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Abstract

In this work, a finite element approach is presented for modelling sound propagation
in perforated dissipative mufflers with non-homogeneous properties. The spatial
variations of the acoustic properties can arise, for example, from uneven filling
processes during manufacture and degradation associated with the flow of soot particles
within the absorbent material. First, the finite element method is applied to the wave
equation for a propagation medium with variable properties (outer chamber with
absorbent material) and a homogeneous medium (central passage). For the case of a
dissipative muffler, the characterization of the absorbent material is carried out by
means of its equivalent complex density and speed of sound. To account for the spatial
variations of these properties, a coordinate-dependent function is proposed for the
filling density of the absorbent material. The coupling between the outer chamber and the
central passage is achieved by using the acoustic impedance of the perforated central
pipe, that relates the acoustic pressure jump and the normal velocity through the
perforations. The acoustic impedance of the perforated central duct includes the
influence of the absorbent material and therefore a spatial variation of the impedance is
also taken into account. A detailed study is then presented to assess the influence of the
heterogeneous properties and the perforated duct porosity on the acoustic attenuation
performance of the muffler.

Keywords: heterogeneous absorbent material, muffler, finite element approach, variable
filling density

1. Introduction

Due to their broadband characteristics at mid to high frequencies, the dissipative
mufflers have been widely used in vehicle exhaust systems. Although plane wave models
[1] are available for the prediction of the sound attenuation of mufflers at low frequency,
multidimensional analytical techniques [2-4] and numerical methods [5-10] are
required for higher frequencies and to consider, for example, the propagation of higher
order modes. While multidimensional analytical methods are desirable due to their low
computational effort, they are not capable to
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model complex silencer geometries or non-homogeneousepiep. For this reason, numer-
ical techniques have found favour for modelling complexrgetriies and arbitrary boundary
conditions. Among the numerical methods, the finite elemsaethod (FEM) is widely used and
relevant literature can be found regarding the acoustioatind of silencers. Young and Crocker
[5] applied the finite element method to reactive concergxigansion silencers to predict their
transmission loss. Kagawet al. [11] and Craggs [12] studied the transmission loss of a lined
expansion mfiler assuming a locally reactindgfect of the absorbent material. Finite element
models for bulk reacting absorbent materials were preddnt&irby to consider perforated dis-
sipative mufers with homogeneous properties [13, 14]. Elnatlgl.[15] used the finite element
method to validate their proposed approach for modellinfppated pipes.

In the previous works, the absorbent materials consideszd mssumed to be homogeneous.
However, in realistic cases of automotive silencers, te@imption is not always fulfilled and
heterogeneous acoustic properties of the fibrous matexjgdear. The presence of these non-
homogeneous properties may arise, for example, from uniéliag processes in dissipative
mufflers [2, 16] and degradation produced by the flow of soot pastiwithin the absorbent
material [17]. These two phenomena can cause significaiatiar in the filling density of the
fibrous material, which as a consequence leads to heteribgehiés equivalent complex density
and speed of sound. To the authors’ knowledge, the onlyaréerin the literature that tried to
model dissipative mifiers with heterogeneous fibrous material was the work of RehRathi
[6]. In this case, the heterogeneity was associated witlmibaan flow induced in the absorbent
material.

In Ref. [6] no perforated duct was considered and the fibroatgrial was exposed directly
to the gas in the central airway. However, in the automoiieasers, a perforated screen is usu-
ally placed to protect the fibrous material and to reducécspaessure losses over the silencer.
The acoustic impedance of a perforated surface in absenabsofbent material was studied
by Sullivan and Crocker [18]. Kirby and Cummings [19] ob&ina semiempirical relationship
for the acoustic impedance of perforated plates with a ponoaterial backing the perforations,
which depends upon various parameters including the elgnvaomplex density. Futher in-
vestigations were carried out by Le¢ al. [20] to account for the influence of the absorbent
propagation medium on acoustic behaviour of the perforstegben. When the bulk reacting ma-
terial in contact with the perforations is considered to benbhgeneous, the acoustic impedance
of the perforated plate is constant from a spatial point etwj3, 4, 21]. However, in the case
of non-homogeneous porous backing material, a modifiedessjn of the acoustic impedance
must be regarded to account for the spatial coordinate diepee of the equivalent properties.

2. Mathematical approach

2.1. Finite element formulation

Figure 1 shows the perforated dissipativeffimr studied in this work, which consists of a
perforated duct surrounded by a non-homogeneous absaragetial. The subdomains of the
central airway and the absorbent material are denote@bgand Q.,, respectively, whild,
andI'y, represent their boundary surfaces which are supposediséydaie rigid wall boundary
condition [1], except for the inlet and outlet sectidnsandI’, and the perforated duct surface
I',. The central passage with air is characterized by the depsiand the speed of sourag,
while its perforated surface is considered by means of thastic impedancip. To account for
the heterogeneous properties of the absorbent mateeagtiivalent complex densipy,(x) and
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speed of soundny(x) [22] are coordinate-dependent, which leads to spatigtians onp(x) as
well. Further details will be provided in Se2.2 and 2.3.
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Figure 1: Perforated dissipative silencer with heterogaseabsorbent material.

For the central airway, the wave propagation is governetiéyvell-known Helmholtz equa-
tion [1],

V2P, + k3Py = 0 1)

with V2 being the Laplacian operatd?, the acoustic pressure akgithe wavenumber in the air,
defined as the ratio of the angular frequenctp the speed of soundg.
In the heterogeneous absorbent material, the wave prapagagiven by the equation [23],

V(iVPm) + ikfan =0 2
Pm Pm

wherekn(X) = w/cn(X) is the equivalent complex wavenumber associated with gterbge-
neous absorbent material.

By using the finite element method, the acoustic pressutdméiemente of the silencer is
approximated by trial functions [24], which leads to

ane

Pa= > N.P§ = NPS (3)
i=1
ane

Pm= > NP§ = NP, (4)

i=1

wherel5§ and PN,% are the nodal pressurely, are the shape functions amNjpe is the number
of nodes per element. By applying the method of weightediteds in combination with the
Galerkin approach [24], and after using Green’s theoremwtbighted residual associated with
the subdomai2, can be written as



Z(f VINVNAQ — kof NTNdQ)Pe ZfeNT%dr (5)

e=1

and the weighted residual of subdomg&ig is

Ne' 2

Z (f L v"NYNGG - ﬁNTNdQ) pe = f —NT&Pm (6)
=1 \Jag Pm Qg Pm re, P

whereNg and N{" are the number of finite elements in the central perforated dod the ab-
sorbent material subdomains, respectively, aiglthe outward unit vector.

As the rigid wall condition is satisfied at the boundBgy-I', T’ — T, the right side integral
of Eq. (5) is only taken over the perforated duct boundggyand the inlet and outlet surfaces,
denoted byl; andI,, respectively. To evaluate the contribution of the petiedeboundary,
on the surface integral, the relation that defines the amoimspedance of the perforated duct
must be taken into account [1]. By using the Euler's equatiba normal pressure gradient at
the perforated surface in the central airway can be explesse

0P, oUp,

_ = - 2 — —j 7
an Po—p jpowUn, (7)

Uy, being the acoustic velocity normal to the perforations atitherface.
The acoustic impedance of the perforated surface is defsm#teaatio of the acoustic pres-
sure jump across the perforations to the normal acousticitg] and can be written as,

. Pa-P
Zy=—g— (8)

After substituting Eq(8) into Eq (7), the normal pressure gradient associated with the per-
forated duct in the central airway is expressed as

0P, . Pa—Pq
e _ _ _ 9
an jpow 7 9)
Introducing Eqs(3) and (4) into Eq(9), yields for elemeng
OPa . NPS—NPE,
—a_ _ —a_m 1
an Jpow Z, (10)

A similar procedure is applied to calculate the right sidegmal of Eq (6). In this case, only
the contribution of the perforated bounddry is computed. By considering Euler’s equation,
the normal pressure gradient at the perforated surfac@ihdterogeneous absorbent material is
given by

OPm oUn,

on C P et
whereU, is the normal velocity at the interface. Considering theticmity of the normal
particle velocity and taking into account that the outwanit wectors in the direction normal
to the interface of both regions are opposite, the relatidyy = —U,, ) is satisfied [25], which
yields

= —jpmenm (11)



9P Pa — Prm

on = Jpmw Zp (12)
Substituting the trial solutions expressed by E83$ and (4) into Eq(12), gives
OPm . NPE-NPg
an = Jpmw Z~p (13)
Replacing the normal pressure gradient in & by Eq (10), yields
& P
> (f VINVNAQ - K2 NTNdQ) pe = Z f N dr
=1 4 [N
(14)

+Zfremr Ndel" jpowaa T(NPS — NP dr

renr, Z

where the integrals ovdr andI’, are associated with the usual excitation boundary conmditio
[1] and the integral over, represents a coupling term betwe@nandQn,.

Similarly, after substituting Eq13) into Eq (6), the weighted residual related to the hetero-
geneous absorbent material subdomain is expressed as

Ne'

2
> (f 1 9TNYNdQ - ﬁNTNdQ) pe =
Qg Pm

Q8 Pm
e=1 (15)

Nm
RN 1 /= ~
jw f —=N"(NPE - NP¢,)dl
; IRNCp Zp ( : m)
To get a more compact form of E¢L4) associated with the airway subdomain, the following
matrices have been defined

Ng
Kazz f VTNVNdQ (16)
1Y%
1 &
M,== fNTNdQ (17)
N2 1
Caa=poz f — NTNdr (18)
e=1 vIanlp £p
Ng 1
Cam=—poz f —NTNdI (19)
e=1 YIanly £p
Ng
Fa=2f NTaPadF Zf NTaPa (20)
=1 SNl Isnl,
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that leads, after some operations, to

(Ka + ijaa - (L)ZM a) ﬁa + J(L)Camﬁm = Fa (21)
Regarding Eq(15) the following notation is introduced

NM

e 1
Km = Z — VTNVNdQ (22)
=1 Vo5 Pm

Mm_ f——NTNdQ (23)

Cha=- Z fm —NTNdF (24)

renr, Z

Crnm = Z f . NTNdF (25)

ar, Z

Now Eg (15) can be expressed in the foIIowmg compact form

Gauss quadrature integration is used to evaluate intel§oEg16)-(19) and EqY22)-(25).
Special attention must be paid to include accurately th&éapaariations of the heterogeneous
propertiem, Cm andzZy,.

Finally, Egs (21) and (26) can be written in matrix form as

Caa Cam:| _ 2 Ma 0

([Koa Kom Cma Crm 0 Mm){si}={f)a} (27)

The final system of equations can be solved for a given pred&ld once the prescribed
pressures have been applied. After solving q), the transmission loss (TL) can be evaluated
to study the acoustic performance of the dissipativéfiu This parameter is defined as the dif-
ference between the sound power incident on an acousticdiléthe sound power transmitted
downstream considering an anechoic termination and caalbelated by [1]

+ jw

TL = 20log, Pine

trans

wherePin. andPyans are the incident and transmitted pressures, respectively.

(28)

2.2. Heterogeneous acoustic properties of the absorbetenah

The acoustic behaviour of the absorbent materials coresidier the literature can be de-
scribed by the equivalent characteristic impedafige= pmcm and wavenumbek, = w/Cm.
These complex and frequency dependent properties haviyusganstant value from a spatial
point of view throughout the fibrous material domain, assugvd homogeneous steady airflow
resistivity R [3, 4, 21]. The resistivity can be related to the filling déyngi. by means of [26]

R = Apc™ (29)
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where the value#y and A, are independent of the filling density and can be obtainedafo
given absorbent material, by a least squares fitting froneexpental data. For the absorbent
material under consideration (Owens Corning'’s texturizddantex fiber glass roving) the val-
uesA; = 1.316074 and\,; = 1.782163 are taken into account [4, 27] wiRandp. in Sl units.
Although p¢ is usually assumed to be constant in the bibliography, gttogterogeneities
can be found in practical applications. During the manuwfidey process of automotive dissi-
pative muflers, meaningful variations in the filling density can be progd causing a change
in the steady airflow resistivity of the absorbent materksso, the flow of soot particles [17]
can induce spatial modifications of the material propertlasthis investigation, a coordinate-
dependent linear functign (X) = ax+bis assumed to simulate the variation of the filling density
along the main axial direction of the rfiier. Eq (29) leads then to a coordinate-dependent resis-
tivity R(x), and a modified version of the homogeneous models of eatlidies [3, 4, 21, 27, 28]
is obtained, where the characteristic impedance and wavieetof the heterogeneous absorbent
material are expressed as follows,

Zn (%) ) fpo 0754 f oo -0.73

7. _[[1+o.09534(m) +] —0.08504(m) (30)
ke (9 _ oo \ ), . fpo |
< - [1+0.16(R(X)) j+ J[—0.18897(R(X)) ] (31)

with Zy = ppco being the characteristic impedance of the air &rtde frequency. Therefore, the
introduction of spatial variations in the filling densityalés finally to heterogeneity associated
with R, Zm andkn,.

2.3. Acoustic impedance of the perforated duct

As it was shown in the work of Kirby and Cummings [19], the astiziimpedance of the
perforated duct in presence of homogeneous absorbentiahatesngly depends on the acoustic
properties of the fibrous dissipative medium backing thégpations. In this investigation, the
equivalent characteristic impedarggand wavenumbek,, are coordinate-dependent and there-
fore the expression used in earlier works [3, 4] for the atousmpedance of the perforations,
has been redefined here to introduce the heterogeneity abdwbent material, giving

(0.006+ iko (tp + 0,425, (1 N Zmz(()x) Kn kiX)) F (0)))

Zy(3 = Z . (32)

whered, denotes the hole diametep, the thicknessg- the porosity, and= (o) a factor that
takes into account the interaction between perforatiof$ [Here, F (o) is obtained as the
average value of Ingard’s and Fok’s corrections, denbtdd) andF (o), respectively. Ingard’s
function is given by

Fi(0)=1-07Vo (33)

and Fok’s correction is calculated as

Fe (0) = 1- 1410 + 0.34(Va)” +0.07( Vo)’ (34)



2.4. Segmentation method

To validate the proposed finite element approach, a congratistween the results given
by the implemented procedure and calculations obtained $sgenentation method is carried
out. As can be seen in Figure 2, in this method [16, 30] therbgemeous absorbent material
is divided intoN regions with lengthd s, Lo, ..., Ly and the associated homogeneous filling
densities are evaluated by

P~cj = (ch +ch+1) /2, forj=1,2,..,N (35)

Pe1 Pc2

PcN+1

R>

Ry

L Ly Lo Ly Lo

e ble «

Figure 2: Sketch of the perforated dissipative silencehmigterogeneous absorbent material associated with the seg
mentation method.

After evaluatingocj, the resistivity of each segment is given by.E29). The equivalent
complex densitym; and speed of sount,; associated with segmentcan be obtained from
Egs (30) and (31). Similarly, the acoustic impedance of the grated duthNp i associated with
region j can be calculated by E@32). The results obtained by considering the segmentation
procedure have been carried out by the finite element padkd&eVirtual.Lab [31].

3. Resultsand discussion

3.1. Validation

Figure 3 shows the comparison of the transmission (@9 predictions obtained by the
implemented procedure as well as those from the segmemtaizthod. The mfiier geome-
try is axisymmetric, and the dimensions of the studied caméition are: central passage radius
Ry = 0.0245 m, outer chamber radil® = 0.0822 m, length of the inlet and outlet ducts
Li = Lo = 0.1 m and length of the absorbent matetig] = 0.3 m (see Figure 2). The perfo-
rated duct is characterized by a porosity= 20%, thickness$, = 0.001 m and hole diameter
dn = 0.0035 m. In the proposed approach for the heterogeneousbamtonaterials, the fill-
ing density is assumed to vary according to the functigx) = —653333x + 359333. This
assumption provides a mean filling density of vajue= 196 kgm3. For the segmentation
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method calculations three cases have been computed wittaid 3 segments, considering a
homogeneous absorbent material in each region. Therdfizrease witiN = 1 corresponds to

a perforated dissipative rfiier with homogeneous absorbent material. The lengths of setgm
and the associated filling densities for the three caseshakersin Table 1. In the segmentation
method predictions and the proposed approach results §sheefibrous material total mass is
constant with a value of 1.137 kg. The axisymmetric finitavedat mesh for the studied muf-
fler consists of eight-noded quadratic quadrilateral efgmeiith an approximate size of 0.01
m. For the maximum frequency of interest, 3200 Hz, the adousivelength is about 0.1 m.
Therefore the finite element mesh includes 10 elements peelerzgth, which is sfiiciently
accurate for the transmission loss predictions. As can ée iseFigure 3, all the curves exhibit
a reasonable agreement at low frequencies, where the atiemof the mdfer is mainly dic-
tated by reactive phenomena [1]. In the mid and high frequesioge, considerableftiérences
between the implemented procedure results and the seginaenteethod predictions with 1 seg-
ment (homogeneous absorbent material) can be observed318tHz the diference is about
10% (approximately 6 dB). By increasing the number of segsjehe results provided by the
segmentation approach exhibit a convergence to the prdposthod and the discrepancies are
gradually lower. FoN = 3, some slight dferences are still detected between the results obtained
by the proposed approach and the segmentation procedure.

Length (m) Filling density (kg/m?)
N L Lo Ls Pc1 Pc2 Pc3
1 0.30 - - 196 - -
2 015 0.15 - 245 147 -
3 010 0.10 0.10 261.3 196 130.7

Table 1: Lengths of the segments and the associated fillingitye

60 T T T T T T
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Figure 3: TL of perforated dissipative silencer:- -, segmentation methodl| = 1; — - —, segmentation methodl| = 2;
— — —, segmentation methot = 3; , implemented procedure.




3.2. Hyect of the filling density

Figure 4 presents thdfect of the filling density on the acoustic attenuation of peated
dissipative méflers. The results have been obtained by applying the propagaabach pre-
sented in this work (heterogeneous material with contislyovarying filling density) and the
segmentation method with = 1 as well (homogeneous absorbent material case). The values
pe = 90 kg/m?, p. = 1667 kg/m® andp. = 196 kgm?® are considered for the geometry an-
alyzed in the previous figure. In the segmentation methocuéations these values represent
the constant filling densities within the outer dissipatitambeQ,, while in the implemented
procedure they denote the mean filling densities. In thiedatase, the axial distributions are
given bypc(X) = —300x + 165,p.(X) = =555733x+ 305653 andoc(X) = -653333x+ 359333,
respectively. The perforated duct is characterizedrby 20%,t, = 0.001 m andd, = 0.0035
m. As can be observed in Figure 4, for all the considereddijlensities, the transmission loss
curves associated with the proposed approach (heterogeneierial) are clearly flerent from
those obtained by the segmentation method (homogeneoasatiaeven when the comparison
is carried out with the same total mass of absorbent matdifrefore, the impact of the mate-
rial heterogeneity on the sound attenuation is remarkafieh justifies the approach presented
in the current investigation. As the filling density incressthe two approaches show higher dis-
crepancies between them. Also, it can be seen that, witlehfdling densities, the transmission
loss predictions obtained by the two approaches are inedeaismid to high frequencies, and
the resonant peaks are shifted to lower frequencies. Atlegrfrequencies, an opposite trend
appears, that is, higher filling densities tend to reducetioeistic attenuation.

60

50

Il Il Il Il
0 500 1000 1500 2000 2500 3000
Frequency (Hz)

Figure 4: TL of perforated dissipative silencek——, pc = 90 kg/m®, heterogeneous materiak; - -, pc = 90 kg/m®,
homogeneous materiak - —, pc = 1667 kg/m3, heterogeneous materiaf; + +, p. = 1667 kg/m°, homogeneous
material:— — —, pc = 196 kg/m3, heterogeneous material; 0 o@,= 196 kgym®, homogeneous material.

3.3. Hyect of the perforated duct porosity

The influence of the perforated duct porosity is analyzedduie 5, where the values =
5%, o = 10% andoc = 20% have been considered while keeptpg= 0.001 m andd, =
0.0035 m. As in the latter case, the transmission loss curves heen obtained by applying
the proposed approach as well as the segmentation methlod\wit 1 in order to assess the
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impact of heterogeneities within the outer dissipativencbar. The absorbent material used for
the calculations has a filling densjty of 196 kgym®. This value is constant in the segmentation
method (homogeneous material) and, for the heterogeneeygmvides the mean density in the
implemented procedure. In this latter case (heterogersmabent material) the axial variation
of the filling density is defined by.(x) = —653333x + 359333. As can be seen, for all the
considered porosities, the two approaches exhibit a resd®magreement at low frequencies,
while at mid to high frequencies significant discrepancigsear between them. For a particular
porosity, these dierences between the heterogeneous model and the homoggmedictions
over the frequency range considered in the computationbeassociated with the influence of
the material properties in the three-dimensional wave ggagon. The influence of the material
interacts with the acoustic behaviour of the perforatedaserand the geometrical dimensions
of the mutler, and therefore the sound attenuation phenomena ar¢edidtg a high number of
parameters. These complexities hinder a straightforwaedpretation of all the details depicted
in the attenuation curves. However, some clear generads¢rare found. Figure 5 shows that,
by increasing the porosity of the perforated duct, the atoperformance of the dissipative
silencers is considerably improved at high frequenciesesinore sound attenuation is generated
within the absorbent material. In addition, the resonaakpere shifted to high frequencies due
to the decrease of the mass reactance. At low frequencigeeporosities lead to slightly lower
transmission loss.

70 T T T T T T

Il Il Il Il
0 500 1000 1500 2000 2500 3000

Frequency (Hz)

Figure 5: TL of perforated dissipative silences——, o = 5%, heterogeneous material;- -, o = 5%, homogeneous
material; — - —, o = 10%, heterogeneous materiad;+ +, o = 10%, homogeneous materiak — —, oo = 20%,
heterogeneous material; 0 o~ 20%, homogeneous material.

4. Conclusions

A finite element approach has been developed to predict thestic behaviour of perforated
dissipative mifiers with non-homogeneous properties. The heterogeneitifise absorbent
material have been modelled by introducing a spatial vianatf its filling density, that leads,
through the steady airflow resistivity, to coordinate-degent acoustic properties such as the
equivalent complex density and the speed of sound. Thergfoe usual calculation of the finite
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element matrices has been modified to include these equiadéerogeneous acoustic proper-
ties. In addition, the coupling between the central pasaagehe dissipative outer chamber has
been carried out considering a perforated surface. Sircadbustic impedance of the perfora-
tions in the presence of a backing porous medium stronglgmnidpon the acoustic properties of
the fibrous material, additional features have been imptéeakin comparison with the models
of earlier studies. Specifically, the perforated acoustipeédance models normally used in the
bibliography have been modified to introduce the spatiali@érfte of the heterogeneous proper-
ties of the fibrous material.

To validate the numerical approach, the results providatiéproposed technique have been
compared with a segmentation method that considers a segjoEhomogeneous regions within
the outer chamber, showing a good agreement for increasinter of segments. Although
the calculations exhibit some discrepancies, particulatien a reduced number of regions is
considered, a suitable convergence to the proposed apphaecbeen found for the selected
configuration under analysis as the number of segmentsasese Finally, a study has been
presented to assess the influence of the heterogeneityllitige diensity and the porosity of the
perforated duct on the sound attenuation of the dissipatis@ers.
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