauss4 , as we can observe from Figs. 6.4(a) and 6.4(b).
When the optical �lters Hgauss,2 and Hgauss3 are employed, the BER values obtained from
the analytical formulation are slightly undervalued compared to those from simulations. The
reason for such di�erence seems to be the assumptions made for the simpli�cation of the
theory: the Bessel functions were approximated by the �rst term of its series expansion in
order to derive Eq. (6.14) and Eqs. (6.16)-(6.24). Since the argument of the Bessel func-
tions is a�ected by the optical �ltering, this approximation may be misleading. In order
to achieve more accurate results from the mathematical expressions at the expense of little

112



-23 -22 -21 -20 -19 -18 -17 -16 -15 -14
-4.5

-4

-3.5

-3

-2.5

-2

-1.5

-1

Received Power (dBm)

lo
g 10

(B
ER

)

w/o filter, anal. Form. 
|Hgauss,1(Ω)|(no phase), anal. Form.  
|Hgauss,2(Ω)|(no phase), anal. Form.

|Hgauss,4(Ω)|(no phase), anal. Form.
|Hgauss,3(Ω)|(no phase), anal. Form.

Sim.

Sim.
Sim.Sim.

Sim.

-23 -22 -21 -20 -19 -18 -17 -16 -15 -14

-4

-3

-2

-1

Received Power (dBm)

lo
g 10

(B
ER

)

a)

b)

w/o filter, analytical formulation 
Hgauss,1(Ω) (with phase, Eq. (6.26)), anal. Form. 
Hgauss,2(Ω) (with phase, Eq. (6.26)), anal. Form.

Hgauss,4(Ω) (with phase, Eq. (6.26)), anal. Form. 
Hgauss,3(Ω) (with phase, Eq. (6.26)), anal. Form. 

Sim.

Sim.
Sim.Sim.

Sim.

Figure 6.4: BER as a function of the received average optical power. a) Only the modulus
of the Supergaussian �lter transfer functions is considered, b) both modulus and phase of the
Supergaussian �lter transfer functions are considered.

bit more complexity, it would be enough to include more terms of the expansion, e.g., by
approximating J0(x) ≈ 1− x2/4.

For the conditions studied, we can observe that the insertion of an optical �lter reports a
signi�cant improvement in terms of power budget. A BER equals to 10−3 can be achieved
with a received power equals to -20.4dBm when |Hgauss,2(Ω)| is used for �ltering, which
represents a 5.2dB improvement compared to the �lter-free case. The curves obtained with
|Hgauss,1(Ω)|, |Hgauss,3(Ω)| and |Hgauss,4(Ω)| report similar power budget improvements:
4.2dB, 4.6dB and 4.8dB, respectively.

From Fig. 6.4(b) it is clear that, for some cases, the optical �lter group delay has a detri-
mental impact on the system performance, as it was observed in [105]. E�ectively, as it
can be observed by comparing Fig. 6.4(a) and (b), once the phase has been considered, the
power budget is reduced when the optical �lters Hgauss,2(Ω) and Hgauss,3(Ω) are employed.
In the case Hgauss,2(Ω) is used, the received power needed to assure a BER lower than
10−3 increases slightly to -20.2dBm, which means a small penalty of 0.2dB with respect to
|Hgauss,2(Ω)|. The most striking case occurs when Hgauss,3 is used, in which such a case we
need a received power equals to -17.75dBm, which means a penalty of 2.25dB compared to
the case in which the phase is not considered. The mathematical model derived in Section
6.2 can help to understand the reason of such impact.
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6.3.2.1 Limiting factors

The driving factors which may be behind this degradation are (i) the decrease on the transfer
function in Eq. (6.14) when the phases of Hfil(Ωr) and H

∗
fil(−Ωr) are considered, (ii) the

ICI and ISI due to the optical �lter, and (iii) the nonlinear distortion products which appear
as result of the imbalance caused by the optical �lter (Eqs. (6.16)-(6.24)). In Fig. 6.5
we show the power spectral density of the optical signal after optical �ltering, as well as
several metrics with the aim of exploring the di�erent components which a�ect the system
performance. The results have been obtained for a received power equals to -20dBm.
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Figure 6.5: a) Power spectral density of the OOFDM signal after �ltering, b) OOFDM system
transfer function, c) variance of ISI and ICI, d) variance of the intermodulation distortion.

The optical spectral density of the OOFDM signal changes accordingly to the optical �lter
parameters used as we can observe in Fig. 6.5(a) when the �lter order q or the bandwidth
∆Ω3dB are changed. The system transfer function in Fig. 6.5(b) has been obtained through
the evaluation of Eq. (6.14). It is clear that, in this case, the magnitude of the transfer
function does not change considerably after the phase of the �lter is considered. We can
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also observe that the highest transfer function magnitude is obtained with the optical �lter
Hgauss,3, whereas the lowest is obtained with Hgauss,1.

The variance of the distortion due to ISI & ICI, σ2
ISI+ICI , has been calculated as reported

through Eq. (4.23). We can observe that the ISI & ICI e�ects increase with the order of
the �lter; however, the consideration of the phase of the �lter only causes an increase of ISI
& ICI e�ects for Hgauss,3: once the phase is considered, the ISI & ICI e�ects increase by
2-8dB, a substantial di�erence which may contribute to the degradation observed in Fig.
6.4(a)-(b).

Finally, we have computed the variance of the intermodulation distortion, σ2
IMD, through

the evaluation of Eqs. (6.16)-(6.24). Comparing the magnitude of Fig. 6.5(c) and (d), we
can conclude that when an optical �lter is used the nonlinear distortion is an important issue
to be considered. Generally, the intermodulation distortion increases once the phase of the
�lter is included, and, for the particular conditions here studied, it is the most signi�cant
reason for the degradation observed in Fig. 6.4.

We group the di�erent impairing phenomena into the e�ective signal-to-noise ratio, de�ned
as the ratio |H(Ω)|2/(σ2

noise + σ2
ISI+ICI(Ω) + σ2

IMD(Ω)) and denoted as SNReff (Ω). In
Fig. 6.6 we show the values obtained for SNReff (Ωr), r = 1, 2, ..N through the evaluation
of the analytical formulation and that obtained through simulations. The results have
been obtained again for a received power equals to -20dBm. We have also plotted a red line
indicating the signal-to-noise ratio needed to obtain a BER equals to 10−3 (log10(SNReff ) =
1.6543) when 16-QAM is employed [55].
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Figure 6.6: SNReff with a Supergaussian �lter when a) only the modulus of the optical �lter
transfer function is considered, and b) both modulus and phase of the optical transfer function are
considered.

First of all, we can observe from Fig. 6.6 that, apart from the expected overestimation, the
results obtained through the evaluation of the analytical formulation match well with those
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provided by simulations of the DM/DD OOFDM system. As expected from the results
shown in Fig. 6.5, the consideration of the phase for the optical �lter Hgauss,3 yields a
signi�cant SNR decrease as result of the enhancement of the nonlinear distortion, as it can
be observed by comparing the results in Fig. 6.6(a) and (b).

We have identi�ed the factors with relevant impact on the system performance of an optically
�ltered DM/DD OOFDM system and we have checked that the e�ective signal to noise ratio
derived from the analytical formulation can help us to estimate it.

6.3.3 MZI and UFBG �ltering approaches

In this section we explore the system performance which can be achieved using two well-
known �ltering structures: a MZI, and a uniform FBG. By varying a couple of their param-
eters (τMZI and φupp for the MZI, ∆n and Λ for the uniform FBG), we are able to tune
them and change their transfer functions. For the sake of clarity, we have plotted in Fig.
6.7 the modulus of the transfer functions with di�erent �lter parameters. In Fig. 6.7(b) we
have de�ned as Λ0 = c/(193.1× 1012 · 2 · neff ) = 535.35nm.
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Figure 6.7: Modulus of the transfer function of a) a MZI and b) a uniform FBG.

As it can be observed in Fig. 6.7(a), the phase shift φupp allows us to control the location of
the maximum of the transfer function, whilst the variation of τMZI allows us to control the
period between the transfer function maximums. Regarding Fig. 6.7(b), both the period Λ
and the refractive index variation δn are changed simultaneously to locate the optical carrier
in the �lter transition band; it is worth to observe that the secondary lobes which appear
at the lower sideband increase with higher δn values, what necessarily a�ects the system
performance as Eq. (6.14) indicates.

The obtained e�ective signal-to-noise ratio values with both �ltering structures are shown
in Fig. 6.8, which have been obtained once again for a received power equals to -20dBm. In
Fig. 6.8(b) we have de�ned as ∆fFBG = c·∆λFBG/λ2

b .

116



0 20 40 60 80 100 120
0.8

1

1.2

1.4

1.6

1.8

2

Subcarrier number, r

SN
R ef

f( Ω
)

 

 
0 1 2 3 4 5

0 20 40 60 80 100 120
0.8

1

1.2

1.4

1.6

1.8

2

Subcarrier number, r

SN
R ef

f( Ω
)

 

 
0 1 2 3 4 5

Frequency (GHz)

Subcarrier number
a)

lo
g 1

0(S
NR

ef
f(Ω

))
lo

g 1
0(S

NR
ef

f(Ω
))

Frequency (GHz)

Subcarrier number
b)

τMZI=1.25/fsam =113ps φupp=3π/4
τMZI=1/fsam =90ps φupp=π/4
τMZI=1.25/fsam =113ps φupp=π/2
τMZI=1.5/fsam =136ps φupp=π/2
τMZI=1.75/fsam =159ps φupp=π/2

Λ = 0.999960∙Λ0=535.332nm; δn = 0.8∙10-4

Λ = 0.999952∙Λ0=535.327nm; δn = 1.0∙10-4

Λ = 0.999944∙Λ0=535.323nm; δn = 1.2∙10-4

Λ = 0.999938∙Λ0=535.320nm; δn = 1.4∙10-4

Λ = 0.999934∙Λ0=535.318nm; δn = 1.6∙10-4

Λ = 0.999926∙Λ0=535.313nm; δn = 1.8∙10-4

Λ = 0.999920∙Λ0=535.310nm; δn = 2.0∙10-4

Λ = 0.999912∙Λ0=535.306nm; δn = 2.2∙10-4

Figure 6.8: E�ective SNR using a) a MZI and b) a UFBG as optical �lter.

We can see in Fig. 6.8(a) that with a simple MZI we have been able to get an e�ective SNR
around 19dB, which is obtained when φupp = π/2. This value for the phase shift entails a
trade-o� point of the system, mainly determined by the optical carrier attenuation and the
degree of imbalance introduced. When the value for φupp is changed to π/4 or 3π/4 the
e�ective SNR gets worse as a result of a decrease of the system transfer function (Eq. (6.14)).
We can also observe that for φupp = π/2, the delay τMZI can be varied over a broad range
and good values of SNReff are still obtained (in Fig. 6.8, τMZI = [1/fsam − 1.5/fsam] =
[90ps− 136ps]), which is advantageous for a practical implementation. Slightly lower values
of e�ective SNR are achieved when a uniform FBG is used: values of δn equals to 1.8×10−4,
2× 10−4 and 2.2× 10−4 give us values of e�ective SNR around 18dB, provided the FBG is
appropriately tuned by changing the period Λ.

6.3.4 Analysis and discussion: impact of clipping

Once we have explored the range of parameter which lead to reasonably good e�ective SNR
values, now we determine the power budgets when a MZI, a uniform FBG and the balanced
con�gurations explained in subsection 6.2.2.4 are used. Together with the numerical simu-
lation results, we also show those derived from the analytical formulation when a MZI and a
UFBG are employed. The derivation of the same results when the balanced con�gurations
are employed is more challenging, since we need to �nely know how the di�erent impair-
ments from both branches interact in amplitude, rather than in power. For this reason, its
study is more appropriate within a detailed investigation on the optimization of these type
of con�gurations.

For the MZI we set τMZI to 1.5/fsam = 136ps and φupp to π/2, and for the uniform FBG
we set ∆n = 2 × 10−4 and Λ = Λ0 · 0.99992 = 535.310nm. The same parameter values are
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used in the balanced con�gurations. Given the importance of the clipping level used at the
transmitter on the system performance [60], apart from the curves with the default clipping
level (CL=13.8dB), some curves with smaller values of clipping level have been also plotted
for each �ltering structure. The results are shown in Fig. 6.9.

First of all, the results obtained from the analytical formulation match well with those
obtained from simulations when a high clipping level (13.8dB) is used, what once again con-
�rms the validity of the theory presented. The results obtained with the clipping level value
are explained as follows: when the clipping level is decreased, a higher optical modulation
e�ciency is achieved at the expense of some clipping noise and a higher nonlinear distortion,
and, thus, the improvement/penalty observed when the clipping level is decreased depends
on the relative impact of the di�erent components which a�ect the system performance. For
example, when no optical �lter is used, the system is mainly limited by the receiver noise,
and the system performance can be signi�cantly increased by reducing the clipping level.
Only when the clipping level is signi�cantly reduced and the impact of the resulting clipping
noise and nonlinear distortion dominates to that due to the receiver noise, the received power
needed to obtain a certain value of BER may start to increase. For the particular condi-
tions used to obtain the results in Fig. 6.9, this in�ection point happens when the clipping
level is around 8dB. When no optical �lter is used, a received power equals to -15.2dBm is
needed to achieve a BER equals to 10−3 when CL=13.8dB, whilst a received power equals
to -17.6dBm is needed for CL=8dB.

We have seen in previous sections that the system transfer function and the nonlinear distor-
tion are altered when an optical �lter is inserted into the dispersive link, and this variation
depends on the optical �lter characteristics. As result, in an optically �ltered system, the
system performance does not change with a reduction of the clipping level in the same
way as that for a non-optically �ltered system. We can observe from Fig. 6.9(a) that a
received power equal -20.4dBm is needed to obtain a BER equals to 10−3 when |Hgauss,2|
is employed with CL=13.8dB, whilst a received power equals to -21.1dBm is needed when
CL=10dB. In terms of power budget improvement, it means a di�erence of 3.5dB compared
to the non-optically �ltered system. A similar situation occurs when a MZI is used, for
which a received power equals to -20.9dBm is needed to obtain a BER equals to 10−3 when
CL=13.8dB, whilst it is reduced to -22.1dBm when CL=10dB, as it can be observed in Fig.
6.9(b). Thus, with a MZI as optical �lter, we are able to get an improvement equals to
4.5dB compared to the non-optically �ltered system.

On the other hand, when a UFBG is used, a reduction of the clipping level from CL=13.8dB
to CL=11dB does not lead to a system improvement, and the received power needed in both
cases is equal to -20.6dBm, Fig. 6.9(c), what means an improvement of 3dB. This indicates
that when a uniform FBG is used the system performance is more strongly impaired by the
nonlinear distortion.

The balanced detection proposed in subsection 6.2.2.4 yields to some power budget im-
provement, as we can see in Fig. 6.9(d). When a MZI is used, a power budget improvement
equals to 5.5dB is obtained for a clipping level equals to 10dB, whereas a power budget
improvement equals to 4.2dB is achieved when a UFBG is used with a clipping level equals
to 12dB.
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Figure 6.9: BER as a function of the received average optical power when no-optical �lter is used
and when a) the Supergaussian �lter |Hgauss,2|, b) a MZI, c) a UFBG or d) the proposed balanced
con�guration is used as optical �lter.

6.4 Summary

By extending the theory of Chapters 3 and 4, we have provided an analytical description
of a �ltered DM/DD OOFDM system which accounts both for the information part of the
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detected signal and also the nonlinear distortions which impair the system performance. As
the objective of this Chapter is mainly to grasp the physical mechanisms behind optical
�ltered DM/DD OOFDM systems, the results shown in this Chapter have obtained for
particular operating conditions: a transmission information rate equal to R = 16.8Gbits/s
and a �ber length of 25km have been set as default.

Using a simpli�ed version of the model we have been able to verify that the linear part of
the detected signal is spectrally imbalanced as a consequence of the �ltering process and this
translates into a higher magnitude of the overall system transfer function. As previously
reported results [104], power budget improvements (around 5dB) when Supergaussian �lters
and �at phase transfer functions have been obtained. The isolation of the di�erent e�ects has
allowed us to study the in�uence of the optical �lter group delay into the system performance,
having found that the ISI & ICI e�ects as well as the nonlinear distortion are the responsible
for the system performance reduction.

The evaluation of the system performance by means of the e�ective signal-to-noise ratio has
proved to be an extremely useful tool to predict the system performance and the impact of
the �lter design parameters, in particular we have considered two commonly employed optical
�lters: a MZI and an uniform FBG. The MZI �lter must be operated at an equilibrium point
by setting the phase shift φupp = π/2, whilst a range for the delay equal to [90ps,136ps]
provides us an increase of the signal-to-noise ratio. Regarding the UFBG �ltering approach,
the increase of the �ltering e�ects as result of the increase of δn leads to the increase of the
e�ective SNR, but also of the secondary lobes appearing at the lower sideband, which may
potentially limit the system performance improvement obtained.

The performance improvement obtained by inserting the optical �lter in the OFDM is highly
dependent on the clipping level: when no optical �lter is used, a signi�cant power budget
improvement can be obtained by reducing the clipping level, whilst this reduction results in
a more limited improvement in the distortion-limited power budget when an optical �lter is
used. For the particular conditions studied, a clipping level equal to approximately 8dB is
the most convenient value for the conventional DM/DD system, whilst values higher than
10dB must be used in the optically �ltered DM/DD OOFDM system. The tuning of the
clipping level leads to a reduction of the power budget improvement obtained through optical
�ltering: the simulation results predict improvement �gures of 3.3 and 3dB when a MZI or
a UFBG re respectively employed.

Finally, we have proposed the use of optical balanced detection for further enhancement
of optically �ltered DM/DD OOFDM system performance. With this con�guration, an
improvement of 5.5dB is achieved by using a MZI.
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Chapter 7

Conclusions and future work

7.1 Conclusions

With the purpose of �lling the gap which represents the lack of a theoretical basis of op-
tical multi-carrier directly-modulated and detected systems, this work has begun with the
proposal of an analytical model for their accurate description. The proposed mathematical
treatment has allowed us to include the main signal generation, transmission and detection
e�ects, as well as providing us with a great versatility.

After proper validation by comparing the results with those obtained with simulation com-
mercial software, the analytical model has o�ered us a mathematical description of the linear
information signal term and the nonlinear distortion at the receiver-end side, determining
jointly to a great extent the obtained system performance of DM/DD OOFDM systems. To
the best of our knowledge, the proposed model represents the most accurate model up to
the present day for the accounting of the main e�ects in DM/DD OOFDM systems. Fur-
thermore, despite of its complexity, it can be conveniently simpli�ed to provide a much more
simple description accordingly to the needs of the particular system.

A more complete description of real DM/DD OOFDM systems has been given in Chapter
4 with the consideration of important transceiver design parameters, such as the clipping
level, the number of subcarriers, the length of the cyclic extensions or the amplitude swing of
the laser modulating signal. Since the number of inter-related parameters is huge, we have
tried to qualitatively discuss the system performance optimization problem by describing
the di�erent trade-o�s involved.

In a �rst approximation, the results obtained have shown that OOFDM with direct modula-
tion is able to provide a transmission information rate around 30.7Gbits/s after propagation
through 50km of single mode with a OOFDM signal occupying 4.8GHz and at a BER equal
to 10−4. OFDM parameters such as CL and the length of the cyclic extensions as well as
the laser bias point and the amplitude swing of the laser modulating OFDM signal were
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changed to obtain this result. The laser dynamics have a great in�uence on the system
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Figure 7.1: Resulting DM/DD OOFDM system obtained in Chapter 4 with variant laser param-
eters.

performance, and modulation parameters such as the nonlinear gain coe�cient and the
linewidth enhancement factor are determining: the nonlinear gain coe�cient is a trade-o�
of the end-to-end information transmission e�ciency and the nonlinear distortion, whilst
a modest linewidth enhancement factor may be bene�cial to overcome dispersion-induced
fading, despite of the nonlinear distortion it entails. The optimization of these parameters to
explore DM/DD OOFDM potentiality has result in transmission information rates equal to
32.87Gbits/s and 13.12Gbits/s for L = 40km and L = 100km, respectively. These transmi-
ssion information rates have been achieved by taking advantage of the bit loading technique,
using high QAM-modulation formats (64, 128 and 256-QAM), achieving thus great spectral
e�ciencies.

In order to deal with the underlying problem of nonlinear distortion in DM/DD OOFDM
system, a novel pre-distortion technique has been proposed based on the analytical model
presented in Chapter 5. In the proposed scheme, a dedicated receiver extracts and tracks
some of the necessary parameters needed to reconstruct the interference terms of the system.
Together with the feedback-path from the receiver to the transmitter, the proposed technique
is able to achieve great nonlinear distortion reduction ratio values, arriving up to values
equal to [0.02,0.13], which have been obtained after the study of the appropriate working
conditions.

Transmission information rates equal to 40Gbits/s and 18.5Gbits/s have been obtained for
L=40km and L=100km, respectively, with a BER in the order of 10−4 (see Fig. 7.2(a)). The
employment of QAM modulation formats of higher order to those used in the conventional
DM/DD OOFDM system (see Figs. 7.2(b) and (c)) has allowed us to obtain transmission
information rate improvements equal to 9Gbits/s and 8.5Gbits/s for L=40km and L=100km,
respectively.

Comparisons of the pre-distortion technique with a previously reported nonlinear mitigation
technique based on nonlinear equalization at the receiver-end side have been also carried out,
showing that our proposed technique achieves a higher nonlinear distortion cancellation
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Figure 7.2: a) Resulting DM/DD OOFDM system using the pre-distortion technique proposed in
Chapter 5. Constellation diagram of the received 512-QAM symbols in b) the conventional DM/DD
OOFDM system. c) the DM/DD OOFDM system with pre-distortion.

e�ciency. As result, our proposed technique outperforms nonlinear equalization at the
receiver by several Gbits/s. Moreover, the proposed technique may be advantageous from a
design perspective in a optical access network, since it may facilitate the location of complex
electronic processing a the optical line terminal side.

The aim of Chapter 6 is to grasp the foundation for the improvement obtained when an op-
tical �lter is used in a DM/DD OOFDM system, as shown in Fig. 7.3. Results obtained have
con�rmed that optical �ltering may be a suitable technique for the improvement of power
budget in DM/DD OOFDM systems by a few dBs (see Fig. 7.4). The analytical formula-
tion provided has shed some light on the in�uence of the �lter group delay, as responsible for
the decrease into the improvement observed when �at transfer functions are observed. This
improvement reduction stems from mainly ISI & ICI e�ects and the nonlinear distortion.

The analytical formulation obtained for the description of optically �ltered DM/DDOOFDM
systems has demonstrated to be an useful tool to characterize the system performance
through the calculation of the e�ective signal-to-noise ratio. Its computation has allowed us
to explore optimized values for MZI and UFBG-based �lters: for the MZI �lter, the values
of phase and delay di�erence between arms have been optimized, whilst the optimization of
the grating period and the refractive index peak modulation of the UFBG-based �lter has
been carried out.

It has been found that DM/DD OOFDM systems are more strongly impaired by nonlinear
distortion after the insertion of the optical �lter, and, as result, their performances vary
di�erently when the clipping level is changed. Results have shown that power budget im-
provements of 3.3dB and 3dB for the MZI and UFB-based �lters (see Fig. 7.4(a) and (b)),
respectively. In order to push further these improvement values, we have proposed the use
of a balanced detection con�guration, achieving a value of power budget improvement equal
to 5.5dB when the MZI �lter is employed (see Fig. 7.4(c)).
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Figure 7.3: Optically �ltered DM/DD OOFDM system obtained in Chapter 6.

To sum up, DM/DD OOFDM systems are suitable option to be employed in dynamical
metro/access optical networks, able to provide great spectral e�ciencies and versatility.
The cost of such systems is also one of its main advantages, compared to other architectures
such as externally modulated/directly detected systems or coherently detected systems. The
laser chirp impose limitations on the link reach and the achievable transmission information
rate, but, as we have seen in this work, DSP and optical signal processing techniques may
make a valuable contribution to mitigate their e�ects. Other disadvantages arising from the
nature of the information transmission (it must be conveyed in the optical intensity domain),
such as the loss of the information on the phase and polarization of the optical �eld make
DM/DD systems un�attering compared to their more complex counterparts.

7.2 Future work

From the author's point of view, research lines may be followed either in the experimental
or in the theoretical areas, as described below:

7.2.1 Experimental work

It is obvious that this Ph.D. Thesis has a prominent theoretical side, and, therefore, the
achievement of experimental results which may verify and extend the results presented is one
of the essential steps to go on. The employment of arbitrary waveform generators and real-
time oscilloscopes which allow o�-line processing for the correct transmission and detection of
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Figure 7.4: BER as a function of the received average optical power when no-optical �lter is used
and when a) a MZI, b) a UFBG or c) the proposed balanced con�guration is used as optical �lter.

OOFDM signals is an e�cient way for the achievement of such experimental results. Indeed,
an experimental OOFDM set-up based on this approach is currently being assembled, with
satisfactory results. The real-time operation of an OOFDM system based on FPGAs would
be only recommended to those interested also in the solving of real implementation issues.

Chapter 4 represents a valuable and complementary tool for the exhaustive understanding
of the obtained experimental results, which are usually not very intuitive. The employment
of an optical �lter as suggested in Chapter 6 may be the next natural step: provided that
the �lter can be tuned and its transfer function adapted, its mere insertion into the basic
experimental OOFDM set-up should not impose important di�culties. On the other hand,
the pre-distortion technique proposed in Chapter 5 may need an important load of work
in order to completely characterize the OOFDM system and identify all the magnitudes
involved in the analytical model the technique is based on. Needless to say that many
other architectures, techniques and approaches for the transmission and detection of OFDM
signals worth to be tried in an experimental set-up.
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7.2.2 Theoretical work

During all along this Ph.D. Thesis, it has been assumed that a baseband electrical signal
is generated. At the aim of using more e�ciently the operating bandwidth of optical mod-
ulators and, �nally, of providing higher bit rates, multi-band OFDM schemes have been
proposed (see e.g., [37]). The work presented may be extended to deal with frequency
up-converted signals.

It has been also assumed that a laser diode with a light emission process governed by
Eq. (2.24) and direct detection are used. In principle, the extension of the theory reported
in this work to include other directly modulated architectures (VCSELs, spectrum sliced
super luminescent sources,...), external intensity modulation (electro-absorption and Mach
Zehnder modulators), and even coherently detected systems, may be carried out �straight-
forwardly".

The analytical model presented in Chapter 3 may be extended to account for other e�ects
involved for the better characterization of DM/DD OOFDM systems (e.g., by including
laser phase noise, the group velocity dispersion slope, optical ampli�cation, �ber nonlineari-
ties,...). Besides, it has been assumed an uni-directional communication system, but optical
access networks can operate in a bi-directional loop-back structure, in which the Rayleigh
backscattering noise is inevitable; its study, in combination with colorless optical network
units with re�ective modulators is of great interest.

As pointed out in Chapter 4, the quantization noise of the DAC and ADC stages is not
included in the study. Expressions for the evaluation of its e�ects are a complement for
the treatment of the PAPR/clipping of OFDM signals. Since PAPR is the main problem of
OFDM signals, PAPR reduction techniques may also be very helpful for OOFDM systems.

Semiconductor optical ampli�ers are nonlinear optical elements whose interaction with light
are governed by similar equations to Eq. (2.24). Due to its strong nonlinear behavior, such
elements are used for wavelength conversion, operation needed to perform the routing of
wavelength-division multiplexed channels in the optical layer. It is thus of great interest and
potential application to carry out a theoretical study in a similar way to that done in this
Ph.D. Thesis on the employment of wavelength converters based on semiconductor optical
ampli�ers when OOFDM signals are used for information transmission.
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Appendix A

Harmonic analysis of laser rate
equations

The direct modulation of the laser is governed by the next equations:

dn(t)
dt = I(t)− γe(n) · n(t)−G(n, p) · p(t)

dp(t)
dt =

(
Γ ·G(n, p)− γ

)
· p(t) +Rsp(n)

dφ
dt = 1

2αΓvgag(n(t)− nt)
(A.1)

where I(t) is the density of injected carriers, γe is the carrier-recombination rate, G(n, p) is
the stimulated-emission rate, and γ is the net rate of stimulated emission.

Assuming that the injected density of carriers is I(t) = I0 + δI, the magnitudes in Eq. (A.1)
can be approximated by:

γe(n) ≈ γe(n0) +
dγe
dn
|n=n0

· δn (A.2)

G(n, p) ≈ G(n0, p0) +
∂G(n, p)

∂n
|n=n0,p=p0 · δn+

∂G(n, p)

∂p
|n=n0,p=p0 ·δp

≈ G(n0, p0) +Gn(n0, p0) · δn+Gp(n0, p0) · δp (A.3)

Rsp(n) ≈ Rsp(n0) +
dRsp(n)

dn
|n=n0 · δn (A.4)
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Appendix A. Harmonic analysis of laser rate equations

Substituting into Eq. (A.1):

δn

dt
= I0+δI−

(
γe(n0)+

dγe
dn
|n=n0

·δn
)
·(n0 + δn)

−
(
G(n0, p0) +Gn(n0, p0) · δn+Gp(n0, p0)·δp

)
·(p0 + δp) (A.5)

δp

dt
=
(
Γ·G(n0, p0) + Γ·Gn(n0, p0) · δn+Γ·Gp(n0, p0)·δp−γ

)
·(p0 + δp)

+
(
Rsp(n0) +

dRsp(n)

dn
|n=n0

)
· (n0 + δn) (A.6)

Assuming that I(t) = I0 + δI = I0 + δI(±Ω1) · e±jΩ1t + δI(±Ω2) · e±jΩ2t, the carrier and
photon densities are assumed to have the following expressions:

n(t) ≈ n0+δ1n(±Ω1)e±jΩ1t+δ1n(±Ω2)e±jΩ2t+δ1,1n(Ω1,Ω2)ej(Ω1+Ω2)t

+δ1,1n(−Ω1,−Ω2)e−j(Ω1+Ω2)t+δ1,−1n(Ω1,−Ω2)ej(Ω1−Ω2)t

+δ1,−1n(−Ω1,Ω2)e−j(Ω1−Ω2)t (A.7)

p(t) ≈ p0+δ1p(±Ω1)e±jΩ1t+δ1p(±Ω2)e±jΩ2t+δ1,1p(Ω1,Ω2)ej(Ω1+Ω2)t

+δ1,1p(−Ω1,−Ω2)e−j(Ω1+Ω2)t+δ1,1p(Ω1,−Ω2)ej(Ω1−Ω2)t

+δ1,−1p(−Ω1,Ω2)e−j(Ω1−Ω2)t (A.8)

From Eqs. (A.5) and (A.6), retaining only those components multiplied by e±jΩ1t, one can
arrive at the next expressions:

δ1n(±Ω1)

δ1p(±Ω1)
=

(
γ±jΩ1−Γ·G(n0, p0)−Γ·p0·Gp(n0, p0)

)(
Γ·p0·Gn(n0, p0)+Rsp(n0)+n0·dRsp(n)

dn |n=n0

) (A.9)

δ1p(±Ω1)

δ1I(±Ω1)
= (

Γ·p0·Gn(n0, p0)+Rsp(n0)+n0·dRsp(n)
dn |n=n0

)
(±jΩ1+γe(n0)+n0· dγedn |n=n0

+

p0·Gn(n0,p0)

)
·
(±jΩ1−Γ·

(
G(n0,p0)

+Gp(n0,p0)
) )

+G(n0, p0) + p0·Gp(n0, p0)

(A.10)

The �rst order optical intensity to driving current transfer function is calculated simply as:

Hp1(±Ω1) = Cp ·
δ1p(±Ω1)

δ1I(±Ω1)
(A.11)

where Cp is the photon density to optical intensity conversion factor.
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Proceeding in the same way, one can derive the expressions for the second order transfer
functions:

δ11p(Ω1,Ω2)

I(Ω1)·I(Ω2)
= Gn(n0, p0)·(

Γ·
(
j(Ω1+Ω2)+γe(n0)+n0· dγedn |n=n0

)
−(

Rsp(n0)+n0·
dRsp(n)

dn |n=n0

) )
·
(
δ1n(Ω1)
δ1p(Ω1) + δ1n(Ω2)

δ1p(Ω2)

)
· δ1p(Ω1)
δ1I(Ω1) ·

δ1p(Ω2)
δ1I(Ω2)(

j(Ω1+Ω2)+γe(n0)+

n0· dγedn |n=n0+p0·Gn(n0,p0)

)
·
( γ+j(Ω1+Ω2)−

Γ·
(
G(n0,p0)+
p0·Gp(n0,p0)

))+
(
G(n0,p0)+
p0·Gp(n0,p0)

)(
Γ·p0·Gn(n0,p0)+

Rsp(n0)+n0·
dRsp(n)

dn |n=n0

)
(A.12)

δ11p(Ω1,−Ω2)

I(Ω1)·I(−Ω2)
= Gn(n0, p0)·(

Γ·
(
j(Ω1−Ω2)+γe(n0)+n0· dγedn |n=n0

)
−
(
Rsp(n0)+n0·

dRsp(n)

dn |n=n0

) )
·
(
δ1n(Ω1)
δ1p(Ω1) + δ1n(−Ω2)

δ1p(−Ω2)

)
· δ1p(Ω1)
δ1I(Ω1) ·

δ1p(−Ω2)
δ1I(−Ω2)(

j(Ω1−Ω2)+γe(n0)+

n0· dγedn |n=n0+p0·Gn(n0,p0)

)
·
( γ+j(Ω1−Ω2)−

Γ·
(
G(n0,p0)+
p0·Gp(n0,p0)

))+
(
G(n0,p0)+
p0·Gp(n0,p0)

)(
Γ·p0·Gn(n0,p0)+

Rsp(n0)+n0·
dRsp(n)

dn |n=n0

)
(A.13)

The second order transfer function δ11p(Ω1,Ω2)
I(Ω1)·I(Ω2) can be expressed as:

δ11p(Ω1,Ω2)

I(Ω1)·I(Ω2)
= f(Ω1 + Ω2) · δ1p(Ω1)

δ1I(Ω1)

δ1p(Ω2)

δ1I(Ω2)
(A.14)

where, using Eq. (A.9), we have done:

f(Ω1 + Ω2) = Gn(n0, p0)·(
Γ·
(
j(Ω1+Ω2)+γe(n0)+n0· dγedn |n=n0

)
−
(
Rsp(n0)+n0·

dRsp(n)

dn |n=n0

) )
·
((

2γ+j(Ω1+Ω2)−2Γ·G(n0,p0)−2Γ·p0·Gp(n0,p0)
)(

Γ·p0·Gn(n0,p0)+Rsp(n0)+n0·
dRsp(n)

dn |n=n0

) )(
j(Ω1+Ω2)+γe(n0)+

n0· dγedn |n=n0
+p0·Gn(n0,p0)

)
·
( γ+j(Ω1−Ω2)−

Γ·
(
G(n0,p0)+
p0·Gp(n0,p0)

))+
(
G(n0,p0)+
p0·Gp(n0,p0)

)(
Γ·p0·Gn(n0,p0)+

Rsp(n0)+n0·
dRsp(n)

dn |n=n0

)
(A.15)

Equivalently, the second order optical intensity to driving current can be expressed as:

Hp11

(
Ω1,Ω2

)
= H ′p11

(
Ω1 + Ω2

)
·Hp1

(Ω1)Hp1
(Ω2) (A.16)

where H ′p11

(
Ω1 + Ω2

)
= f(Ω1 + Ω2)/Cp.

Regarding the laser chirp, we can write:

dδφ

dt
= ω0 + δω =

1

2
αΓvgag(n0 + δn− nt) (A.17)

The �rst order transfer function is found like:

δ1ω(±Ω1) =
1

2
αΓvgag · δ1·n(±Ω1)

=
1

2
αΓvgag ·

δ1n(±Ω1)

δ1p(±Ω1)
·δ1p(±Ω1)

δI(±Ω1)
·δI(±Ω1) (A.18)
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Appendix A. Harmonic analysis of laser rate equations

And the second order transfer functions are given by:

δ11ω(Ω1,Ω2)

I(Ω1)·I(Ω2)
=

1

2
αΓvgag·

( (
γ+j(Ω1+Ω2)−

Γ·
(
G(n0,p0)+p0·Gp(n0,p0)

))· p(Ω1,Ω2)
I(Ω1)·I(Ω2)(

Γ·p0·Gn(n0, p0)+Rsp(n0)+n0·dRsp(n)
dn |n=n0

)
−

Γ·Gn(n0, p0)·
(
δ1n(Ω1)
δ1p(Ω1) + δ1n(Ω2)

δ1p(Ω2)

)
· δ1p(Ω1)
δ1I(Ω1) ·

δ1p(Ω2)
δ1I(Ω2)(

Γ·p0·Gn(n0, p0)+Rsp(n0)+n0·dRsp(n)
dn |n=n0

) )
(A.19)

δ11ω(Ω1,−Ω2)

I(Ω1)·I(−Ω2)
=

1

2
αΓvgag·

( (
γ+j(Ω1−Ω2)−

Γ·
(
G(n0,p0)+p0·Gp(n0,p0)

))· p(Ω1,−Ω2)
I(Ω1)·I(−Ω2)(

Γ·p0·Gn(n0, p0)+Rsp(n0)+n0·dRsp(n)
dn |n=n0

)
−

Γ·Gn(n0, p0)·
(
δ1n(Ω1)
δ1p(Ω1) + δ1n(−Ω2)

δ1p(−Ω2)

)
· δ1p(Ω1)
δ1I(Ω1) ·

δ1p(−Ω2)
δ1I(−Ω2)(

Γ·p0·Gn(n0, p0)+Rsp(n0)+n0·dRsp(n)
dn |n=n0

) )
(A.20)

Note that, using Eq. (A.18), the second order transfer function δ1,1ω(Ω1,Ω2)/
(
I(Ω1)·I(Ω2)

)
can be expressed as:

δ1,1ω(Ω1,Ω2)

I(Ω1)·I(Ω2)
=

(
δ1ω(Ω1 + Ω2)

δ1I(Ω1 + Ω2)

/δ1p(Ω1 + Ω2)

I(Ω1 + Ω2)
·δ11p(Ω1,Ω2)

I(Ω1)·I(Ω2)

−
Γ·Gn(n0, p0)·

(
δ1n(Ω1)
δ1p(Ω1) + δ1n(Ω2)

δ1p(Ω2)

)
· δ1p(Ω1)
δ1I(Ω1) ·

δ1p(Ω2)
δ1I(Ω2)(

Γ·p0·Gn(n0, p0)+Rsp(n0)+n0·dRsp(n)
dn |n=n0

) )
(A.21)

and substituting the expression for δ11p(Ω1,Ω2)/
(
I(Ω1)·I(Ω2)

)
given by Eq. (A.14):

δ1,1ω(Ω1,Ω2)

I(Ω1)·I(Ω2)
=

(
δ1ω(Ω1 + Ω2)

δ1I(Ω1 + Ω2)

/δ1p(Ω1 + Ω2)

I(Ω1 + Ω2)
·f(Ω1 + Ω2)

−
Γ·Gn(n0, p0)·

(
δ1n(Ω1)
δ1p(Ω1) + δ1n(Ω2)

δ1p(Ω2)

)
·(

Γ·p0·Gn(n0, p0)+Rsp(n0)+n0·dRsp(n)
dn |n=n0

))δ1p(Ω1)

δ1I(Ω1)
·δ1p(Ω2)

δ1I(Ω2)

(A.22)

The derived transfer functions are useful to analytically express in an approximated way the
output optical signal (both phase and and intensity) as a function of the input current.
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Appendix B

Analytical study on clipping

With the assumption on the Gaussian distribution of the amplitude of the discrete OFDM
signal, the probability of �nding i discrete samples above or below the amplitude threshold
Aclip within FS samples is given by the binomial distribution:

pi =

(
FS

i

)(
erfc

(√
(CL/2)

))i(
1− erfc(

√
(CL/2))

)FS−i
(B.1)

which is an approximation when 2N+1 < FS, since, then, the discrete samples are correlated
and the trials are not independent. Since the OFDM symbols are windowed with a window
function of size FS, the random clipping noise signal within the time interval [−Nsymbols ·
FS,Nsymbols · FS − 1]:

n̂clip[n] =

Nsymbols∑
r=−Nsymbols

nr,clip[n− r · FS] · w[n− r · FS] ·
∑
np

np∈Sp̄

δ[n− np − r · FS] (B.2)

where nr,clip is the rth realization of the clipping noise random process, w[n] is a rectangular
function (equal to 1 when n ∈ [0, 1, ...FS−1], 0 otherwise), and the sum of kronecker delta's
is the sample function which describes the ocurrence of clipping. In this case, the random
time instants np are given by the default distribution, which has been assumed to be a
binomial one, Eq. (B.1).

We calculate the power spectral density of n̂clip[n] as:

n̂p̄,clip(e
jΩ) = lim

Nsymbols→+∞

E
[
|FT{n̂clip[n]}|2

]
(2Nsymbols + 1) · FS

= lim
Nsymbols→+∞

E
[
|
∑∞
n=−∞ n̂clip[n] · exp(−jΩn)|2

]
(2Nsymbols + 1) · FS

(B.3)

We note that di�erent r indices correspond to di�erent realizations of the random process,
and, therefore the samples are independent; moreover, the clipping is symmetric around the
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Appendix B. Analytical study on clipping

zero value and, thus, its mean is equal to zero. Thus, we only retain the products with
the same value of r index. Substituting the expression of n̂clip[n], Eq. (B.2), into Eq. (B.3)
and using the time shift property of the Fourier transform, we can arrive at the following
expression:

n̂p̄,clip(e
jΩ) =

lim
Nsymbols→∞

1

(2Nsymbols+1) · FS
·

Nsymbols∑
r=−Nsymbols

FS−1∑
n′=0

FS−1∑
n=0

E
[
nr,clip[n

′] · nr,clip[n]
]
·

E
[ ∑

np
np∈Sp̄

δ[n′ − np] ·
∑
np

np∈Sp̄

δ[n− np]
]
· exp

(
− jΩ(n′ − n)

)
(B.4)

where we have also used the fact that the clipping noise random process is independent from
the sampling function. Now we can divide the whole set of 2N + 1 realizations into a �nite
number of subsets in function of the number of clips which occur within the FS samples:

n̂p̄,clip(e
jΩ) =

lim
Nsymbols→∞

1

(2Nsymbols+1) · FS
·
imax∑
i=0

Ni_clips

FS−1∑
n′=0

FS−1∑
n=0

E
[
nclip[n

′] · nclip[n]
]
·

E
[ ∑

np
np∈Si

δ[n′ − np] ·
∑
np

np∈Si

δ[n− np]
]
· exp

(
− jΩ(n′ − n)

)

=
1

FS
·
imax∑
i=0

pi

FS−1∑
n′=0

FS−1∑
n=0

E
[
nclip[n

′] · nclip[n]
]
·

E
[ ∑

np
np∈Si

δ[n′ − np] ·
∑
np

np∈Si

δ[n− np]
]
· exp

(
− jΩ(n− n′)

)
(B.5)

where we have used that within 2N + 1 realizations, according to Eq. (B.1), there must be
Ni_clips = pi · (2N + 1) realizations with i clips. Now Si is the random subset of time events
with cardinality equals to i, the number of clips within FS samples. Doing the variable
changes m = n and u = n− n′ and Rclip[u] = E[nclip[m] · nclip[m+ u]], we obtain:

n̂p̄,clip(e
jΩ) =

1

FS
·
imax∑
i=0

pi·

( 0∑
u=−(FS−1)

Rclip[u]

FS−1∑
m=−u

E
[ ∑

np
np∈Si

δ[m−np] ·
∑
np

np∈Si

δ[m+u−np]
]
· exp

(
−jΩu

)
+

FS−1∑
u=1

Rclip[u]

−u+FS−1∑
m=0

E
[ ∑

np
np∈Si

δ[m− np] ·
∑
np

np∈Si

δ[m+ u− np]
]
· exp

(
− jΩu

))
(B.6)

We need to study the autocorrelation of the sampling function, which can be expressed as:

E
[ ∑

np
np∈Si

δ[m− np] ·
∑
np

np∈Si

δ[m+ u− np]
]

=

E[
∑
np

np∈Si

(
U [m−np]−U [m−1−np]

) ∑
np

np∈Si

(
U [m+u−np]−U [m+u−1−np]

)
(B.7)
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where U [m] is the Heaviside step function. That is, we have expressed the autocorrelation
of the sampling function in terms of the counting random process

∑
np

np∈Si
U [m − np]. An

example of realization of the random sampling function and the corresponding counting
process is shown in Fig. B.1.

[ ]∑ −
pn

pnm
'

'δ

[ ]∑ −
pn

pnmU
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'

[ ]∑ −+
pn

pnumU
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m

Figure B.1: Sampling function and corresponding counting process.

For sake's of nomenclature simplicity, let's de�ne the random counting process

Ym =

m+1∑
n=1

Dn, n = 0, 1, ...FS − 1 (B.8)

being Dn a Bernoulli random variable, and Ym a random process with hypergeometric
distribution:

P (Ym = q) =

(
m+1
q

)(
FS−m−1

i−q
)(

FS
i

) (B.9)

And Eq. B.7 can be expressed as:

E
[ ∑

np
np∈Si

δ[m− np] ·
∑
np

np∈Si

δ[m+ u− np]
]

= E[Yu+mYm]− E[Yu+mYm−1]− E[Yu+m−1Ym] + E[Yu+m−1Ym−1] (B.10)

After the removal of terms which cancel out, one arrives at the simple expression:

E
[ ∑

np
np∈Si

δ[m− np] ·
∑
np

np∈Si

δ[m+ u− np]
]

= E[Dm+1Dm+1]δ[u]+E[Dm+1Du+m+1]U [u−1]

=
i

FS
δ[u] +

i− 1

FS − 1

i

FS
U [u− 1] (B.11)
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And since the autocorrelation is an even function:

E
[ ∑

np
np∈Si

δ[m− np] ·
∑
np

np∈Si

δ[m+ u− np]
]

=
i

FS
δ[u] +

i− 1

FS − 1

i

FS
U [|u| − 1] (B.12)

Substituting into Eq. (B.6):

n̂p̄,clip(e
jΩ) =

1

FS
·
imax∑
i=0

pi·

( 0∑
u=−(FS−1)

Rclip[u]

FS−1∑
m=−u

( i

FS
δ[u] +

i− 1

FS − 1

i

FS
U [|u| − 1]

)
· exp

(
−jΩu

)
+

FS−1∑
u=1

Rclip[u]

−u+FS−1∑
m=0

( i

FS
δ[u] +

i− 1

FS − 1

i

FS
U [|u| − 1]

)
· exp

(
− jΩu

))

=

imax∑
i=0

pi ·
(

i

FS
·Rclip[0] · FS

FS
+

i− 1

FS − 1

i

FS

FS−1∑
u=−(FS−1)

Rclip[u]U [|u| − 1](
FS

FS
− |u|
FS

)exp
(
− jΩu

))
(B.13)

Neglecting the e�ects of the �nite temporal window of size FS, we can write:

n̂p̄,clip(e
jΩ)

≈
imax∑
i=0

pi·
(

i

FS
·Rclip[0]+

i−1

FS−1

i

FS

FS−1∑
u=−(FS−1)

Rclip[u]U [|u|−1]exp
(
−jΩu

))

=

imax∑
i=0

pi·
(

i

FS
·Rclip[0]+

i−1

FS−1

i

FS

FS−1∑
u=−(FS−1)

Rclip[u]
(
1− δ[u]

)
exp
(
−jΩu

)

=

imax∑
i=0

pi ·
(

i

FS
·Rclip[0]+

i−1

FS−1

i

FS

(
n̂clip(e

jΩ)−Rclip[0]
))

(B.14)

Doing
∑imax
i=0 pi

i
FS = p̄ and

∑imax
i=0 pi

i−1
FS−1

i
FS = p̄2, the previous expression can be written

as:

n̂p̄,clip(e
jΩ) = p̄ ·Rclip[0]+p̄2

(
n̂clip(e

jΩ)−Rclip[0]
)

(B.15)

That is, the spectral density can be expressed as the sum of a white component (non-
correlated) multiplied by the average clipping rate p̄, and a coloured noise component multi-
plied by p̄2 (the factor (i− 1)/(FS− 1) instead of i/FS is due to the �nite population FS).
Eq. (B.15) gives us the expression of the power spectral density of the clipping noise as a
function of the average sampling rate (in this case, equal to p̄) in function of the non-sampled
clipping noise.
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Appendix C

Autocorrelation of discrete OFDM
signals

After arranging the QAM symbols X1, X2,...XN with hermitian symmetry at the IFFT
input, the signal at the input of the clipping device is given by:

x[n] = 2<
{ N∑
k=1

Xk·exp
(
j·2π·k· n

FS

)}
(C.1)

where <{·} stands for the real part of a complex quantity.

The autocorrelation function Rx[ς] is calculated as:

Rx[ς] = 〈x[n1] · x∗[n2]〉; ς = |n1 − n2| (C.2)

It is interesting to make two notations: �rstly, as it corresponds to linearly modulated
signals, the OFDM signal is a stochastic cyclostationary process [55], that is, it presents a
periodic autocorrelation function:

Rx[ς + n · FS] = Rx[ς], n ∈ 0, 1, ...FS − 1 (C.3)

Secondly, since some oversampling is introduced, the time samples are correlated one an-
other. Otherwise, if all subcarriers are modulated with independent zero-mean complex
QAM information symbols, the autocorrelation of the non-oversampled OFDM signal x′[n]
particularizes to:

Rx′ [ς] = σ2
x ·

FS/2−1∑
k=−FS/2

exp
(
j·2π·k· ς

FS

)
= σ2

x · FS
∞∑

k=−∞

δ[ς − k · FS] (C.4)

In order to determine the autocorrelation of an oversampled OFDM signal, the oversampled
signal is expressed as the output of a �lter with spectral nulls at those frequencies where the
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Figure C.1: a) Spectral content of a non-oversampled OFDM signal. b) Assumed �lter for the
introduction of oversampling. c) Spectral content of an oversampled OFDM signal.

null subcarriers of the OFDM signal are located. Fig. C.1 shows schematically the �ltering
process to obtain the oversampled signal.

The oversampled signal at the output of the �lter can be expressed as the convolution of
the non-oversampled signal with the �lter's impulse response g[n]:

x[n] =

∞∑
m=−∞

x′[m] · g[n−m] (C.5)

Substituting Eq. (C.5) into Eq. (C.2):

Rx[n1, n2] = 〈x[n1] · x∗[n2]〉 = 〈
∞∑

m=−∞
x′[m] · g[n1 −m] ·

∞∑
p=−∞

x′[p] · g[n2 − p]〉

=

∞∑
m=−∞

∞∑
p=−∞

〈x′[m] · x′[p]〉 · g[n1 −m] · g[n2 − p]

=

∞∑
m=−∞

∞∑
p=−∞

Rx′ [m− p] · g[n1 −m] · g[n2 − p]

(C.6)

The change of variables s = n1 −m and w = n2 − p yields:

Rx[n1, n2] =

∞∑
s=−∞

∞∑
w=−∞

Rx′ [n1 − s− n2 + w] · g[w] · g[s] (C.7)

We note that the inner sum can be re-written as
∞∑

w=−∞
Rx′ [n1 − s− n2 + w] · g[w] = Rx′ [n] ∗ g[−n]

∣∣∣
n=n1−s−n2

(C.8)
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Let f [n] = Rx′ [n] ∗ g[−n], then:

Rx[n1, n2] =

∞∑
s=−∞

g[s] · f [n1 − s− n2] = f [n] ∗ g[n]
∣∣∣
n=n1−n2

(C.9)

Putting all these results together, we �nally obtain the well-known result for the auto-
correlation of the process at the output of a linear system with a stochastic random pro-
cesses at the input: Rx[ς] = Rx′ [ς] ∗ g[ς] ∗ g[−ς]. In the frequency domain we have that
X(ejΩ) = X ′(ejΩ) · |G(ejΩ)|2. Using the transfer function description in Fig. C.1, the
autocorrelation Rx[ς] can be calculated by taking the inverse Fourier transform, leading to:

Rx[ς] = Rx′ [ς] ∗
1

FS

( −1∑
k=−N

exp
(
j2π · k ς

FS

)
+

N∑
k=1

exp
(
j2π · k ς

FS

))
(C.10)

which, using Eq. (C.4), can be expressed as:

Rx[ς] = σ2
x·
( −1∑
k=−N

exp
(
j2π · k ς

FS

)
+

N∑
k=1

exp
(
j2π · k ς

FS

))

= σ2
x

(
sin
(

2π
(
2N + 1

)
ς
FS

)
sin
(
2π ς

FS

) − 1

)
(C.11)

It is easy to check that the previous expression is equal to Eq. (C.4) in the hypothetical case
2N + 1 = FS, that is, no oversampling is introduced.
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Appendix D

Penalty due to ISI & ICI e�ects

The penalty due to ISI is determined �rstly. The discrete signal at the receiver after passing
through the linear system with impulse response h(t):

y[m] = x[m] ∗ h[m] =

L+∑
v=−L−

h[v] · x[m− v] (D.1)

where h[m] = h(m ·Tsam) and we have assumed that the impulse response h(t) has negative
tail extending to −L− · Tsam and a positive tail extending to L+ · Tsam.

Since the OFDM signal is composed of serialized OFDM symbols, x[m] =
∑
i xi[m− i(FS+

Ng)], where Ng = Npre +Npos, the i-th OFDM received symbol can be expressed as:

yi[m
′] =

∑
i

L+∑
v=−L−

h[v] · xi[m− v + i(FS +Ng)],

(D.2)

Fig. D.1 depicts the convolution between h[m] and x[m] at time instants m = 0 and m =
FS − 1.

From Fig. D.1 and assuming that only adjacent symbols introduce ISI into the current
symbol, the ISI introduced by the (i−1)th symbol and the (i+1)th symbol are respectively:

ISIi−1[m] =

L+∑
v=m+i(FS+Ng)+Npre+1

h[v] · xi−1[m− v + (i− 1)(FS +Ng)] (D.3)

ISIi+1[m] =

m+i(FS+Ng)−FS+1−Npos−1∑
v=−L−

h[v] · xi+1[m− v + (i+ 1)(FS +Ng)] (D.4)

The �rst term is due to the L+−Npre−m samples from the previously transmitted OOFDM
symbol, and the second one is due to the m − FS + 1 −Npos − L− samples from the next
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v

h[v]

1 2 … L+-2-1…-L-

ith symbol (i-1)th symbol(i+1)th symbol
m
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1 2 … L+-2-1…-L-

ith symbol (i-1)th symbol(i+1)th symbol
m

a)

b)

Npre NposNpre Npos NposNpos

Npre NposNpre Npos NposNpos

Figure D.1: Convolution between the impulse response h[m] and the OFDM signal x[m]. a)
m = 0 and b) m = FS − 1.

transmitted OOFDM symbol. At the receiver, serial to parallel conversion is performed and
a DFT of size FS is calculated on each block. Doing m′ = m+ i · (FS +Ng), the resulting
ISI term is given by:

ÎSI[k] = exp(−j2π Ng
FS

)

FS−1∑
m′=0

( L+∑
v=m′+Npre+1

h[v] · xi−1[m− v − (FS +Ng)]

m′−FS+1−Npos−1∑
v=−L−

h[v] · xi+1[m′ − v + (FS +Ng)]
)
· exp

(
− j2πm′ k

FS

)
(D.5)

Doing the variable change p = m′ − v ⇒ v = m′ − p, we have:

ÎSI[k] = exp(−j2π Ng
FS

)

FS−1∑
m′=0

( −Npre−1∑
v=m′−L+

h[m′−p] · xi−1[p−(FS +Ng)]

+

m′+L−∑
v=FS−1+Npos+1

h[m′ − p] · xi+1[p+ (FS +Ng)]
)
· exp

(
− j2πm′ k

FS

)
(D.6)

Next, we interchange the order of the sums and the limits are determined as Fig. D.2.
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Figure D.2: Change of indexes.

ÎSI[k] = e−j2π
Ng
FS

−Npre−1∑
p=−L+

p+L+∑
m′=0

h[m′ − p] · xi−1[p−(FS +Ng)] · e−j2πm
′ k
FS

+ e−j2π
Ng
FS

FS−1+L−∑
p=FS+Npos

FS−1∑
m′=p−L−

h[m′ − p] · xi+1[p+(FS +Ng)] · e−j2πm
′ k
FS

= e−j2π
Ng
FS

−Npre−1∑
p=−L+

xi−1[p−(FS +Ng)] ·
L+∑

m′=−p
h[m′] · e−j2π(m′+p) k

FS

+ e−j2π
Ng
FS

FS−1+L−∑
p=FS+Npos

xi+1[p+(FS +Ng)] ·
−p+FS−1∑
m′=−L−

h[m′] · e−j2π(m′+p) k
FS

= e−j2π
Ng
FS

L+∑
p=Npre+1

xi−1[−p−(FS +Ng)] · ej2πp
k
FS

L+∑
m′=p

h[m′] · e−j2πm
′ k
FS

+ e−j2π
Ng
FS

L−−1∑
p=Npos

xi+1[p+FS+(FS +Ng)]·e−j2πp
k
FS

−p−1∑
m′=−L−

h[m′]·e−j2πm
′ k
FS

= e−j2π
Ng
FS

L+∑
p=Npre+1

xi−1[−p−(FS +Ng)] · ej2πp
k
FS ·Hp,pos_tail[k]

+ e−j2π
Ng
FS

L−−1∑
p=Npos

xi+1[p+FS+(FS +Ng)]·e−j2πp
k
FS ·Hp,neg_tail[k] (D.7)

Note thatHp,pos_tail[k] =
∑L+

m=p h[m]·exp
(
−j2πm k

FS

)
andHp,neg_tail[k] =

∑−p−1
m=−L− h[m]·

exp
(
−j2πm k

FS

)
represent the FS-point discrete Fourier Transform of the positive and neg-

ative tails of the channel impulse response, respectively.

We �nally calculate the variance of ÎSI[k] as:

σ2
ISI [k] =

〈
ÎSI[k] · (ÎSI[k])∗

〉
(D.8)
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Since the samples of di�erent OFDM symbols are independent and with zero mean, we have:

σ2
ISI [k] =

L+∑
p=Npre+1

L+∑
q=Npre+1

〈
xi−1[−p] · x∗i−1[−q]

〉
· exp

(
j2π(p− q) k

FS

)
·

Hp,pos_tail[k] ·H∗q,pos_tail[k]

+

L−−1∑
p=Npos

L−−1∑
q=Npos

〈
xi+1[p+ FS] · x∗i+1[q + FS]

〉
· exp

(
− j2π(p− q) k

FS

)
·

Hp,neg_tail[k] ·H∗q,neg_tail[k] = (D.9)

And making use of the autcorrelation Rx[ς] =
〈
xi+1[p] · x∗i+1[p+ ς]

〉
:

σ2
ISI [k] =

Rx[0]

L+∑
q=Npre+1

|Hq,pos_tail[k]|2

+

L+∑
p=Npre+1

L+∑
q=Npre+1

q 6=p

Rx[−q+p]·exp
(
j2π(p−q) k

FS

)
·Hp,pos_tail[k]·H∗q,pos_tail[k]

+Rx[0]

L−−1∑
q=Npos

|Hq,neg_tail[k]|2

+

L−−1∑
p=Npos

L−−1∑
q=Npos
q 6=p

Rx[q−p] · exp
(
− j2π(p− q) k

FS

)
·Hp,neg_tail[k] ·H∗q,neg_tail[k] (D.10)

It remains to determine the penalty due to ICI as suggested in [87]: with a su�ciently length
of the cyclic extensions, the ICI e�ects would be null; the e�ects due to ICI can be evaluated
by assuming a pair of �extra� extensions Extpre and Extpos in such a way the ICI is null,
and its negative would give us the ICI term (see Fig. D.3).

Symbol with ICI

NpreNposExtpos Extpre

NpreNpos OFDM symbol

OFDM symbol

-

00Extpos Extpre0

Symbol without ICI

ICI

m=0m=FS-1

Figure D.3: ICI evaluation.
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From Fig. D.3, the ICI term is given by:

ICI[k] =−
m+i(FS+Ng)−FS+1−Npos−1∑

v=−L−

h[v] · xi[m− v + i(FS +Ng)]

−
L+∑

v=m+i(FS+Ng)+Npre+1

h[v] · xi[m− v + i(FS +Ng)] (D.11)

Proceeding in a similar manner as with the terms in Eq. (D.3) and Eq. (D.4), the ICI term
after DFT can be expressed as:

ÎCI[k] =

L−−1∑
p=Npos

xi[p+ FS] · exp
(
j2πp

k

FS

)
·Hp,neg_tail[k]

+

L+∑
p=Npre+1

xi[−p]·exp
(
−j2πp k

FS

)
·Hp,pos_tail[k] (D.12)

Assuming that the samples in the two terms are uncorrelated, we have:

σ2
ICI [k] =

Rx[0]

L+∑
q=Npre+1

|Hq,pos_tail[k]|2

+

L+∑
p=Npre+1

L+∑
q=Npre+1

q 6=p

Rx[−q+p]·exp
(
j2π(p−q) k

FS

)
·Hp,pos_tail[k]·H∗q,pos_tail[k]

+Rx[0]

L−−1∑
q=Npos

|Hq,neg_tail[k]|2

+

L−−1∑
p=Npos

L−−1∑
q=Npos
q 6=p

Rx[q−p] · exp
(
− j2π(p− q) k

FS

)
·Hp,neg_tail[k] ·H∗q,neg_tail[k] (D.13)

Which is exactly the same expression as that for the ISI term in Eq. (D.10).
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