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On nonsingularity of combinations of three
group invertible matrices and three tripotent
matrices

Abstract

Let T=c1T1 +c2To +c3T3 —ca (T1T2 + Ts3T: + T2T3), where Ty, Ty, T3 are
three n x n tripotent matrices and ci, c2, c3, ca are complex numbers with c¢1, ca2, ¢3
nonzero. In this paper, it is mainly established necessary and sufficient conditions for
the nonsingularity of such combinations and obtained some formulae for the inverses
of them. Some of these results are given in terms of group invertible matrices.

AMS classification: 15A18; 15B99; 15A09
Keywords: Nonsingularity; Tripotent matrix; Group invertible matrix; Combination; Diago-
nalization

1 Introduction and Preliminaries

Let C be the field of complex numbers and C* = C \ {0}. For a positive integer n, let
M., be the set of all n x n complex matrices over C. The symbols rank(A), A*, R(A),
and AV (A) stands for the rank, conjugate transpose, the range space, and the null space of
A € M, respectively. Recall that a matrix A € M,, is idempotent if A®> = A and tripotent
if A3 =A.

The nonsingularity of linear combinations of idempotent matrices and k-potent matrices
was studied in, for example, [1, 2, 4, 6, 9, 15]. The nonsingularities of the combinations
1P + c2Q — c3PQ and 1P + c2Q — csPQ—c4,QP — ¢sPQP of two idempotent matrices
P, Q were investigated in [16] and [17], respectively. The considerations of this paper
are inspired by Liu et al.[10]. They established necessary and sufficient conditions for the
nonsingularity of combinations ¢; T 4+ ¢2To — ¢3T1 T2 of two trioptent matrices and gave
some formulae for the inverse of ¢;T1 + ¢2T9 — ¢3T1 T2 under the some conditions.

Consider a combination of the form

T = 01T1 + CQTQ + Cng — C4 (T1T2 + T3T1 + T2T3) (11)

where ¢1, co, ¢35 € C*, ¢4 € C and Ty, Ty, T3 € M,, are three tripotent matrices. The
purpose of this paper is mainly twofold: first, to establish necessary and sufficient conditions
for the nonsingularity of combinations of the form (1.1) and then to give some formulae for
the inverse of them.

Now, let us give the following additional concepts and properties. For a given matrix
A € M, is said to be group invertible if there exists a matrix X € M,, such that

AXA =A, XAX=X, AX=XA

hold. If such an X € M,, exists, then it is unique, customarily denoted by A#[3]. A matrix
A € M, is group invertible if and only if there exist nonsingular S € M,,, C € M,. such
that A =S (C @ 0)S™!, r being the rank of A [12, Exercise 5.10.12]. In this situation,
one has A#¥=S8 (C~! & 0)S~'. This latter representation implies that any diagonalizable
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matrix is group invertible. Moreover, it is well known that A € M,, is nonsingular if and
only if N (A) = {0}. Furthermore, if A € M,, and k is a natural number greater than
1, then A satisfies A¥ = A if and only if A is diagonalizable and the spectrum of A is
contained in *~/1U {0}[5].

Special types of matrices, such as idempotents, tripotents, etc., are very useful in many
contexts and they have been extensively studied in the literature. For example, quadratic
forms with idempotent matrices are used extensively in statistical theory. So it is worth to
stress and spread these kinds of results. Evidently, if T is a tripotent matrix, then T is
group invertible and T#= T. Many of the results given in this work will be given in terms
of group invertible matrices.

2 Main Results

Baksalary and Baksalary [1] proved that the nonsingularity of P; + Py, where Py and
P> are idempotent matrices, is equivalent to the nonsingularity of any linear combinations
c1P1+c2Po, where ¢1, o € C\ {0} and ¢; +¢2 # 0. This result was further generalized in [8],
where it was proved the stability of the nullity and rank of ¢;P1+¢oPs for any ¢, ¢ € C\{0}.
In the forthcoming results, we give similar results for two and three commuting tripotent
matrices. For another related paper concerning this topic, the reader is referred to [15]. We
need the following simple lemma whose proof is left to the reader

Lemma 2.1. Let A,B € M,, be two group invertible matrices such that there exist nonsin-
gular matrices S € M,,, A1, By € M, satisfying A = S(A1®0)S™! and B = S(B;90)S™!.
Then R(A) = R(B) and N(A) = N(B).

Theorem 2.1. Let T1, Ty € M, \ {0} be two commuting tripotent matrices and c¢q,co € C*
such that ¢2 —c3 # 0. Then R(T?+T3) = R(c1T1+c2T2), N(T?+T3) = N(c1T1 +c2T2),
c1T1 4+ c2Ts is group invertible and
5 > i
T, T _—
R LE-

In particular, IfT%—I—T% is nonsingular, then ¢1T1+c2Ty is nonsingular and (¢1Tq +C2T2)71
is given by (2.1).

1 1
(1 Ty + o To)* = ToT? + —Ti+ —T,. (2.1)
1 2

-2
ci(cd —c3)

Proof. Let p = rank(T1T2), ¢ = rank(T), and r = rank(T3). Since T; and Ty are
diagonalizable and commuting, there exists a nonsingular S € M,, such that

T, =S(A1 B, 203 0)S™!, T, =S(A, @03 By, ®0)S7 1, (2.2)

being Ai, Ay € M, By = My, Bo € M, _,, and Ay, Ay, By, B nonsingular. By using
T? =T, and T3 = T, one gets A = A2 =1, B =1,_,, and B =1,_,. Therefore,

T} +T;=S2L,eL,_,oL_,®08S "
By considering the equality
(c1A1 + c2As)(c1A1 — c2As) = (& — c3)1,, (2.3)
we get the nonsingularity of ¢; Ay + coAs. Since
c1Ti 4+ caTo = S[(c1A1 + c2A2) @ 1By @ 2B ©0]S™ 1, (2.4)

and by applying Lemma 2.1 to matrices T 4+ T% and ¢;T; + 2 T2 we obtain the equality of
the range spaces and null spaces of this theorem. Also, B =1,_,, B3 = I,_,,, the expression
(2.4), and [12, Exercise 5.10.12] permit assure that ¢;T1 4+ ¢2 T4 is group invertible and

(ClTl + CQTQ)# = S [(ClAl + C2A2)71 D C;lBl D C;lBQ &) 0] 871
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Now we use the equality (2.3):

[(01A1 + 02A2)_1 0200 0] = 2z [(c1A1 — c2A2) 0D 0@ 0]
1 2

1

-6
1 B -
= 5 [0S TiT;S — ST TT,S] .
17 %2

In addition we have S(0®B; @02 0)S™! = T1(I, — T3) and SO® 03 B, $0)S™! =
Ty(I, — T?). Therefore

1 1 1
(e1T1 + 2 To)# = 55— [ T1 T3 — 2 TiTy| + —T1(I, — T3) + —To(I, — T3).
1 2 C1 Co
By simplifying this last equality, one can gets (2.1). O

The proof of Theorem 2.1 permits affirm that if T; Ty = 0, then the first summand in
the two direct sums appearing in (2.2) are absent and hence we can deduce the following
corollary:

Corollary 2.1. Let T1,To € M, \ {0} be two commuting tripotent matrices satisfying
T1Ts =0 and let ¢1,co € C*. Then ¢1'T1 + c2Ts is group invertible and
L 1 1
(ClTl + CQTQ) = —Tl —+ —TQ.
C1 C2

Remark 2.1. Observe that T? + T3 is nonsingular if and only if rank(T;) + rank(Tz) =
n + rank(T;Ts). In fact, from the representation (2.2) we have

T?+4T3 is nonsingular < p+(¢—p)+(r—p) = n < rank(T;)+rank(Ty) = n+rank(T;Ts).

The following simple pair of equalities will be useful to prove next result: If A, B, and
C € M,, satisfy A? = B? = C? =1, and they are mutually commuting, then

(aA +bB+cC)(zA +yB+ 2C+wABC) = (a* +b* + ¢* — 2a%b? — 2b%c? — 2c%a?)1,,, (2.5)

where z = a® — ab® — ac?, y = b3 — bc? — ba?, z = ¢ — ca® — cb?, w = 2abe, and a, b, ¢ are

arbitrary nonzero complex numbers. Furthermore,
at + b+ —2a%0? — 20%°% —2%a® = (a+b+c)(a+b—c)la—b+c)a—b—c)

holds. In addition, the following simple lemma (whose proof is left to the reader) will help
us to prove Theorem 2.2 below

Lemma 2.2. Let B; € M,,, fori=1,...,m, n=n1+ -+ Ny, a nonsingular S € M,. If
we define A; =S0®---©0DB; ®0®---®0)S™ L, where the summand B; is on the ith
position, and A =SBy @ --- @ B,,)S™!, then

(N(A) =N(A) and Y R(A;) =R(A).
i=1 =1
In addition, if By, ...,B,, are group invertible, then A is also group invertible and A# =

SBY @---@Bf)S .

Theorem 2.2. Let Ty, Ty, T3 € M,,\ {0} be three mutually commuting tripotent matrices

and c1,co,c3 € C* such that c% — cg,c% — c%,c% — cg,cl 4+ co 4+ c3,01 + o — 3,61 — o +
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C3,C1 —C2 —C3 }é O Then R(T% + T% + Tg) = R(ClTl + CQTQ —|— Cng), N(T% —|— T% + T%) =
N(e1 Ty + c2To + ¢3T3), 1Ty + c2Ta + 3 T3 is group invertible, and

(e1T1 + c2Ta + esT5)* = q(T1, To, T3)TIT3TS + pe, e, (T1, T2) T3 T5(L, — T3)

(2.6)
+ Peiyes (T, TB)T%(In - Tg) + Pes,es (T2, T3)(L, — T%),

where pap : C* — C and q : C* — C are the following complex polynomials,

b2 9 a? 9 1 1 9 9
pa,b(z,w):mzw —i—mz w—l—az—i-gw, (a,b € C,a” #b%),
(3 —c1c3 —c163)z + (€3 — cack — ca)w + (¢ — c3¢3 — czcd)u

(c1 +eca+cs)er+c2—c3)(cr —ca+c3)(c1 —ca —c3)

q(27 w? u) =

In particular, if T% + T% + T% 18 nonsingular, then c1T1 + c2Ts + c3 T3 is nonsingular and
(e1T1 + caTa + c3T3) ™ is given by (2.6).

Proof. By [12, Exercise 5.10.12], there exist nonsingular matrices S; € M,, and X; € M,,_;
such that T; = S1(X; ® O)Sl_l. The tripotency of T; and the nonsingularity of X; leads
to X% =1, AsT Ty =TyT; and T;T3 = T3T;, we can write matrices Ty and T3 as
follows

X2 0 — X3 0 —
T2=81< o D, )sll, ngsl( 0 D, )sll, Dy, D3 € M,,
with

XXy = XX, X1 X3 = X3Xj;. (2.7)
Let us notice that matrices Xo, X3, Do, D3 are tripotent because Ty and T3 are tripotent.

By applying again exercise [12, Exercise 5.10.12], there exist nonsingular matrices So €
M, _¢ and Yo € M,,_;_, such that Xo = So(Yo @ O)S;l. From (2.7) we can write

Y, 0 _ Y; 0 _
Xlzsg( 01 Cl)sgl, X3:sg( 03 03>Szl-

Observe that Y2 = 1I,,_y_s, C? = I,, Y3 = Y3, and C3 = Cj3.

Finally, utilize again [12, Exercise 5.10.12] to matrix Y3 to obtain nonsingular matrices
S3 € My_4—s and A3 € M,,_,__, such that Y3 = S3(A3 @ 0)S;'. By carrying out the
same routine as before, we can write

Al 0 o Ay 0 o
Yl_sg< o Bl)sgl, Yz_sg< 0 Bz)sgl.

Let us define m =n —t — s —r. By setting S = S1(S2 @ 1;)(Ss ® I @ L), one easily has
T, =S(A, B, ®C,20)S™}, Ty =S(A; @B, ® 0@ Dy)S™,

T3 =S(A3003 C3 3 D3)S™ .

and the matrices A1, Ao, A3, B1, By, and C; are nonsingular. Observe that the tripotency
of T; leads to the tripotency of these matrices A;, B;, C;, and D;. Furthermore, since
A, Ay, A3, B, By, and C; are nonsingular, then A? = I,,, (for i = 1,2,3), B? = I, (for
i = 1,2) and C% = IS. In addition, the families {Ai}izlﬂgyg, {Bi}izl,Q; {Ci}i:1,37 and
{D,}i=2,3 are commutative.

Observe that

T; + T3 + T3 = S (3L, ® (B} + B3) & (C} + C3) & (D3 + D3)) S™* (2.8)
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and

1Ty + 2Ty + ¢3T3

=S ((61A1 + CQAQ + CgAg) © (ClBl + CQBQ) © (Clcl + CgCg) ©® (CQDQ + 03D3)) S_l.
(2.9)

By the equality given in (2.5) we have that ¢;Aj + caAs + ¢3Aj3 is nonsingular and
(c1Aq + caAs + c3A3) 7" = q(A1, Az, Ag).

Since ¢1 Ay + caAg + c3Ajs is nonsingular, then N (c1 Ay + oAy + c3A3) = N(3L,) and
R(c1A1 + caAs + c3A3) = R(3L,). Theorem 2.1 leads to N'(c;B; + c2B2) = N (B? + B3),
N(c1Cq +¢3C3) = N(C? + C%), N(c2D3 + ¢3D3) = N (D3 + D%), and analogous identities
for the range space. By considering (2.8), (2.9), and the first part of Lemma 2.2 we get that
the null space (range space) of ¢; Ty + c2T2 + ¢3T3 equals to the null space (range space)
T? + T3 + T3

By Theorem 2.1 we have the group invertibility of ¢;B; + ¢2Bs, ¢1Cy + ¢3Cs, and
c2Ds + c3D3. Also we get

(c1B1 + 2B2)* = pe, ¢, (B1,Ba), (c1Cy + ¢3C3)* = pe, ¢, (C1, Ca),

and
(coDg + c3D3)* = pe, oy (D2, D3).

The second part of Lemma 2.2 leads to the group invertibility of ¢; Ty + ¢ T + ¢3T3 and

(1 Ty + caTo + c3T3)*

= S[g(Ar As, Ag) & ps ey (B B) & oy (Cr, Cs) & oy (Do, D) 57 1)
Now, observe that
S[q(A1, A2, A3) 0@ 0 0]S™H = ¢(Ty, Ty, T3)S(L, B0®0® 0)S™!
= ¢(T1,Ts, T3)TIT5T5. (2.11)
Since S0 I, ® 0@ 0)S~! = T?T3 — TIT3T? = T3T3(I,, — T2), we have
S[0® pey . (B1,B2) @0 0]S™! = pe, ¢, (T1, To) T{T3 (L, — T3). (2.12)

Another two useful idempotents are the following two matrices: S(0 ®0 @ I, & 0)S™! =
T? - T?T? =T2(1, — T3) and S0®0® 0 I;)S™! =1, — T?. Thus we have

S[0® 0@ pe,,c;(C1,Cs) ®0]S™" = pe, (T, T5)TT(L, — T3) (2.13)

and
S [0 ©0d0 69p¢22-,¢23 (D27 D3)] S_l = Pca,cs (T27 T3)(In - T%) (214)
Considering (2.10)—(2.14) finishes the proof. O

As we already pointed out, in this paper, similar results to the ones obtained in [10] are
established for three tripotent or group invertible matrices.

Theorem 2.3. Let T, Ts, and T3 € M,, be three mutually commuting tripotent matrices.
Then Ty + Ty + T3 is nonsingular if and only if I, + T1 Ty + ToT3+ TsT) + T1ToT3 and
T? + T3 + T% are nonsingular.

Proof. Since Ty, T9, and T3 are tripotent and mutually commutating, they are simulta-
neously diagonalizable (see, e.g., [7, page 52]). Hence there is a single similarity matrix
S € M,, such that T; = Sdiag (A1, A2,...,\,) S, Ty = Sdiag (yu1, 2, ..., pn) S~ and
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T3 = Sdiag (71,72, ...,7n) S™* being {\;};—,, {wi}, and {y;};_, the sets of eigenvalues
of Ty, To and T3, with proper multiplicities, respectively. On the other hand,

Ty + Ty 4+ T3 = Sdiag (A1 + f1 + Y1, - An + i + 7)) S, (2.15)

I, +T1To+ToT3+T3T1 +T1T2T3 = Sdiag (p(A1, p1,71)s - - s Py i, ¥0)) S~ (2.16)

and
T; + T3 + T3 = Sdiag (AT + pf +71, .-, A5 +po +77) ST, (2.17)
where p : C* — C is given by p(z,w,u) = 1 + zw + wu + uz + zwu.

Assume that T + Ty 4+ T3 is nonsingular. From (2.15), we get \; + p; +v; # 0 for any
i=1,...,n and hence

(i, iy vi) € @3\ {(~1,1,0),(0,—1,1),(=1,0,1),(0,0,0), (1,0, —1), (0,1, —1), (1, —1,0)}

foralli=1,2,...,n, where ® = {—1,0,1}. Therefore, it is obtained that p(\;, i, vi) # 0
and A2 + p? +~2 # 0 for all i = 1,2,...,n. In view of (2.16) and (2.17) it is seen that
In + T1T2 + T2T3 + T3T1 + T1T2T3 and T% + T% + Tg are nonsingular.

Now, assume that I,+T1To+T2T3+T3T1+T;T2T3 and T%—FT%—{-T% are nonsingular.
From the nonsingularity of the first matrix we get

T Nips + pavi +vidi + Xipgys #0 foralli=1,2,...,n.

If Ty + Ty + T3 were singular, then there would exist some j € {1,2,...,n} such that
Aj + pj +v; = 0. So, the unique solution satisfying simultaneously these two equations
would be (Aj, ,7;) = (0,0,0). Hence, /\3 + u? + 7]2 = 0 which would contradict to the
assumption of the nonsingularity of T% + T3 + T%. So the proof is complete. O

Remark 2.2. It is evident that for a given X € M,,, then X is tripotent if and only if
—X is tripotent. Thus, by means of Theorem 2.3, we can characterize the nonsingularity of
e1T1 +e2To+e3T3, where e1,e1,61 € {—1,1} and Ty, T3, T3 € M,, are tripotent matrices.
Remark 2.3. Let p: C® — C be the following complex polynomial:

m

p(z,w,t) = Z cijpZwith, (2.18)
1,5,k=0
(4,4,%)#(0,0,0)

where m € ZT, cijk € C. Let Ty, Ty, and T3 € M,, be three mutually commuting tripotent
matrices. Then,

p(T1, T2, T3) = Sdiag [p (A1, 11,71) -+ 2 (A iny 1) ST
If T3 +T%+T% were singular, then there would exist j € {1,...,n} satisfying )\f—i—u?—i—%z =0.
Therefore, \; = p; =v; = 0. So, p(T1, T2, T3) is singular because p(0,0,0) = 0.
Hence, the following corollary can be given.
Corollary 2.2. Let Ty, To, and T3 € M,, be three mutually commuting tripotent matrices.

If I, + T1 Ty + ToTs + T3Ty + T1T2T3 is nonsingular and there exists a polynomial p as
in (2.18) such that p (T1, T2, T3) is nonsingular, then Ty + Ty + Ts is nonsingular.

The next theorem is presented under weaker assumptions than the previous theorem.

Theorem 2.4. Let Ty, Ty, and T3 € M,, such that Ty is group invertible and In—Tf&Tg—
T?&T3 is monsingular. If one of the below conditions holds,

(i) of T2T1T71‘7E =T, T3T1T71‘7E = T3, and there exists a polynomial p in three variables
not necessarily commutatative such that p(0,0,0) = 0 and p(T1, T2, T3) is nonsingu-

lar,
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(i) of TngTﬁl‘7£ = TleﬁTg, T3T1T# = T3, and there exists a polynomial p in three
variables not necessarily commutatative such that p(0,0,0) = 0 and p(Ty, T1Ta, T3)
s nonsingular,

(iil) if ToTy T?& = TleéTg, T3T1T?é =Ty T?&T3, and there exists a polynomial p in three
variables not necessarily commutatative such that p(0,0,0) = 0 and p(T1, T1 T2, T1T3)
is nonsingular,

then Ty — Ty — T3 is nonsingular.
Proof. Let x € N(T1 — Ty — T3), ie.,

T1X = (TQ + Tg)X. (219)

(i) Assume that the conditions given in (i) are satisfied. Premultiplying (2.19) by T, T%,
T,T?, T3TY, it is obtained Tyx = T, T7 (Ty + T3)x, Tox = ToT7 (T2 + T3)x, and
Tsyx = TgT?&(Tz + Ts)x, respectively. If these equations are reorganized, we get

Ty (T, = T (T2 + Ty ) x = Tz (L = T (T2 + Ty ) x = Ts (L, = T (T2 + T3 ) x = 0.
(2.20)
There exists three polynomials in three variables not necessarily commutative, say p1, po,
and p3, such that p(Tl, TQ, Tg) =DP1 (Tl, TQ, Tg)Tl +p2(T1, TQ, T3)T2 +p3(T1, TQ, T3)T3.
Thus from (2.20) it is obtained

p(T17T27T3) |:In - T?&(Tg + T3 X

= [p1(T1, T2, T3)T1 4 p2(T1, T, T3)T2 + p3(Ty, T2, T3) T3] [In —T#(Ty + T3)| x
=0.

Under the assumption that I,, — T?&Tg — T#Tg and p(Ty, T2, T3) are nonsingular, the
above computation yields x = 0, which means that T; — Ty — T3 is nonsingular. So the
proof of item (i) is complete.

(i) By premultiplying (2.19) by T, T, T1T,T#, and TsT7 it follows that T;x =

T, T#(Ty + T3)x, T1Tox = Ty ToT# (T, + Ts)x, and Tsx = TsT¥ (T, + Ts)x, respec-
tively. From these identities we obtain

Ty (T, = TF (T2 + Ty ) x = T T (L, = TF (T2 + T3) x = T (T, - TF (T2 + T3 ) x = 0.

Since p(0,0,0) = 0, there exist three polynomials p1, pe, ps in three noncommuting variables
such that

p(z1, 22, 23) = p1(21, 22, 23)21 + D2(21, 2122, 23) 2122 + P3(21, 22, 23) 23,

By carrying out as in the proof of item (i), we can prove (ii).
Ttem (iii) can be proved in a similar way as in the proofs of items (i) and (ii). O

Remark 2.4. Let T; € M,, be group invertible and A € M,,. The conditions AT, Ti‘aE =A

and AT, T?& = TlT?&A appearing in Theorem 2.4 are independent. In fact, we can write
T; = S(K @ 0)S~! for some nonsingular matrices S € M,,, K € M,., being r = rank(T;).
By writing

— XY -1
A_S(Z T)s ., XeM, (2.21)

and using the nonsingularity of K, one has

AT\ T =T\ TYA < Y=0andZ=0,
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and
AT\ T¥ =A < Y=0andT=0.

The first of the two above conditions is related to the so-called sharp ordering, introduced
by Mitra [13] in 1987 (for a recent survey of matrix orderings, see [14]) is defined in the
subset of M,, composed of group invertible matrices by

#
M<N < M#*M=M#N and MM# = NM#.

As is easy to see, if Ty is written as T; = S(K @ 0)S™! and A is written as in (2.21), then
#
T, SA < X=K, Y=0, andZ =0,

#
which obviously shows that T; < A implies ATlTi‘aE = Tle&A.

It can be given some kind of the converse of Theorem 2.4 in case that T, Ty, T3 € M,
are three mutually commuting group invertible matrices satisfying T1ToT3 = T7Ts —
T%Tl = T%Tg + T%Tg = T%Tg - T%Tl Then

(Ty — Ty — T3)T1 Ty = (Ty — Ty — T3)T5Ty = (T; — Ty — T5)T,T3 = 0,

and hence the invertibility of T; — Ty — T3 leads to T1 Ty = T3Ty = T3T3 = 0. Thus it
can be written ClTl + CQTQ + Cng — C4(T1T2 + T3T1 + T2T3) = ClTl + CQTQ + Cng, and it
will be given the explicit expression of (¢;T1+c2Ta+¢3T3) ! in terms of (T; — Ty —T3) !
under some conditions (similar conditions were used in a related context in [11]).

Theorem 2.5. Let c¢1,co,c3 € C* and Ty, To, and T3 € M,, be three group invertible
matrices such that T1 + T + T3 is nonsingular. If there exists 6 € C such that

cr(cgt = 8T ToTY + ca(cyt — §)TL,T T = 0, (2.22)

62(651 — 6)T2T3T§: +c3 (C;l - 6)T3T2T§: = O, (223)
and

es(ert = OTTLTY +ci(e3t — 6)TWTTH =0, (2.24)

then (c1T1 + c2Ta + c3T3) ™! is nonsingular and

(e1T1 + c2To + c3T3) 7!
= [(cgl —OTITY + (51 = O)ToTY + (51 — 6)T3TY + 6L, | (T + Ty + T3) !

Proof. Let a = C1_1 -0, 8 = 02_1 — 6, and v = c3_1 — 0. The proof of this theorem is
immediately seen from the following equality:

(ClTl + CQTQ + Cg’]:‘g)(Ozr]:‘lr]:‘:i‘;E + ﬂr]:‘gr]:‘;&’E + ")/’]:‘3':[‘3:1?E + 5In) = T1 + T2 + T3.
O

The above Theorem 2.5 permits establish many corollaries. As an exemplary list we can
state two some of them in the foregoing paragraphs:

Let ¢1,¢0 € C* and Ty, Ty € M,, be two group invertible matrices such that Ty + Ts
is nonsingular and T1T2T32‘7£ = /\T2T1T71‘aﬁ for some A\ € C. By setting T3 = 0, obviously
(2.23) and (2.24) hold. If exists § € C such that (2.22) holds then

ci(est —08) eale]t —9)

' \ =0. (2.25)
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By expanding (2.25), one has )\clcgl —chfl = (Ac1—c2)d. Thus, if Ae; —co # 0, then we can
apply Theorem 2.5 to assure that ¢;T1 + ¢2T2 is nonsingular and to find (¢1 T + CQTQ)_l.
If co = Acq, then 1T 4 ¢2T is nonsingular if and only if T 4+ AT is nonsingular. Now for
arbitrary x,y, z € C and taking into account that T, TgT;‘;E = /\TngTfE, it follows

(T1 4+ ATy)(z Ty TF + yToT? + 21,) = (z + 2)T1 + My + 2)T2 + Ay + )T, TP T .
By solving the following linear system (observe that A # 0, since otherwise ca = A¢; = 0)

r+z=1, y+z=A"1 z+y =0,

one has that (T; + AT2) (23— T, T# + 2 =2T,T¥ + 421,) = T, + Ty, which permits
to find (T1 + ATg)il in terms of (T1 + T2)71.

Let ¢1,c0,c3 € C* and T4, Ty, T3 € M,, be three group invertible matrices such that
Ty + T3 + T3 is nonsingular. Assume that ToT; = T2T3 = 0. By setting 0 = 051, then
(2.22) and (2.23) hold. Hence if c3(cy! — ¢ )T3T1TY + ci(c3! — g H)TITsTY = 0 (a
simpler but weaker condition is T1 T3 = T3T; = 0) then ¢; T1 + 2T + ¢3 T3 is nonsingular
and (¢1 Ty + 2Ty + 03T3)_1 can be expressed by using the formula of Theorem 2.5.

Remark 2.5. In Theorem 2.5, it is not necessary to set the conditions (2.22)—(2.24) in case
when ¢; = ¢o = c3.

Theorem 2.6. Let c¢1,c¢a,c3,71,172,73 € C and T, Ts, and T3 € M,, such that T;T3 =
T3T1. If ClTl —+ CQTQ + Cng + (7“101 + ’I”QCQ)TlTQ + (7’161 + 7’363)T3T1 —+ (TQCQ —+ T303)T3T2
is nonsingular, then

N[T1(I, + 7T + 71 Ts)| "N [(I, + 72Ty 4+ 72T3)To] NN [T3(I, + 3Ty +r3T2)] = {0}
(2.26)
and

R[Ti(X, +r1Te+7mT3)] + R[I, + 12Ty + r2T5)To| + R[T3(1, + r3T1 +73T2)] = C".
(2.27)

Proof. Let «aq, as, and ag denote ric1 + roco, r1c1 + r3c3, and roco + r3cs, respectively.
Moreover, let us take

X € N[Tl(In +7r1 Ty + Tng)] ﬂN[(In + 1Ty + TQTg)TQ] ﬂN[Tg(In +r3Ty + T3T2)] .

Then, T1 (In + T1T2 + T1T3)X = (In + T2T1 + T2T3)T2X = Tg(In + T3T1 + T3T2)X =0.
Postmultiplying ¢; Ty + c2To + ¢3T3 + a1 T1Ts + asTsTy + a3T3Ty by x, it is obtained

(e1T1 4+ 2To+e3T3 + o T1To + 2T3Ty + a3T3To) x
= ClTl (In —+ ’I”lTQ + T1T3) X + C2o (In —+ T2T1 —+ T2T3) TQX —+ Cng (In —+ T3T1 + ’I”3T2) X
= ()7

which leads to x = 0. So, the proof of (2.26) is complete.

Since ¢1T1 + c2T2 + ¢3T3 + a1 T1 Ty + axT3Ty + a3T3Ty is nonsingular, then ¢; T +
T35 + c3T5 4+ a1 T3 T + axT7T5 + a3 T5T3 is nonsingular. On the other hand, it can be
written

NI, + 73T + 73T5) T5NN [T (L, + 72T + 7T5)]NN [(I, + 7 T5 + 7 T5) T7] = {0}.

In view of this equation and [3, pages 74 and 188], it is clearly seen that (2.27) is true. So,
the proof is complete. O

In the following theorem, an expression of the inverse of

c1T1 + coTo +c3Ts — ca(T1To + T3 Ty + ToTs),



s where Ty, Ty, T3 € M,, are tripotent matrices, cj,cs,c3 € C*, and ¢4 € C is given under
7 some conditions using [10, Theorem 2.5]. It is noteworthy that there is a simple mistake
s with a minus sign in the formula (2.11) in [10, Theorem 2.5 (ii)]. The corrected form of this
109 formula is

[(Cl + 02)2 — Cg} (ClTl + CQTQ — 03T1T2)71
= (Cl + Cg)Tg +c3ToTy + C;l(C% —+c1co — C%)(Tg — TQT%)
200 Of course, this expression is used in the foregoing theorem.

Theorem 2.7. Let c1, c2, c3 € C*, ¢4 € C, Ty, Ty, and T3 € M, be nonzero tripotent
matrices such that T%Tg — T%Tl = T%Tg + Tng = T%Tg — Tng = 0 and let us say, for
the sake of simplicity, o = (c1 +¢3)? —c3, B=(c1 +2)? —c2, v = (c2 — c3)% — 3,

T_ =c1T1 +coTo +c3T3 — cs(T1To + T3Ty + T2T3),

and
TJr = ClTl + CQTQ + 03T3 + C4(T1T2 + T3T1 + T2T3).

201 (i) Let Ty be nonsingular and o £ 0. If 3 =0, then T_ or Ty is singular. If  # 0, then
202 T_ is nonsingular and

afT!

2
C C

= |:(Cl —+ CQ)TlT% + C4T1T2 + 0—4(61 + CQ)(T% — T1T2) + C_4(T2 — Tng)
1 1

«
+A [C4T1T3 + —(T1 —T1T2 - T1T2) + (c1 + C3)T1T§] .

C1

(2.28)

203 (i) Let To be nonsingular and 5 # 0. If vy =0, then T_ or T4 is singular. If v # 0, then
208 T_ is nonsingular and

ByTZ!

C 02
= ﬂ |:(CQ — 03)T2T§ + C4T2T3 + 0—4(02 — Cg)(T% + T2T3) - C_4(T3 + TQT%):|
2 2

+ Y |:C4T2T1 + CE(TQ — TQT% — TQT%) + (Cl + CQ)TQT% .
2

(2.29)

205 (iil) Let T3 be nonsingular and o # 0. If v =0, then T_ or T4 is singular. If v # 0, then
206 T_ is nonsingular and

T~ ' = a [(c5 — c2)T3T3 4 c4T3Ty]
+ % [o(T5 — TT2) + ca(cr + ¢3)T2 — 164 T5 T — c1(cr + e3)TsT2 + 2T .
(2.30)
207 Proof. First, let us prove the following claim:
28 Claim: Let X,Y,Z € M,, be nonzero tripotent matrices such that X is nonsingular and
Y = Y2X, Y?Z + Z?Y =0, Z =7°X. (2.31)

200 Then X,Y,Z can be represented as follows:

el A 0Nt o of A ONalt o [0 0o
X—S(D E)s , Y_s(0 0)3 : z_s(0 K)s : (2.32)

20 where S € M,, is nonsingular, A € M,., K € M,,_,., and
KD =0, K’E = K, A’ =1, E’=1,_,, DA = —ED. (2.33)

10
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Proof of the claim. Since Y is tripotent, there exists a nonsingular S € M,, such that Y =
S(A @ 0)S™!, where A € M, and r = rank(A). Since A is nonsingular and Y? =Y, we
have A2 =1I,. Let us write

(B C\ ., B F G\,
X—S<D E)s , z_s(H K)s , B, FeM,.

From the first equality of (2.31) it follows that
B=A, C=o0. (2.34)
The middle equality of (2.31) together with A? = I, lead to
F?A +F =0, G =0, HF + KH = 0. (2.35)
The last equality of (2.31) in conjunction with (2.34), G = 0, and HF + KH = 0 yield
F = F?A, H = K’D, K = K°E. (2.36)

The first equalities of (2.35) and (2.36) imply F = 0. Premultiplying by Z the second
equality of (2.31) and using the tripotency of T3 lead to ZY?Z + ZY = 0, and this latter
equality yields HA = 0, and having in mind the nonsingularity of A we can deduce H = 0.
Thus, the representations given in (2.32) are proven.

Furthermore, the tripotency of Z and G = 0 imply K3 = K, and thus, from the second
equality of (2.36) it follows that KD = 0. Thus we have proved the first equality of (2.33).
The second equality of (2.33) was deduced in (2.36), while the remaining equalities of (2.33)
follow from X? = 1,,. O

(i) Let us assume that T; is nonsingular and o # 0. The condition T3Ty — T3T; =
T%Tg + T§T2 = T%Tg - T%Tl = 0 turns into

Ty = T3T, T3T3 + T3T2 =0, T3 =T5T

since T? = I,,. By applying the claim, we can write

Lol A 0Nl o oA O\ [0 0o
Tl—S(D E)s , Tz_s<0 0)3 , T3_s<0 K)s . (2.37)

and in addition, the relations (2.33) hold. Observe that K must be a nonzero tripotent
matrix since T3 is nonzero and tripotent. On the other hand, using (2.37), it can be written

- (c1 4 c2)A — 4], 0 -1
T =8 ( c1D — c,DA cs K+ ciE — ciKE S (2:38)

According to [10, Theorem 2.5 (ii)], the matrix ¢3K 4+ ¢;E — ¢4KE is nonsingular and

(sK+c1E — o, KE) ™" = a7 ' [(c1 + c3)E + c,EK + eyt (3 +czer — ) (E - EK?)],

2 — ¢4, becomes to

(
which having in mind a = (¢1 + ¢3)
(csK +ciE — e,KE) ™' = a ! [,EK + ac] ' (E — EK?) + (c1 + c3) EK?] . (2.39)

From (2.38) it is obtained that T~ is nonsingular if and only if (¢; + ¢3) A — ¢4I,. is non-
singular (recall that the first row in the block matrix appearing in (2.38) must be present,
since otherwise, Ty = 0). The following equality is evident:

[(c1 4 c2)A — cal,] [(e1 + c2) A + ca],] = B, (2.40)
If 8 = 0, then (2.40) implies that (¢; +c2)A — 4L, or (¢1 4 c2) A+ c4L, is singular. Hence
T_ or T, is singular by (2.38).

11
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If 8 # 0, from (2.40) the matrix (¢1 + ¢2)A — ¢4, is nonsingular and
[(c1 + c2)A — es,] ' = B [(er + o)A + eql,]. (2.41)

Using [18, Problem 19 (c), p.42], the inverse of matrix in (2.38) is obtained as

_ A—cL]! 0 _
T 1 =S [(Cl + CQ) 4Ly B S 1 2.42
- ( M [sK + ¢;E — ¢ ;KE] ! ’ (242)
where

M = —[CgK + ClE — C4KE]71(01D — C4DA) [(Cl + CQ)A — C4I,~]_1 . (243)

Observe that by (2.33), and (2.39), one has
[sK 4+ ¢1E — c,KE] ' (¢;D — ¢4DA) = ED + ¢} 'e4D (2.44)
By using (2.33), (2.41), and (2.44), the matrix M defined in (2.43) can be simplified:

M = —87'[ED+c;'ceaD][(c1 + c2)A + eyl
= —p! [(cl + ¢2)EDA + ¢,ED + 01_164(61 + c2)DA + cl_chD]
= —B7'[(cr'ed —e1 —e2)D + ¢ eacoDA] (2.45)

Combining (2.39), (2.41), (2.42), and (2.45), it is obtained

afTt = s{a{(cw@)(g 8)”4(_%35 g)
(

_ 0 O _
+c; 164(01 + ¢2) ( ED 0 ) + ] 1ci

0 {C4< 0 EK >+0‘01_1 < 0 E-EK? )
+(c1 +c3) ( g E%Q )}}sl. (2.46)

Then, considering the following equalities in (2.46)

o 0 0 —1 2 _ 0 0 -1
T1T3_S<O EK)S , T1T3_S<0 EKQ)S ,
0 0\ _ A 0 _
Tg—Tngzs(ED 0)81, Tngzs(D O)sl,

0 0 -
Tl—Tng—Tngzs( 0 E - EK? )s Y

and
- I 0 1 2 0 o0 1
T1T2_S<_ED 0>S , T2—T1T2—S<_D O>S

leads to the formula (2.28). So the proof of part (i) is complete.
(ii) Let us assume that Ty is nonsingular and 8 # 0. The condition T?Ty — T3T; =
T3T3 + T3Ty = T?T3 — T3T; = 0 turns into

TIT, = Ty, T3 + T3Ty =0, TiT; = T53T, (2.47)

since T3 = I,. We can apply the claim for X = —T5, Y = T3, and Z = —T; obtaining
that T, Ty, T3 can be written as

(0 0o Lo A 0 oy Lo A0
Tl—S<0 K)s , Tg-S( b E>s , T3_s<0 O)S (2.48)
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(we rename K <» —K, D <» —D, and E <+ —E). The blocks appearing in (2.48) satisfy the
following relations derived from the corresponding ones in (2.33):

KD =0, K’E = K, A?=1,, E’=1,_,, DA = ED. (2.49)

Matrix K must be nonzero tripotent since T is nonzero tripotent. Observe that from (2.49)
it follows that E is nonsingular and D = EDA. On the other hand, using (2.48) and (2.49),
it can be written

- (—co + c3)A + eyI, 0 1
T =8 < csD — ¢,DA K+ »E — wKE S (2:50)

According to [10, Thorem 2.5 (ii)], the matrix c;K + coE — ¢, KE is nonsingular and
(1K + B — o KE) ' = 87! [, EK + ey ! (E — EK?) + (e1 + o) EK?].  (2.51)

From (2.50), it is obtained that T_ is nonsingular if and only if (—c2 + ¢3) A + ¢4, is
nonsingular. The following equality is obvious:

[(—ea+c3) A — gl ] [(—ca2 + c3) A + 41, ] =91, (2.52)
If v = 0, then (2.52) implies that (—ca 4 ¢3)A — ¢4I, or (—ca + ¢3)A + ¢4, is singular.
Hence T_ or T is singular, by (2.50).
Now, let v # 0. From (2.52), the matrix (—c2 + ¢3)A + c41, is nonsingular and
[(—co4c3) A+ ces,] =77 (—ca + c3) A — eql,]. (2.53)

Using [18, Problem 19 (c)], the inverse of the matrix T_ written in (2.50) is obtained as

_ —~ A+ L]t 0 _
T 1 —S [( CQ+C3) 4Lr B S 1 2.54
- ( M (1K + eF — ¢, KE] ™! ’ (2:54)

where

M = — 1K + &E — ¢4 KE] " (oD — ¢4DA) [(—c2 + c3)A + euL] 7'
By the first equality of (2.49) and (2.51)

[c1 K+ oE — C4KE]71 (coD — ¢4DA) =ED — 05164D.
By doing some elementary algebra and using (2.49 and (2.53) we can simplify M obtaining
M=7"[(ca—c5— ¢y te)D + 02_10304DA} . (2.55)

Combining (2.51), (2.53), (2.54), and (2.55) it is obtained
YTt = S{ﬂ [(—024-03)( _Ab 8 ) +C4< ];]IDT 8 )
—|—02_104(—02+C3) ( E(;D 8 ) —02_16?1 ( ]g 8 >}
t [C4< 0 EK )‘Lﬁc?_l ( 0 B EK® )
+(c1 + 2) ( 8 ES{Q )] } S (2.56)
On the other hand, the following equalities can be written:
T, T :s( E]I) g )sl, T, T3 :s( 8 Eg@ )sl,
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) B 0 0\ B 0 o0 .
T3+T2T3—S<ED 0 ST, T,T{ =S 0 EK S,
—A 0. 0 0)
T2T§=s< b O)s H T3+T2T§=S<D O)s L
and
Ty—Tom2—To,12 =8 [ ° 0 St
27 2037 224 0 E-EK? '

Substituting these equalities in (2.56) leads to the formula (2.29) which is the desired result.
(iii) Let us assume that T3 is nonsingular and o # 0. The condition T?Ty — T3T; =
T%Tg + T%TQ = T%Tg — Tng = 0 turns into

TiT, =TT, TiT3+Ty=0  TiT;=T,

since TZ = I,,. By applying the claim for X = T3, Y = —Ta, and Z = Ty, we can write

[0 0\ o “A 0\ 1 (A 0oy
nos(0 8 )sn mos( 2 0)s mos(A 0)s e

where S € M,, is nonsingular, A € M,, K € M,,_,, and blocks A, D, E, K satisfy (2.33).
Using (2.57), it can be written

_ (—c2 +e3)A +cal, 0 o
T =8 ( CgD CgE + ClK — C4EK S ’ (258)

Observe that K # 0, since otherwise T; = 0. Also, E is nonsingular because T is non-
singular. According to [10, Thorem 2.5 (i)], the matrix c3E + ;K — ¢4EK is nonsingular
and

(c3E + 1K — ¢4,EK) ™!
— a_lcgl [aE + ca(ez + c1)K? — c1c4EK — ¢1(c3 4+ ¢ ) EK? + ciK} . (2.59)

From (2.58), it is obtained that T_ is nonsingular if and only if (—c2 + c3)A + ¢4, is
nonsingular. It is evident that

[(—ea+c3) A+ cal ] [(—c2 + c3) A — cu1,] = 7L, (2.60)
If v = 0, then (2.53) yields that (—ca + ¢3) A + c4I, or (—c2 + c3) A — ¢41,. is singular.

Hence T_ or T is singular, by (2.58).
Now, let v # 0. From (2.60) the matrix (—c2 + ¢3) A + ¢41, is nonsingular and

[(—co 4 c3) A+ ce,] =7 [(—ca+c3) A — eql,]. (2.61)

Using [18, Problem 19 (c)], the inverse of matrix in (2.58) is obtained as

_ — A+t 0 _
T1_ [(—c2 +c3) 41y 1 92,62
N S( M [63E+01K—C4EK]71 S ’ ( 6 )

where
M = — [sE + 1K — ¢, EK] ' 3D [(—c2 + ¢3)A + euL,] L.

Since K and D satisfy (2.33), then (2.59) implies [csE + ;K — ,EK]"'D = ¢;'ED.
Therefore, (2.60) and (2.33) lead to

M = —y 'ED[(—c2 + c3)A — c4L.] =7 [(—e2 + ¢3)D — ¢,EDJ. (2.63)

14



on Combining (2.59), (2.61), (2.62), and (2.63) it is obtained

et = sfafcera (B 9)va (55 o))
et 0§ 8 ) reterren (% ) maer (3 %)
—01(01+03)<8 E%2)+c§(g I%)}}S—l. (2.64)

On the other hand, by employing (2.57) and the relations given in (2.33), the following
equalities can be written

0 o0 _ 0 0 _
T3T§=S<O EKQ)sl, T%:S(O KQ)sl,
o _I’r' 0 —1 2 A O —1
T3T2_S<ED O)S , T3T2—S<D O)s ,

T3—T3T§=s<0 0)3—1, T3T1:S(0 0 )s—l.

and

0 E 0 EK

a2 Substituting these equalities in (2.64) leads to the formula (2.30) which is desired result. So
23 the proof is complete. O

274 In case when ¢4 = 0, we get the following corollary.

s Corollary 2.3. Let ¢y, co, c3 € C*, Ty, Ty, and T3 € M,, be nonzero tripotent matrices
a6 such that T%TQ - T%Tl = T%Tg + T%TQ = T%Tg - Tng = 0.

(i) If Ty is nonsingular, c1 + c3 # 0, and ¢1 + co # 0, then

(c1+ c2) (e1 +¢3) [1T1 + 2Ty + c3 T3] !
— (Cl —+ Cg) TlT% —+ (Cl —+ 02) [Cl_l (Cl —+ Cg) (Tl — TlT% — Tng) + Tng} s

(ii) If Ty is nonsingular, ¢c1 + co # 0, and ca — c5 # 0, then

(Cl + CQ) (CQ — Cg) [ClTl + CQTQ + 03T3]_1
= (Cl + Cg) TgT% + (Cg — 63) [C;l (Cl + Cg) (Tg — TgT% — TQT%) + TgTﬂ R

(iii) If T3 is nonsingular, c1 + c3 # 0, and co — ¢z # 0, then

(Cl + 03) (03 — 62) (ClTl + coTs + 03T3)71
= (01 + 03) T3T22 + (03 - 02) 03_1 [(Cl + 03) (T3 - T3T22) - ClT3T12] .

Next theorem shows that the nonsingularity of
1Ty 4 2T + c3T3 — ca(T1 Ty + T3Ty + ToT3)

2 is also related to the nonsingularity of a combination of (T3 + T3) Ty, (Tf + T3) T2 and
25 (T4 T3) T3 or Ty (T3 + T3), T (T3 + T3) and T3 (T7 + T3).

a9 Theorem 2.8. Let ¢1, ca, c3 € C*, ¢y € C, and T1, T2, T3 € M,, be tripotent matrices.
20 The following statements are equivalent:

w (i) a1 (T3+T3) Ty + 2 (T + T3) T2 + c3 (T3 + T3) Ty — s ((T3 4+ T3) T, T
282 + (T% + T%) TsT + (Tf + T%) T2T3) s nonsingular.
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283

284

285

286

287

288

289

290

291

292

293

294

295

296

297

298

299

300

301

302

303

304

305

306

307

308

309

310

311

312

313

314

+ToT3 (T% + T%) + TTy (T% + T%)) s nonsingular.

(iii) c1T1+c2To+c3Ts—ca(T1To+T3T1+ToT3) and T2+ T3+ T3 -1, are nonsingular.

The proof of this theorem is followed immediately from the equalities
(T% + T% + Tg - In) [ClTl + 2Ty 4+ ¢c3T3 — C4(T1T2 + ToT3 + T3T1)]

= ¢1 (T3 + T2)Ty + co(T3 + T3)To + c3(T7 + T2)T;
— ¢ [(T5 4+ T3)Ti T2 + (T; + T3)ToTs + (T] + T3) T3 T |

and

lari

[ClTl + Ty 4+ c3T3 — C4(T1T2 + ToT3 + T3T1)] (T% + T% + T% - In)
=1 T1 (T3 + T2) + coTo(T3 + T2) + c3T3(T? + T3)
— ¢4 [T1To(T} + T3) + ToT3(TT + T3) + T3T1 (T3 + T3)] .

Observe that setting ¢4 = 0 in the last result, we get a characterization of the nonsingu-
ty of a linear combination of three tripotent matrices without any further restriction on

these matrices.
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