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DISTRIBUTIONAL CHAOS FOR OPERATORS WITH FULL
SCRAMBLED SETS

FELIX MARTINEZ-GIMENEZ, PIOTR OPROCHA, AND ALFREDO PERIS

ABSTRACT. In this article we answer in the negative the question of whether
hypercyclicity is sufficient for distributional chaos for a continuous linear op-
erator (we even prove that the mixing property does not suffice). Moreover,
we show that a extremal situation is possible: There are (hypercyclic and
non-hypercyclic) operators such that the whole space consists, except zero, of
distributionally irregular vectors.

1. INTRODUCTION

In recent years many researchers were looking for conditions that yield complex,
nontrivial dynamics of linear operators (note that, to admit such behaviour, the
space must be infinite dimensional). Probably the most studied is the notion of
the hypercyclicity, that is, the existence of vectors x € X such that the orbit
of this vector x, T(z),T%(x),... under action of a continuous and linear operator
T: X — X on a topological vector space (most often Banach or Fréchet space) X
forms a dense subset of X. We refer the reader to the recent books [5] and [10] for
an accessible introduction into the topic together with the review on the history of
this problem. After publication of the book of Devaney [7] studies on hypercyclicity
became essential tool for understanding of chaos in the sense of Devaney, since
definition of chaos from [7] in our context requires hypercyclicity and density of the
set of periodic points of T in X (see [1]).

Another definition of chaos was born a few years before [7], when Li and Yorke
published their famous paper on the study of complicated dynamics of maps on the
unit interval [13]. In contrast to the definition of Devaney, the definition derived
from [13] concentrates rather on local aspects of dynamics of pairs than a complex
global behavior induced by hypercyclicity.

Distributional chaos was introduced by Schweizer and Smital in [18] as a natural
extension of the notion of chaos given several years before by Li and Yorke in [13].
This concept will be the main notion considered in this paper. Following [14], we
will consider only the definition of uniform distributional chaos, which is one of the
strongest possibilities (see [16]).

Recall that, if A C N, then its upper density is the number

R 1
dens(A) =limsup — [{i <n; i € A},
n—oo N
where | S| denotes cardinality of the set S. Using this notation, distributional chaos
can be defined as follows:
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Definition 1.1. Let f be a continuous self map on a metric space (X, d). If there
exists an uncountable set D C X and £ > 0 such that for every ¢t > 0 and every
distinct =,y € D the following conditions hold:

dens {i € N d(f'(2), f'(y)) > e} = 1,
dens {i € N d(f'(x), ['(y)) <t} =1,

then we say that f exhibits uniform distributional chaos. The set D is called a
distributionally e-scrambled set.

Let X be a Banach space and let T: X — X be an operator. While there is lack
of full characterization of distributional chaos for operators, it is possible to provide
effective criteria ensuring this property [4, 11, 14]. It was proved in [14] that if a
weighted backward shift on ¢P-space is chaotic in the sense of Devaney then it also
exhibits distributional chaos. There were also examples of distributionally chaotic
operators which are not hypercyclic. So the only uncertain possibility left in [14]
is the question whether hypercyclicity is sufficient for distributional chaos. The
negative answer to this question is given in Section 2. Even more is shown, that
is, mixing is not enough for distributional chaos. Recall that 7" is mixing if the set
{neN; T*"(U)NV # 0} is co-finite for every pair of non-empty open sets U, V.

We recall from [3] that a vector € X is said to be irregular for an operator T if
liminf,, o ||T"2|| = 0, while limsup,,_, ., [|7"«| = co. Inspired by this definition,
Bermtdez et al. introduced in [4] the following notion:

Definition 1.2. A vector x € X is said to be distributionally irregular for T if
there are increasing sequences of integers A = {ny, ; k € N} and B = {my, ; k € N}
such that dens(A4) = dens(B) = 1, limg o0 ||T™* || = 0 and limy_, o [|T™* || = 0.

In [4] the authors proved that the existence of irregular vectors is equivalent to
admitting Li-Yorke pairs. The same paper shows that every infinite dimensional
separable Banach space admits a hypercyclic and distributionally chaotic operator
which has a dense distributionally irregular scrambled set D, that is distributionally
scrambled set such that each vector is distributionally irregular. Then the natural
question which immediately arises is whether it is possible that D = X, i.e. D is
not only dense but equals to the whole space.

Definition 1.3. We say that an operator T is completely distributionally irregular
if every vector € X \ {0} is distributionally irregular.

Remark 1.4. Note that if T' is completely distributionally irregular then the whole
space is distributionally e-scrambled, for any € > 0.

In Section 3 we will show that there exist completely distributionally irregular
operators (even with completely distributionally irregular inverse) and that this
property is independent of hypercyclicity or distributional irregularity of the inverse.

We refer the reader to [2, 12, 17, 19] for other recent works on distributional chaos
for operators. Also, in [15] it is shown that there are completely distributionally
irregular operators T such that the sequence (||7"]), is increasing.
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2. MIXING AND DISTRIBUTIONAL CHAOS

In this section we will consider the unilateral backward shift (Bz); = ;41 on
the weighted ¢P-space

(0) = {z = (x;)jen ; [|l2]” =Y |a["v; < o0}
JEN
The map B : ¢P(v) — (P(v) is well-defined (and, equivalently, continuous) if and
only if sup; U_:}il < 0o. We will show that there are sequences of weights so that
unilateral shift is mixing but not distributionally chaotic. We should point out that
it is easy to construct non-hypercyclic but distributionally chaotic unilateral shifts

(see [14]).

Theorem 2.1. Let ny := (k!)?, k € N, and let v = (v;); be the sequence of weights
given by v; = k= for ngy, < j < ngi1, k € N. Then the operator B is mizing on
X :=/1P(v), 1 <p<oo, but T is not distributionally chaotic.

Proof. The fact that B is mixing can be deduced from [6] (see also Chapter 4 in
[10] for more details), since lim; v; = 0.
We will show that, for each € X and for every € €]0, 1],
s B <l
im =

n— 00 n

L

that excludes the possibility of existence of distributionally chaotic pairs.
We fix an integer kg > 6 satisfying

Z lzj|Pv; < e/4 and ky' < /4.
JZ>nkg

If n > ngyt1, let k> ko with ng41 < n < ngpo. We can write n = Nny + m with
m,N € N, m <ny, N> k3 Since

N—-1 [(i+1)nr—1

Z Z |z [Pv; | < Z |z;|Pv; <e/d4 <1,

i=1 J=ing Jj2nk
then, for
(i+1)n,—1
I'={i<N; Z |z |Pv; > k™?},
J=ing

we have |I| < k2. Thus,
H1,...,N —1}\I| >N —1 -k~
IfiedJ:={1,...,N —1}\ I, then

(i+1)np—1 (i+1)nk—1
Z ;P < (k+1) Z |z |Pv; < (k+1k™2 < g/2,
Jj=ing Jj=ing

by the definition of I, and since v; = (k + 1)~! for ng41 < j < ngio. This implies
that, if we fix ¢ € J and j € [ing, (¢ + 1)ng — ng_1], then

(i+1)nk—1

[Pz R N S TP S N F
1=j 1> (i+1)nk
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(G+Lme—1 v e 3¢
p Py =i+l =y OC
< Z 2P + Z |21 [Py w32 +g<e

l=inyg 1>(i+1)ng
since j < ngio and I — j + 1 > ng_1 whenever [ > (i + 1)ng, and by taking into
account that vs/v, < (k4+2)/(k—1) < 3/2if r > s > ng_1 and r — 8 < Ngya.
Therefore,

{j <n; |Bz|’ <e} o i (e = m—1) (N =1 = k)(nk — n1)

n n n
N—-1-k? ng — Ng—1 k2 +2 1
> 1——— 1-— ) — 1.
_( N+1 )( Nk = k3+1 k3 ) k—oo

Remark 2.2. Observe that we have shown in Theorem 2.1 that
dens {j : d(B’z, Biy) > e} =0

for every x,y € X, x # y, and for every € > 0. In other words, the mixing rate of
B is very slow.

3. FULL DISTRIBUTIONALLY SCRAMBLED SETS AND HYPERCYCLICITY

In this section we will consider the bilateral forward shift (T'z); = x;—; and the
backward shift (Bx); = x;11 on the weighted ¢P-space

P (0,2) = {z = (x;)jez ; llz|I” =Y |a;[" vj < oo},
jez
where the weight sequence v = (v;);ez will be constructed satisfying certain gen-
eral assumptions. We also recall that B : ¢?(v,Z) — ¢P(v,Z) (respectively, T :
P(v,Z) — €P(v,Z)) is well-defined (equivalently, continuous) if and only if sup, 5 U;’ﬁ <
oo (respectively, SUpjeyz, UU—JI < 00). Our purpose is to provide examples of weight
i
sequences v such that every non-zero vector is distributionally irregular for T': P (v, Z) —
(P(v,Z), and for some of these examples T~! = B will have the same property. We
also study its relation to hypercyclicity. In what follows, we will simply write
i

aj = (aj)*. We hope it will cause no confusion to the reader.

Theorem 3.1. Let v = (vj)jez be a weight sequence that satisfies the following

conditions:

(1) there are sequences of integers (n;)jcz and (m;)jez with n; < m; < njt1,
j €Z, and M > 1 such that Mv,, , > v; for every j € [m_p,mi_1], k € N,
and if we consider

Yy

Sk: = Sup{ ; j g]m*kamkfl}}a ke N7

Vj—1
then for every e > 0 we find k € N with v,, <¢e and
min{v;; m_g <i < mk_l}}

Uny

S:(nkfm_’“) < min {M,

(2) for every N € N, there exists k € N such that v; > N, for k < j < Nk.
Then the forward shift T: ¢P(v,Z) — P(v,Z) is completely distributionally irregu-
lar.



DISTRIBUTIONAL CHAOS FOR OPERATORS WITH FULL SCRAMBLED SETS 5

Proof. Let x € ¢P(v,Z) be an arbitrary non-zero vector. Given M > 1 satisfying
condition (1), and an arbitrary § > 0, we fix m € N such that

S Ja Py < #.
2(1 + M?)

[FI>m

min{v;; [j| < m}

Again by condition (1) there exists k£ € N with v,,, <e:=4§ , and
g Yy (1) k 2M (1 + ||z[|P)
such that [—m,m] CJm_g, mp_1[. For any | € [ny — m_y, k(nr — m_y)] we have
P
(3.1) 7" = > lmPoia+ D P

JE[M_k,mi—1] JEIm_k,mp_1]
For the first summand we obtain
g E P ]'H E Py, Vit
|z |Pvj41 < |j|Pv BRI 0.
JElm_g,mp_1] lil<m Je[m_k,mk_l]\[fm,m] J
<HJ+l 1 Uz+1)
1=nNy v Vit
|P Py . It
< E || UJ + E |z [Pv;
’Uj Vi

J

l7|<m JE[M—,mi—1]\[-m,m]
m-+l—nyg
P ’UnkS 1) vj+l. . _
= || H min{vj; |_7| < m} + 2(1 +M2) max{ v; 1€ [m—kvmk—l] \[ m, m}}
SM 5 A 5(2+ M?)

< .
M1+ l=[|”) ’ 2(1+ M?) min{vj; m_g <j <my_1} = 2(1+ M?)

by the selection of m and e. With respect to the second summand in (3.1), we get

Ui+l UVj+i
N |25[Pvjp = > |2 |Po; == + > |2[Pv; ==
Uj Uj

<l 5

JEIm_k,mp_1] m_p—I<j<m_y JEIm_k—lmi_1]
SM?
P, . l Py . l
< Z |z;|Pv; | MSL + | > |z;[Pv; | Sk < SRR
m_r—l<j<m_pg JEm_k—lmp_1]

Therefore we have HTlach < 6, and we obtain the existence of A = {l;; j e N} CN
such that dens(A) =1 and lim; | 7% z|| = 0.

On the other hand, since x # 0, there is iy € Z such that x;, # 0. By condition
(2), given any N € N there is k € N such that v; > N for all j € [k, Nk]. Without
loss of generality we may assume N > max;<|;,| vj, so that k > ip, therefore
|T7x|| > |2 |NY/P for each r € [k — ig, Nk — 4], which yields that there is B =
{r;; j € N} C N such that dens(B) =1 and lim; | T z|| = occ. O

As a consequence of Theorem 3.1 we obtain the analogous result for the backward
shift.

Corollary 3.2. Let v = (v;) ez be a weight sequence that satisfies the following
conditions:
(1) there are sequences of integers (n;)jecz and (m;)jez with n; < m; < nji1,
J €Z, and M > 1 such that Mvy,, , > v; for every j € [m_p, mg_1],
k € N, and if we consider

; JEmog,mp_1]}, k€N,
Vj—1
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then for every e > 0 we find k € N with v,_, < ¢ and
min{v;; m_g <i < mk_l}}

Un_,

sz(n_kfm’“_l) < min {M,

(2) for every N € N, there exits k € N such that v; > N, for =Nk < j < —k.
Then the backward shift B =T~1: (P(v,Z) — (P (v, Z) is completely distributionally
irregular.

Proof. It suffices to consider the isomorphism (x;);ez — (z—;) ez that conjugates
B to the forward shift T': ¢P(v',Z) — ¢P(v',Z), where the weight sequence v’ is
defined as v;» = v_; and the necessary sequences to apply Theorem 3.1 are defined

SN
by n} = —n_j, mj = —m_;_1. (I

For convenience of the constructions that we will provide in the final examples,
we need a further result which is a consequence of Corollary 3.2 by simply applying
a shift m) = my41, nf, = ng41, on the right part of the sequences (my)x and (ng)g
(k> 0), and leaving invariant the left parts mj, = mg, nj, = ng, k <O0.

Corollary 3.3. Let v = (v;) ez be a weight sequence that satisfies the following
conditions:

(1) there are sequences of integers (n;)jez and (m;);jez with n; < m; < nji1,
Jj€Z, and M > 1 such that Mv,,, > v; for every j € [m_g, mg], k € N,
and if we consider

Yj
Vj—

sy, := inf{ s J Em_i,mil}, k€N,

then for every € > 0 we find k € N with v,,_, < e and
min{v;; m_g <i < mk}}
K

si(n‘kfm’“) < min {M,
Un_,
(2) for every N € N, there exits k € N such that v; > N, for =Nk < j < —k.
Then the backward shift B =T~1: (P(v,Z) — (P (v,Z) is completely distributionally
irregqular.

With the above results, we are ready to provide the desired examples. In all of
them the sequences of integers (n;) ez and (m;)ez with n; < m; < njq1, j € Z
are such that for every k € Z we have:

vj—1 <v; when ny <j <my, and vj_1 > v; when my < j < npyq.

Generally speaking, the positions v,,, represent “hills” of the weight sequence, and
the positions v, are “valleys”.

Example 3.4. We will select v such that T and T~! are completely distributionally

irregular on ¢P(v,Z), but T is not hypercyclic. First, we put some general condi-

tions which will lead to inductive construction of sequences of integers (mg)gez

and (ny)kez with the desired properties. We will require that sequences (my)rez,

(nk)kez increase fast enough so that they satisfy the following conditions:

(a) mo=1,n1 =4, Vg =2, Uy, =272,

(D) vn, = 272K vy, = 221 k€ N, v /vim1 = vj/vj_1 if i,§ €ng,my), or if
1,7 E]mk,l,nk}, keN,

(¢) mg —ng > 2(mg—1 — Ng—1), Ngr1 — Mg > 2(ng — mi—1), k € N, and

(d) v = v; LieN my=—-n_y kel
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16

m_z N_1  M_ingMony my

FiGUurE 1. Example 3.4

i i <1< _
Observe that conditions (b) and (d) give that min{vi; mox 1S M- =

Un,,
UZ}’& = 2 for every k € N, and the supremum of the slope of v outside the
intel:val [m_g, mg—_1] is Sy = v;j/v;_1 for any ny < j < my, k € N, by the all the
assumptions. In order to fulfill condition (1) in Theorem 3.1, we set M = 2 and
Sy = 2V/k(e=m—r) = 91/(Zkni) | ¢ N. Thus, we get Sy ™ = vy, [vp, = 24+,
which implies my = (8k% + 2k + 1)ng, k € N.
min{vi; m_g <1< mk:} _ Uny

Analogously, = 2 for every k € N, and the

Un_, Un_,
infimum of the slope of v outside the interval [m_y,my] is s = v;/v;_1 for any
mg < j < ngg1, K € N. Again, to have condition (1) in Corollary 3.3, we set
M =2 and s, = 2V/F(r—k=mr) = 9=1/2kmi) '} ¢ N. As a consequence, s, "'~ """ =
Vnpyr /Uy = 27473, which yields ny41 = (82 + 6k + 1)my, k € N. This allows us
the inductive construction of (n;);ez and (m;),ez.

To check condition (2) in Theorem 3.1 and Corollary 3.3, we notice that

_remy
vy = 22k+1827’mk — 22k+12 TEmy > 22k if me <r < kalw
and that
_r —ng—r .
vy = 22’“5;"”“ "= 92k Rn > 92K if Okm_p <1 < m_y.

This implies that all the conditions in Theorem 3.1 and Corollary 3.3 are satisfied
and so T and T~ ! are completely distributionally irregular.

Finally, since v; = v:jl- for all j € Z, there is no increasing sequence (ji)i in N
such that limy v;, = limy v_;, = 0, which avoids the hypercyclicity of T' (See, e.g.,
Theorem 2 in [9]).

Example 3.5. Our purpose now is to construct v such that T and T~! are com-

pletely distributionally irregular on ¢?(v,Z), and T is hypercyclic. To do so, we set
up the following preliminary conditions on the weights

a) m =4, m_q1=—-4 vy, =1, Um, =2, Vp, =271 Uy, =2, and
0 0 1 1
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(b) mk = _n—k7 k e Z7 U'Ilk = 272k+13 Uﬂlk = 2k+17 /Un,k = 272ka UHL,]C = 2k7
keN, v /vi_1 =vj/vj_1 if 4, § €]ng,my], or if 4, j €lmyp_1,n4], k € Z, and
(€) mp —ng > 2(Mr—1 — Ng—1), N1 — Mg > 2(ng — mp—1), k € N.

1

05
0.25

m_; N_y M_; Nng [Mong my ny

FiGUurE 2. Example 3.5

We will check again that the hypothesis of Theorem 3.1 and Corollary 3.3 are
min{v;; m_p <i<mp_1} ~ Un_pqa

satisfied. Condition (b) gives = 2 for every

'Unk 'Unk
k € N, and the supremum of the slope of v outside the interval [m_j, my_1] is

Sk = v;/vj_1 for any np < j < my, k € N. As in the previous example, we set
M =2and Sy, = 2V/Fe=m—r) = 21/Ckn) | € N. Thus, S ™™ = vy, /v, = 2°F,
which implies my = (6k2 + 1)ng, k € N.

min{vy; m_p <i<mp} vy,

Analogously, = 2 for every k € N, and the

Un_y, Un_y,
infimum of the slope of v out;ide the interval [n];,k,mk] is s = v;/vj_1 for any
mp < j < nps1, k € N. Again, we set M = 2 and s, = 21/F(—k—mx) = 9=1/2kmi)
k € N. In consequence, s,""™' " = v, /v, = 27372 that yields nyy1 =
(6k% + 4k + 1)my, k € N.
To check the final conditions for T and T~! being completely distributionally
irregular, we notice that

_romy
vy = 2k+152_m’“ = ok Hlo7 3w > oF if my, < r < 2kmy,
and that
_ 77Lk7)"
vy = 28GR = ok R S R f 2km_y < < m_y.

For the hypercyclicity of T', since it is invertible, it suffices to show that there is
an increasing sequence (j)x in N such that limy v;, = lim, v_j, = 0 (See Theorem
3.2 in [8]). Let ji := (my + nx)/2 = (3k* + 1)ny. We have
—_ 27k/2+1

. QJk—Mk
Vjp, = Sk Uny,
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for any k € N. Note that Ry = v;/v;_1 has the same value for any j €]n_g, m_g],
and thus for all £ € N we have R < Sj and
v_j, = R]:jkin_kvn,k < S;an*jk272k — 9—k/2+1/2
Indeed, limy, v;, = limg v_;, = 0 which concludes the hypercyclicity of T'.

Example 3.6. We will provide v such that 7" is hypercyclic and completely distri-
butionally irregular on ¢? (v, Z), but 7! is not completely distributionally irregular.
We define

(@) ng =0, mg=1,n =3, mq =1, 0y =1, Uy =2, Uy, = 271,
Up_, = 2, and
(b) m_p = —mp_1,n_p = —mp+1, npp1 = meA+2k7+k+1, v, = vy, =27,

Uy, = 22’“2, VUm_,, =27 M2 ke N, v;/v,_1 = v;/vj_1 if i, €|ng, my], or if
i,j €lmg_1,n%], k € Z, and
(€) mp —ng > 2(Mg—1 — Ng—1), N1 — Mg > 2(ng —mp—1), k € N.

1

0.5|
0.25

m_zn_yM_3 [mony M1 N2

FiGUurE 3. Example 3.6

min{v;; m_p <@ < mp_1} Uny_,

Condition (b) gives = 2. We set again

Un, Un,,
M =2 and 8), = 2V/k(s=—m—k) — gl/k(nitmi1) | e N. Thus, S " = 22k +k,
which implies my = ng + (2k® + k) (ng +ms_1), k € N. We then have the formulas
to construct (my)kez, (nk)kez, the values of the weight sequence v, and condition
(1) of Theorem 3.1. For condition (2), pick ry := ny + 2k*(ng + mg—1), k € N.
If j € [rg, mg], then v; = U,LkS,z_"k > 2%, Since (my — ) /rr > (k —1)/2, for
each k € N, we obtain that T is completely distributionally irregular. Moreover,
lim;_,_ov; = 0, thus limy v,, = limgv_,, = 0, and we get the hypercyclicity of
T. Finally, if we consider x = (x;);jez such that x; = 1 for j = ng, k € N, and
x; = 0 otherwise, we have x € ¢P(v,Z) and since ny — mi_1 > k we also get that

1T 2| > 250, > 1

for all k € N. This shows that z is not a distributionally irregular vector for 7.
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