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Abstract

Answering a recent question posed by Gregori, Morillas and Sapena (“On a class of completable
fuzzy metric spaces”, Fuzzy Sets and Systems, 161 (2010), 2193–2205) we present two examples
of non strong fuzzy metrics (in the sense of George and Veeramani).
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The theory of fuzzy metric completion (in the sense of George and Veeramani [1]) is very dif-
ferent from the classical theories of metric completion and probabilistic metric completion since
there are fuzzy metric spaces which are not completable. The authors of [3] became interested in
strong fuzzy metrics when looking for a class of completable fuzzy metrics. In [3] they provide
an example of a non-strong fuzzy metric for the minimum t-norm and state the open question to
find a non-strong fuzzy metric for another t-norm different from the minimum.

In what follows we answer this question and present two examples of non-strong fuzzy met-
rics for the product and the Łukasiewicz t-norm, respectively. Terms and undefined concepts
may be found in [3].

Definition 1. ([1]) A fuzzy metric on a (nonempty) set X is a pair (M, ∗) such that M is a fuzzy
set on X × X × (0,+∞) and ∗ is a continuous t-norm satisfying the following conditions:

(FM1) M(x, y, t) > 0 for all x, y ∈ X and all t > 0;

(FM2) M(x, y, t) = 1 for t > 0 if and only if x = y;

(FM3) M(x, y, t) = M(y, x, t) for all x, y ∈ X and all t > 0;

(FM4) M(x, z, t + s) ≥ M(x, y, t) ∗ M(y, z, s) for all x, y, z ∈ X and t, s > 0;

(FM5) M(x, y, ·) is continuous for each x, y ∈ X.
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Note that condition (FM4) implies that M(x, y, ·) is non-decreasing for each x, y ∈ X.

A special type of fuzzy metrics has been recently considered in [3] and [2]:

Definition 2. ([3]) Let (X,M, ∗) be a fuzzy metric space. M is said to be strong if it satisfies the
following additional axiom

(FM4’) M(x, z, t) ≥ M(x, y, t) ∗ M(y, z, t) for all x, y, z ∈ X and t > 0.

Clearly, if d is a metric on a set X, then the fuzzy metric (Md, ∗) is strong for every continuous
t-norm ∗ such that ∗ ≤ ·, where Md is defined by Md(x, y, t) = t/(t + d(x, y)), for all x, y ∈ X and
t > 0.

In Section 3 of [3] (see also [2]) the authors observed that, however, the fuzzy metric (Md,∧)
is strong if and only if d is an ultrametric. Then, they posed the natural question of finding a non
strong fuzzy metric (M, ∗) where ∗ is not ∧.

The following examples solve this question.

Example 1. Let X = {x, y, z}, ∗ = · and M : X × X × (0,+∞)→ [0, 1] defined for each t > 0 as

M(x, x, t) = M(y, y, t) = M(z, z, t) = 1,

M(x, z, t) = M(z, x, t) = M(y, z, t) = M(z, y, t) =
t

t + 1
,

M(x, y, t) = M(y, x, t) =
t2

(t + 2)2 .

It is easy to check that M satisfies (FM1), (FM2), (FM3) and (FM5). With respect to (FM4), we
have that

M(x, y, t + s)−M(x, z, t)∗M(z, y, s) =
(t + s)2

(t + s + 2)2 −
t

t + 1
·

s
s + 1

=
(t − s)2(s + t + 1)

(t + s + 2)2(t + 1)(s + 1)
≥ 0

Hence M(x, y, t + s) ≥ M(x, z, t) ∗ M(z, y, s). Also

M(x, z, t + s) =
t + s

t + s + 1
≥

s
s + 1

= M(z, y, s) ≥ M(x, z, t) ∗ M(z, y, s)

M(y, z, t + s) =
t + s

t + s + 1
≥

t
t + 1

= M(y, x, t) ≥ M(y, x, t) ∗ M(x, z, s).

Consequently, (M, ·) is a fuzzy metric.

However, for each t > 0 we have that

M(x, y, t) =
t2

(t + 2)2 <
t2

(t + 1)2 = M(x, z, t) ∗ M(z, y, t).

It follows that (M, ·) is not strong.

Example 2. Let X = {x, y, z}, ∗ = TL (the Łukasiewicz t-norm), and M : X×X×(0,+∞)→ [0, 1]
defined for each t > 0 as

M(x, x, t) = M(y, y, t) = M(z, z, t) = 1,

M(x, z, t) = M(z, x, t) = M(y, z, t) = M(z, y, t) =
2t + 1
2t + 2

,

M(x, y, t) = M(y, x, t) =
t

t + 2
.
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It is easy to check that M satisfies (FM1), (FM2), (FM3) and (FM5). With respect to (FM4), we
have that

M(x, y, t + s) − M(x, z, t) ∗ M(z, y, s) =
t + s

t + s + 2
−max

{
2t + 1
2t + 2

+
2s + 1
2s + 2

− 1, 0
}

=
2(t − s)2

(t + s + 2)(2t + 2)(2s + 2)
≥ 0.

Hence M(x, y, t + s) ≥ M(x, z, t) ∗ M(z, y, s). Also

M(x, z, t + s) =
2(t + s) + 1
2(t + s) + 2

≥
2s + 1
2s + 2

= M(z, y, s) ≥ M(x, z, t) ∗ M(z, y, s)

M(y, z, t + s) =
2(t + s) + 1
2(t + s) + 2

≥
2t + 1
2t + 2

= M(y, x, t) ≥ M(y, x, t) ∗ M(x, z, s).

Consequently, (M,TL) is a fuzzy metric.

However, for each t > 0 we have that

M(x, y, t) =
t

t + 2
<

t
t + 1

=
2t + 1
2t + 2

+
2t + 1
2t + 2

− 1 = M(x, z, t) ∗ M(z, y, t).

It follows that (M,TL) is not strong.

Conclusion and perspectives

In this short note we answer a question posed in [3] and present two examples of non strong
fuzzy metrics (in the sense of [1]). Note that in our first example we have used the product t-
norm. In this direction it would be interesting to find further examples for continuous t-norms
that are greater than the product but different from minimum.
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