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enseñó a compaginar el rigor con la creatividad. A los dos les debo lo que soy.

A Oliver, a quien por suerte la vida puso a mi lado por hermano, y a Marita,
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Resumen de la tesis doctoral

Nuevos dispositivos para el control de ruido y
mantos de invisibilidad acústica

de

D. Vı́ctor Manuel Garćıa Chocano

Doctor en Ciencias por el Departamento de Ingenieŕıa Electrónica

Universitat Politècnica de València, Valencia, Marzo 2015

El objetivo de este trabajo es el diseño de nuevos dispositivos acústicos basa-

dos en disposiciones de centros de dispersión. En primer lugar, el uso de

cristales sónicos como barreras acústicas para el control de ruido de tráfico

es analizado en detalle. Debido a las limitaciones que presentan las estruc-

turas convencionales basadas en centros de dispersión ŕıgidos, se propone la

inclusión de elementos absorbentes en los mismos. Se han considerado dos

tipos distintos de absorbente: materiales porosos y placas microperforadas.

En el primer caso se analizan las propiedades atenuadoras de barreras for-

madas por cilindros que contienen granza de caucho. La segunda solución se

basa en la construcción de coronas microperforadas. En ambos casos se han

desarrollado modelos anaĺıticos que permiten determinar el comportamiento

de las barreras. Dichos modelos muestran un acuerdo satisfactorio con las

correspondientes realizaciones experimentales. Finalmente se ha realizado

un proceso de optimización con objeto de obtener barreras eficientes para la

atenuación de ruido de tráfico.

Otra aplicación considerada en este trabajo es el desarrollo de disposi-

tivos de invisibilidad acústica. Concretamente se pretenden diseñar mantos

constituidos con elementos ŕıgidos para ondas acústicas en aire. La primera

propuesta consiste en un manto que utiliza la temperatura del medio ex-

terno para controlar sus propiedades efectivas. Además se han desarrollado

mantos en dos y tres dimensiones a través de la técnica de cancelación de

la dispersión. Los diseños han sido realizados por medio de un proceso de

optimización y su funcionamiento ha sido demostrado experimentalmente.



Resum de la tesi doctoral

Nous dispositius per al control de soroll i
mantells d’invisibilitat acústica

de

D. Vı́ctor Manuel Garćıa Chocano

Doctor en Ciències pel Departament d’Enginyeria Electrònica

Universitat Politècnica de València, Març 2015

L’objectiu d’aquest treball és el disseny de nous dispositius acústics basats en

disposicions de centres de dispersió. En primer lloc, l’ús de vidres sònics com

barreres acústiques per al control de soroll de trànsit és analitzat en detall. A

causa de les limitacions que presenten les estructures convencionals basades

en centres de dispersió ŕıgids, es proposa la inclusió d’elements absorbents

en els mateixos. S’han considerat dos tipus diferents de absorbent: materials

porosos i plaques microperforades. En el primer cas s’analitzen les propi-

etats atenuadores de barreres formades per cilindres que contenen gransa de

cautxú. La segona solució es basa en la construcció de corones microper-

forades. En tots dos casos s’han desenvolupat models anaĺıtics que perme-

ten determinar el comportament de les barreres. Aquests models mostren

un acord satisfactori amb les corresponents realitzacions experimentals. Fi-

nalment s’ha realitzat un procés d’optimització per tal d’obtenir barreres

eficients per l’atenuació de soroll de trànsit.

Una altra aplicació considerada en aquest treball és el desenvolupament de

dispositius d’invisibilitat acústica. Concretament es pretenen dissenyar man-

tells constituts amb elements ŕıgids per ones acústiques en aire. La primera

proposta consisteix en un mantell que utilitza la temperatura del medi ex-

tern per controlar les seves propietats efectives. A més s’han desenvolupat

mantells en dues i tres dimensions a través de la tcnica de cancellació de la dis-

persió. Els dissenys han estat realitzats per mitjà d’un procés d’optimització

i el seu funcionament ha estat demostrat experimentalment.



Abstract of the doctor thesis

New devices for noise control and acoustic
cloaking

by

D. Vı́ctor Manuel Garćıa Chocano

Doctor of Science in the Ingenieŕıa Electrónica department

Universitat Politècnica de València, Valencia, March 2015

The aim of this work is to design new acoustic devices based on arrangements

of scattering units. First, the use of sonic crystals as noise barriers for traf-

fic noise control is comprehensively analyzed. Due to the limitations of the

conventional structures based on rigid scatterers, the inclusion of absorbing

elements is proposed. Two different types of absorbers are here considered:

porous materials and microperforated plates. In the first case, the attenua-

tion characteristics of barriers made with cylinders containing rubber crumb

is analyzed. The second proposal is based on the construction of cylindrical

microperforated shells. Analytical approaches modelling the behavior of the

barriers have been developed in both cases. These models show a satisfac-

tory agreement with the corresponding experimental realizations. Finally, an

optimization process is performed in order to obtain efficient sound barriers

intended to attenuate traffic noise.

Another application considered in this work is the construction of cloaks

to render objects acoustically invisible. In particular, cloaks made with rigid

inclusions are designed to operate with airborne sound. The first proposal

consists of a cloak that utilizes the temperature of the background to con-

trol the properties of the effective medium. In addition, two and three-

dimensional cloaks have been developed through the scattering cancellation

technique. These devices have been designed by means of an optimization

procedure and their performance has been experimentally demonstrated.
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Part I

Noise barriers based on rubber

crumb cylinders





Chapter 1

Introduction

1.1 Traffic noise pollution

In the last decades the number of road vehicles increased drastically, in such a

manner that traffic noise became a major environmental problem, especially

in urban areas or places located near transport infrastructures. Road traffic

is considered the main source of noise in industrialized countries, followed

by neighbourhood and aircraft noise, and therefore it became an issue of

immediate concern to many authorities. The European Union (EU) estimates

that about 125 million people could be exposed to levels of road traffic noise

above 55 dB Lden
1 , 37 million of them suffering more than 65 dB Lden

[Eur14]. These values exceed the limits recommended by the World Health

Organization, who reported adverse health effects for exposures to noise levels

at night above 40 dB [Wor09]. It is recognized that, apart from obvious

annoyance, a continuous exposure to noise results in harmful effects such

as sleep disturbance, psychological reactions, hearing loss or cardiovascular

problems [Wor11].

In general, a noise problem involves a system of three basic elements: a

sound source, a transmission path and a receiver. Source control has provided

a considerable reduction in the noise levels emitted by the vehicles, the elec-

tric car perhaps being the best example. However this solution only affects

urban environments where low velocity profiles make engine noise dominant

over aerodynamic and rolling noise. At high velocities, noise generation is

1Weighted average during the day, evening and night [MV04].
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reduced by improving the vehicle aerodynamics, the tire design and choosing

low noise paving materials. Other contributions are given by improvements

in the muffler design or the shielding of the noisy components of the engine.

Nevertheless the usual way of dealing with traffic noise consists of making

changes in the propagation path of the sound. In this context urban planning

and the use of noise barriers have proved to be effective solutions.

Noise barriers are basically thought as obstacles that intercepts the line of

sight from the source to the receiver. The noise at the receiver is reduced to

a small fraction of that generated, which usually arrives via diffraction along

the barrier edges or reflections in surrounding buildings. Because of their im-

portance noise barriers have been widely studied, especially since the sixties.

A review of the work reported before 1974 was given by Kurze, where the case

of simple barriers based on flat screens is analysed [Kur74]. Later, more com-

plex and efficient structures were designed, concluding that geometries such

as the T-shaped barrier improves the shielding effectiveness by reducing the

diffracted field in the shadow zone [MO80,HCWH91]. Multiple-edge barriers

also proved to be good isolators [CHCW95]. A general review of the more

recent advances has been performed by Ekici and Bougdah [EB03]. However

traditional approaches are not able to find complex structures whose geom-

etry optimizes the barrier efficiency, so in this way some authors proposed

the use of optimization algorithms. Duhamel used genetic algorithms in or-

der to optimize the shape of a rigid barrier, showing that T-shaped barriers

were far from optimal designs [Duh06]. Baulac et al. also applied genetic

algorithms to the search of optimal T-shaped barriers [BDJ08] and genetic

algorithms coupled with the Nelder-Mead method for optimal multiple edge

barriers [BDJ07].

1.2 Rubber crumb as acoustic absorbent

Along with the increase of traffic noise, the growth of the automobile indus-

try has led to new problems among which waste generation is one of the most

important. With this regard, used tires are the major and most problematic

source of waste due to the large volume produced and their durability. This

fact resulted in a massive storage in landfills and the consequent environ-

mental risks. Fortunately, governments became aware of this problem and
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significant progress has been made in the last decade. The EU was a pioneer

in the organisation of the collection and processing of used tires as a result of

legislation and uniform guidelines that apply to all member states. The Euro-

pean Tyre Recycling Association (ETRA) estimated in 2012 that 3.3 million

tonnes of used tires are produced annually in the EU countries [Eur13]. Of

this amount, almost 40% is intended to energy recovery as alternative fuel

in electric power stations and other industries like cement kilns or foundries.

Other 40% of the used tires are employed in several applications as recycled

material, 10% is retreaded and the remaining part is reused as second hand

tires in countries with less restrictive policies or stored in landfills. When re-

cycled, the whole tire is usable in some situations such as coastal protection

projects (erosion barriers, artificial reefs and off-coast breakwaters). How-

ever, during the recycling process scrap tires are often cut into shreds or chips

allowing its use in many other applications. Some of them are rubberized

asphalt (safer and quieter than the conventional), protective flooring, sport

tracks, footwear or speed humps. The granular form of the crushed tires is

known as rubber crumb and, due to its porous nature, acoustic absorption is

expected to occur within the material. This represents an alternative to the

classical fibrous and foam absorbers, taking advantage of a good absorption

combined with good mechanical strength and durability.

Because of this reason, rubber crumb was proposed in the late nineties as

sound absorber intended for the construction of cheap and ecological noise

barriers [PR99]. The authors reported a theoretical model supported by

an experimental characterization where the absorption of several samples

made with rubber crumb was determined. As result of these investigations,

a Spanish and EU patent concerning noise barriers made with rubber crumb

was presented [PSMC95].

1.3 Sonic crystals

Sonic Crystals (SC) are structures made of sound scatterers periodically ar-

ranged in a lattice [Dow92]. SCs forbid sound propagation for some frequency

bands, named bandgaps, in a similar manner as semiconductors forbid the

transmission of electronic waves in some energy bands [AM76]. The physi-

cal mechanism behind the formation of bandgaps is the same for both scalar
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waves, that is, the destructive interference between waves reflected by consec-

utive planes of sound scatterers (for acoustic waves) or atomic planes (for elec-

tronic waves). Transmittance and reflectance measurements for sound waves

impinging arrays of solid cylinders in air demonstrated that, at bandgap fre-

quencies, a low transmittance and a high reflectance are simultaneously ob-

served due to Bragg scattering [SPCMS+98,RCSP+99,SCSD+01]. The exis-

tence of complete bandgaps as well as the presence of deaf modes in the acous-

tic bands were demonstrated in the late nineties [SPCMS+98, RCSP+99].

Also, it has been shown that a disordering in the SC lattice produces a

bandgap enlargement [CSDR+99].

Numerical algorithms have been developed to reproduce the experimental

findings. They are based on different theoretical approaches like plane-wave

expansion [Kus97], transfer matrix [SE96], variational methods [SPCMS+98,

RCSP+99,CSDR+99], multiple scattering [SCSD+01,CY01,GY03,SHCSD03],

finite differences in time domain (FFTD) [SG00] and the finite element

method [LHHD95]. As will be shown in the next chapter, the multiple

scattering framework has been employed in this work to characterize the

properties of different SC structures.

Practical devices like, for example, acoustic filters or waveguides based

on SCs have been proposed and demonstrated [MI01,KCBL04]. Taking ad-

vantage of the low acoustic impedance of SCs with low filling fractions, it is

also possible to implement convergent lenses [CSSP+01] and Fabry-Perot in-

terferometers [SHCSD03]. Optimization processes have also been applied to

SCs in order to improve their acoustical properties. Fist works on this topic

were reported by H̊akansson et al., who applied genetic algorithms to design

acoustic lenses [HCSD05] and demultiplexers [HSDC06]. Another applica-

tion that has received much attention is the noise control through acoustic

barriers based on SC.

1.3.1 Sonic crystals as noise barriers

Apart from good attenuation properties, noise barriers have more features

that should be assessed. Aesthetics aspects or practical issues like the wind

resistance are parameters that should not be ignored in the barrier design.

Since SCs improve these characteristics while showing a good sound attenu-
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ation at bandgap frequencies, they were proposed as an alternative to con-

ventional noise barriers. Sound attenuation up to 20dB [SPCMS+98] and

25dB [SPRMS+02] were obtained with two-dimensional (2D) arrangements

of metallic cylinders in air, concluding that SCs can compete with mass law-

based sound screens with the advantage of less volume and weight.

It was predicted that sound attenuation (in dB) of a 2D SC increases

linearly with the number of rows of the slab [GMV+03], although diffraction

effects associated with the finite height of barriers defines a limit to its po-

tential attenuation. Selective noise reduction has also been reported through

SC barriers based on three-dimensional (3D) scatterers [BME02]. SC bar-

riers with embedded resonances have been proposed to attenuate efficiently

the low frequency region of the audible spectrum (below 500 Hz) [HCY+03].

In addition, optimization processes based on genetic algorithms, have been

applied in order to improve the noise attenuation by means of the creation

of vacancies in the periodic structure [RGSPGR+09,HGNB+08].

However SC barriers made of rigid cylinders in air show only a strong at-

tenuation of the transmitted sound at bandgap frequencies. For frequencies

outside this range, the attenuation of the barrier is poor, making impossible

its application for broadband noise profiles. In order to overcome this draw-

back, a porous covering of the cylinders has been proposed as a solution to

get a more uniform attenuation spectrum [UAL06]. Umnova and coworkers

reported the insertion loss spectra by barriers made of three rows of cylinders

having a thin porous covering. They showed that covering the scatterers with

an absorptive layer makes the insertion loss more uniform in frequency and,

in addition, increases the overall levels of attenuation.

1.4 Objectives

The aim of the first part of this work is to design efficient noise barriers based

on SCs for traffic noise control. The appearance of the proposed barriers is

shown in Fig. 1.1, where an application example is recreated. In order to

extend the attenuation levels and bandwidth of the resulting structures, the

inclusion of rubber crumb inside the scattering units is considered. Thus, the

attenuation of the barrier is based on the combination of two mechanisms:

Bragg reflectance due to the periodicity of the slabs and absorption by the
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porous material. It is important to analyse their relative contribution to the

total insertion losses. As will be shown, some scenarios require a low level

of reflectance because of the multiple reflections of waves occurring between

two parallel barriers or the presence of a close reflective element.

Figure 1.1: Representation of a sound barrier based on a sonic crystal and

placed along a road.

It is intended to implement a numerical method to calculate the properties

of SCs made with cylinders that contain rubber crumb. With this purpose,

the analysis of 2D arrangements of scatterers will be performed through the

multiple scattering theory. The use rubber crumb will be introduced in this

framework through the study of its effective acoustic properties. Thus, the

existing models that regard the porous material as an equivalent fluid will

be revised. The resulting theoretical framework will be verified through an

experimental characterization and, finally, a design procedure intended to

obtain efficient noise barriers for the specific case of traffic noise will be

provided.



Chapter 2

Multiple scattering theory

The multiple scattering theory is a framework intended to model the field

scattered by one or more obstacles when an external wave impinges on them.

From now on it will be used to calculate the acoustic properties of sonic crys-

tals. First, a basic introduction to acoustics is given through the deduction

of the wave equation. Then, the scattering by a single cylinder is analysed,

leading to the concept of T matrix. From these results the case of finite and

infinite arrangements of cylinders are modelled.

2.1 The acoustic wave equation

Consider a differential volume element of a fluid material as that shown in

Fig. 2.1, where each boundary of the element is subjected to a force due

to the pressure field P (x, y, z). The resultant force in the x direction is

expressed as

Fx(x, y, z)− Fx(x+∆x, y, z) =
P (x, y, z)− P (x+∆x, y, z)

dx
dxdydz

= −∂P (x, y, z)

∂x
dV, (2.1.1)

and similar expressions are obtained for the remaining directions. By apply-

ing the Newton’s second law

Σ~F = dm · ~a, (2.1.2)
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O

(x, y)

(x, y + dy) (x + dx, y + dy)

(x + dx, y)

Fx(x, y)

Fy(x, y + dy)

Fx(x + dx, y)

Fy(x, y)

Figure 2.1: Forces acting on a differential element of a fluid. For simplicity

it is represented in only two dimensions.

the above equation can be expressed in the vectorial form

−∇P =
dm

dV
~a = ρ~a, (2.1.3)

where ρ is the mass density of the fluid. Note that here the acceleration

~a is not simply the time derivative of the velocity field, but the material

derivative

~a =
∂~v

∂t
+ ~v (~v · ∇) , (2.1.4)

which takes into account both temporal and spatial variations in ~v. Therefore

Eq. (2.1.3) takes the form

−∇P = ρ

[

∂~v

∂t
+ ~v (~v · ∇)

]

, (2.1.5)

which is known as the equation of motion and accounts for the conservation

of momentum. Assuming small amplitude phenomena, second order terms

can be neglected. Hence the non linear term (~v · ∇)~v is suppressed, leading

to the linearized equation of motion

∇P + ρ
∂~v

∂t
= 0. (2.1.6)

Another important relation is given by the fact that the total mass of the

fluid must remain constant. Thus, the temporal variations of mass in the
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differential element must equal the mass flux through the boundaries of such

volume:
∂

∂t

∫∫∫

V

ρdV = −
∫∫

S

ρ~v · ~dS. (2.1.7)

The Gauss’ theorem can be applied to the flux term

∂

∂t

∫∫∫

V

ρdV = −
∫∫∫

V

∇ · (ρ~v) dV , (2.1.8)

thus leading to the continuity equation:

∇ · (ρ~v) + ∂ρ

∂t
= 0. (2.1.9)

The last equation required to fully characterize the acoustic propagation

in a fluid is related with the conservation of energy and is derived from ther-

modynamic principles. When assuming small disturbances of the pressure

that compress the medium in an adiabatic and reversible manner, a linear

relationship can be found between the pressure fluctuation and the mass

density:

B = ρ
dP

dρ
, (2.1.10)

where B is the bulk modulus of the fluid. From this definition it is possible

to deduce the state equation as

∂P

∂t
dt+ d~r · ∇P =

B

ρ

(

∂ρ

∂t
dt+ d~r · ∇ρ

)

. (2.1.11)

Dividing by dt and inserting the temporal derivative of ρ given by Eq.

(2.1.9) we obtain

∂P

∂t
+ ~v · ∇P =

B

ρ
[−∇ · (ρ~v) + ~v · ∇ρ] . (2.1.12)

Knowing the vectorial identity

∇ · (ρ~v) = (∇ρ) · ~v + ρ (∇ · ~v) , (2.1.13)

the state equation becomes

∂P

∂t
+ ~v · ∇P = −B∇ · ~v. (2.1.14)
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The nonlinear term ~v ·∇P is neglected, in such a manner that the linearized

equation is
∂P

∂t
+ B∇ · ~v = 0. (2.1.15)

Once the equations that model the acoustic parameters of a fluid are

known, they can be combined in order to deduce the wave equation. Differ-

entiating Eq. (2.1.15) with respect to time and combining the result with

Eq. (2.1.6), the following expression is obtained

∂2P

∂t2
−B∇ ·

(

ρ−1∇P
)

= 0. (2.1.16)

If a harmonic regime is supposed for small and periodic perturbations whose

pressure field has the form

P (~r, t) = ℜ
[

P (~r) eiωt
]

, (2.1.17)

where ℜ denotes real part and ω is the angular frequency, then Eq. (2.1.16)

can be reduced to the Helmholtz wave equation of an inhomogeneous medium

(

∇2 + k2
)

P = −ρ∇ρ−1 · ∇P, (2.1.18)

where k represents the wavenumber, defined as

k (~r) = ω

√

ρ (~r)

B (~r)
. (2.1.19)

If an isotropic fluid is considered, B and ρ are constant in ~r and therefore the

wavenumber becomes constant. Thus Eq. (2.1.18) reduces to the Helmholtz

wave equation

∇2P + k2P = 0, (2.1.20)

where the sound speed of the isotropic fluid is given by

c =
ω

k
=

√

B

ρ
. (2.1.21)

2.2 Scattering by a single cylinder

When a wave propagating in a particular medium reaches a region with

different acoustical parameters, reflection and refraction effects occur, leading
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to the phenomenon known as scattering. When a given field impinges on one

or more obstacles, a scattered field is generated as a result. The complexity

of this field will depend on the incident field, the number and location of the

scatterers, their acoustic properties and their geometry. For simplicity the

parameters relative to a single scatterer are discussed in this section, while

interaction between several scatterers will be treated later.

In this work sound scatterers are assumed to be cylindrical units with

circular section. Hence cylindrical coordinates can be adopted to describe

the problem, and no effects are expected in the z direction since we suppose

infinitely long cylinders. Therefore the scattering problem is reduced to a

2D formulation. When solving the acoustic wave equation in cylindrical

coordinates, the solutions are expressed in terms of linear combinations of

Bessel and Hankel functions. On the one hand the external field can be

expressed as a sum of Bessel functions

P 0 (r, θ) =
+∞
∑

q=−∞
A0

qJq (kr) e
iqθ. (2.2.1)

Coefficients A0
q are usually known since they define the excitation field applied

to the scatterer. For the typical case of a plane wave with wavevector ~k0 =

k0xx̂+ k0yŷ = k0(cos θ0, sin θ0) and amplitude C0 with the form

P 0(~r) = C0e
i ~k0·~r, (2.2.2)

the coefficients are given by

A0
q = C0i

qe−iqθ0 . (2.2.3)

These coefficients can be used to model more general fields provided that they

can be expressed as a sum of plane waves. For the case of a Gaussian beam

propagating along the x-axis, the coefficients describing the field around a

scatterer located at cylindrical coordinates (Rα, θα) are [BAOSD03]

A0
q = k0i

q

∫ π/2

−π/2

e−Dk20 sin2(θ)eik0Rα cos(θ−θα)e−iqθ cos(θ)dθ, (2.2.4)

where D determines the width of the beam.
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On the other hand, the scattered field P SC is expressed in terms of Hankel

functions

P SC (r, θ) =
+∞
∑

q=−∞
AqHq (kr) e

iqθ. (2.2.5)

The coefficients Aq are determined by the incident field and the physical

nature of the scatterer. Assuming a linear regime, a general relation between

Aq and A0
q can be established through a transition matrix Tqs according to

Aq =
∑

s

TqsA
0
s. (2.2.6)

The elements of the transition matrix or T-matrix contain all the information

about the scatterer. They depend on the acoustic parameters as well as

the shape of the scatterer. The expression of the T matrix is obtained by

applying boundary conditions at each interface between two different media,

either between the external surface of the scatterer and the background fluid

or between internal layers within the scatterer.

Three different sound scatterers have been here studied: metallic rods,

cylinders made of rubber crumb and cylinders consisting of a shell of rubber

crumb and a metallic core. Due to the high acoustic impedance of any metal

compared to air, the steel employed in building the rods can be considered

as a rigid material with infinite mass density. Regarding the rubber crumb,

it is modelled as a fluid-like medium characterized by its porosity, complex

dynamic mass density and wave number. The calculation of these parameters

will be further detailed in Chapter 3. The expressions for the T matrix of

each type of scatterer are deduced in the following sections.

2.2.1 Fluid cylinder

Consider a fluidlike cylinder of infinite length, radius R, mass density ρa,

sound velocity ca and porosity Ω. It is embedded in a background with

acoustic parameters ρb and cb. The general expressions for the incident pres-
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sure P 0 and the field scattered by the cylinder P SC are

P 0(r, θ) =
+∞
∑

q=−∞
A0

qJq(kbr)e
iqθ, (r > R), (2.2.7)

P SC(r, θ) =
+∞
∑

q=−∞
AqHq(kbr)e

iqθ, (r > R), (2.2.8)

where kb = ω/cb is the wave number outside the cylinder. Therefore the total

pressure field outside the cylinder is given by

P out(r, θ) =
+∞
∑

q=−∞

(

A0
qJq(kbr)e

iqθ + AqHq(kbr)e
iqθ
)

, (r > R). (2.2.9)

The pressure field transmitted inside the cylinder is

P in(r, θ) =
+∞
∑

q=−∞
BqJq(kar)e

iqθ, (r < R) (2.2.10)

where ka = ω/ca.

Coefficients A0
q are defined by the incident field, as previously introduced.

Coefficients Aq and Bq depend on A0
q and the physical parameters of the cylin-

der. To obtain Aq, the boundary conditions at the surface of the cylinder

are taken into account. These are the continuity of the pressure field and

the normal component of the particle velocity. In the case of a porous mate-

rial, porosity must be taken into account in the velocity field of the second

condition [UAL06]:

P out
∣

∣

r=R
= P in

∣

∣

r=R
, (2.2.11a)

1

ρb

∂P out

∂r

∣

∣

∣

∣

r=R

=
Ω

ρa(ω)

∂P in

∂r

∣

∣

∣

∣

r=R

. (2.2.11b)

Substituting Eqs. (2.2.9) and (2.2.10) into the above expressions we obtain

+∞
∑

q=−∞

(

A0
qJq(kbR)eiqθ + AqHq(kbR)eiqθ

)

=
+∞
∑

q=−∞
B0

qJq(kaR)eiqθ, (2.2.12a)

kb
ρb

+∞
∑

q=−∞

(

A0
qJ

′
q(kbR)eiqθ + AqH

′
q(kbR)eiqθ

)

=
Ωka
ρa

+∞
∑

q=−∞
BqJ

′
q(kaR)eiqθ,

(2.2.12b)
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where J ′
q and H ′

q are the first derivatives of the q-th order Bessel and Hankel

functions, respectively. Multiplying both equations by eisθ and integrating

from 0 to 2π the infinite sums can be obviated. Since only the terms with

s = q are nonzero, the above equations become

A0
qJq(kbR)eiqθ + AqHq(kbR)eiqθ = B0

qJq(kaR)eiqθ, (2.2.13a)

kb
ρb

(

A0
qJq(kbR)eiqθ + AqHq(kbR)eiqθ

)

=
Ωka
ρa

BqJq(kaR)eiqθ. (2.2.13b)

Since Aq only depends on the coefficient A0
q of the same order q, the T ma-

trix of the scatterer becomes diagonal. After some operations we obtain the

diagonal elements of the T matrix used to model the rubber crumb cylinders

Tq =
Aq

A0
q

= −
ρqJ

′
q(kbR)− Jq(kbR)

ρqH ′
q(kbR)−Hq(kbR)

, (2.2.14)

where

ρq =
1

Ω

ρaca
ρbcb

Jq(kaR)

J ′
q(kaR)

. (2.2.15)

2.2.2 Rigid cylinder

The T matrix of a rigid cylinder can be easily deduced from the case of a

fluid cylinder. Since the assumption of rigid material implies ρa = ∞, the

expression (2.2.14) is simplified by taking this limit:

Tq = −
J ′
q(kbR)

H ′
q(kbR)

. (2.2.16)

Note that this deduction is similar to the application of Neumann bound-

ary conditions, where normal velocity vanishes at the surface of the cylinder.

The expression obtained will be useful in order to model rods made with

almost any rigid material, such as metal, wood or plastic.

2.2.3 Cylindrical shell

Consider now a cylinder made of a fluid-like porous shell defined by the radii

Ra and Rb (Ra < Rb) and having parameters Ω, ks, ρs and cs. The core

(r < Ra) is assumed to be a fluid with parameters ρa and ca. The cylinder

is again embedded in a background with acoustic parameters ρb and cb.
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The external pressure field outside the cylinder P out, inside the shell P s

and inside the core P a are

P a(r, θ) =
+∞
∑

q=−∞
DqJq(kar)e

iqθ, (r < Ra), (2.2.17)

P s(r, θ) =
+∞
∑

q=−∞
BqJq(ksr)e

iqθ +
+∞
∑

q=−∞
CqHq(ksr)e

iqθ, (Ra < r < Rb),

(2.2.18)

P out(r, θ) =
+∞
∑

q=−∞
A0

qJq(kbr)e
iqθ +

+∞
∑

q=−∞
AqHq(kbr)e

iqθ, (r > Rb). (2.2.19)

Boundary conditions at the surface r = Ra become

BqJq(ksRa) + CqHq(ksRa) = D0
qJq(kaRa), (2.2.20a)

Ωks
ρs

(

BqJ
′
q(ksRa) + CqH

′
q(ksRa)

)

=
ka
ρa

DqJ
′
q(kaRa). (2.2.20b)

An intermediate T matrix that relates Bq and Cq can be defined as

T s
q =

Cq

Bq

= −
Jq(ksRa)− ρsqJ

′
q(ksRa)

Hq(ksRa)− ρsqH
′
q(ksRa)

, (2.2.21)

where

ρsq = Ω
ρaca
ρscs

Jq(kaRa)

J ′
q(kaRa)

. (2.2.22)

Applying now boundary conditions at r = Rb we obtain

A0
qJq(kbRb) + AqHq(kbRb) = BqJq(ksRb) + CqHq(ksRb)

= Bq

(

Jq(ksRb) + T s
qHq(ksRb)

)

, (2.2.23a)

kb
ρb

(

A0
qJ

′
q(kbRb) + AqH

′
q(kbRb)

)

=
Ωks
ρs

(

BqJ
′
q(ksRb) + CqH

′
q(ksRb)

)

=
Ωks
ρs

Bq

(

J ′
q(ksRb) + T s

qH
′
q(ksRb)

)

.

(2.2.23b)

Operating with the above expressions, the T matrix of the whole cylinder

is finally given by

Tq = −
Jq(kbRb)− ρqJ

′
q(kbRb)

Hq(kbRb)− ρqH ′
q(kbRb)

, (2.2.24)
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with

ρq =
1

Ω

ρscs
ρbcb

Jq(ksRb) + T s
qHq(ksRb)

J ′
q(ksRb) + T s

qH
′
q(ksRb)

. (2.2.25)

These equations are suitable for the calculation of cylinders with a fluid

core surrounded by a porous covering. Since in practice the core will be made

of steel, the rigid approximation is reasonable. Under this assumption Eqs.

(2.2.24) and (2.2.25) do not change, and Eq. (2.2.21) becomes

T s
q = −

J ′
q(ksRa)

H ′
q(ksRa)

. (2.2.26)

2.3 Arbitrary located scatterers

Consider a cluster of N scatterers arbitrarily located at positions ~Rα with α =

1, 2, ..., N . When a external field P 0 impinges on the cluster, the scattered

field P SC can be expressed as

P SC(r, θ) =
N
∑

α=1

+∞
∑

q=−∞
(Aα)qHq(kbrα)e

iqθα , (2.3.1)

where (rα, θα) are the polar coordinates translated to the center of the α-

cylinder and (Aα)q are the coefficients to be calculated.

The total field incident on the α-cylinder is

P 0
α(r, θ) =

+∞
∑

s=−∞
(Bα)sJs(kbrα)e

isθα . (2.3.2)

It takes into account the contribution of the external field P 0 as well as

the field scattered by the other cylinders. Coefficients (Bα)s and (Aα)q are

related by

(Aα)q =
+∞
∑

s=−∞
(Tα)qs(Bα)s, (2.3.3)

Tα being the T matrix of the αth cylinder.

The total field incident on the α-cylinder is given by the sum of the

external field and the field scattered by all the scatterers except itself. Thus,

the Graft’s addition theorem can be used to translate the scattered field to
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the reference of this cylinder, leading to

P 0
α(r, θ) =

∑

q

(A0
α)qJq(kbrα)e

iqθα+

∑

β 6=α

∑

s

(Aβ)sHq−s(kbRαβ)e
i(s−q)ΦαβJq(kbrα)e

iqθα . (2.3.4)

The geometric parameters employed here are detailed in Fig. 2.2. Co-

Figure 2.2: Coordinate system and geometric parameters considered in the

derivation of the field scattered by an arbitrary arrangement of cylinders.

efficients (A0
α)q are the same as A0

q but translated to the position of the

α-cylinder. If we suppose the same plane wave as that expressed in Eq.

(2.2.2), then

(A0
α)q = C0i

qe−iqθ0ei
~k0· ~Rα . (2.3.5)

Coefficients (Bα)s and (Aα)q can be related by combining Eqs. (2.3.4)

and (2.3.2):

(Bα)q = (A0
α)q +

∑

β 6=α

∑

s

(Aβ)sHq−s(kbRαβ)e
i(s−q)Φαβ , (2.3.6)
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and taking into account Eq. (2.3.3) we get

(Aα)r −
∑

s

∑

β

(Gαβ)rs(Aβ)s =
∑

q

(Tα)rq(A
0
α)q, (2.3.7)

where

(Gαβ)rs =
∑

q

(1− δαβ)(Tα)rqHq−s(kbRαβ)e
i(s−q)Φαβ . (2.3.8)

By truncating the infinite sums of these expressions, they result in a linear

system of equations whose coefficients (Aα)q are finally obtained as

(Aα)q =
N
∑

β=1

+Smax
∑

r=−Smax

+Smax
∑

s=−Smax

(M−1
αβ )qr(Tβ)rs(A

0
β)s, (2.3.9)

with

(Mαβ)rs = δrsδαβ − (Gαβ)rs. (2.3.10)

Once (Aα)q is known, the total pressure at any point is calculated by

adding the external field P 0 to the scattered field P SC which is obtained

through Eq. (2.3.1). Note that this method allows dealing with cylinders

having different acoustic parameters and being located at arbitrary positions.

2.4 Periodic arrays of scatterers

The analysis of infinite arrays of scatterers is interesting since it leads to the

calculation of the reflectance and transmittance of a periodic slab. In addition

it is a useful approach to obtain the pressure field for a large structure at

points close to its center where diffraction by the edges is negligible. Consider

a slab with ℓ rows, each row consisting of a linear and infinite distribution of

cylinders. The cylinders of each row are identical and they are separated by

a distance a, also known as lattice constant. If the central cylinder of the ℓth

row is located at ~Rℓ, then the position of each cylinder in that row is given

by (see Fig. 2.3)

~Rα = ~Rℓ + ~Rℓ
α = xℓx̂+ (yℓ + αa)ŷ. (2.4.1)
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Figure 2.3: Coordinate system and geometry of an infinite line of scatterers.

According to the previous section, the scattered field can be expressed as

a linear combination of Hankel functions, which in this case has the form

P SC(r, θ) =
∑

q

∑

α

∑

ℓ

(Aℓ
α)qHq(kbr

ℓ
α)e

iqθℓα . (2.4.2)

The superscript ℓ indicates the row number, in such a manner that coefficients

(Aℓ
α)q correspond to the α-cylinder of the ℓ-row. By analogy with the previous

section, a relation similar to Eq. (2.3.7) can be derived:

(Aℓ
α)r −

∑

s

∑

m

∑

β

(Gℓm
αβ)rs(A

m
β )s =

∑

s

(Tℓ)rs(A
0,ℓ
α )s. (2.4.3)

If the plane wave of Eq. (2.2.2) (with C0 =1) is considered as external
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excitation field, then

(A0,ℓ
α )s = ise−isθ0ei

~k0· ~Rα = ise−isθ0ei
~k0· ~Rℓei

~k0· ~Rℓ
α . (2.4.4)

The application of this field simplifies the problem because the coefficients of

the same row vary only in a phase factor with respect to the central cylinder.

By defining

(Aℓ)r = e−iαka sin θ0(Aℓ
α)r, (2.4.5)

it is easy to reduce Eq. (2.4.3) to

(Aℓ)r −
∑

s

∑

m

(Gℓm)rs(Am)s =
∑

s

(Tℓ)rsi
se−isθ0ei

~k0· ~Rℓ , (2.4.6)

where

(Gℓm)rs =
+∞
∑

β=−∞
(Gℓm

0β )rse
iβka sin θ0 . (2.4.7)

It is shown that only the coefficients of the central cylinders need to be

calculated in each row. Due to the similarity between Eqs. (2.4.6) and

(2.3.7) it is concluded that the coefficients (Aℓ)r can be obtained by solving

a linear system of equations like that shown in Eq. (2.3.9).

The scattered field can now be expressed as

P SC(r, θ) =
∑

q

∑

α

∑

ℓ

(Aℓ)Hq(kbr
ℓ
α)e

iqθℓαeiαka sin θ0 . (2.4.8)

It can be shown that

+∞
∑

α=−∞
eiαka sin θ0Hq(kbr

ℓ
α)e

iqθℓα =
+∞
∑

ν=−∞
C±

νqe
i~k±ν ·(~r− ~Rℓ), (2.4.9)

where

C±
νq =

2i−q

kba

eiqθν

|cos θν |
, (2.4.10)

~k±
ν = kb(cos θν x̂+ sin θν ŷ). (2.4.11)

The parameter θν is defined by the relations

sin θν = sin θ0 +
2πν

kba
, ν = 0,±1,±2, ..., (2.4.12a)

cos θν = ±
√

1− sin2 θν , (2.4.12b)
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and the sign ± corresponds to the sign of (x − xℓ). Taking these formulas

into account, the scattered field is

P SC(r, θ) =
∑

q

∑

ℓ

∑

ν

(Aℓ)qC
±
νqe

i~k±ν ·(~r− ~Rℓ), (2.4.13)

which can be cast in the form

P SC(r, θ) =
+∞
∑

ν=−∞
C±

ν e
i~k±ν ·~r, (2.4.14)

where

C±
ν =

∑

q

∑

ℓ

(Aℓ)qC
±
νqe

−i~k±ν · ~Rℓ . (2.4.15)

Equation (2.4.14) is an important result that expresses the scattered field

as a sum of plane waves with wave vectors ~k±
ν . Depending on the real or com-

plex value of cos θν , each ν-mode can be propagating or evanescent. Only

propagating modes transport energy and θν defines the angle of the propagat-

ing direction. Regarding Eq. (2.4.12a) it is shown that only the fundamental

mode ν = 0 propagates in the low frequency limit, while more modes appear

as frequency increases. The frequency where the first mode with ν 6= 0 be-

gins to propagate is known as diffraction limit. As will be shown in Chapter

4, this concept is fundamental from an experimental point of view.

The total pressure field, taking into account the incident wave, is

P (r, θ) = ei
~k0·~r +

+∞
∑

ν=−∞
C±

ν e
i~k±ν ·~r. (2.4.16)

In order to obtain the reflectance and transmittance of the slab, the energy

flux in a unitary cell must be calculated. This is performed by integrating

the acoustic intensity ~I in the vertical segment (y0, y0 + a). Thus,

Φ =

∫ y0+a

y0

Ixdy, (2.4.17)

where

~I =
1

2
ℜ(P ~v∗) =

1

2ωρb
ℜ(iP∇P ∗). (2.4.18)
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The symbol ℜ denotes the real part and ∗ the complex conjugate. By apply-

ing Eq. (2.4.16) to these formulas and after some operations we obtain

Φ =
kba

2ωρb

[

cos θ0 + ℜ(C±
0 ± C∗±

0 ) cos θ0 ±
∑

cos θν∈ℜ
|cos θν |

∣

∣C±
ν

∣

∣

2

]

. (2.4.19)

The first term of this sum corresponds to the incident flow:

Φ0 =
kba cos θ0
2ωρb

. (2.4.20)

By dividing the total flow Φ by the incident Φ0 on the left hand side of the

SC we have
Φ−

Φ0

= 1−
∑

cos θν∈ℜ

| cos θν |
cos θ0

|C−
ν |2, (2.4.21)

where the reflectance can be identified as

R =
∑

cos θν∈ℜ

| cos θν |
cos θ0

|C−
ν |2. (2.4.22)

Performing the same process in the right hand side we obtain

Φ+

Φ0

= 1 + 2ℜ|C+
0 |+

∑

cos θν∈ℜ

| cos θν |
cos θ0

|C+
ν |2, (2.4.23)

being this term equal to the transmittance, i.e.,

T = 1 + 2ℜ|C+
0 |+

∑

cos θν∈ℜ

| cos θν |
cos θ0

|C+
ν |2. (2.4.24)



Chapter 3

Rubber crumb modelling

In this chapter the propagation of acoustic waves in porous media is studied.

The aim is to provide a model for the calculation of the effective parameters

of rubber crumb. These parameters are required to compute the T matrix

derived in the previous chapter for cylinders made with this material. First,

a brief review of the existing models is introduced. Then, the specific model

employed in this work is detailed. Finally, the properties characterizing the

rubber crumb used in the experiments are determined.

3.1 Introduction

Wave propagation in porous materials is a topic which has received a great

deal of attention, especially in the second half of the 20th century. Many of

the works reported in this period are related to geophysics, where soil charac-

terization or mineral prospecting were fields that arouse great interest. The

sound propagation in porous materials was first developed in those works.

Several approaches to the problem were proposed, they being roughly clas-

sified in empirical and theoretical models. In addition, theoretical models

are usually divided into microstructural and phenomenological models, de-

pending on the degree of detail with which the internal open-cell structure of

the material is studied. Most of these models assume that a porous medium

behaves as a homogeneous and isotropic fluid where sound absorption occurs

primarily due to viscous losses and thermoelastic damping.
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3.1.1 Empirical models

The best known empirical model used for the prediction of the behaviour of

porous materials was proposed by Delany and Bazley [DB70]. By performing

measurements on fibrous materials, they deduced empirical laws relating the

acoustic properties of the material with its flow resistivity. The flow resis-

tivity is defined as the pressure required for generating a given flow through

the material per unit thickness. Due to its simplicity and relative accuracy,

these laws were used in many applications until the appearance of more so-

phisticated models. However, the expressions are limited to a reduced range

of frequencies and flow resistivities. Since they do not take into account the

structure of the material, the model is only suitable for fibrous materials

similar to those measured by the authors. Similar laws were proposed to

extend the approach for porous materials [Mik90]. In any case these models

have no theoretical basis and their use is reduced due to the development of

more accurate and general approaches.

3.1.2 Phenomenological models

Phenomenological models consider the porous material from a macroscopic

point of view, regardless its internal structure. Since it is supposed that

the material is a compressible fluid, the acoustic equations of state, continu-

ity and motion for this kind of media are applied. Some modifications are

set in order to take into account the presence of solid particles immersed in

the background fluid. The most representative phenomenological model was

given by Morse and Ingard [MI68]. This model assumes a material composed

of rigid, motionless and incompressible solid particles that form pores inter-

connected in a random but isotropic way. The classical acoustic equations

are modified by several factors related with the macroscopic properties of

the medium. These parameters are the porosity, defined as the fraction of

fluid filling the pores with respect to the total volume, the effective resis-

tivity which considers viscous effects and the effective stiffness of air which

is associated with thermal effects. Finally a structure factor is introduced

to distinguish between mass density and inertial mass density, taking into

account the increased inertia because of the friction at the pore walls and

the deviation of the air motion from the driving force due to the microstruc-
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ture. It is noticeable that the last three parameters are frequency dependent

and they cannot be determined by physical and mechanical procedures but

only through acoustic measurements. This fact complicates the practical

application of these models.

3.1.3 Microstructural models

The microstructural approach is based on the detailed description of the

sound field inside a single cell with a simple geometry. Exact solutions for

propagation in pores with constant and usually circular cross-section are

calculated and more complex geometries are then modelled from this the-

ory by tuning some adjustment parameters. Microstructural models present

more complicated expressions with respect to other approaches and require

the specification of three to five parameters, although in some cases none of

them are required to be frequency dependent. It has been shown that mi-

crostructural predictions are quite accurate for a broad range of frequencies

and material types.

The first microstructural model were originally developed by Kirchhoff

[Kir68] and Rayleigh [Ray45], who studied a material based on parallel and

cylindrical pores oriented in the wave direction. The solid part of the ma-

terial, also called skeleton, was supposed to be rigid. This assumption is

generally valid in conventional acoustic applications where pores are filled

with air, leading to the term of rigid frame models. Later, Zwikker and

Kosten [ZK49] introduced a simpler and approximate treatment of these

theories and extends them to take into account changes in the orientation of

the pores and variations of their cross section. The effects of viscosity and

thermal conductivity are analyzed separately in terms of the complex density

and bulk modulus, respectively. The material is characterized by its poros-

ity and flow resistivity, which are obtained through non acoustical means.

Also a structure factor is required, although it can only be determined by

comparing acoustic measurements with theoretical data.

In 1983 Attenborough developed a model that describes the acoustic char-

acteristics of rigid fibrous absorbents as well as granular materials [Att83].

It is based on the analysis of the pore structure rather than the particles in

the solid frame and is a synthesis of the previous works of Rayleigh [Ray45],
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Zwikker and Kosten [ZK49] and other authors [KJ57, SG72]. Starting from

the theory of Zwikker and Kosten, Attenborough first studied the sound

propagation in a single cylindrical or slit shaped pore. Then he derived ex-

pressions for the dynamic mass density and compressibility of an extended

bulk medium. The model is based on five parameters: Porosity, flow resis-

tivity, tortuosity, steady flow shape factor and dynamic shape factor. The

tortuosity is a parameter that accounts the changing pore orientation and is

related to the structure factor given by Zwikker and Kosten. This parameter,

along with the flow resistivity and the porosity, is independently obtainable

through simple experimental procedures. However the two remaining shape

factors must be measured through acoustic means when complex geometries

are considered. Moreover, both factors show significant frequency depen-

dence, hence being an important drawback of the Attenborough’s theory.

Biot proposed a theory of wave propagation in poroelastic materials

[Bio56a,Bio56b]. By assuming a porous elastic solid saturated by a viscous

fluid, the averaged motions of both elements are accounted for separately

and both frames are then coupled by considering elastic and inertial effects

between the two interpenetrating media. This represents a very general and

complete theory, although expressions derived are quite complex compared

to less general approaches. Allard revised the Biot’s theory and made simpli-

fications for the case in which the skeleton motion is negligible, thus creating

a rigid frame theory known as the Biot-Allard model [ADN+90]. It uses the

expression of mass density given by Biot and the bulk modulus from the

Zwikker and Kosten theory. Again tortuosity, flow resistivity and porosity

need to be specified, as well as a frequency dependent shape factor.

Stinson and Champoux also contributed significantly to the study of

acoustic propagation in porous media. In 1992 they reported a study where

materials containing air-filled pores with uniform cross section were stud-

ied [SC92]. They obtained exact expressions for pores with circular, rectangu-

lar and triangular shape, supporting its theory with experimental measures.

They also reported an expression that relates the complex compressibility

and the dynamic mass density. In addition, by revising the existing theories,

Stinson and Champoux proposed a model with a single frequency indepen-

dent shape factor. However this approach was only valid for uniform cross

sectional pores. In the same year they published another work reporting
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measures of a sample with large variations in the cross sectional area of the

pores [CS92]. Attenborough and Biot-Allard models proved to be unable to

describe the acoustical properties of such sample. Therefore it was proposed

a revised theory that treats each pore as a series of uniform tube sections of

arbitrary shape and area, showing a good agreement with the experimental

data. Nevertheless this approach was impractical since the detailed geometry

of the real pores must be known. Faced with this problem, Champoux and

Stinson proposed in the same work a generalized model. The resulting theory

was similar to the Biot-Allard model although employs two shape factors in

order to describe separately the dynamic mass density and bulk modulus.

The application of these theories to the specific case of rubber crumb

was reported by Pfretzschner and Rodŕıguez, who considered a microstruc-

tural approach [PR99]. They made use of the Biot-Allard model where some

simplifications based on the proposal of Johnson were assumed [JKD87].

The approach requires the knowledge of five parameters, two of them being

frequency-independent shape factors that are determined through acoustic

measurements. The other parameters, flow resistivity, porosity and tortu-

osity, were characterized through different procedures in order to provide

appropriate inputs to the model. Measurements of the sound absorption

of several samples with different grain sizes were reported, showing a good

agreement between experiments and theory.

3.2 Acoustic model of rubber crumb

The multiple scattering formulation presented in the last chapter requires

that rubber crumb be treated as an isotropic fluid. The parameters defining

this effective fluid are the dynamic mass density ρ(ω) and the bulk modulus

B(ω). The expressions employed to calculate them will be provided in the

next sections. From these parameters, the complex wave number kc and the

characteristic impedance Zc can be obtained through the expressions:

kc(ω) = ω

√

ρ(ω)

B(ω)
, (3.2.1)

Zc(ω) =
1

Ω

√

ρ(ω)B(ω), (3.2.2)

where Ω is the porosity.
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3.2.1 Dynamic mass density

When waves propagate inside the pores, the viscous friction between the mov-

ing air and the solid skeleton results in energy losses. As Zwikker and Kosten

shown, these viscous losses are modelled through the complex dynamic mass

density. The Biot-Allard model proposes a dynamic mass density with the

form [AA93]

ρ(ω) = ρ0τ − i
σΩ

ω
F (λ), (3.2.3)

where ρ0 represents the density of the fluid that fills the pores, τ the tortu-

osity, σ the flow resistivity and Ω the porosity. F (λ) is a complex function

given by

F (λ) = −1

4

λ
√
−iT (λ

√
−i)

1− 2T (λ
√
−i)

λ
√
−i

, (3.2.4)

where

λ = s

√

8τρ0ω

σΩ
, (3.2.5)

T (x) =
J1(x)

J0(x)
, (3.2.6)

and s is a shape factor. Johnson and co-workers reported an accurate sim-

plification of F (λ) and reduced the above expression to [JKD87]

ρ(ω) = ρ0τ

[

1 +
σΩ

iωρ0τ
G(ω)

]

, (3.2.7)

with

G(ω) =

[

1 + i
4τ 2ηρ0ω

σ2Λ2Ω2

]

, (3.2.8)

η being the viscosity of the fluid. The parameter Λ is known as characteristic

length, and was defined as

Λ =
2
∫

V
|v(r)|2dV

∫

A
|v(r)|2dA . (3.2.9)

This expression accounts for the ratio between the integral of the microscopic

fluid velocity over the volume of the pores and the same integral over the

surface of the walls. The characteristic length does not depend on the fluid

characteristics, but only on the geometry of the pores. It is a parameter
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easily obtained in simple pore geometries. For more complex shapes, it was

demonstrated that the characteristic length can be calculated as [JKD87]

Λ =
1

β1

√

8ητ

σΩ
, (3.2.10)

where β1 is a shape factor that can only be determined through acoustic

experiments. By replacing this expression in Eq. (3.2.7) we finally obtain

ρ(ω) = ρ0τ

[

1 +
A

i

(

1 + i
β2
1

2A

)
1

2

]

, (3.2.11)

with

A =
σΩ

ωρ0τ
. (3.2.12)

3.2.2 Bulk modulus

Apart from viscous effects, thermal processes inside the pores also lead

to acoustic energy losses. These are due to the thermal conduction that

takes place between fluid compressions and depressions as a consequence of

their different temperature profiles. According to the theory of Zwikker and

Kosten, this effect is taken into account through the complex bulk modulus

B(ω). These authors deduced the following expression [ZK49]:

B(ω) =
γP0

1 + 2(γ−1)√
NPrλ

√
−i
T
(√

NPrλ
√
−i
)
, (3.2.13)

where λ and T (x) are defined in Eqs. (3.2.5) and (3.2.6), respectively, P0 is

the equilibrium pressure, NPr = 0.706 is the Prandtl number of the saturating

fluid (air in this case) and γ = 1.4 its ratio of specific heats.

Stinson [SC92] found an expression that relates the bulk modulus with

the mass density

B(ω) =
γP0

γ − γ−1
F (NPrω))

, (3.2.14)

where

F (NPrω) =
ρ(NPrω)

τρ0
. (3.2.15)
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By applying this formula to the mass density found by Johnson, Allard and

Champoux deduced the general expression [AC92]

B(ω) =
γP0

γ − γ−1

1+ σ′Ω

iτρ0NPrω

√

1+
4iτ2ηρ0ωNPr

σ′Λ′2Ω2

, (3.2.16)

where, according to the conclusions of Champoux and Stinson, an indepen-

dent parameter to that used in the description of the dynamic mass density

must be employed. Therefore Λ is replaced by Λ′, which is defined as

Λ′ =
2
∫

V
dV

∫

A
dA

. (3.2.17)

This expression is similar to Eq. (3.2.9), but now the volume and area

elements are no weighted by the microscopic velocity of the particles of the

fluid. It is possible to obtain a simpler formula in order to calculate this

parameter

Λ′ =
1

β2

√

8ητ

σΩ
, (3.2.18)

where σ′ = β2
2σ. β2 is a parameter that, like β1, needs to be experimentally

determined.

By replacing the above expressions the bulk modulus is finally calculated

as

B(ω) =
γP0

γ − γ−1

1− iβ2
2
A

NPr

√

1+
iNPr

2Aβ2
2

, (3.2.19)

where A is the factor defined by Eq. (3.2.12).

3.3 Parameters of rubber crumb

The model has five parameters: Flow resistivity σ, tortuosity τ , porosity

Ω and the two shape factors β1 and β2. The first three parameters can be

experimentally determined through non-acoustical methods, while the shape

factors are obtained by fitting the model to experimental data obtained from

acoustic measurements. The rubber crumb used in this work is classified as

polydisperse and consists of grains with sizes in the range from 0 to 3 mm.

The five parameters have been measured in the Instituto de Acústica (CSIC)

in Madrid by procedures which are briefly explained in the next sections.
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3.3.1 Flow resistivity

The flow resistivity is an important parameter that characterizes a porous

material. Some basic models, like that reported by Delany and Bazley, only

need this input in order to completely characterize the material. The flow

resistivity is defined as the specific flow resistance per unit thickness

σ =
∆P

vd
, (3.3.1)

where d is the thickness of the measured sample, ∆P is the pressure drop

across it and v is the flow velocity that crosses the material. The mea-

surement of flow resistivity is performed by following the European Norm

EN29053:1993 [EN 94]. A steady air flow is generated by a compressor. It is

measured with a flowmeter and led to the sample. The pressure drop is mea-

sured with a differential manometer, in such a manner that Eq. (3.3.1) can be

computed. The value obtained for our rubber crumb is σ = 3318.6 N.s/m4.

3.3.2 Tortuosity

The tortuosity is related with the structure of the skeleton. It takes into

account the shape and orientation of the pores, as well as the interconnection

between them. The experimental determination of the tortuosity is based on

the procedure developed by Brown [Bro80]. According to this author, the

tortuosity can be obtained as

τ = Ω
ρp
ρf

, (3.3.2)

where ρf is the electrical resistivity of a given conducting fluid and ρp is

the resistivity of the same fluid filling the pores of the material under test.

The procedure consists of measuring the electrical resistance of the conduct-

ing fluid (Rf ) and the porous sample filled with it (Rp). If both tests are

performed in a recipient with the same volume, it is shown that

τ = Ω
ρp
ρf

= Ω
Rp

Rf

. (3.3.3)

Obviously this method is applicable to rubber crumb since it behaves as an

electric insulator. The value finally obtained for the rubber crumb employed

in this work is τ = 1.54.
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3.3.3 Porosity

The porosity is defined as the ratio of the fluid volume filling the pores to

the total volume of the material. Since the grains of rubber crumb are water-

resistant, liquid saturation proves to be a simple and effective method which

is widely used in geological studies. A known volume of porous material is

inserted in a recipient. Then water is added to fill the pores. By measuring

the amount of water employed, the porosity can be directly calculated. In

our case this value is Ω = 0.541.

3.3.4 Shape factors

The parameters β1 and β2 are related with the attenuation of acoustic energy

due to the viscous and thermal phenomena, respectively. They were obtained

by fitting the absorption coefficient measured on a sample of rubber crumb

with thickness e in a impedance tube. At normal incidence, the theoretical

coefficient αth is related to the impedance Zs of the material by

αth = 1−
∣

∣

∣

∣

Zs − Z0

Zs + Z0

∣

∣

∣

∣

2

, (3.3.4)

Zs = −iZccot(kce), (3.3.5)

where Zc and kc are obtained by applying B(ω) and ρ(ω) to Eqs. (3.2.1) and

(3.2.2).

Figure 3.1 shows the absorption coefficient αexp measured for a sample

with thickness e = 9.5 cm. It is compared with the curve αth whose shape

factors give the best fitting. The values obtained are β1 = 1.58 m−1 and

β2 = 0.7 m−1. These values give the characteristic lengths Λ = 142 µm and

Λ′ = 508 µm.

3.3.5 Complete model

The physical parameters Zc(ω) and kc(ω) describing the rubber employed in

this work crumb are depicted in Figs. 3.2 and 3.3. The frequency dependence

of these curves follows the standard behaviour of granular porous media.

The real part of kc corresponds to the angular frequency ω divided by the

phase velocity. Since this response is not linear, it is shown that rubber crumb
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Figure 3.1: Absorption of a sample of rubber crumb with thickness e =

9.5 cm measured in an impedance tube (αexp). The curve αth is obtained

from Eq. (3.3.4) with the shape factors β1 = 1.58 m−1 and β2 = 0.7 m−1

giving the best fitting.

behaves as a dispersive media whose phase velocity depends on the frequency.

On the other hand, the imaginary part is related to the attenuation of waves

propagating inside the material. As observed in Fig. 3.2, the attenuation

increases with the frequency.
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Figure 3.2: Real and imaginary parts of the complex wave number calculated

through the model presented in Section 3.2.
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Figure 3.3: Real and imaginary parts of the characteristic impedance of

rubber crumb calculated through the model presented in Section 3.2. The

values are normalized by the characteristic impedance of air Z0 = ρ0c0.
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The characteristic impedance of rubber crumb Zc of Fig. 3.3 is normalized

by that of air Z0 = ρ0c0. It is shown that at high frequencies its imaginary

part is reduced and the real part decreases towards values closer to one. Since

the absorption of a semi-infinite layer of this material is given by

α = 1−
∣

∣

∣

∣

Zc − Z0

Zc + Z0

∣

∣

∣

∣

2

, (3.3.6)

it is shown that rubber crumb will be a better absorber at high frequencies.

Note that the above formula does not depend on kc. However where the

sample has a finite thickness and is backed by a rigid body, the impedance

Zc of the above equation becomes −iZc cot(kce), thus obtaining Eq. (3.3.4).

The resulting behaviour is more complex than the case of a semi-infinite

layer since now the absorption depends not only on the impedance but also

on the cotangent of the wavenumber kc multiplied by the thickness e. This

enhances the absorption at some frequencies while a lower attenuation can

be found in others. Thus, the thickness of the layer of rubber crumb will be

an important parameter for the design of sound absorbers.





Chapter 4

Experimental characterization

The theory presented in the previous chapters is supported by an experimen-

tal realization. In this chapter a set of measures is carried out on barriers

made with cylinders that contain rubber crumb. The experimental setup

and the measurement method are first explained. Then, measured data are

shown and compared with the corresponding numerical simulations. The

results are discussed and contrasted with the performance of a rigid barrier

having the same dimensions than the samples.

4.1 Experimental setup

Experiments have been performed in an anechoic chamber of size 8×8×8 m3.

The samples consist of 3 rows of cylindrical scatterers, each row containing 9

cylinders with a length of 1 m. They are arranged in a square configuration

with lattice constant a = 11 cm. Figure 4.1 shows the appearance of one of

the samples mounted in the anechoic chamber.

Five different samples have been measured. Their dimensions are given in

Table 4.1, where the filling fraction is defined as the ratio between the cylinder

volume and the total volume of the SC unit cell. For a square lattice this

parameter is given by ff = πR2
b/a

2, Rb being the outer radius of the scatterers.

Note that samples 1 and 2 do not contain rubber crumb, but they are made

of rigid cylinders and their results will be used for comparison purposes.

Samples 3, 4 and 5 are made by considering 3 different porous units. All

these units consist of a porous shell with a diameter of db = 8 cm. However,
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Figure 4.1: Sample mounted in the anechoic chamber. Measured samples

consist of slabs with three rows of cylinders arranged in a square configuration

with lattice constant a = 11 cm.

their inner cores (steel cylinders) have different diameters: da = 4 cm in

sample 3, da = 2 cm in sample 4, and da = 0 (no core) in sample 5.

The experimental setup is illustrated in Fig. 4.2. A UDE AC-150 column

speaker is used as excitation source. It is separated a distance of 4 m from

the sample in order to have approximately a plane wave front at the surface of

the sample. The reflection and transmission coefficients have been measured

through B&K 4958 microphones placed at the equatorial plane of the samples

and aligned with the central cylinder. The received signals are digitized with

a NI-4551 dynamic signal analyzer for further processing.

Reflectance measurements are performed by placing both microphones

between the sample and the speaker. Microphones M1 and M2 are put at

distances d and ℓ from the surface of the central cylinder, the separation

between them being ∆d = ℓ − d = 1.5 cm. Applying white noise to the

sample, the power reflection coefficient is calculated as [CB80a,CB80b]

R(ω) =

∣

∣

∣

∣

e−2ikℓ H12e
ik∆d − 1

1−H12e−ik∆d

∣

∣

∣

∣

2

, (4.1.1)

where H12 = S12/S11 is the transfer function measured between both mi-
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Figure 4.2: Schematic view of the experimental setup employed to character-

ize the samples under study. Two microphones are put in front of the barrier

in order to measure reflectance. Transmittance is obtained by placing one

microphone at the rear surface of the sample. A column speaker located at

4m from the sample is used as excitation source.

Table 4.1: Dimensions of the cylindrical units used in building the barrier

samples studied. db is the external diameter of the cylindrical porous shell

and da is the diameter of its inner core, which is a rigid cylinder. The column

Rb−Ra gives the thicknesses of the porous shells and the last column reports

the filling fraction ff of the underlaying square lattice.

da(cm) db(cm) Rb −Ra ff

sample 1 4 4 0 0.10

sample 2 2 2 0 0.03

sample 3 4 8 2 0.41

sample 4 2 8 3 0.41

sample 5 0 8 4 0.41



42 Experimental characterization

crophones. It is calculated from the autospectrum acquired through M1

(S11) and the cross-spectrum measured between both microphones (S12).

The above expression is based on a one-dimensional approach and there-

fore assumes that the incident, reflected and transmitted waves have plane

wavefronts and travel along the direction normal to the axis of the sample.

Although this model is applied to a 2D scheme, this assumption is consid-

ered valid because of the distance between the speaker and the sample and

the lack of higher-order diffraction modes at frequencies below the diffraction

limit of the crystalline structure. Note that the reflection coefficient from Eq.

(4.1.1) cannot be determined when the distance between the microphones is

an integer multiple of the half-wavelength of the sound. This fact sets an

upper frequency limit that in this case is 11.3 kHz. This value is above the

range of frequencies of interest and therefore it will not affect the experi-

mental characterization. Note also that the reflection coefficient cannot be

accurately obtained at very low frequencies since Eq. (4.1.1) tends to unity

as the frequency goes to zero. Since such effect is limited to the low frequency

range, no impact on the experimental data is expected at higher frequencies.

Transmission measurements are made withM2 located at the rear surface

of the sample at a distance dt from the central cylinder (M1 is not used here).

The power transmission coefficient T can be estimated as the ratio between

the autospectrum measured with and without sample:

T (ω) =
S22

S0
22

. (4.1.2)

From this measure, the insertion loss (IL) in decibels is obtained from:

IL(dB) = −10log10(T ). (4.1.3)

Finally, the absorption is calculated by assuming energy conservation, in such

a manner that A(ω) = 1− T (ω)−R(ω).

Reflectance and transmittance spectra are measured for frequencies up

to 4 kHz and for three different values of dt and d corresponding to 5, 10

and 20 cm. The results within that range of frequencies are consistent and

repetitive for the three positions of the microphones. Hence in order to avoid

the inclusion of redundant data, only spectra relative to microphones put at

positions dt = ℓ = 10 cm will be discussed.
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It is important to remark that, since we are working with periodic struc-

tures, the propagation of diffracted modes along angles θν different to the

incident θ0 is possible. As shown in Chapter 2, these angles are given by:

sin(θν) = sin(θ0) +
2πν

ka
, (4.1.4)

where ν is an integer number. Taking θ0 =0, the first diffracted mode appears

when ka = 2π, i.e. when λ = a and θ±1 becomes a real number. This

condition defines the diffraction limit and gives a frequency cut-off such that,

for higher frequencies, Eq. (4.1.1) is not longer valid since reflected and

transmitted waves propagate with wavevectors not collinear with that of

the incident wave. In other words, for wavelengths smaller than a some

energy is scattered to angles different to the ballistic and will cause the

failure of the measurement method due to the non satisfied condition of

incident, reflected and transmitted waves travelling along the same direction

in the setup. Therefore, no discussion of data will be performed above the

diffraction limit. Anyway, it is noted that Eq. (4.1.1) can still be used in the

frequency regions corresponding to the first bandgap because it appears at

frequencies bellow the diffraction limit where the transmission reduction is

due to the destructive interference between waves reflected on the successive

layers of cylinders and the incident wave.

In order to compare the experimental results with the theoretical model,

numerical simulations have been carried out by making use of the multiple

scattering theory presented in Chapter 2. The T matrices of samples 3 and

4 have been calculated through Eq. (2.2.24), while the matrix of sample 5 is

computed with Eq. (2.2.14). The parameters describing the rubber crumb in

these equations have been obtained through the model provided in Chapter

3. Simulations are performed by reproducing the experimental configuration.

It is assumed an incident plane wave impinging on a cluster with the same

dimensions and number of cylinders than the samples. The sound pressure

is calculated at the points where the microphones are placed in the experi-

ment. A frequency sweep is performed and Eq. (4.1.1) is evaluated at each

frequency by taking H12 = p2/p1, where p1 and p2 are the pressure values

measured at the positions of M1 and M2, respectively. The same process is

performed for Eq. (4.1.2), where S22 is replaced by |p2|2. The main differ-

ence between the theoretical approach and the experiments is that multiple
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scattering calculations assume infinitely long cylinders. This assumption is

reasonable for the experimental setup since the data are acquired very close

to the sample surface and therefore the effects associated to the diffraction

from the borders are reduced.

4.2 Results

4.2.1 Barrier made of rigid cylinders

Figures 4.3 and 4.4 show the results for SC barriers made of only rigid cylin-

ders with diameters of 4 cm and 2 cm, corresponding to samples 1 and 2

in Table 4.1, respectively. For the sake of comparison, the band structures

along the direction normal to the axis of the slabs are also shown. The

acoustic bands have been calculated by the procedure described in Section

II of Ref. [GY03] where it is solved the secular equation obtained by taking

into account that, in a periodic system, the Bloch theorem applies to the

coefficients (Aα)q introduced in Chapter 2.

It is observed that, in the frequency region where the band gap is pre-

dicted (black stripes), a peak appears in the reflectance spectrum while a

minimum is found in the transmission. These features are barely seen in

sample 2, which is made of very thin cylinders and, therefore, has a small

filling fraction. Better defined peaks and valleys can be obtained if a larger

number of layers were employed in building the barrier [SPCMS+98]. With

regard to the absorption spectrum, it is shown that it remains around zero.

This fact is in agreement with the lack of absorptive phenomena in samples

made with rigid scatterers. Note that the measured data (red dots) are well

reproduced by the numerical simulations based on the multiple scattering

theory (continuous lines).

It is noticeable in Figs. 4.3 and 4.4 that values larger than unity appear in

the reflectance or transmittance spectra for frequencies above 3 kHz. These

values are unphysical and are due to the fact that expressions employed in

their calculations lost their validity. As mentioned before, Eqs. (4.1.1) and

(4.1.2) were obtained under the approach of a plane wavefront propagating

along the direction normal to the axis of the sample. According to Eq. (4.1.4)

the excitation of Bragg waves with ν 6= 0 approximately starts around λ = a.
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Figure 4.3: Band structure, reflectance, transmittance and absorption spec-

tra measured (red dots) and calculated (solid blue lines) for a noise barrier

made of three rows of metal cylinders with 4 cm of diameter (sample 1 in

Table 4.1). The shadowed regions define the frequencies above the diffraction

limit and the black stripe in the acoustic band structure (top panel) defines

the bandgap of the underlaying square lattice. The horizontal dashed lines

are guides for the eye.
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Figure 4.4: Band structure, reflectance, transmittance and absorption spec-

tra measured (red dots) and calculated (solid blue lines) for a noise barrier

made of three rows of metal cylinders with 2 cm of diameter (sample 2 in

Table 4.1). The shadowed regions define the frequencies above the diffraction

limit and the black stripe in the acoustic band structure (top panel) defines

the bandgap of the underlaying square lattice. The horizontal dashed lines

are guides for the eye.



4.2 Results 47

Figure 4.5: Hollow cylinder with 8 cm of diameter made from a 0.5 mm-thick

perforated plate whose holes have a diameter of 0.5 mm. Due to its acous-

tic transparency, this shell is suitable for containing rubber crumb without

modifying its properties.

An exact determination of this cutoff is obtained from the acoustic band

structure, which gives about 2.8 kHz for sample 1 and 3 kHz for sample 2.

Moreover, a disagreement between the measured and calculated data can be

observed in the reflectance spectra at low frequencies. This discrepancy is

due to the fact that Eq. (4.1.1) tends to unity in the low frequency limit, as

previously stated.

4.2.2 Barrier made of rubber crumb cylinders

The rubber crumb cylinders are fabricated by inserting this granular mate-

rial inside hollow cylinders made with perforated plates. This procedure is a

practical alternative to the use of binders in order to obtain rigid structures of

rubber crumb. The perforated plates here employed are made with steel and

have a thickness of 0.5 mm. They are perforated with holes having a diame-

ter of 0.5 mm and arranged in a hexagonal distribution with a separation of

1.25 mm between holes. The resulting shell is shown in Fig. 4.5. The acous-
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Figure 4.6: (a) Transmittance of a flat perforated plate with a thickness

of 0.5 mm. The perforations are circular holes with a diameter of 0.5 mm.

(b) Transmittance through a SC structure consisting of three rows of 8 cm-

diameter cylinders fabricated with the perforated plates above characterized.

The dashed horizontal lines are guides for the eye.
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tic properties of the flat perforated plate as well as the hollow shells have

been experimentally characterized. Figure 4.6(a) shows the transmission co-

efficient of a flat plate measured at 10 cm from its rear surface by following

the same procedure as in the case of the samples under study. From this

spectrum it can be concluded that the plate is almost acoustically transpar-

ent for a normally incident sound. Similar conclusions can be drawn from the

measurement of a lattice of hollow perforated shells. A high transparency is

observed in the transmittance spectrum depicted in Fig. 4.6(b), which corre-

sponds to a barrier consisting of three layers of hollow cylinders with 8 cm of

diameter. Note that this structure is transparent enough until 4.0 kHz and,

therefore, it will be assumed that the absorption effects observed after their

filling in will be associated solely to the absorptive properties of the rubber

crumb.
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Figure 4.7: Reflectance, transmittance and absorption spectra measured (red

dots) and calculated (continuous blue lines) for a noise barrier made of rubber

crumb cylinders with 8 cm of diameter containing a rigid core with 4 cm of

diameter (sample 3 in Table 4.1).

Figures 4.7, 4.8 and 4.9 show the spectra of samples 3, 4 and 5, respec-

tively. As in the case of SC barriers based on rigid cylinders, it is obtained

an overall good agreement between measurements (red dots) and numerical
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Figure 4.8: Reflectance, transmittance and absorption spectra measured (red

dots) and calculated (continuous blue lines) for a noise barrier made of rubber

crumb cylinders with 8 cm of diameter containing a rigid core with 2 cm of

diameter (sample 4 in Table 4.1).

simulations (continuous blue lines). In comparison with the case of samples

1 and 2, there absorption spectra show significant levels because of the at-

tenuation properties of rubber crumb. Note that the absorption increases

with the frequency due to the higher imaginary part of the wave number kc
of the rubber crumb and the better impedance matching with air, as shown

in Chapter 3. Moreover no spurious results are observed in reflectance and

transmittance spectra above the diffraction limit since the high absorption

avoid their appearance. However, the data above this limit are unreliable

because the measurement method cannot account for the propagation of

diffracted modes, and therefore the slabs should be characterized by other

means.

It is shown that absorption is similar in the three samples at frequencies

below the bandgap. At the bandgap frequencies and above this range the

absorption of sample 5 is in general slightly higher, which is in agreement

with the larger amount of rubber crumb contained in the cylinders with no

core. Regarding the reflectance, the three samples have bandgaps centered at
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Figure 4.9: Reflectance, transmittance and absorption spectra measured (red

dots) and calculated (continuous blue lines) for a noise barrier made of rubber

crumb cylinders with 8 cm of diameter (sample 5 in Table 4.1).

the same frequency and with similar bandwidths. This fact is easily explain-

able since all the samples have the same lattice constant and filling fraction.

However it is shown that the peak is stronger for the case of sample 3, made

of cylinders with a thicker core, and weaker for sample 5, which is made of

cylinders with no core.

4.3 Discussion

The measured and calculated insertion losses of the different samples are

depicted in Figs. 4.10 and 4.11, respectively. The black dashed lines in these

figures represent the IL calculated for a rigid wall with the same dimensions

than the SC barriers, i.e., 30 cm thick and 1 m height. These values have been

obtained by applying the procedure described in the norm ISO9613 [ISO96],

which basically accounts for the field diffracted by the barrier edges. It is

observed that the SC barriers based on three rows of rigid cylinders show

very low attenuation in comparison with the rigid wall. The attenuation

is strongly enhanced by using porous cylinders as building blocks and their
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Figure 4.10: Insertion losses of the samples described in Table 4.1. The

dashed lines represent the IL predicted for a rigid wall having the same

external dimensions than the samples.

qualities approach the one of a rigid wall in some frequency regions. This

behaviour is produced by two effects: the higher filling fraction of the SC

caused by the porous overlayer and the absorptive properties of the rubber

crumb. Note that the improvement of attenuation is produced in the overall

range of frequencies, since rubber crumb provides a broadband absorption

mechanism unlike reflection-based attenuation which only occurs at bandgap

frequencies.

Moreover, it is also observed that the shell containing the thicker core

presents a huge enhancement of the IL, which even overcomes the IL of

the corresponding rigid wall in certain frequency regions. At these frequen-

cies, the field transmitted through the barrier becomes comparable to that

diffracted by its edges and the overall attenuation could depend on the mea-

suring point due to an interference phenomenon. However this effect only
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Figure 4.11: Theoretical predictions of the insertion losses of the samples

described in Table 4.1. The dashed lines represent the IL predicted for a

rigid wall having the same external dimensions than the samples.

takes place where the sample overcomes a rigid wall, the barrier being highly

efficient in such a case. The high attenuation found in Sample 3 is con-

firmed by the simulations and is consistent with the remark given at the end

of Chapter 3. Thus, it is concluded that the thickness of the porous layer

plays a major role in the attenuation characteristics of the barrier, and its

value should be properly determined in the design procedure of efficient noise

barriers.





Chapter 5

Optimum barrier design

In the last chapters a numerical model for the calculation of noise barriers

made with cylinders containing rubber crumb was developed and experimen-

tally validated. The next step consists of designing specific barriers that

efficiently attenuates a given noise profile, which in this case is traffic noise.

This task has been performed through an optimization procedure that max-

imizes the performance of the barrier according to the criteria defined in the

European normative. The theoretical model presented in the last chapters

will be extended to account for the actual characteristics of traffic noise and,

in addition, the presence of two parallel barriers will be considered in order

to analyse a more realistic approach.

5.1 Introduction

As mentioned in Chapter 1, the design of optimized noise barriers leads

to complex problems where purely analytic approaches are ineffective. In-

stead, optimization algorithms are a powerful tool which allow obtaining

complex geometries and material distributions that improve the efficiency

of the barrier. Several works have been reported in this topic, either based

on convectional [Duh06,BDJ08,BDJ07] or SC-based barriers [RGSPGR+09,

RGSPGR+08,HGNB+08].

In the case of sonic crystals, the optimization processes reported are car-

ried out by means of the creation of vacancies in the structure, i.e., by remov-

ing specific cylinders of the crystal. According to other optimization works
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in this field [HCSD05,HSDC06], the authors used genetic algorithms since

they are able to deal with discrete vacancy-based optimizations with large

search spaces. High attenuations and reasonable bandwidths are achieved

for noise barriers designed through this technique. For instance, an averaged

attenuation of 27 dB between 2300 and 3700 Hz was reported for barriers

based on rigid cylinders [HGNB+08]. However these works take into account

only normally incident sound waves, neglecting waves arriving to the barrier

from other directions. This approach is not practical since noise is often

assumed to be a diffuse field, where all directions of propagation are equally

probable. Optimized designs for normal incidence, may not work as well at

oblique incidence.

Moreover, neither of the cited optimization works takes into account a

common scheme where noise barriers are placed on opposite sides of a road.

In these circumstances multiple reflected sound between parallel barriers can

cause a significant increase in noise in the screened area [Wat96,HJPR85].

This effect will be greater when distance between barriers is small and in

the case of highly reflective barriers where no absorption mechanisms are in-

cluded. Also multiple reflections between the barrier and vehicles, especially

those large such as trucks, contribute to the reduction of isolation.

As concluded in Chapter 4, cylinders composed of a rigid core covered

by an absorbent layer of rubber crumb present attenuation spectra which

depends of the thickness of both the core and the porous layer. A noise bar-

rier containing several rows made with these cylinders is a complex system,

especially when considering that the cylinders of each row can be different as

well as the distances between rows. This justifies the use of an optimization

algorithm in order to find the best geometry of the sonic crystal that reduces

the transmission of sound.

5.2 Multiple reflection model

By assuming an incoherent source, the problem of multiple reflections can

be approached with a ray model where the total energy in a given point

corresponds to the sum of the energies of the different arriving rays [Hur80].

In this context the simplified one-dimensional model shown in Fig. 5.1 has

been used. Here a noise source between two parallel barriers emits a plane
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wave with energy E0 to one of the barriers. Each time the wave impinges

on a barrier, a fraction T of the incident energy is transmitted to the other

side, another fraction R is reflected and the rest 1 − R − T is absorbed.

We can define an effective transmission coefficient as the fraction of energy

transmitted through both barriers:

Teff = T
+∞
∑

n=0

Rn =
T

1−R . (5.2.1)

This model can be modified by assuming an attenuation proportional to

Figure 5.1: Scheme of a multiple reflection model. The power in R defines

the number of reflections experienced by the sound wave with initial energy

E0

1/r (r being the travelled distance) due to geometrical spreading, which

corresponds to a cylindrical wave front:

T ′
eff = 2

T

ℓ

+∞
∑

n=0

Rn

2n+ 1
= 2

T

ℓ

arctanh
(√

R
)

√
R

, (5.2.2)
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where ℓ is the separation between barriers. Also attenuation by a factor 1/r2

can be considered, modelling a point source with spherical spreading:

T ′′
eff = 4

T

ℓ2

+∞
∑

n=0

Rn

(2n+ 1)2
. (5.2.3)

In a first approach a road vehicle can be regarded as a punctual source,

so its sound level decreases 6 dB per doubling of distance due to spherical

spreading. However when considering an infinitely long and straight road, a

continuous traffic approximately behaves as a line source in such a manner

that, at enough distance from the individual sources, sound levels fall 3 dB

per doubling of distance as a cylindrical wavefront does [Emb96]. In fact

there are numerous traffic noise models, some of them considering the noise

source as incoherent punctual sources and other as a line source [Ste01].

Because of this, the three cases covered by Eqs. (5.2.1), (5.2.2) and (5.2.3)

will be discussed.

5.3 Optimization model

The objective function to maximize is the airborne insulation index (DLR),

which is used in Europe as a criterion to classify the acoustic performance

of traffic noise barriers. It is defined in the European normative EN 1793-2

as [EN 97]

DLR = −10 log10

∣

∣

∣

∣

∣

∑18
i=1 10

−0.1Ri100.1Li

∑18
i=1 10

0.1Li

∣

∣

∣

∣

∣

, (5.3.1)

where Li is the normalized traffic spectrum, Ri is the sound transmission

loss and i is an index indicating the 18 standard third octave bands with

frequencies from 100 Hz to 5 kHz. Parameters Li take into account the

human hearing response and emphasizes the frequencies where traffic noise

is more undesirable, having a maximum weight into the 1 kHz band. The

measurement of Ri is standardized in the norm ISO10140-2 [ISO10]. The

procedure consists of applying a diffuse sound field to the barrier into a

transmission chamber and measuring the sound levels at both sides of the

sample as well as the reverberation time. Note that the norm EN 1793 is

intended to characterize the intrinsic properties of the barrier, disregarding
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in situ conditions. Because of this, no discussion about diffraction by the

top end of the cylinders or ground effects will be provided in this work.

The structure to be optimized consists of a SC with three infinite rows

of cylinders where each cylinder has an inner rigid core of radius rik (with

k = 1, 2, 3) and a layer of rubber crumb between the core and an external

radius rk (see Fig. 5.2). Each row has identical cylinders separated by a

distanceD and the three rows are separated by distances d1 and d2. Therefore

the optimization model involves nine independent parameters. Note that the

cylinders are arranged in a square lattice, thus lowering the flow resistance

of the barrier and making it partially transparent to light. For comparison

purposes, it is also studied a barrier in which cylinders at the middle row

are displaced a distance D/2, being placed in the dashed circles in Fig. 5.2.

Since this structure forbids the light passing through, it will be called opaque

barrier.

Figure 5.2: Geometric parameters employed in the optimization of a noise

barrier based on a SC. The barrier consists of three rows of cylindrical scat-

terers containing rubber crumb. The dashed circles indicate the positions of

cylinders for the opaque configuration.

The calculations of the SC parameters have been performed by applying

the multiple scattering theory. As shown in Chapter 2, from this framework it
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is possible to calculate the reflectance RSC and transmittance TSC of infinite

slabs by integrating the energy flux in a unity cell, leading to the expressions

Tsc (θ0) = 1 + 2ℜ
[

C+
0

]

+
∑

cos θν∈ℜ

|cos θν |
cos θ0

∣

∣C+
ν

∣

∣

2
, (5.3.2)

Rsc (θ0) =
∑

cos θν∈ℜ

|cos θν |
cos θ0

∣

∣C−
ν

∣

∣

2
, (5.3.3)

where θ0 is the angle of propagation of the impinging plane wave with respect

to normal incidence. C−
ν and C+

ν are the amplitudes of the reflected and

transmitted ν-modes which propagate at an angle θν , obtained through the

expression

sin θν = sin θ0 +
2πν

kD
, (5.3.4)

k being the wavenumber in air and ν an integer. The absorption of the barrier

is then calculated by assuming energy conservation, so ASC = 1−TSC−RSC .

The acoustic model used in describing the rubber crumb is based on the

theory exposed in Chapter 3.

Multiple scattering theory works with coherent waves with well defined

wave fronts, making difficult to model the diffuse sound field required by the

ISO10140 norm. Since this type of field is the basis of several standardized

measurements, analytical predictions have been developed in control noise

research. A conventional calculation is based on the assumption that the

angular distribution of incident sound field on the surface of the sample

becomes fully uniform [Kut09]. Consider a surface element of the sample dS

and an isotropic incident sound intensity I. The fraction of acoustic power

that arrives to dS from the direction defined by the solid angle dΩ is

dPi = I cos(θ)dSdΩ = IdS cos(θ)dϕdθ, (5.3.5)

where θ and ϕ correspond to the azimuth and the inclination angles in spher-

ical coordinates, respectively. The total arriving power is calculated by inte-

grating Eq. 5.3.5 over the surface of a semi sphere

Pi =

∫ π

0

∫ 2π

0

IdS cos(θ) sin(θ)dϕdθ = πIdS. (5.3.6)

Similarly, the total transmitted power is obtained as

Pt =

∫ π

0

∫ 2π

0

IT (θ)dS cos(θ) sin(θ)dϕdθ = πIdS

∫ π/2

0

T (θ) sin(2θ)dθ,

(5.3.7)
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T (θ) being the angle-dependent transmission coefficient, that is supposed to

be independent of ϕ. The angle averaged transmission coefficient is given by

the ratio

Tav =
Pt

Pi

=

∫ π/2

0

T (θ) sin(2θ)dθ. (5.3.8)

However a uniform distribution does not fully reflect the actual sound field,

so an angle-dependent correction based on a Gaussian distribution is ap-

plied [KIKK00,KIKK02]. Hence the averaged transmission coefficient of the

barrier is calculated as

Tav (ω) =

∫ π/2

0
e−θ2TSC (ω, θ) sin (2θ) dθ
∫ π/2

0
e−θ2 sin (2θ) dθ

, (5.3.9)

and the same procedure can be applied to reflection and absorption coef-

ficients, giving Rav (ω) and Aav (ω) from RSC(ω, θ) and ASC(ω, θ), respec-

tively.

Coefficients Ri in Eq. 5.3.1 are calculated as 1/Tx where Tx is the di-

rect T = Tav or effective Teff, T ′
eff, T ′′

eff transmission coefficients obtained by

applying Tav and Rav to Eqs. (5.2.1)-(5.2.3). These parameters are calcu-

lated at several frequencies in each one-third octave band and then they are

integrated in order to get a single Ri per band.

Due to the difficulty of differentiating the nine-dimensional objective func-

tion, it is employed the Nelder-Mead optimization method, which is based

on the simplex algorithm [NM65]. With the purpose of globalize the search,

several initializations have been programmed in order to ensure that no local

maximums are reached. Physical constraints such as positive dimensions or

no overlapped cylinders have been taken into account in the algorithm. Also

practical constraints like a maximum barrier width of 1 m and a maximum

external radii of 10 cm have been configured. A distance D at least four

times the maximum radius is set for the transparent topology in order to

design barriers with low filling fractions. For the case of the opaque barrier,

a minimum distance between cylinders of 1 cm is considered.

5.4 Results

Results from the optimization process are shown in Table 5.1, where a dis-

tance ℓ = 10 m between parallel barriers has been assumed in Eqs. (5.2.2)
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Table 5.1: Barrier parameters (see Fig. 5.2) obtained by the optimization

algorithm. Length dimensions are in cm. Last row contains the airborne

insulation index DLR in dB.
T Teff T ′

eff T ′′
eff

✷ △ ✷ △ ✷ △ ✷ △
r1 10.0 10.0 10.0 10.0 10.0 10.0 10.0 10.0

r2 10.0 10.0 10.0 10.0 10.0 10.0 10.0 10.0

r3 10.0 10.0 10.0 10.0 10.0 10.0 10.0 10.0

ri1 4.6 10.0 3.4 5.1 4.2 7.3 4.5 9.2

ri2 4.3 5.0 4.0 4.3 4.3 4.1 4.3 3.8

ri3 4.7 9.5 4.5 10.0 4.6 10.0 4.7 9.4

d1 32.1 18.2 31.2 18.2 31.8 18.2 32.1 18.2

d2 48.9 18.2 49.8 18.2 49.1 18.2 48.9 18.2

D 40.0 21.0 40.0 21.0 40.0 21.0 40.00 21.0

DLR 7.2 18.6 6.7 16.6 14.0 24.7 21.1 32.1

and (5.2.3). It is noticeable that, for the case of opaque barriers (△ sym-

bols in Table 5.1), the algorithm has always converged to the restrictions of

maximum external radius and minimum distance between cylinders, that is,

trying to make the SC more compact. The same applies to the case of the

transparent barriers (✷ symbols) where minimum distance D and maximum

radius are also obtained. In addition, distances d1 and d2 are practically the

same for each transmission model in this topology.

Looking closer to the dimensions obtained, especially the internal radii, it

is observed that the cases based on effective transmission T ′
eff and T ′′

eff tend to

the values obtained for the case of simple transmission T as the attenuation

by geometrical spreading of waves increases. This fact is logical since mul-

tiple reflections are negligible when the attenuation by wave propagation is

large, becoming only important the first incidence of the wave in the barrier.

Note that differences in DLR between the T and T ′
eff, T ′′

eff cases are mainly

due to the attenuation occurring along the path from the source to the first

barrier. Therefore models T and Teff models can be regarded as two extreme

approaches. Practical cases will fall within them depending on their propaga-

tion attenuation and the distance between barriers. While in wide highways

T ′
eff and T ′′

eff models will obtain parameters that approach those given by T ,
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situations such as narrow roads or railway lines will make these parameters

closer to the Teff model.

It is worth noting that for the case of simple transmission T there are two

insulation mechanisms available: reflectance by the barrier periodic structure

and absorption by the material of its building units. However the Teff model

only employs absorption since reflected waves always reach the opposite bar-

rier without being attenuated during propagation. The practical constrain

of minimum distance D imposed to the optimization of the transparent bar-

riers has avoided the chance of using reflection as the principal attenuation

mechanism (band gaps cannot be formed in an efficient way). Therefore the

optimization process has always chosen improving the absorption, thus re-

sulting in barrier structures with similar parameters in the four transmission

cases. On the other hand, for the opaque barrier where distances between

cylinders are not so constrained, larger differences are found between the

optimized parameters from the different transmission models. The configu-

ration obtained from the T model needs larger rigid cores, especially in the

first row, while the barrier derived from the Teff model requires more rubber

crumb. This fact highlights the differences between the transmission models

in such a manner that in the first case a reflective barrier is obtained while

the second corresponds to a barrier based on absorption phenomenon. The

angular-averaged reflection Rav(ω) and absorption Aav of these two cases are

represented in Fig. 5.3, which shows how the barrier obtained from model

T has a high reflective spectrum but a low absorption profile, while that

resulting from model Teff has an opposite behavior.

5.5 Experimental Verification

To support the theoretical predictions, a 3 m high by 4.5 m long barrier has

been constructed and experimentally characterized in a transmission chamber

(see Fig. 5.4). Due to practical limitations, the optimized dimensions in

Table 5.1 have been slightly modified, so that building parameters are r1 =

r2 = r3 = 10 cm, ri1 = ri2 = 0, ri3 = 4.5 cm, d1 = 30cm, d2 = 50 cm and

D = 42 cm. Theoretically the expected DLR of this barrier differs by less

than 0.5 dB with respect to the optimized results reported in Table 5.1.

The sound transmission loss coefficients Ri have been measured by fol-
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Figure 5.3: Angular-averaged reflection Rav(ω) and absorption Aav(ω) of the

opaque barriers optimized through the T and Teff models.

lowing the ISO10140-2 norm [ISO10]. In brief, a loudspeaker is placed at the

source room of the transmission chamber and generates a white noise that

becomes a diffuse sound field due to the multiple reflections on the room

walls. Sound levels in source and receiver rooms (L1 and L2, respectively)

are acquired with moving microphones in such a manner that the sound field

is averaged in time and space. The transmission loss Ri for each normalized

one-third octave band is obtained as

Ri(dB) = L1 − L2 + 10 log

(

S

A

)

, (5.5.1)

where S is the surface of the sample and A is the equivalent absorption area

of the receiver room. The parameter A is obtained through the reverberation

time T measured in the receiver room applied to Sabine’s equation

A =
0.16V

T
, (5.5.2)

V being the volume of the receiving room.

Figure 5.5 shows the Ri coefficients measured (hollow squares) and cal-

culated through models T (bold circles) and Teff (bold triangles). According
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Figure 5.4: Photograph taken inside the transmission chamber. The barrier is

schematically described in Fig. 5.2 and has parameters r1 = r2 = r3 = 10 cm,

ri1 = ri2 = 0, ri3 = 4.5 cm, d1 = 30 cm, d2 = 50 cm and D = 42 cm.

to the absorptive properties of rubber crumb, the responses of attenuation

obtained increase as frequency does. Note that although a bandgap is ex-

pected in the reflectance spectrum, it does not appear in Fig. 5.5 because the

angular and frequency average performed on the Ri coefficients smoothes the

response. The agreement between theoretical predictions and experiment is

remarkable, being the obtained experimental value of DLR = 6.78 dB, close

to those predicted by the two models. Theory and experiment differ only at

low frequencies where normal modes of the room become important, result-

ing in a not completely diffuse acoustic field. Moreover both models produce

similar curves due to the reduced reflectance of the barrier.

For comparison purposes, the case of SC barrier made of only rigid cylin-

ders (with the same external radii) has been also considered and its coeffi-

cients are depicted in Fig. 5.5. Note that its corresponding quality factor

has been strongly reduced in comparison with rubber crumb barrier, where

absorption is the mechanism leading to the broadband sound attenuation

needed for traffic noise.

Figure 5.5 also shows the coefficients calculated for a flat panel of rubber

crumb with thickness d = 20.9 cm, thus having the same amount of this

material per unit length than the measured barrier. These coefficients have



66 Optimum barrier design

been also obtained by using Eq. (5.3.9), in which the transmission TSC is

replaced by that calculated for a slab made of a dissipative material [Bre80]

TRC =

∣

∣

∣

∣

e−γd cos(θ′) 1− ρ2

1− ρ2e−2γd cos(θ′)

∣

∣

∣

∣

2

, (5.5.3)

where γ = α + ik is the exponential propagation in rubber crumb including

attenuation effects and ρ the reflectance between two semi-infinite layers of

air and rubber crumb. The angle θ′ is obtained through the Snell’s law

ik0 sin(θ) = γ sin(θ′), where k0 is the wavenumber in air. Note that the

DLR value of the flat barrier is slightly higher than that for the sonic crystal

barrier, but this small difference is clearly compensated with the improvement

of flow resistance as well as aesthetic aspects of the sonic crystal barrier.
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Figure 5.5: (Color online) Ri coefficients and quality factors DLR (simulated

and measured) of the barrier illustrated in Fig. 5.4. Coefficients simulated

for a barrier made of only rigid cylinders with the same external radii are

also depicted for comparison.

Nevertheless, it is important to mention that the DLR here achieved is
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far from that of an efficient noise barrier. This fact is mainly due to the

constraints imposed to the optimization process, especially those applied to

the transparent topology. When these requirements are relaxed, more effi-

cient designs can be obtained as observed in the case of the opaque barriers.

If a higher attenuation is required while meeting the same constraints, the

study of new absorption mechanisms should be considered. Thus the inclu-

sion of additional absorbers into the scattering units can lead to a better

performance without requiring too dense structures.





Part II

Noise barriers based on

microperforated cylinders





Chapter 6

Introduction

6.1 Microperforated panels

Microperforated panels (MPP) consist of plates with sub-millimeter perfora-

tions backed by an air cavity and a rigid wall (see Fig. 6.1). MPPs represent

an interesting alternative to the traditional use of fibers and foams, especially

in outdoor applications where weathering and fiber quality deterioration are

major drawbacks. They are also useful in those applications requiring fi-

breless materials like ventilation systems where fiber contamination becomes

an issue. Unlike bulk absorbers, MPPs are robust in severe environments,

cleanable, light weight and non-combustible. Moreover aesthetic aspects can

be enhanced since the panels can be built with transparent materials (like

methacrylate) or even in decorated or surface-treated plates. The absorption

spectrum of MPPs is tunable and can provide better sound absorption at

low frequencies than typical fibers and foams.

The absorbing mechanism of a MPP is based on a Helmholtz-type reso-

nance. The energy losses are mainly due to the viscous friction of the satu-

rated fluid in the walls of the perforations, although other secondary effects

such as heat transfer or piston-like motion of the perforations may be con-

sidered. This inherent damping eliminates the need to use porous or fibrous

materials, although these absorbing materials could be placed in the cavity

in order to improve the performance of the structure. From the point of view

of acoustic impedances, a MPP can be described as the series connection

of a resistance and an inductive reactance (corresponding to the equivalent
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Figure 6.1: Basic structure of a microperforated panel. It is based on a

microperforated plate of thickness t and an air cavity of thickness D backed

with a rigid wall.

model of the holes) with a capacitive reactance due to the air cavity. When

the system resonates, both reactances cancel each other in such a manner

that the characteristic impedance of the panel becomes purely real. Under

these circumstances, a high absorption can be obtained provided that the

resistance of the plate approaches that of air. It is remarkable that circuit

equivalent models have been widely used in many works since it simplifies

the calculation of MPPs and allows the analysis of more complex structures

based in the same principles.

Ordinary perforated panels (with perforations on the order of millime-

ter or even centimeters) have been traditionally used as protective facing

for sound absorbing materials. They have also been extensively employed

as narrowband Helmholtz absorbers for mufflers. Due to the large size of

the perforations, they have very low acoustic resistance and therefore their

absorption is low except at very narrow bands. MPP absorbers were first

proposed by Maa [Maa75]. Maa showed that, by reducing the diameter of

the holes to sub-millimeter dimensions, the normal impedance of the panel

increases. If the size of the holes is small enough, the real part of the imped-

ance becomes close to the characteristic impedance of air in such a manner

that the absorption coefficient will be close to one at the resonant frequencies.

Since the first work of Maa, many other studies have been published in
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this topic reporting improvements and more detailed analysis. Maa [Maa87]

proposed double resonators made with two parallel MPPs. He demonstrated

through electrical equivalent circuits that this configuration broaden the ab-

sorption band of the structure. A new variation was introduced by removing

the rigid wall of a double MPP, showing that the new structure can en-

hance the absorption at low frequencies [SMK06]. Since lightweight panels

are preferable, Sakagami et al. [SMY05] investigated the effects of vibrations

in the perforated plate. They showed that vibrations can affect negatively

to the performance of the sound absorber and suggested tuning the optimal

values of the design to account for this phenomenon. On the other hand

the vibrations in the backing plate were studied by Dupont and coworkers,

who demonstrated that the absorptive properties of the MPPs can be im-

proved in some bands with a proper design [DPL03]. Toyoda and Takahashi

proposed a partitioned backing cavity [TT08] where each cell creates a lo-

cal one-dimensional field (even with oblique incidence) which enhance the

Helmholtz resonance. This idea allowed them to improve the response of

the sound absorber at medium frequencies. Practical works have been also

reported, the first real application being published in 1997, when patented

microperforated panels were installed in the German Parliament Building

in Bonn [FZ97b,FZ97a]. The use of transparent MPPs for window systems

was studied by Kang and Brocklesby [KB05], paying attention to the light

transmission and the natural ventilation through the plates. More recently

Asdrubali and Pispola shown the feasibility of using transparent MPP ab-

sorbers in outdoor applications [AP07]. In his work a numerical optimization

of a MPP with three layers was applied in order to get the best design ac-

cording to the criteria of the European normative. The use of MPPs in

flow duct applications such as automotive exhaust or ventilation systems

has been studied by Allam and Åbom [AÅ11]. They proposed a dissipative

silencer based on a microperforated tube surrounded by concentric cavities

and demonstrated that this technology can compete with the use of porous

materials.

MPPs were initially manufactured with circular perforations, according

to the initial proposal by Maa. The plates were drilled through laser cutting

techniques, leading to an expensive product that was considered too costly

for commercial use. However affordable MPPs are now available due to the
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research focused on developing cheap fabrication processes and materials.

Instead of circular perforations, slit-shaped holes probed to be an advan-

tageous alternative. They have similar acoustic properties than the holes

with circular shape [Maa00] and can be manufactured in plastic or metal

by pressing or cutting methods. In addition, Pfretzschner et al. considered

the use of textile materials because their structure is inherently microperfo-

rated [PCS+06b]. Since the perforation ratio of these materials is too high,

the authors proposed to combine them with rigid perforated plates having

relatively large perforations and a low perforation ratio. This method re-

sulted in an effective and cheap way to build MPPs and gave rise to a patent

application [PCS06a].

6.2 Objectives

In previous chapters it was shown that noise barriers made with rubber

crumb cylinders provide acceptable levels of attenuation in the medium and

high frequency ranges of the traffic noise spectrum. However this proposal is

unable to provide effective attenuation mechanisms at low frequencies. The

two phenomena involved, absorption by a porous material and a band gap

associated with the periodicity of the scatterers, require too large cylinders

and high filling fractions when dealing with long wavelengths. Thus, this part

of the work presents a study intended to include the technology of MPPs to

the SC-based barriers previously proposed. Due to the standard behavior of

MPPs it is expected a considerable improvement in the absorptive properties

of the barrier, especially in the low frequency range. The new scattering

units will be based on microperforated shells, which are obtained by rolling

up microperforated plates. It is intended to develop a theoretical model for

the new scattering units and demonstrate its validity with an experimental

realization. Note that this proposal can be combined with the latter so that

scattering units having a microperforated shell and inner porous layers could

be considered. An optimization procedure similar to that developed in the

last chapter will be performed and the results of adding microperforated

plates to the scatterers will be shown and discussed.



Chapter 7

Theoretical model of

microperforated cylinders

An approach for the calculation of MPPs was presented by Maa in the seven-

ties [Maa75], and it was further improved in 1998 [Maa98]. Maa developed a

simplified model to characterize the absorption properties of MPP absorbers

having circular-shaped holes. The analysis of the structure was based on

acoustic impedance calculations, where the total impedance of a MPP is

determined by the impedance of the plates as well as the air cavity. This

approach has been employed in the numerical calculations here presented.

Thus, the impedance of microperforated plates with circular and slit-shaped

geometries are first described in Section 7.1. Some remarks about MPPs will

be provided in Section 7.2 when the impedance of the air cavity is taken into

consideration. After this the study of a microperforated cylindrical shell can

be approached from the impedance of the plate employed in building the

scattering unit. Thus the expression of the T matrix of different scatterers

containing a microperforated shell is deduced and verified in Section 7.3.

7.1 Impedance of a perforation

The impedance of a microperforated plate is calculated as the sum of two

contributions: the internal and the external parts. The former accounts for

the effects that take place inside the holes and is modelled by considering

infinitely long perforations. On the other hand the external part takes into
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account the phenomena occurring on the surface of the plate and the openings

of the perforations. This term can include other effects like non-linearities

or the presence of wind. The external part will be expressed through several

corrections that are added to the total impedance. Note that the impedance

of a perforation is considered as a lumped element since its size is supposed

to be much smaller than the wavelength of the incident sound.

7.1.1 Internal part

The internal part is the most significant contribution to the total impedance

of the microperforated plate. Its deduction relies on the study of the sound

propagation inside infinitely long tubes. The first works in this topic were

developed by Rayleigh [Ray45] and Kirchhoff [Kir68]. An approximate sim-

plification of the Rayleigh’s theory was presented by Crandall [Cra26], who

considered a negligible contribution of the thermal conductivity in tubes

whose length is small compared to the wavelength. Under these circum-

stances a radial-dependent laminar flow along the tube is obtained and the

propagation characteristics can be calculated in a cross section of the tube.

This simplification was adopted by Maa to deduce the acoustic impedance

of small tubes.

When considering friction losses in a fluid, the equation of motion (see

Eq. (2.1.5)) needs to account for terms that depend on the dynamic viscosity

of the fluid. By considering an incompressible fluid with mass density ρ0 and

dynamic viscosity η0, the new equation of motion becomes the Navier-Stokes

equation

−∇P + η0∆~v = ρ0

[

∂~v

∂t
+ ~v (~v · ∇)

]

, (7.1.1)

whose linearized form is

−∇P + η0∆~v = ρ0
∂~v

∂t
. (7.1.2)

Consider a tube with circular section of radius r0 whose axis is parallel to

the coordinate z. According to the assumptions of Crandall, the velocity

field has only non-zero components in the z direction. Due to the geometry

of the problem, it is convenient to express the last equation in cylindrical

coordinates

−∇zP +
η0
r

∂

∂r

(

r
∂vz
∂r

)

= ρ0
∂vz
∂t

. (7.1.3)
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where r corresponds to the radial coordinate. If a sinusoidal motion is sup-

posed, the time derivatives are replaced by iω terms. By rearranging the

above equation we obtain

(

∂2

∂r2
+

1

r

∂

∂r
+ l2

)

vz =
1

η0

∂P

∂z
, (7.1.4)

where

l2 = − iωρ0
η0

. (7.1.5)

Taking into account that the velocity vanishes on the surface of the cylinder,

the solution to this equation has the form

vz = − 1

iωρ0

∂P

∂z

[

1− J0(lr)

J0(lr0)

]

, (7.1.6)

J0 being the Bessel function of zero order. From this expression the average

velocity over a cross section of the tube can be obtained as

vz =
2

r20

∫ r0

0

vzrdr = − 1

iωρ0

∂P

∂z

[

1− 2

s
√
−i

J1(s
√
−i)

J0(s
√
−i)

]

, (7.1.7)

where the parameter s is defined as

s = r0

√

ωρ0
η0

, (7.1.8)

and is known as the perforate constant. Its value is proportional to the

ratio of the radius of the tube to the viscous boundary layer thickness. The

viscous layer corresponds to the spatial zone close to a surface where viscous

phenomena need to be taken into consideration. Navier-Stokes equation has

to be applied within this layer. The non-viscous equation of motion could

be employed outside since viscosity effects are negligible. Therefore large

boundary layers compared to the radius of the cylinders will lead to more

viscous dissipation, which is in accordance with the requirement of holes with

small radii.

When considering a tube with a finite length t, its impedance can be

calculated from Eq. (7.1.7) provided that t is much smaller than the wave-

length of the sound. In this case the pressure gradient can be approximated

by the pressure difference between both tube ends divided by the thickness t.



78 Theoretical model of microperforated cylinders

Replacing this gradient in Eq. (7.1.7) the internal impedance of the circular

hole has the form

Zc,i = iωρ0t

[

1− 2

s
√
−i

J1(s
√
−i)

J0(s
√
−i)

]−1

. (7.1.9)

Consider now a slit-shaped hole along the z-axis and whose walls are

defined by the planes x = −a and x = a. The slit is supposed to be narrow

and long, in such a manner that the contributions of its ends (located at

y = ±b) are negligible. The velocity field has only z-component and only

depends on the coordinate x due to the boundary layer of the walls. Therefore

Eq. (7.1.2) reduces to [AA93]

−∂P

∂z
+ η0

∂2vz
∂x2

= iωρ0vz. (7.1.10)

The solution of this equation, taking into account that velocity vanishes at

x = ±a, is

vz = − 1

iωρ0

∂P

∂z

[

1− cos(lx)

cos(la)

]

. (7.1.11)

The averaged velocity over a cross section becomes

vz =
1

2a

∫ a

−a

vzdx = − 1

iωρ0

∂P

∂z

(

1− tanh(s′
√
i)

s′
√
i

)

. (7.1.12)

The parameter s′ corresponds to

s′ = a

√

ωρ0
η0

, (7.1.13)

which is identified as the perforate constant of the slit. Therefore the internal

impedance of the slit-shaped hole has the form

Zs,i = iωρ0t

[

1− tanh(s′
√
i)

s′
√
i

]−1

. (7.1.14)

7.1.2 Viscous end correction

The viscous end correction takes into account the amount of energy dissipated

by the panel surface near the hole. It depends on the velocity profile of the

fluid particles along the surface, which is difficult to calculate even for simple
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geometries. Ingard suggested that this effect can be estimated through the

resistance of an oscillatory flow over an infinite plane surface [Ing53]

RS =
1

2

√

2η0ωρ0, (7.1.15)

when the radius of curvature is large compared to the viscous boundary layer

thickness. However Ingard argued that this value may be in serious error in

the case of surfaces with small radii of curvature. In these circumstances the

particle velocity over the surface is higher and therefore the dissipation effects

are stronger. He demonstrated experimentally that the correction is closer

to 4RS in this case. As a general rule, Guo et al. expressed the correction

as [GAÅ08]

RS = α
√

2η0ωρ0, (7.1.16)

where α is a factor which equals 4 for circular holes with sharp edges, 2 for

rounded edges and 2 for slit-shaped holes. These values are in agreement

with those used by Maa in his papers.

7.1.3 Mass end correction

Besides the air reactance due to the fluid filling the hole, there is another con-

tribution caused by the air motion outside the hole. This effect is interpreted

as an extra mass attachment and is often expressed in the form of an added

length δ to the tube. In the case of a circular hole Crandall [Cra26] and

Sivian [Siv35] proposed the Rayleighs expression for the air mass reactance

of a vibrating piston

δ =
16r0
3π

, (7.1.17)

which is the value employed by Maa in his models. However this expression

ignores the interaction between neighboring holes which in practice reduces

the value of δ. Note that this fact can induce to error, especially in large

apertures where the end correction is an important contribution. Ingard

calculated the mass end correction for different geometries by considering

a uniform velocity distribution in the aperture [Ing53]. Assuming that a

microperforated panel acts as a distributed Helmholtz resonator, the theory

developed by Ingard allows taking into account the neighboring effect. The

added length was approximated as

δ = 0.96
√
A(1− 1.25ξ), (7.1.18)
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where A is the area of the aperture and ξ is a factor that must be less than

0.4. In the case of circular holes ξ = 2
√

σ/π where σ is the perforation ratio,

defined as the drilled area divided by the total area of the plate. Note that

the above expression becomes Eq. (7.1.17) when σ is negligible. In the case

of slit-shaped holes ξ =
√
σ. If values of ξ greater than 0.4 were used, it

would be necessary to use the exact expressions reported by Ingard.

Melling revised the effect of interaction between perforations and pre-

sented a function [Mel73]

Ψ(ǫ) =

( ∞
∑

n=0

anǫ
n

)−1

, (7.1.19)

with ǫ =
√
σ and whose first coefficients are a0−8=[1, -1.4092, 0, 0.33818, 0,

0.06793, -0.02287, 0.03015, -0.01641]. The corrected length is expressed as

δ = δ0/Ψ(ǫ), where δ0 is the Rayleigh correction of Eq. (7.1.17). It is worth

noting that the correction given by Melling is an approximation of the exact

values obtained by Ingard in the full range of σ for circular holes.

The mass end correction is added as a series reactance to the hole imped-

ance with the form Xm = ωρ0δ. Other authors argue that δ must be added

to the length t of the tube in the formula of Zi, thus affecting also to the real

part of the internal impedance [SS85,Mel73].

7.1.4 Nonlinear effects

The impedance of a hole depends on the intensity of the incident wave. The

first evidence of this fact was reported by Sivian, who observed experimen-

tally an increase in the resistance at high particle velocities [Siv35]. The

phenomenon is explained by turbulence and jet effects in the region of the

aperture, and appears when the sound pressure exceeds levels on the order

of 100dB approximately [Maa75]. Ingard and Ising reported measures of

nonlinear impedance of circular holes concluding that the opening resistance

may be estimated by [II67]

Rnl = ρ0|~v|, (7.1.20)

where |~v| is the particle velocity amplitude. For high sound pressure levels

Rnl is the dominant component of the resistive part of the total impedance.

On the other hand, non-linear reactance tends to decrease for high intensity
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fields. The non-linear reactive part is difficult to calculate. In his work Ingard

only concluded that its value reduces to a half of the linear value at high sound

levels. For this term Maa proposed a modified mass end correction [Maa98]

δ′ = δ(1 +
|~v|
σc0

)−1, (7.1.21)

where c0 corresponds to the phase velocity of sound waves in the fluid.

7.1.5 Grazing flow effects

A tangential flow on the microperforated plate is referred to as grazing flow.

It is shown that the acoustic behaviour of the microperforated panel is mod-

ified by the presence of grazing flow, and therefore additional terms need to

be added to the total impedance. The real part of the correction is modelled

as βMZ0 where M is the Mach number, Z0 is the characteristic impedance

of air and β a constant. This model was initially proposed by Rice, who sug-

gested the value βc = 0.3 for ordinary perforated plates [Ric71]. For plates

with small perforations Guo and co-workers proved that this value is actually

lower, reporting a value of βc = 0.15 [GAÅ08]. The case of slit-shaped holes

is more complex since the impedance depends on the orientation of the slits

with respect to the flow. The same authors found the values βs = 0.079 for

slits parallel to the flow direction and βs = 0.044 for slits perpendicular to

it [GAÅ08].

On the other hand the presence of grazing flow decreases the value of

reactance in the holes due to the effective reduction of mass attachment in

the openings. According to another work of Rice, this effect can be de-

scribed through a modified mass end correction δg = δ/(1 + χM3) with

χ = 305 [RFA71]. Allam and Åbom found that this value of χ is much larger

for microperforated panels, suggesting χc = 12.63 for plates with circular

perforations [AÅ11].
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7.1.6 Total impedance

Taking into account all the phenomena described in the previous sections,

the total impedance of a circular hole has the form

Zc = iωρ0t

[

1− 2

s
√
−i

J1(s
√
−i)

J0(s
√
−i)

]−1

+ α
√

2η0ωρ0 + ρ0|~v|+ βcMρ0c0+

iωρ0
16r0
3π

1− 1.25 2√
π

√
σ

(

1 + |~v|
σc0

)

(1 + χcM3)
. (7.1.22)

For a slit-shaped hole the total impedance is

Zs = iωρ0t

[

1− tanh(s′
√
i)

s′
√
i

]−1

+ 2
√

2η0ωρ0 + ρ0|~v|+ βsMρ0c0+

0.96iωρ0
√
a b

1− 1.25
√
σ

(

1 + |~v|
σc0

)

(1 + χsM3)
, (7.1.23)

where 2a and 2b are the width and length of the rectangle which defines the

slit, respectively. For simplicity this work supposes a negligible grazing flow

and a linear behaviour of the hole impedance. Therefore the expressions used

in further analyses are

Zc = iωρ0t

(

1− 2

s
√
−i

J1(s
√
−i)

J0(s
√
−i)

)−1

+ α
√

2η0ωρ0+

iωρ0
16r0
3π

(

1− 1.25
2√
π

√
σ

)

, (7.1.24)

Zs = iωρ0t

(

1− tanh(s′
√
i)

s′
√
i

)−1

+ 2
√

2η0ωρ0+

0.96iωρ0
√
a b
(

1− 1.25
√
σ
)

. (7.1.25)

7.2 Microperforated panels

In the last section the impedance Zhole of a perforation , which is referred to

as Zc or Zs depending on the geometry, has been studied. In this analysis a
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single hole has been supposed. When an air cavity and a rigid termination

are included, the resulting structure consists of a single Helmholtz resonator.

A MPP can be though as a 2D distribution of independent Helmholtz res-

onators. This is a valid assumption when the perforation ratio is small,

although it also applies to plates with larger values of σ through the inclu-

sion of neighboring corrections in the impedance expression. The effective

impedance of the set of Helmholtz resonators is given by the impedance of a

single hole divided by the perforation ratio σ:

Zp =
Zhole

σ
= Rp + iωMp. (7.2.1)

On the other hand the impedance of an air cavity of depth D backed by a

rigid wall is calculated through a one dimensional model as

Zback =
−iZ0

tan(k0D)
, (7.2.2)

where k0 is the wavenumber in air. Thus the total impedance of a MPP at

normal incidence is ZMPP = Zp + Zback. The absorption coefficient of the

panel is therefore given by

α =
4Z0Rp

(Z0 +Rp)2 +
(

ωMp − Z0

tan(k0D))

)2 . (7.2.3)

It is worth noting that the reactance of the holes Mp and the impedance of

the cavity are of opposite signs. The resonance will occur at the frequency

f0 where the imaginary part of ZMPP vanishes, satisfying the equation

ω0Mp =
Z0

tan(ω0D/c0))
, (7.2.4)

whose solution is located around the frequency where D is one-quarter of the

acoustic wavelength. At f0 the absorption coefficient reaches its maximum

value

α0 =
4Z0Rp

(Z0 +Rp)2
. (7.2.5)

which results in total absorption when Rp = Z0. It is shown that the ab-

sorption spectrum can be tuned to targeted frequency bands by adjusting the

cavity depth. On the other hand it is also remarkable that the MPP absorber
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is not effective in other frequency bands. To illustrate this behavior, Fig. 7.1

represents the absorption coefficient as a function of the frequency and the

cavity depth of a MPP built with the microperforated plates employed in the

experimental characterization of the next chapter. It is observed a good per-

formance at low frequencies where strong absorption bands appear between

narrow bands with low absorption. At high frequencies this trend is reversed

and the low absorption bands dominate the spectrum of the MPP, making

the structure inefficient as sound absorber.

Figure 7.1: Absorption spectrum of a MPP as a function of the frequency

and the cavity depth. The MPP has slit shaped holes with parameters b =

1.61 mm, a = 48.1 µm, σ = 3.3% and t = 1 mm.

The absorption coefficient of a MPP depends on the angle of incidence of

the impinging sound. In the case of oblique incidence the expression of Zp

does not change since the holes behave as a locally reacting material. The

air inside the pores vibrates along its axis and this vibration only depends

on the pressure of air above the pore. At the other side of the plate (inside
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the cavity) the impinging wave will travel with the same oblique angle of

incidence θ following the Huygens’Principle. The impedance of the air cavity

changes according to the expression

Zback =
−iZ0

cos(θ)

1

tan(k0D cos(θ))
. (7.2.6)

and therefore the sound absorption coefficient becomes

α(θ) =
4Z0Rp cos(θ)

(Z0 +Rp cos(θ))2 +
(

ωMp cos(θ)− Z0

tan(k0D cos(θ)))

)2 . (7.2.7)

The new resonance frequency is now f ′
0 = f0/ cos(θ), higher than that found

at normal incidence. The maximum absorption can be greater or smaller

than the values obtained with normal incidence depending on θ and Rp.

7.3 T matrix of microperforated cylinders

A microperforated cylindrical shell is easily constructed by rolling up a mi-

croperforated plate. The T matrix of this scattering unit will be here calcu-

lated as a function of the impedance of the plate Zp in such a manner that

different effects (such as wind or non linearities) could be easily introduced

in the model through impedance corrections. First, the T matrix of a sin-

gle microperforated shell will be deduced. Note that microperforated plates

provide good sound absorption at low frequencies although they are not so

efficient in the high frequency range. In order to improve the high frequency

operation of the scattering units it is interesting to include an absorbing

cylinder inside the microperforated shell. Thus the T matrix of a cylindrical

shell with a porous core will be later considered, as well as the insertion of a

second microperforated shell.

7.3.1 Hollow microperforated cylinder

Consider a thin microperforated shell between the radii R+ and R−, in such

a manner that R+ − R− = t. The medium inside the shell is referred to as

medium A and is characterized by the acoustic parameters ρa and ka. The
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medium B is located outside the shell and its parameters are ρb and kb. The

acoustic field in both media can be expressed in cylindrical coordinates as

Pa(r, θ) =
+∞
∑

q=−∞
A0

qJq(kar)e
iqθ, (r < R−), (7.3.1)

Pb(r, θ) =
+∞
∑

q=−∞
B0

qJq(kbr)e
iqθ +

+∞
∑

q=−∞
BqHq(kbr)e

iqθ, (r > R+). (7.3.2)

It will be useful to express the radial velocity of the above fields to apply the

boundary conditions. According to Eq. (2.1.6), the radial velocity equals to

vr =
−i

ωρ

∂P

∂r
, (7.3.3)

and therefore

vra(r, θ) =
+∞
∑

q=−∞

−ika
ωρa

A0
qJ

′
q(kar)e

iqθ, (7.3.4)

vrb(r, θ) =
+∞
∑

q=−∞

−ikb
ωρb

(

B0
qJ

′
q(kbr) + BqH

′
q(kbr)

)

eiqθ. (7.3.5)

The first boundary condition imposes the continuity of the normal velocities

at each side of the perforated plate. These velocities correspond to vra and vrb
and could be interpreted as the velocities given by Eqs. (7.1.7) and (7.1.12)

averaged by the perforation ratio σ. Hence

+∞
∑

q=−∞

kb
ρb

(

B0
qJ

′
q(kbR

+) + BqH
′
q(kbR

+)
)

eiqθ =
+∞
∑

q=−∞

ka
ρa

A0
qJ

′
q(kaR

−)eiqθ.

(7.3.6)

Multiplying by eisθ and integrating from 0 to 2π the above equation yields

kb
ρb

(

B0
qJ

′
q(kbR

+) + BqH
′
q(kbR

+)
)

=
ka
ρa

A0
qJ

′
q(kaR

−). (7.3.7)

The second boundary condition relates the pressure difference between both

sides of the plate and the normal velocity through the plate impedance Zp,

leading to

vra|r=R− = vrb|r=R+ =
Pb|r=R+ − Pa|r=R−

Zp

. (7.3.8)
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When applying the above condition to the proposed acoustic fields we obtain

−iZpka
ωρa

A0
qJ

′
q(kaR

−) = B0
qJq(kbR

+) + BqHq(kbR
+)− A0

qJq(kaR
−). (7.3.9)

Combining Eqs. (7.3.7) and (7.3.9) the T matrix of a microperforated shell

is shown to be

Tq =
Bq

B0
q

= −
ρqJ

′
q(kbR

+)− Jq(kbR
+)

ρqH ′
q(kbR

+)−Hq(kbR+)
, (7.3.10)

where

ρq =
ρakb
ρbka

Jq(kaR
−)

J ′
q(kaR

−)
− iZpkb

ωρb
. (7.3.11)

7.3.2 Microperforated cylinder with porous core

Consider the structure shown in Fig. 7.2, where the medium A is an absorb-

ing material with porosity Ω and the microperforated shell is defined by the

radii R+ and R−. The acoustic fields in each region are expressed as

Figure 7.2: Structure of a microperforated shell (R− < r < R+) with a

porous core (r < Ra). The acoustic parameters are indicated in each layer.
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Pa(r, θ) =
+∞
∑

q=−∞
A0

qJq(kar)e
iqθ, (r < Ra), (7.3.12)

Pb(r, θ) =
+∞
∑

q=−∞
B0

qJq(kbr)e
iqθ +

+∞
∑

q=−∞
BqHq(kbr)e

iqθ, (Ra < r < R−),

(7.3.13)

Pc(r, θ) =
+∞
∑

q=−∞
C0

qJq(kcr)e
iqθ +

+∞
∑

q=−∞
CqHq(kcr)e

iqθ, (r > R+). (7.3.14)

The boundary conditions at the B − C interface are the same as those pre-

sented in last section, those are

vrb|r=R− = vrc|r=R+ =
Pc|r=R+ − Pb|r=R−

Zp

. (7.3.15)

By applying the conditions to Pb and Pc we get

kc
ρc

(

C0
qJ

′
q(kcR

+) + CqH
′
q(kcR

+)
)

=

kb
ρb

(

B0
qJ

′
q(kbR

−) + BqH
′
q(kbR

−)
)

, (7.3.16a)

−iZpkc
ωρc

(

C0
qJ

′
q(kcR

+) + CqH
′
q(kcR

+)
)

=

C0
qJq(kcR

+)−B0
qJq(kbR

−)− BqHq(kbR
−). (7.3.16b)

On the other hand the boundary conditions at the A−B interface are

Pa|r=Ra
= Pb|r=Ra

, (7.3.17a)

1

ρb

∂Pb

∂r

∣

∣

∣

∣

r=Ra

=
Ω

ρa

∂Pa

∂r

∣

∣

∣

∣

r=Ra

, (7.3.17b)

from which the subsequent expressions are derived:

B0
qJq(kbRa) + BqHq(kbRa) = A0

qJq(kaRa), (7.3.18a)

kb
ρb

(

B0
qJ

′
q(kbRa) + BqH

′
q(kbRa)

)

=
Ωka
ρa

A0
qJ

′
q(kaRa). (7.3.18b)

Taking into account the above expressions, the T matrix of a microperforated

shell with porous core is expressed as

Tq =
Cq

C0
q

= −
ρqJ

′
q(kcR

+)− Jq(kcR
+)

ρqH ′
q(kcR

+)−Hq(kcR+)
, (7.3.19)
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where

ρq =
ρbkc
ρckb

Jq(kbR
−) + T s

qHq(kbR
−)

J ′
q(kbR

−) + T s
qH

′
q(kbR

−)
− iZpkc

ωρc
. (7.3.20)

The parameter T s
q has the form

T s
q =

Bq

B0
q

= −
ρsqJ

′
q(kbRa)− Jq(kbRa)

ρsqH
′
q(kbRa)−Hq(kbRa)

, (7.3.21)

with

ρsq =
1

Ω

ρakb
ρbka

Jq(kaRa)

J ′
q(kaRa)

. (7.3.22)

T s
q coincides with the T matrix of a porous cylinder, as previously explained

in Section 2.2.1. Moreover, if the porous core is replaced by a rigid cylinder,

Eq. (7.3.19) is valid while T s
q becomes

T s
q = −

J ′
q(kbRa)

H ′
q(kbRa)

. (7.3.23)

7.3.3 Cylinder with two perforated shells

A second microperforated shell can be placed inside the external one in an

effort to enhance the absorption of the scattering unit. Consider the scheme

shown in Fig. 7.3, where a new perforated layer with impedance Zpa has

been introduced in the region R−
a < r < R+

a . On the other hand the external

microperforated layer is located at R−
b < r < R+

b , and its impedance is

denoted as Zpb. Because of their similarity, the expressions of the pressure

fields in this case has the same form than Eqs. (7.3.12) to (7.3.14). By

applying boundary conditions at the interface B-C we get

kc
ρc

(

C0
qJ

′
q(kcR

+
b ) + CqH

′
q(kcR

+
b )
)

=

kb
ρb

(

B0
qJ

′
q(kbR

−
b ) +BqH

′
q(kbR

−
b )
)

, (7.3.24a)

−iZpbkc
ωρc

(

C0
qJ

′
q(kcR

+
b ) + CqH

′
q(kcR

+
b )
)

= C0
qJq(kcR

+
b )+

CqHq(kcR
+
b )−B0

qJq(kbR
−
b )− BqHq(kbR

−
b ). (7.3.24b)

Similarly to the previous case, the T matrix has the form

Tq =
Cq

C0
q

= −
ρqJ

′
q(kcR

+
b )− Jq(kcR

+
b )

ρqH ′
q(kcR

+
b )−Hq(kcR

+
b )

, (7.3.25)
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Figure 7.3: Structure of a microperforated shell (R−
b < r < R+

b ) with an

additional microperforated core (R−
a < r < R+

a ). The acoustic parameters

are indicated in each layer.

where

ρq =
ρbkc
ρckb

Jq(kbR
−
b ) + T s

qHq(kbR
−
b )

J ′
q(kbR

−
b ) + T s

qH
′
q(kbR

−
b )

− iZpbkc
ωρc

. (7.3.26)

T s
q is defined as the relation between Bq and B0

q coefficients. Its calculation

is similar to the deduction provided in Section 7.3.1. Therefore its expression

can be derived from Eq. (7.3.10) as

T s
q =

Bq

B0
q

= −
ρsqJ

′
q(kbR

+
a )− Jq(kbR

+
a )

ρsqH
′
q(kbR

+
a )−Hq(kbR+

a )
, (7.3.27)

with

ρsq =
ρakb
ρbka

Jq(kaR
−
a )

J ′
q(kaR

−
a )

− iZpakb
ωρb

. (7.3.28)

7.3.4 Numerical verification

In order to check numerically the presented theory, finite element simulations

have been performed for a 3D scatterer. It consists of a cylindrical perforated

shell with radius R+ = 4 cm and a plate thickness of t = 0.5 mm. The holes

have a radius of r = 0.25 mm and are separated by a distance b = 1.25 mm.

The height of the shell is set to h = b
√
3/2. The structure is supposed to
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be infinitely height since periodic conditions are configured in the top and

bottom boundaries. This scheme results in a perforated surface where the

holes are arranged in a rectangular pattern whose perforation ratio is

σ = π
r2

bh
=

2π√
3

(r

b

)2

= 14.51%. (7.3.29)

The computation of the problem through the Navier-Stokes equation requires

finding the velocity field instead of the pressure. This involves solving three

scalar equations (one for each velocity component), increasing the compu-

tational complexity. In addition more elements need to be added in order

to fully describe the viscous boundary layer. It results in a high number

of elements, especially when considering a 3D simulation. Because of this,

viscosity has been disregarded and the simulation has been carried out by

applying the acoustic Helmholtz equation given in Eq. (2.1.20). In this limit

Eq. (7.1.24) becomes

Zc = iωρ0

[

t+
16r0
3π

(

1− 1.25
2√
π

√
σ

)]

, (7.3.30)

in such a manner that the holes are purely inductive. Note that the above

equation is approximately valid for large holes whose radii are much larger

than the boundary layer thickness.

The problem has been solved by using the commercially available software

Comsol Multiphysics. The geometry of the 3D model is shown in Fig. 7.4

and consists of a perforated shell embedded in a cylindrical cavity. The T

matrix of the perforated scatterer has been obtained through the procedure

explained in Apendix A and the results are directly compared with the data

calculated from Eq. (7.3.10). Figures 7.5 and 7.6 show the real and imaginary

parts of the three first orders of the T matrix in a frequency range from 100 Hz

to 6 kHz. It is found a good agreement between the numerical simulations

and the theoretical approach, thus proving the validity of the developed

expressions.

7.3.5 Experimental verification

The acoustic transparency of a sample composed of three rows of hollow

cylinders made with perforated plates was described in Chapter 4. This
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Figure 7.4: Finite element simulation of a perforated shell with radius R+ =

4 cm, thickness t = 0.5 mm, radius of the perforations r = 0.25 mm and

perforation ratio σ = 14.51%. The figure shows the whole simulation domain

required for the calculation of the T matrix (see Apendix A). A zoom of the

perforated shell is illustrated in the inset.

property was experimentally demonstrated, although a theoretical approach

was not provided. The model developed in the previous sections has been here

applied to calculate the response of that sample. The perforated cylinders

have a thickness of t = 0.5 mm and a radius of 4 cm. The perforations have a

radius of r = 250 µm and they are arranged with a triangular pattern whose

separation between holes is b = 1.25 mm. The perforation ratio is therefore

σ =
2π√
3

(r

b

)2

= 14.51%. (7.3.31)

Note that theses cylinders are equivalent to those simulated in the last sec-

tion, despite the fact of having different patterns in the distribution of holes.

Figure 7.7 is a copy of Fig. 4.6 where the theoretical results have been in-

cluded. The transmission of the flat plate at normal incidence (Fig. 7.7(a))

has been calculated from the plate impedance Zp and the characteristic im-

pedance of air Z0 as

Tp =
2Z0

2Z0 + Zp

. (7.3.32)
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Figure 7.5: Real part of the T matrix of the cylinder shown in Fig. 7.4 for

q = 0, 1, 2. Red lines are obtained through finite element simulations and

blue lines correspond to the theoretical model developed in Section 7.3.1.

It is obtained a theoretical transmission close to unity which is in good agree-

ment with the experiments and proves the acoustical transparency of the flat

perforated plates. On the other hand the transmission of the SC structure

(Fig. 7.7(b)) has been computed for a sample with three infinite rows of

perforated cylinders by using the T matrix expressed in Eq. (7.3.10) and

the impedance model shown in Eq. (7.1.24). The transmission of this slab is

slightly lower than the values found for a flat plate. It is remarkable the pres-

ence of a minimum at approximately 3 kHz, coinciding with the transmission

reduction experimentally observed. The good agreement between experimen-

tal and theoretical data gives support to the reported model. Note that the

frequency at which the minimum occurs is close to the diffraction limit of

the crystal, where the wavelength of the impinging wave equals the lattice

constant. The observed phenomenon is the result of a Wood anomaly related

to the excitation of modes that travels along the axis of the structure. To un-

derstand the underlying physics, this effect will be comprehensively analyzed

in Chapter 10.
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Figure 7.6: Imaginary part of the T matrix of the cylinder shown in Fig. 7.4

for q = 0, 1, 2. Red lines are obtained through finite element simulations and

blue lines correspond to the theoretical model developed in Section 7.3.1.
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Figure 7.7: (a) Measured (blue dots) and calculated (red line) transmittance

of a flat perforated plate with a thickness of 0.5 mm. The perforations are

circular with diameter 0.5 mm and are arranged in a hexagonal lattice. (b)

Measured (blue dots) and calculated (red line) transmittance of a SC struc-

ture consisting of three rows of cylinders with 8 cm of diameter fabricated

with the perforated plates characterized above. The dashed horizontal lines

are guides for the eye.





Chapter 8

Experimental characterization

A noise barrier prototype has been built in order to check the theory devel-

oped in the last chapter and observe the advantages of using microperforated

cylinders. First, the geometry of the samples and the microperforated plates

employed in building them are introduced and analysed. Then the measure-

ment setup is described and an improved procedure to characterize sonic

crystal-based samples is presented. The experimental results are shown and

compared with the theoretical predictions. A discussion about the relevant

findings is finally provided.

8.1 Experimental setup

8.1.1 Samples

The measured samples consist of slabs based on a square distribution of

scatterers with different numbers of rows. Each row has 30 cylinders with

a height of 3 m and an external radius of 8 cm. Considering a maximum of

three rows and a lattice parameter of 22 cm, the maximum dimensions of the

samples are 6.54 × 0.6 × 3 m3. The barrier samples have been placed in an

outdoor environment. A photograph of the structure is shown in Fig. 8.1.

The cylinders are made by rolling up microperforated plates manufac-

tured by the company Sontech. A porous core with radius 4 cm filled with

rubber crumb is considered to be included inside the microperforated shells.

For this purpose perforated cylinders have been built as containers. Figure
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Figure 8.1: Sample made with 3 rows of microperforated 3 m-high cylinders.

8.2 shows the appearance of a cylinder with a porous core, whose scheme is in

accordance with Fig. 7.2 provided that the perforated shells are acoustically

transparent.

The perforated cylinders that contains the rubber crumb have holes with

a diameter of 3 mm and a perforation ratio of 32.6%. The thickness of the

steel plates is 1 mm. Figure 8.3 shows numerical calculations of a slab with

three rows of these hollow perforated cylinders arranged in the same way

as the measured samples. The slab shows a transmission spectrum with a

high transparency and therefore the structure will allow the sound to interact

with the rubber crumb contained therein. It is also observed the presence

of very narrow peaks associated with the excitation of Wood anomalies, as

explained in Chapter 10. Note that, since the perforation ratio is too high, the

expression derived by Melling for the mass end correction [see Eq. (7.1.19)]

has been used instead of its approximate form given by Ingard [Eq. (7.1.18)].

The microperforated plates are made with 1 mm-thickness aluminum

plates. Instead of being drilled, the perforations are performed by a punching

method. This process deforms slightly the surface of the plate, resulting in
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Figure 8.2: Detail of a microperforated shell with radius 8 cm and a porous

core of radius 4 cm filled with rubber crumb.

a complex pore geometry (see details in Fig. 8.4). However regarding the

shape of the apertures it is found that they can be approached by a slit,

according to previous works performed with similar plates [GAÅ08,AÅ11].

The parameters of the equivalent slit have been obtained by measuring the

sound absorption of the sample shown in Fig. 8.4 in an impedance tube.

The experimental results and the corresponding fitted curves are represented

in Figs. 8.5 and 8.6 for different cavity depths between the sample and a

rigid backing. The expression used for the impedance of the microperforated

apertures corresponds to Eq. (7.1.25) and the absorption coefficient is then

obtained by following Eq. (7.2.3). It is found a good agreement between

theoretical and measured curves, validating the slit-based approach for the

actual perforations. The effective slit has a half-length b = 1.61 mm and a

half-width a = 48.1 µm. The perforation ratio is σ = 3.3% and the nominal

thickness of the plate t = 1 mm has been assumed.
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Figure 8.3: Reflectance, transmittance and absorption spectrum of 3 rows of

perforated shells with radius 4 cm and thickness 1 mm, arranged in a square

lattice with lattice constant 22 cm. The holes have a radius of 3mm and the

perforation ratio is 32.6%.

8.1.2 Measurement method

The measurement method presented in Section 4.1 is fast and relatively easy

to carry out. Nevertheless it is unable to provide reliable data at frequencies

higher than the diffraction limit of the structure. This issue is especially

severe in large structures where the diffraction limit is located at low fre-

quencies. Even when measuring data below the diffraction limit, some errors

can be induced by the presence of evanescent modes if the microphone is

placed too close to the sample. Because of this, a new measurement method

is proposed in this chapter.

Consider a sonic crystal made with several rows, each row having infinite

cylinders. As shown in Chapter 2, when a plane wave impinges on the slab,

the pressure field can be expressed as an infinite sum of plane waves. These

waves are propagating or evanescent depending on the frequency of the im-

pinging sound. If an incident field with an undetermined amplitude A0 is



8.1 Experimental setup 101

Figure 8.4: Sample of the microperforated plate use in building the scattering

units. The surface has an irregular profile due to the fabrication process,

although the apertures can be approached as slit-shaped holes. The results

of the experimental characterization as well as the effective parameters of the

equivalent holes are shown in Figs. 8.5 and 8.6.

supposed, the total pressure field given by Eq. (2.4.16) becomes

P (r, θ) = A0e
i ~k0·~r +

+∞
∑

ν=−∞
C±

ν e
i~k±ν ·~r. (8.1.1)

Knowing the amplitudes C±
ν of the modes, reflectance and transmittance

spectra are calculated by applying the normalized amplitudes C±
ν /A0 to Eqs.

(2.4.22) and (2.4.24). To fully characterize these spectra it is necessary to

measure at least all the propagating modes at each frequency. In addition

some of the first evanescent modes can be considered to take into account

their slight influence on the measured pressure field. This fact involves ac-

quiring the pressure at as many spatial points as the number of modes taken

into account plus one (note that the incident field amplitude A0 is also un-

known). Consider a set of M + 1 points at positions ~rm with m = 0, 1, ...M ,

all of them being located in the same side of the SC than the impinging

wave. The complex pressure measured at each point ~rm is denoted as Pm.
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Figure 8.5: Absorption coefficient measured (red line) and theoretically fitted

(blue line) of the microperforated sample shown in Fig. 8.4 with cavity depths

of D = 1, 2, 3 cm. The best fit is achieved for t = 1 mm, a = 48.1 µm,

b = 1.61 mm and σ = 3.3% in Eq. (7.1.25).

According to Eq. (8.1.1) the contribution of each reflected mode is

P−
ν (r, θ) = C−

ν e
i ~k−ν ·~r, (8.1.2)

where the propagation constant is obtained by taking the negative sign of Eq.

(2.4.11). Considering the influence of N+1 reflected modes, their amplitudes

are obtained by solving the linear system


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ei
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



(8.1.3)

With regard to the transmitted wave, consider another set of M ′ points

located at positions ~rm
′ in the other side of the SC and the pressure measured

on them P ′
m. The amplitude of N ′+1 transmitted modes is obtained through
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Figure 8.6: Absorption coefficient measured (red line) and theoretically fitted

(blue line) of the microperforated sample shown in Fig. 8.4 with cavity depths

of D = 5, 8, 10 cm. The best fit is achieved for t = 1 mm, a = 48.1 µm,

b = 1.61 mm and σ = 3.3% in Eq. (7.1.25).
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(8.1.4)

Note that A0 must be known for the calculation of the first coefficient of

transmittance. This parameter will be obtained from the reflectance mea-

surement. When M = N + 1 and M ′ = N ′ both systems have a unique

solution. In practice M and M ′ are chosen much greater than N and N ′,

i.e., the field is measured at many more points than needed. The equation

systems become overdetermined and they are solved by using the method

of least squares. This procedure provides good immunity to random noise.

Moreover it is worth noting that it is not practical to consider too many

evanescent modes since their exponentials terms are close to zero. Under
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these circumstances columns with very low values may appear in the ma-

trices and the systems become ill-conditioned. The computations presented

in this work have been performed by assuming a maximum number of 10

modes. Since this number of modes is too high at low frequencies, a lower

value is automatically selected when the condition numbers of the matrices

are above a threshold. This ensures the stability of the calculations.

To check the proposed method, a numerical simulation of a slab with

three rows arranged in a square configuration has been performed. Each row

has nine rigid cylinders with 2 cm of radius separated by a lattice constant

of 11 cm. These parameters match with those of sample 1 in Chapter 4. The

total pressure field has been computed in a grid of 20 points at each side of the

structure. The separation between points of the grid is 1 cm. For this test the

maximum number of computable modes has been constrained to 6. Figure

8.7 shows a comparison between the results of the new method and the data

obtained with the procedure employed in Chapter 4. The theoretical response

of the infinite extension of the array (where each row has infinite cylinders)

is also included. The improvement of the new measurement procedure is

remarkable, especially at high frequencies where the previous method takes

unphysical values.

8.1.3 Experimental setup

The acquisition of the pressure field at multiple points is performed by a 2D

positioning system which moves a microphone B&K 4958 on a defined grid.

The sweep area starts in front of the central cylinder of the structure and

ends in front of the next cylinder, thus covering a lattice parameter with a

spatial resolution of 2 cm. In the perpendicular direction to the axis of the

slab, the sweep starts at 5 cm from the face of the cylinder (13 cm from its

center) and covers a distance of 4 cm with a step of 1 cm. The sweep is

carried out at the two sides of the sample. A scheme of the sweep area is

represented in Fig. 8.8 for clarity purposes.

A column speaker UDE AC-150 was employed as excitation source. It

was located at 7 meters from the sample and aligned with the central cylin-

der. The high distance between the sample and the speaker as well as the

acquisition of data at half-height of the cylinders and very close to their faces
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Figure 8.7: Reflectance and transmission spectra of 3 rows with 9 rigid cylin-

ders with radius 2 cm and lattice constant 11 cm. Green dots correspond to a

simulation of the measurement method presented in Chapter 4. Red squares

are obtained through the new procedure applied on a grid of 20 points at

each side of the sample. The theoretical spectra calculated for an infinitely

extended slab with 3 rows (blue lines) are included for comparison purposes.

(where diffraction and edge effects are minimized) results in an experimen-

tal system whose response approximates that of a plane wave impinging on

an slab with infinite cylinders in each row. The sample has been built in

a garden close to the Electronic Engineering Department of the Polytechnic

University of Valencia. This environment presents several drawbacks, being

the most important of them the undesired reflections produced by the sur-

rounding buildings. To avoid this effect, a pulsed excitation technique has

been employed, in such a manner that echoes are avoided by acquiring the

signals until the arrival time of the first reflection. However is difficult to

cover a wide spectrum by emitting short-time signals since the energy must

be distributed over the whole range of frequencies, leading to a poor signal

to noise ratio. For this reason a narrow band signal which concentrates its
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Figure 8.8: Location and size of the area where the pressure field is measured.

Note that a similar area is measured at the other side of the barrier.

energy in a specific frequency is here employed. Thus the full spectrum will

be measured by performing a frequency sweep. At each step a short pulse is

emitted and the acquired signals are processed to obtain the specific value

of the corresponding frequency. This task is performed at each point of the

spatial sweep during the procedure. The signal processing involves a Fourier

transform from which the amplitude and phase of the signal are obtained. In

order to avoid sudden increases in the signal driving the speaker, a Gaussian

pulse was selected as envelope of the excitation. Modulating the envelope

with a carrier of frequency fc the excitation signal becomes

x(t) = Ae−(
t
σ )

2

sin(2πfct), (8.1.5)

whose spectrum is

X(f) =
Ae−2π2(f−fc)2σ2

σ
√
2π

, (8.1.6)

which consists of a Gaussian function centered at fc. The bandwidth at 3dB

is given by

fBW =

√

ln(2)

π2σ2
. (8.1.7)
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The bandwidth and consequently the duration of the pulse are tunable by

the parameter σ. The value of σ in the experiments was fixed to obtain a

bandwidth fBW = 100 Hz. The described excitation is generated by a NI

PCI-6731 card, while data acquisition is performed with a Pico Scope 3224

digitizer. All the processes, including robot motion and signal processing,

are managed by a custom Labview program.

8.2 Results

Several configurations have been measured in the frequency range from 100

to 5000 Hz with increments of 100 Hz. They are described in Table 8.1.

First, a slab with three rows of hollow microperforated shells referred to as

sample 1 was characterized. The measured reflectance, transmittance and

absorption spectra are shown in Fig. 8.9 along with the theoretical predic-

tions. Numerical calculations have been performed by using the T matrix

given by Eq. (7.3.10) for a sample with 3 rows containing infinite microp-

erforated cylinders. Reflection and transmission are obtained through Eqs.

(2.4.22) and (2.4.24), while absorption is computed by assuming energy con-

servation as A = 1−T −R. The agreement between theory and experiment

is remarkable, especially when considering the practical drawbacks of out-

door measurements. The most noticeable feature of Fig. 8.9 is the high

absorption spectrum at low frequencies, which would not be achievable with

classical absorbing materials having the same dimensions. At higher frequen-

cies the absorption is slightly degraded, according to the standard behavior

of the microperforated panels. In addition, not clear evidence of an acoustic

band gap is found in the reflectance spectrum due to the high absorption of

the microperforated units. This response should be expected around 780 Hz,

where the lattice parameter equals one-half wavelength.

Scattering units with a porous core made with rubber crumb were then

measured. The structure was characterized for 1, 2 and 3 rows of cylinders,

referenced as samples 2, 3 and 4, respectively (see Table 8.1). The experi-

mental and theoretical results are represented in Figs. 8.10, 8.11 and 8.12.

The numerical calculations have been performed by using the T matrix ex-

pressed in Eq. (7.3.19). A good agreement is again found between theory and

experiments and a high absorption profile is also found at low frequencies. It
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Table 8.1: Dimensions of the cylindrical units used in building the barrier

samples studied. The external diameter of the cylindrical microperforated

shells is 16 cm in all cases and da is the diameter of its inner core, which is

filled with rubber crumb. The column Rows gives the number of rows of the

structure, which can vary between 1 and 3.

da(cm) Rows

sample 1 0 3

sample 2 8 1

sample 3 8 2

sample 4 8 3

increases with the number of layers in the sample as intuitively expected. For

the case of samples 3 and 4 a small peak appears in the reflectance spectrum

at the frequency where the band gap is expected. This effect can be related

to Bragg reflection since the inner cores filled with rubber crumb increase the

reflectivity of the cylinders. Anyway the amplitude of such peaks is reduced

as a consequence of the high absorption of the samples. Sample 2 does not

present this feature since a band gap is hardly defined by a single line of

scatterers. Despite this detail, it is shown that the reflectance spectrum is

barely modified by the number of layers. Note that in all the measures non

unphysical values are generally found, even at frequencies much greater than

the diffraction limit which is located around 1500 Hz. This fact and the good

agreement between the model and the experiments validate the measurement

method proposed.

8.3 Discussion

Figure 8.13 represents the theoretical and measured attenuation of the differ-

ent samples, calculated as the inverse of the transmission coefficient. For the

sake of comparison the insertion loss of a solid wall (black dashed lines) hav-

ing the same dimensions as the thickest samples (3 m high and 0.6 m thick)

is included in the figure. It has been calculated by applying the expressions

given in the norm ISO9613 [ISO96] and assuming a microphone located at

1 m from the rear face of the sample. It is remarkable the high attenuation
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Figure 8.9: Theoretical (blue lines) and experimental (red dots) spectra of

reflectance, transmittance and absorption of a sample made with microper-

forated shells of radius 8 cm. The sample is arranged in a square lattice with

3 rows of 30 cylinders separated by 22 cm (sample 1 in Table 8.1).

at low frequencies of the two samples with 3 rows, which compete with the

solid wall and even exceed its attenuation levels in some frequency ranges.

Moreover the microperforated samples present the advantage of having an

absorptive spectrum, instead of a reflective behavior which does not dissipate

the incident acoustic energy. The attenuation of the samples is reduced at

high frequencies, although its values remain relatively high (around 10 dB

for samples 1 and 4). In the high frequency region the differences between

samples 1 and 4 are not significant, showing that rubber crumb has not much

effect on the attenuation of the structure. This fact is due to the low fraction

of sound that reaches the interior of the microperforated shells. Note that

the impedance of a microperforated plate is inductive, so its imaginary part

increases with frequency. Except at the frequency where the inductance res-

onates with the backing cavity, the plate impedance is highly mismatched to

that of air in the high frequency region. Therefore sound does not penetrate

into the cylinders and rubber crumb does not work properly. This problem
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Figure 8.10: Theoretical (blue lines) and experimental (red dots) spectra of

reflectance, transmittance and absorption of a sample made with microper-

forated shells of radius 8 cm and an inner core with radius 4 cm filled with

rubber crumb. The sample has 1 row of 30 cylinders separated by 22 cm

(sample 2 in Table 8.1).

can be solved by using plates whose impedance has a lower inductive part,

that is, plates having smaller perforations.

An interesting comparison is given in Fig. 8.14, where the absorption of

sample 1 is compared with the absorption of several flat MPPs with cavity

depths of 5, 10 and 20 cm. Figure 8.14(a) shows the absorption at normal

incidence. It is observed that the absorption of sample 1 is generally higher

than that of the flat panel. This is due to the fact that flat panels are resonant

systems and they alternate peaks and valleys on their response, as shown in

the last chapter. When considering microperforated cylinders, sound im-

pinges at multiple angles as a consequence of the shape of the scatterers and

the multiple scattering events. This occurs even at normal incidence and the

attenuation spectrum is smoothed as a result. When a diffuse incident field

is applied, the responses of the flat panels are also smoothed. Figure 8.14(b)

shows a comparison for this case, where the absorption coefficients have been
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Figure 8.11: Theoretical (blue lines) and experimental (red dots) spectra of

reflectance, transmittance and absorption of a sample made with microper-

forated shells of radius 8 cm and an inner core with radius 4 cm filled with

rubber crumb. The sample is arranged in a square lattice with 2 rows of 30

cylinders separated by 22 cm (sample 3 in Table 8.1).

calculated by applying the angle averaging shown in Section 5.3

Aav (ω) =

∫ π/2

0
e−θ2ASC (ω, θ) sin (2θ) dθ
∫ π/2

0
e−θ2 sin (2θ) dθ

. (8.3.1)

The absorption of sample 1 remains being generally higher than the flat

panels, although the differences are reduced. It is concluded that the barrier

made with cylinders provide slightly better absorption than the flat panels.

Nevertheless it is worth noting that each meter of barrier requires a larger

surface of microperforated plates, although in exchange it has the advantage

of being visually transparent and having less resistance to wind.
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Figure 8.12: Theoretical (blue lines) and experimental (red dots) spectra of

reflectance, transmittance and absorption of a sample made with microper-

forated shells of radius 8 cm and an inner core with radius 4 cm filled with

rubber crumb. The sample is arranged in a square lattice with 3 rows of 30

cylinders separated by 22 cm (sample 4 in Table 8.1).
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Figure 8.13: Experimental (a) and theoretical (b) attenuation spectra of the

different samples described in Table 8.1. Attenuation is calculated in dB

as −10log(T ), where T is the simulated or measured transmittance. The

dashed lines correspond to the insertion loss predicted for a rigid wall having

the same dimensions as the samples.
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Figure 8.14: Absorption spectra of sample 1 in Table 8.1 (solid line) compared

to flat microperforated panels with cavity depths of 5 cm (dotted line), 10 cm

(dash-dotted line) and 20 cm (dashed line). The data is shown for normal

incidence (a) and a diffuse field (b).



Chapter 9

Optimum barrier design

In the last chapters it was deduced and experimentally verified a theory de-

scribing the behavior of cylinders made with microperforated shells. The

next step is to apply this theory to obtain barriers designed for a specific

application, which in this case is the attenuation of traffic noise. However,

as explained in Chapter 5, a direct theoretical design is unapproachable due

to the complexity of the equations which govern the system. Because of

this, a design procedure has been performed by using an optimization al-

gorithm. First, the different barrier topologies will be explained along with

the parameters involved in the optimization process. Then the geometry and

attenuation of the relevant resulting barriers will be shown and discussed. In

addition, a brief remark about the optimization of the parameters concerning

the perforations of the plates will be provided.

9.1 Optimization model

In Chapter 5 it was presented a multiple reflection model that accounts for the

reflected waves from two hypothetical barriers located at both sides of a road.

As concluded, the models based on multiple reflections with attenuation by

factors 1/r and 1/r2 (namely T ′
eff and T ′′

eff, respectively) are an intermediate

case between the transmission through a single barrier (T ) and the multiple

reflection model without attenuation due to wave propagation (Teff). Because

of this, only these last two cases will be here analyzed. It is expected that

differences between both models are lower than those found in Chapter 5 since
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the scattering units built with microperforated shells are mainly absorptive,

reflectance playing a less important role.

The theoretical model employed in this set of optimizations is the same

as presented in Chapter 5. As a reminder, the objective function is the DLR

parameter, which is defined as [EN 97]

DLR = −10 log10

∣

∣

∣

∣

∣

∑18
i=1 10

−0.1Ri100.1Li

∑18
i=1 10

0.1Li

∣

∣

∣

∣

∣

, (9.1.1)

where Li is the normalized traffic spectrum and Ri the sound transmis-

sion loss, both being distributed in third octave bands between 100 Hz and

5000 Hz. According to the norm ISO140-3 [ISO10], Ri coefficients are ob-

tained by measuring the sample with a diffuse incident field. This requires

an angular averaging of the transmission coefficient of the barrier, that

is, [KIKK00]

Tav =

∫ π/2

0
e−θ2TSC(ω, θ) sin(2θ)dθ
∫ π/2

0
e−θ2 sin(2θ)dθ

, (9.1.2)

where TSC is the transmittance of a single barrier calculated through Eq.

(2.4.24) or the effective transmission defined in Eq. (5.2.1). Thus, the Ri

coefficients can be approached as the mean of 1/Tav in each third octave

band.

The barrier geometry here considered is the same as in Fig. 5.2. The

structure contains three rows of scatterers, the separation between them be-

ing d1 and d2. The cylinders of the same row are identical and they are

separated by a distance D. They have an external radii r1, r2, r3 and in-

ternal cores with radii ri1, ri2, ri3. The centers of the cylinders are aligned,

allowing an observer to see between both sides of the barrier. This topology

will be referred to as transparent barrier. On the other hand if the cylinders

of the second row are displaced half lattice parameter, an opaque configura-

tion is achieved. These two schemes will allow comparing the two extreme

cases of an open structure and a compact barrier. In the first case a low

wind resistance and high visual transparency are ensured, while much higher

losses are expected in the second one.

The system geometry is defined by nine parameters which results in a

nine-dimensional objective function. It has been optimized through a con-

strained nonlinear algorithm based on the simplex method. To globalize the



9.1 Optimization model 117

search several initial parameters have been configured for each execution of

the algorithm, trying to exclude results which have converged to local maxi-

mums of the objective function. Geometrical constraints have been imposed

in order to avoid unphysical results such as those derived from overlapping

cylinders. In addition, practical constraints have been also considered. The

main of them is the maximum radius of the cylinders which is set to 10 cm.

Moreover the maximum width of the barrier is limited to 1 m. For the case

of the transparent barrier a distance D at least four times the radius of the

largest cylinder is fixed. On the other hand, the only restriction for the

opaque barrier will be a minimum distance between cylinders of 1 cm. These

settings match with those employed in Chapter 5. When the optimization

procedure starts from different initial parameters, it sometimes converges to

different solutions having close values of DLR. In these cases the maximum

DLR is not directly taken but the cheaper barrier is considered. This means

that, for differences in DLR lower than 0.5 dB, it is selected the structure

with less volume of material.

Different scattering units have been considered for the optimization pro-

cess. The different topologies are summarized in Fig. 9.1. Thus, samples of

type A consists of three rows of microperforated shells. Samples B and C

have three rows of shells with an additional core made with a rigid material

or rubber crumb, respectively. In the case of D-type samples, a second mi-

croperforated shell is employed as inner core of the scattering units. Samples

En (with n from 1 to 6) also have three rows and consist on the six possible

combinations of rows having either rubber crumb cylinders or microperfo-

rated shells. In all cases, the microperforated shells are supposed to be made

with the plates presented in Section 8.1. The T matrix of the cylinders of

the topology A are calculated through Eq. (7.3.10). For samples of type B

and C Eq. (7.3.19) is employed, where the expression of Tqs is given by Eq.

(7.3.21) for C-type samples and Eq. (7.3.23) for the B-type. In the case of

samples D, whose cylinders have two concentric microperforated shells, Eqs.

(7.3.25)-(7.3.28) have been considered. Finally, the T matrix of the rubber

crumb cylinders of samples En has been calculated through Eq. (2.2.24) and

the effective parameters provided in Chapter 3.



118 Optimum barrier design

Figure 9.1: Scheme of the microperforated units employed in each of the

three rows considered in the optimization procedure. The last case (samples

E1−6) summarize the six possible combinations of rows made with rubber

crumb and microperforated shells.

9.2 Results

Coinciding with the results obtained in Chapter 5, the algorithm tends to

optimum samples having the maximum allowed radius of the cylinders. There

is also a tendency to compact the structure by setting the minimum distance

D between the cylinders of the same row. In general terms, the DLR of all

the opaque barriers exceed 20 dB for both transmission models, overcoming

the levels obtained in Chapter 5. It is worth noting that those barriers

with rigid or rubber crumb inner cores (B and C-types) result in values of

DLR similar to the optimization of hollow shells. In some cases they have

a slightly higher attenuation than the A-type, although this improvement

is not considered because it is lower than 0.5 dB and the inclusion of the

inner cores is not cost-effective. In other cases the inner cores seem to be

unnecessary since their radii converge to a negligible value. This fact is in

agreement with the conclusions of the experimental study performed in the

last chapter, where the effect of the inner cores made with rubber crumb

proved to be ineffective. Because of these reasons, topologies B and C have

been discarded from the analysis. The same applies to samples En where



9.2 Results 119

lower values of DLR are generally obtained with respect to A-type samples,

especially when there are two rows of rubber crumb cylinders. The only

topology showing a remarkable improvement is given by samples of type

D. However the cost increase derived from the inclusion of an additional

microperforated shell should be here considered.

The geometric parameters of the optimum barriers of types A and D are

shown in Table 9.1 for the transparent (✷) and opaque (△) configurations

and the transmission models T and Teff. The maximum DLR is obtained for

the opaque topology of the type D. Its value is 24.0 dB and falls within the

limit of the B3 class (DLR > 24 dB), which is the highest quality category

defined by the normative [EN 97]. The samples of type D have converged

to the same result for the two transmission models. The resulting barriers

are based on a compact structure with cylinders of the maximum allowed

radius and inner shells very close to the outer ones. This fact confirms

that reflectance cannot be used as the main attenuation mechanisms when

dealing with microperforated scattering units. In the case of samples of type

A, the maximum DLR achieved is 22.4 dB. The main difference with the

previous cases is the convergence to the maximum thickness allowed, i. e.,

r1 + r3 + d1 + d2 = 1m. Anyway the difference in DLR with the compacted

structures (obtained by reducing d1 and d2) is low, so narrower barriers can

be considered when the available space is reduced.

With regard to the transparent topology, the values of DLR are obviously

much lower. Anyway an improvement with respect to barriers based on

rubber crumb cylinders is here achieved. It is obtained a maximum DLR of

8.7 dB, which is a reasonable value when considering the low filling fraction

of the barrier. In all cases the minimum distance between cylinders of the

same row is obtained, as well as the maximum width of the barrier. Unlike

the opaque topology, in the transparent D-type samples the radii of the inner

cores have converged towards one half of the external radius, approximately.

To illustrate the behavior of the optimized samples, the attenuation spec-

tra of the samples A and D with opaque configurations and calculated

through the T model are shown in Fig. 9.2 for a normally incident plane

wave. The response of sample 1 from Chapter 8 (see Table 8.1) has been also

included for comparison purposes. The differences between the optimized

designs and this reference barrier are obvious. The transmission levels have
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Table 9.1: Geometric parameters of the optimum barriers found for the

topologies A and D (see Fig. 9.1) with opaque (△ symbols) and transparent

(✷) configurations. The optimizations have been performed by assuming a

single barrier (T model) and two parallel barriers (Teff model). The quality

factor DLr is expressed in dB and the remaining parameters are in cm.

Type A Type D

T Teff T Teff

△ ✷ △ ✷ △ ✷ △ ✷

r1 10.0 10.0 10.0 10.0 10.0 10.0 10.0 10.0

ri1 - - - - 9.7 4.9 9.7 5.2

r2 10.0 10.0 10.0 10.0 10.0 10.0 10.0 10.0

ri2 - - - - 9.7 4.8 9.7 4.4

r3 10.0 10.0 10.0 10.0 10.0 10.0 10.0 10.0

ri3 - - - - 9.7 4.8 9.7 5.0

D 21.0 40.0 21.0 40.0 21.0 40.0 21.0 40.0

d1 34.2 49.7 62.3 30.9 18.2 28.8 18.2 30.7

d2 45.8 30.3 17.8 48.8 18.2 51.2 18.2 49.3

DLR 22.4 8.4 20.3 7.9 24.0 8.7 22.9 8.3
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been greatly improved, especially at low frequencies. Two concentric shells

prove to be more efficient at low frequencies than a single shell, reversing this

trend at high frequencies. Due to the distribution and weights assigned to

the third octave bands in the EN1793 norm, the behavior of cylinders with

two concentric shells results in a higher DLR. It is remarkable that both

responses presents a local minimum at 1 kHz where the normative assigns

the maximum weight. This minimum is found around frequencies associated

with high symmetry points of the structure when considering the periodicity

given by the lattice parameter D (c0/a = 1559 Hz for sample 1 having a

square lattice and c0/
√
3a = 943 Hz for a triangular lattice with a = 21 cm).

The convergence of the optimization algorithm can be understood by pay-

ing attention to the third octave bands and their weights Li around 1 kHz.

The three colored bands of Fig. 9.2 correspond to the third octave bands

having the maximum weights (Li = −9,−8,−9 dB, respectively). Although

the central band is not optimally attenuated, the two adjacent bands have

a high attenuation. Their weight are not much lower than that assigned to

the band centered at 1 kHz, so the solution obtained by the optimization

algorithm is found to be efficient.

9.3 Optimization of the perforations

Apart from the geometrical parameters defining the sonic crystal lattice and

the scattering units, noise barriers based on microperforated shells can be

optimized through a proper design of the perforations. This implies not only

the dimensions of the pores, but also the perforation ratio and the thickness

of the plate. The inclusion of the perforation parameters in the design process

involves adding three new parameters to the optimization tool. This extends

the search space to twelve dimensions. However, the optimization of the hole

parameters requires having in practice the technical means to build custom

microperforated plates, which is not a common situation. Because of this,

the search of optimized structures taking into account the parameters of the

microperforated plates is out of the scope of this work.

In order to briefly illustrate the effect of the hole parameters in the qual-

ity of a noise barrier, Fig. 9.3 shows the DLR over a parametric sweep on the

perforation ratio σ and the radius of the perforations r. The sample consid-
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Figure 9.2: Attenuation spectra of the optimized designs for topologies A

and D with opaque configuration and calculated through the T model (see

Table 9.1). The attenuation spectrum of sample 1 from Chapter 8 is included

as reference.

ered consists of three rows of cylindrical shells with radius 4 cm arranged in

a square lattice with a separation of 11 cm between scatterers. As observed,

the trend of the quality factor is clear: the DLR decreases with the radius,

and for a given radius the maximum quality is obtained for a specific perfora-

tion ratio σopt. This optimum perforation ratio is close to zero for relatively

high radii, although it increases significantly for radii lower than 100 µm.

The optimum values are represented in Fig. 9.3 with a white line. The max-

imum DLR is achieved for the minimum radius considered (r = 20 µm) and

σopt = 33.5%, taking a value of 13.13 dB. Note that a careless design can

result in very low levels of DLR, even if hole radii lower than 100 µm are

considered. Similar features are found when varying the width of slit-shaped

holes in cylindrical shells employing this type of perforations. Thus, it is

shown that an appropriate control of the geometrical parameters of the per-

forations can play an essential role in the design and fabrication of optimum

noise barriers.
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Figure 9.3: DLR (in dB) of a barrier made with three rows of perforated

shells with radius 4 cm arranged in a square lattice with a separation of

11 cm. It is represented for different radius of the holes r and perforation

ratio σ of the shells. The while line indicates the optimum values of σ where

a maximum DLR is achieved for each r.





Chapter 10

Anomalous absorption in

lattices of perforated shells

Up to now, sonic crystals have been studied in an effort to maximize their

sound attenuation. However, the aim of this chapter is to pay attention to

the case of weakly absorbing scatterers, which can be implemented through

perforated shells whose holes are relatively large. In general, the transmit-

tance of lattices made with this type of cylinders is expected to be high, as

theoretically and experimentally demonstrated in Chapters 4 and 7. How-

ever, it was shown in Fig. 7.7 that a transmission minimum is found in a slab

with three rows of perforated scatterers when the wavelength of a normally

incident wave approaches the lattice parameter. This chapter is intended

to analyze this unusual suppression of transmission, whose origin is related

with the excitation of Wood anomalies. Hence, a historical review of this

phenomenon is first provided. To better understand the physical mecha-

nisms involved in the anomalies, an analysis of lattices of perforated shells is

performed under the assumption of negligible viscous losses. Then, dissipa-

tion is introduced in the model and its effect is studied based on the findings

obtained from the loss-less scatterers.

10.1 Introduction

In 1902, Wood observed unusual dark and bright lines in the spectrum of an

optical grating when illuminating it with a white light [Woo02]. He termed



126 Anomalous absorption in lattices of perforated shells

them anomalies since there was not an established theory to explain such

a phenomenon. The first interpretation was provided some years later by

Rayleigh, who stated that the anomalies are due to the appearance of new

diffraction orders which propagate tangentially to the grating [Ray07]. How-

ever this theory was incomplete since it was not able to explain all the exper-

imentally observed phenomena. Fano analyzed the underlying physics and

identified two types of anomalies [Fan41]. The first of them corresponds to

the anomalies already explained by Rayleigh. Fano called them sharp anoma-

lies due to the spectral discontinuity resulting from the emergence of grazing

diffracted modes, although they are also known as Rayleigh or diffractive

anomalies. The second type is the diffuse or resonant anomaly. It is caused

by a resonant interaction between the incident wave and leaky guided modes

that are supported by the grating. Fano associated this phenomenon to the

excitation of a forced resonance having a complex eigenfrequency, its imagi-

nary part being related with the energy leakage from the periodic grating to

the background medium. The response found in these systems is character-

ized by a resonance with an asymmetric shape known as Fano profile. Since

surface modes on the grating are involved, the phenomenon will depend not

only on the geometry of the periodic surface and the angle of incidence as in

the case of Rayleigh anomalies, but also on the properties of the material of

the grating. Both kinds of anomalies may appear separately or almost super-

imposed when grazing modes couple with the guided leaky modes [HO65].

The resonant anomaly usually occurs at slightly lower frequencies than those

where the Rayleigh anomalies are expected.

Because of the many applications of metallic gratings in optics, Wood

anomalies have been widely studied. Numerous theoretical and experimental

works have been reported since the first relevant papers cited above, leading

to a deep understanding of the physical phenomena involved in the anoma-

lies [LP97]. Modern approaches shown that Wood anomalies are based on the

excitation of surface plasmon polaritons [RACH68]. In addition, new types

of anomaly were identified such as the waveguide type in gratings coated

with dielectric layers [MN77]. In fact, these cases correspond to different

manifestations of the resonant anomaly introduced by Fano. The study of

arrays of dielectric scatterers has been recently reported, the authors pro-

viding analytical expressions and numerical proofs of the excitation of Wood
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anomalies in a linear arrangement of squared cylinders [MFM+14].

With regard to practical applications, Wood anomalies have been em-

ployed in the implementation of guided-mode resonance filters because of

their highly selective frequency and angular responses [WM93]. The appear-

ance of anomalies leads to the absorption of energy due to the dissipation

to which the surface modes are subjected. This fact was already noted by

Wood and Fano, and was later corroborated by several authors who even

reported theoretical and experimental evidences of the full absorption of the

incident wave [MP76,HM76]. It paved the way for developments such as the

proposal of efficient photovoltaic cells [TdAB+08]. Surface plasmon polari-

tons have proven to be effective in the detection of antigens because of their

high sensitivity to changes in a dielectric layer containing the corresponding

antibodies [CL90].

The same principles of the Wood anomaly apply for mechanical waves.

Although not as extensively as in electromagnetics, the acoustic and elas-

tic counterparts of the Wood anomaly have been also investigated. Many

authors analyzed and measured the reflective properties of periodic surfaces

during the last century, most of them being focused on corrugated 1D bound-

aries that support surface modes. First works emphasizing Wood anomalies

were reported during the eighties. Jungman et al. observed experimentally

the existence of Rayleigh anomalies in an elastic sawtooth profile excited

with an ultrasonic beam [JAQ82] and they provided later a theoretical in-

terpretation of the phenomenon [JAAR83,MNL+89]. From these works it

was shown that Scholte-Stoneley waves could be generated through diffrac-

tion in periodic gratings. It is remarkable the work developed by Declercq

and coauthors in this field, who focus on the generation of these type of

guided modes [DDBL04, DDBL05]. More recently, Estrada et al. demon-

strated that perforated elastic plates can attenuate or transmit sound waves

more efficiently than non-perforated plates at wavelengths close to the lattice

period [ECU+08]. They stressed the intrinsic differences between the elec-

tromagnetic and acoustic approaches and discussed the different mechanisms

involved in the transmission of sound through elastic plates with subwave-

length perforations immersed in water [EdAC+09].

Wood anomalies were also predicted on 1D arrangements of rigid cylin-

ders [ALK88, LT07], which can be considered as introductory studies of



128 Anomalous absorption in lattices of perforated shells

this phenomenon in sonic crystals. The anomalies found consisted of the

Rayleigh-type. Moiseyenco et al. analyzed and measured the distribution

of energy between the available diffracted orders of a sonic crystal, although

they did not pay attention to the Wood anomalies [MHDL12]. Apart from

these works, the literature concerning Wood anomalies on sonic crystals is

scarce, especially when the background medium is air.

10.2 Samples and theoretical approach

The structure here analyzed is made with the same scattering units as those

employed in Chapter 4 to contain rubber crumb. It consists of a square

arrangement of perforated shells with a radius of 4 cm and a lattice parameter

of 11 cm. The thickness of the plates is t = 0.5 mm, the radius of the holes

r = 250 µm and the perforation ratio is σ = 14.5%. The theoretical approach

is based on the T matrix expressed in Eq. (7.3.10), where the impedance of

the flat plates is calculated through Eq. (7.1.24) with α = 4.

The acoustic transparency of the flat perforated plates has been ac-

curately characterized through a measurement in an impedance tube. A

3.5 cm-diameter disk has been measured through the procedure described by

Song and Bolton [SB00]. By following this method the impedance Zp and

wavenumber kp of the effective medium are obtained and the reflection Rp

and transmission Tp coefficients of the plate can be calculated though the

corresponding expressions of a fluid layer

Rp =
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with

R0 =
Zp − Z0

Zp + Z0

, (10.2.3)

Z0 being the characteristic impedance of air. From these coefficients the

absortion of the plate can be deduced by assuming energy conservation, i.

e., Ap = 1 − Rp − Tp. Figure 10.1 shows the reflection, transmission and

absorption coefficients obtained from the experimental test. The measured



10.2 Samples and theoretical approach 129

values are in good agreement with the theoretical predictions, thus support-

ing the validity of the impedance model given in Eq. (7.1.24). The analytical

reflectance and transmittance have been obtained from the calculated imped-

ance as

Rp =

∣
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∣

∣
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As shown in Fig. 10.1, the reflection and absorption coefficients increase with

the frequency, although their values are low. The transmission coefficient

is close to one, proving that the energy impinging on the sample is mostly

transmitted. Despite this transparency, it is worth noting that due to viscous

friction of the air molecules inside the holes, the plate has a low but non-

negligible absorption.
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Figure 10.1: Reflectance, transmittance and absorption of a flat perforated

plate with parameters r = 0.25 mm, t = 0.5 mm and σ = 14.5%. Red lines

correspond to theoretical calculations and blue dots represent experimental

data acquired in an impedance tube.
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10.3 Loss-less scatterers

Energy dissipation inside the holes is neglected by taking the limit of van-

ishing viscosity η0 in the expression of the acoustic impedance, resulting in

the loss-less impedance given by Eq. (7.3.30). This impedance is introduced

in Eq. (7.3.10) in order to obtain the T matrix of the cylindrical scatter-

ers. The transmittance spectra of sonic crystals having 1, 3 and 5 rows of

perforated shells are shown in Fig. 10.2(a). It is almost one in the whole

frequency range except around 3 kHz where it reaches a minimum with zero-

transmission. The frequency where these phenomena occur is close to the

diffraction limit (λ = a) which in this case is 3118.2 Hz. A zoomed view

around the transmission minima is provided in Fig. 10.2(b). Full reflection

of sound waves is found even for only one row of scatterers if viscous losses

are neglected. In addition to the multiple scattering calculations (continuous

lines), the transmittance obtained through finite element simulations of a 3D

structure are also included (symbols). There is a good agreement between

both types of simulations, the minor discrepancies being derived from our

limited calculation capabilities of large 3D domains.

Figure 10.2(b) shows that the transmittance spectrum exhibit a narrow

minimum with an asymmetric profile typical from a Fano resonance [Fan41].

It evidences an interference phenomenon occurring between the transmitted

sound waves and a resonant state excited in the structure. This effect points

to the presence of a resonant Wood anomaly, the resonance corresponding to

a leaky guided mode propagating along the slab (normally to the direction

of the impinging wave). The position of this resonance is located at wave-

lengths slightly higher than the diffraction limit, as predicted for this type

of anomalies [Fan41]. In addition the position of the resonances shifts to

lower frequencies for an increasing number of rows, proving the dependence

between the resonant guided modes and the width of the slab. Besides the

Fano resonance, additional sharp peaks can be observed in slabs with 3 and

5 rows, and are then analyzed.

The resonant modes of the slab have been obtained through an eigen-

frequency analysis of the 3D structure modelled in Comsol. The positions

where the resonances occur are indicated with arrows in the upper part of

Fig. 10.2(b). There is a reasonable agreement between the frequencies where
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Figure 10.2: Transmittance of lossless slabs with 1, 3 and 5 rows of perforated

shells calculated through the multiple scattering theory (a) and zoomed view

in the range 2.9− 3.15 kHz (b). The symbols correspond to numerical data

obtained through 3D finite element simulations. The symbols in the upper

part of figure (b) indicate the eigenfrequencies of the resonant states of the

slabs. Note that the color of these symbols corresponds to the case having

the same line color.
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Figure 10.3: Pressure field of the eigenmodes obtained through 3D finite

element simulations of slabs with 1, 3 and 5 rows of perforated shells with no

losses. The eigenfrequencies of figures (a)-(e) are 3079.7+3.9i, 3041.9+13.7i,

3104.7+4.6i, 3033.7+20.6i, 3059.2+0.9i and 3102.6+2.4i Hz, respectively.

the transmission minima appear and the calculated eigenfrequencies, thus

supporting the explanation of the observed phenomenon through resonant

Wood anomalies. Figures 10.3(a), 10.3(b) and 10.3(d) show the pressure

field of the eigenmodes found at the first peak of transmittance in slabs with

1, 3 and 5 rows of scatterers. It is observed a guided mode travelling through

the interior of the slab. It consists of a stationary wave based on the combina-

tion of two identical modes travelling along the y-axis in opposite directions.

However, propagating modes that travel in a single direction can be observed

in slabs excited with an incident wave having a finite cross section, as shown

later.
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The extremely narrow peaks in Fig. 10.2(b) are associated with the eigen-

modes illustrated in Figs. 10.3(c), 10.3(e) and 10.3(f). These pressure maps

indicate that they correspond to resonances of higher-order. While in the

previous cases the phase of the modes keeps almost constant along the x-

axis, in this case two and three lobes appear within the slab. The values

of the eigenfrequencies are specified in the caption of Fig. 10.3. Note that

they are complex and their imaginary part is related to the lifetime of the

resonant modes. The lifetime of the low frequency resonances (Figs. 10.3(a),

10.3(b) and 10.3(d)) decreases significantly with increasing number of rows.

A low lifetime in slabs with many rows involves higher leaks from the guided

mode to the free space, leading to wider resonances. The higher-order reso-

nances have long lifetimes, which is consistent with the sharp profile of the

associated transmission minima.

Similar conclusions can be drawn from multiple scattering calculations of

slabs excited with a plane wave at similar frequencies. The resulting pressure

maps are illustrated in Fig. 10.4. It is observed a good correspondence

between the different subfigures and the eigenmodes shown in Fig. 10.3.

Moreover, those modes having a high lifetime present high values of pressure

inside the slabs as a result of the excitation of free resonances caused by the

low value of the imaginary part of the eigenfrequency. Lower intensities are

found in Figs. 10.4(b) and 10.4(d), where this imaginary part is higher and

thus the resonances are forced.

The behavior of the lattice can be further analyzed when a sonic crystal

slab is excited with a wave having a finite cross section. Figure 10.5 shows a

multiple scattering simulation of a slab with 3 rows, each row consisting of

19 perforated shells with no losses. Here, a Gaussian beam at the frequency

of the first zero-transmission minimum (3037.3 Hz) impinges normally to the

slab from the left side (see blue arrow). The modes guided by the structure

are clearly visible. When they reach the upper and lower ends of the slab,

they leave it resulting in two 90◦-redirected beams travelling along the y-axis

(black arrows). Moreover it is observed the leaky nature of the guided modes

through the waves leaving the sample at those positions where neither the

impinging wave nor the ballistic transmission are present (red arrows). Al-

though the slab is excited at the frequency where full reflection was found,

the ballistic transmittance (white arrow) is high. This shows that the trans-
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Figure 10.4: Pressure maps of a plane wave impinging on slabs with 1, 3 and

5 rows of perforated shells with no losses. The frequencies of figures (a)-(f)

are 3078.3, 3037.3, 3092.67, 3024.7, 3058.7 and 3098 Hz, respectively.
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Figure 10.5: Pressure map of a Gaussian beam with frequency 3037.3 Hz

impinging on a slab with 3 rows of perforated shells, each row having 19

units. The arrows indicate the direction of propagation of the different waves

observed entering or leaving the sample.

mission suppression in lattice of loss-less perforated shells occurs as the slab

becomes longer and the incident wavefront broadens.

10.4 Lossy scatterers

Figure 10.6 shows the reflectance R, transmittance T and absorption A
calculated for slabs with 1, 3 and 5 rows when the dynamic viscosity of air

(η0 = 17.8 µPa · s) is taken into consideration. Now the transmittance is

not unity but its value is still high. The transmittance spectra present a

single minimum that appears at frequencies close to the diffraction limit and

shifts to lower frequencies with increasing number of rows. Therefore, the
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Figure 10.6: Theoretical reflectance, transmittance and absorption of lattices

of SCs having 1 to 5 rows of perforated shells when considering viscous losses.

Notice that the reflectance spectrum is plotted in a narrow range for better

visualization.

Wood anomalies still exists in lattices of perforated shells with viscous losses,

although their amplitudes are smaller and their frequency response broadens

due to the dissipation. Note that the transmittance of a slab with 3 rows

of shells of Fig. 10.6 is directly compared with experimental data in Fig.

7.7(b).

It is also noticeable that the reflectance spectrum takes low values com-

pared to absorption, even in the resonance where full reflection was found in

the non-lossy case. In this region reflectance is enhanced, although the total

attenuation of the slabs is mainly due to energy dissipation. As observed in

the lossless case, the resonant anomaly involves a guided wave that travels

along the axis of the slab. It is worth noting that the energy which is cou-

pled to such guided mode travels perpendicular to the incidence direction

along the interior of the slab. Thus, the sound is deviated from the free

space to a path with low losses but which is infinitely long, in such a manner

that it is slowly dissipated as it propagates. This results in the absorption
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enhancement observed in Fig. 10.6.

The coupling between the incident wave and the guided modes can be

improved by increasing the filling fraction of the SC, i. e., by reducing the

separation between cylinders. A sweep of the lattice parameter has been

performed while the radius of the cylinders has been kept constant at 4 cm.

Figure 10.7 shows the corresponding 2D map of absorption calculated for a

slab with three rows of scatterers as a function of the frequency and the filling

fraction of the SC (ff = π(R/a)2 for a square lattice). It is clearly observed

the band where the anomaly occurs. It is located at slightly lower frequencies

than the diffraction limit, which is indicated with a dash line. In addition

to the first anomaly, a second branch can be observed. It corresponds to the

frequency where the wavelength approaches one-half lattice parameter. The

maximum absorption is found for the maximum filling fraction considered in

the calculations (ff = 69.6%), for which the separation between cylinders is

a = 8.5 cm. At this point the absorption is A = 0.77 and the transmittance

drops to T = 0.08. A similar behavior is found for the cases of 1 and 5 rows,

whose minimum transmittance takes the values T = 0.44 and T = 0.012,

respectively.

It is worth noting that an arrangement of two parallel plates has similar

levels of absorption when compared to an arrangement of one row of per-

forated cylinders. Thus the two parallel perforated plates would represent

the front and rear surfaces of the row of cylinders. As a 1D slab, it will

show attenuation bands (or bangaps) that depend on the separation between

plates. However the response of such a system is less selective. The imple-

mentation with cylinders results in attenuation mechanisms that are focused

on a narrow band, allowing a high transmittance of sound at the remaining

spectrum. An example is given in Fig. 10.8, where the transmittance of one

row of cylinders is compared with that of two parallel plates with similar

perforations. It is observed that the overall transmittance of the slab of per-

forated shells is higher, although it presents a narrow peak where losses are

highlighted. This lead to potential applications such as notch filters, where

only a sharp specific band is intended to suppress.
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Figure 10.7: Sound absorption of a slab of three rows of perforated shells as a

function of the frequency and the filling fraction of the lattice. The cylinders

are the same as those used in the previous figures, varying only the lattice

parameter from 8.5 cm to 22 cm for the sweep of filling fraction.
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Figure 10.8: Reflectance, transmittance and absorption spectra of one row

of cylindrical perforated shells (solid lines) and an arrangement of two par-

allel plates having the same perforations than the shells (dashed lines). The

distance between the centers of nearest-neighbors cylinders and between the

parallel plates is 8.5 cm. Viscous losses have been considered in the calcula-

tions.





Part III

Acoustic cloaking





Chapter 11

Introduction

11.1 Acoustic cloaking

Invisibility is a fascinating phenomenon that, until recently, was only found

in science fiction novels and films. However this topic began to attract the

interest of many scientists since Leonhardt and Pendry simultaneously re-

ported a theory capable of designing invisibility cloaks for electromagnetic

waves [Leo06,PSS06]. The idea is to surround an object with a cover which

guides the waves and prevents them to interact with the hidden object. The

waves emerge from the cloak keeping their initial trajectory as if they had

traveled through the empty space, thus making the object invisible to any

external observer. The approach was based on a coordinate transformation

technique which maps a Cartesian space into a distorted mesh having a re-

gion which does not exist in the original space. This region corresponds to

the space where the object to be hidden is inserted. Maxwell’s equations

have the same form in both coordinate systems, the geometrical differences

being expressed in terms of the anisotropic and inhomogeneous constitutive

parameters of the material composing the cloak.

Thus, the challenge of designing an invisibility cloak will depend on the

ability to find materials with the required exotic parameters. Unfortunately,

these properties are not found in natural materials and therefore the cloak

should be implemented by means of artificially engineered structures, also

referred to as metamaterials. They essentially consists on periodic arrange-

ments of subwavelength units whose individual properties results in an ef-
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fective medium with extraordinary parameters [PHRS99,SW11]. Given this

background, the first practical realization of a cloak was reported in 2006

by Schurig and coauthors, who concealed a copper cylinder at microwave

frequencies by surrounding it with a metamaterial based on split-ring res-

onators [SMJ+06]. Due to the difficulty of achieving the extreme constitu-

tive parameters required by the theory, a reduced set of material properties

was considered. The resulting cloak presented a similar phase velocity pro-

file than the ideal implementation, although its impedance was not matched

with the background, which resulted in some unwanted scattering.

From these early works, many theoretical and experimental studies have

been reported so far. Interested readers are addressed to the reviews in

Refs. [AE08, FA14]. In general the complexity of the required parameters

has always led to different simplifications that result in feasible implemen-

tations at the expense of some performance limitations. One of the more

relevant examples is the carpet cloak, which considers a simpler geometry

and hides an object placed over a reflecting surface [LP08,LJM+09]. Besides

refractive devices based on transformation optics, other physical mechanisms

have also been considered to achieve invisibility. In this way scattering can-

cellation has proven to be an effective approach. It is based on the control

and minimization of the scattering cross section of the system [CSA12]. By

following this idea, a plasmonic cloak made through a metamaterial near its

plasma resonance was proposed by Alù and Engheta [AE05] and later demon-

strated [RKM+12]. Cloaks based on complementary media are calculated

through transformation optics, although their operation can be compared to

the scattering cancellation mechanism. They are based on the inclusion of

a complementary image made with negative materials that cancels the scat-

tering of the object, even allowing the concealment of objects placed outside

the cloak [LCZC09].

The research on invisibility was also extended to other types of waves such

as surface waves in liquids [FEGM08] and elastic waves [FGE09, SWW12].

The acoustic counterpart of the devices reported for electromagnetic waves

has also been studied. The similarities between the electrodynamic and

acoustic wave equations lead to an analogous approach named transformation

acoustics. The inhomogeneous constitutive parameters of an ideal acous-

tic cloak were deduced by Cummer and Schurig [CS07]. The parameters
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here reported were based on an isotropic bulk modulus and anisotropic mass

density, both of them being inhomogeneous. An additional approach with

isotropic mass density and anisotropic bulk modulus was later proposed by

Norris [Nor09]. As in electromagnetic cloaks, the anisotropic and extreme

values of the acoustic parameters resulted in non-feasible practical imple-

mentations. However, Torrent and Sánchez-Dehesa demonstrated that the

cloak with anisotropic mass density could be implemented through a set of

concentric layers made with isotropic media [TSD08a]. Although anisotropic

materials were no longer required, the extreme properties of the resulting

materials were still rarely found in nature.

Similarly to the electromagnetic case, the study of acoustic cloaking was

subjected to the development of metamaterials capable of achieving specific

properties. The study of acoustic metamaterials is a topic of intense research

due to their potential applications. For instance, effective media showing neg-

ative bulk modulus [FXX+06,GCGST+12], mass density [LZM+00,PPL+11]

or both simultaneously [LC04,GSGCTSD13] have been already reported. De-

spite this progress in material engineering, the fabrication of acoustic cloaks

continues being a challenge and reported devices assume simplifications that

degrade their performance.

The first demonstration of an acoustic cloak was performed at ultrasonic

frequencies with a steel cylinder surrounded by a planar structure immersed

in water [ZXF11]. Some months later a ground cloak was experimentally

characterized [PZC11]. This cloak was based on an anisotropic metama-

terial made with parallel perforated plates. The same type of sample was

recently reported in 3D, being one of the few experimental demonstrations

of a 3D acoustic cloak [ZPC14]. In both cases the authors claimed a broad-

band behavior of the devices. The employed metamaterials were designed

by considering a reduced set of acoustic parameters and therefore the cloaks

were slightly mismatched with the impedance of the background. Scattering

cancellation has been also considered in acoustics. It was shown that a set

of elastic or fluid layers (with positive and isotropic parameters) surrounding

a solid object can reduce the scattering cross section up to negligible lev-

els [GAH11,GHA12]. It is worth noting that one of the drawbacks of this

approach is the specific knowledge of the shape and the material properties

of the object being hidden, in such a manner that a new cloak must be de-
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signed if some of the object properties changes. Acoustic complementary

cloaks have been also proposed, demonstrating that they can be engineered

through single negative materials [ZLK+11]. A hybrid cloak that combines

the two aforementioned mechanisms was also reported by Martin and cowork-

ers [MO12]. They proposed a fluid scattering cancellation layer surrounded

by a non-ideal supercell based on transformation acoustics, showing a re-

markable improvement with respect to the implementation of each cloak

type separately.

11.2 Objectives

The aim of the next chapters is to report new advances in the topic of acous-

tic cloaking. Due to our experience in acoustic metamaterials for airborne

sound, the presented cloaks are intended to work in air and, in addition, by

employing solid materials. The design of structures embedded in this back-

ground results in a high impedance contrast with respect to almost any low

loss solid or fluid, in such a manner that they can be considered as rigid

materials with infinite mass density. Therefore refraction between different

media cannot be here considered, unlike other backgrounds like water. This

drawback strongly limits the design of acoustic metamaterials. Other alter-

natives such as the use of membranes could be considered, although they

have disadvantages like the high degree of precision required for tuning the

tension of each membrane. The implementation based on rigid materials

presents the advantage of being mechanically robust and, in addition, the

resulting structures are easier to fabricate.

Despite being a topic of intense research, most of the available literature

deals with theoretical approaches and only a much reduced number of exper-

imental works have been reported. Because of this, one of the main goals of

this work is to perform the experimental characterization of acoustic cloaks.

It will be shown that, due to the aforementioned limitations, this objective

will be only accomplished by assuming severe limitations on the operation of

the resulting devices.
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Reduced acoustic cloak based

on temperature variations

This chapter proposes a new approach to control the propagation of sound

through metamaterials based on rigid structures. The underlying physical

mechanism is based on the dependence of the air properties with the temper-

ature. The chapter begins with the formulation of a perfect cloak obtained

through the transformation acoustics theory. From this model, a reduced im-

plementation is developed as a set of concentric layers where the background

fluid of each layer is conveniently heated or cooled. It will be shown that

this system can be approached through an arrangement of cylinders whose

surfaces are set at specific temperatures. Theoretical and simulated data will

be provided to discuss the performance of the proposed cloak. It is worth

mentioning that this temperature-based approach not only allows the imple-

mentation of acoustic cloaks, but it turns out to be a general technique for

designing acoustic metamaterials.

12.1 Transformation acoustics cloak

Consider a cylindrical domain defined as 0 < r < Rb. This space can be

mapped into the annular region Ra < r′ < Rb of a transformed system by

applying the simple rule

r′ = Ra +
r(Rb −Ra)

Rb

. (12.1.1)
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Since the space within r′ < Ra does not exist in the original system, this

region is not accessible to any impinging wave. In addition, the cylindri-

cal shell of the transformed space will behave as the empty space provided

that the region r < Rb is filled with the background medium. The acoustic

Helmholtz equation is invariant under the above coordinate transformation,

which results in a set of constitutive parameters [CS07]

ρr(r) = ρ0
r

r −Ra

, (12.1.2a)

ρθ(r) = ρ0
r −Ra

r
, (12.1.2b)

B(r) = B0

(

Rb −Ra

Rb

)2
r

r −Ra

, (12.1.2c)

where ρ0 and B0 are the mass density and bulk modulus of the fluid back-

ground. The parameters defining the cylindrical shell (or cloak) are inhomo-

geneous since depend on the radial coordinate. They diverge as r approaches

Ra, this fact being a major drawback for its practical implementation. The

phase velocity profiles can be expressed as

cr =

√

B(r)

ρr(r)
=

Rb −Ra

Rb

c0, (12.1.3a)

cθ =

√

B(r)

ρθ(r)
=

Rb −Ra

Rb

r

r −Ra
c0, (12.1.3b)

where c0 is the sound speed of the background. It is found that the radial

velocity is constant and lower than c0, while the angular velocity is always

larger than c0 and depends on the radial coordinate. The requirement of

sound speeds higher than that of the background is another drawback in the

design of acoustic cloaks in air, since acoustic metamaterials based on rigid

inclusions tend to reduce the effective sound velocity.

With regard to the mass density, it is shown in the above formulas

that this parameter is anisotropic. Anisotropic inertia is not a property

of natural fluids, although it can be achieved through artificial structures

[PL08, TSD08b]. Moreover, the realization of an acoustic cloak with the

properties expressed in Eqs. (12.1.2) was proposed by means of a multilay-

ered structure with concentric layers whose fluids are made of two alternating
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media: one with low (ρ−) and another with high (ρ+) isotropic densities. The

expression of both set of parameters is [TSD08a]

ρ±(r) = ρr(r)±
√

ρ2r(r)− ρr(r)ρθ(r), (12.1.4)

where ρr and ρθ are given in Eqs. (12.1.2a) and (12.1.2b). The main issues

of this layered structure are the intrinsically instability of any mixture of

fluids with different densities and the extreme values that are still required

when r approaches Ra. Despite being derived from the parameters of a

perfect cloak, this implementation does not result in an ideal operation due

to the finite number of layers. Obviously, a higher number of layers results

in better performance. In turn, the quality of the cloak does not depend on

the thickness of its layers and therefore it is possible to design devices as

thin as desired, provided the associated fabrication difficulties are assumed.

An example is given in Fig. 12.1 where the operation of a cloak made with

100 layers is illustrated. The external radius is chosen as Rb = 2Ra and the

wavelength of the impinging wave is λ = 2Ra. It is shown how the cloak

guides the sound around the object and then reconstructs the wavefront as

if the wave had travelled through the empty space.

12.2 Implementation through temperature vari-

ations

In the last section some of the difficulties for obtaining an acoustic cloak

were described. One of them is the requirement of a sound speed higher than

c0. The inclusion of a rigid matrix in a fluid leads to metamaterials having

always lower velocities than that of the background. In order to implement an

acoustic cloak it is required to find a physical mechanism making possible that

sound waves travel at higher velocities. It is known that temperature has a

direct influence on the mass density while the bulk modulus remains constant.

By assuming that the density of air is ρ̃0 = 1.29 kg/m3 at T0 = 273 K, the

general expression of the density has the form [Ber86]

ρ0(T ) = ρ̃0
T0

T
, (12.2.1)
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Figure 12.1: Acoustic cloak with inner Ra and outer Rb = 2Ra radii when

a plane wave with wavelength λ = 2Ra impinges on it. The cloak consists

of an arrangement of 100 concentric isotropic layers whose parameters are

obtained through Eqs. (12.1.2) and (12.1.4) (see Ref. [TSD08a] for more

details).

which results in a sound speed

c0(T ) =

√

B0

ρ0(T )
= c̃0

√

T

T0

, (12.2.2)

where c̃0 is the sound speed at T0. Thus it is shown that higher and lower

sound velocities can be achieved through the control of the air temperature.

The issue is how to implement a metamaterial able to control the tem-

perature of the background. The solution consists of setting the temperature

of the solid inclusions employed in building the acoustic metamaterial. The

proposal here developed considers an arrangement of identical rigid cylin-

ders whose surfaces are heated or cooled at specific temperatures. A simple

scheme of the proposed structure is shown in Fig. 12.2. Here a central rigid

cylinder is surrounded by a series of concentric layers. The cylinders of each

layer are set to the same temperature according to the required mass density.

Due to the alternating profile of the density modelled in Eq. (12.1.4), it is

expected that hot and cold layers are successively arranged.
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Figure 12.2: Scheme of the proposed cloak that employs temperature as the

mechanism allowing the control of sound waves. It is based on a central

cylinder surrounded by concentric layers of cylinders heated or cooled at

different temperatures.

According to the homogenization theory of sonic crystals, the mass den-

sity of a periodic distribution of rigid cylinders can be expressed as [THCSD06]

ρeff =
1 + ff

1− ff
ρ0(T ), (12.2.3)

where ff is the filling fraction of the lattice. Note that the effective density

depends on both the temperature and the filling fraction. On the other hand,

the bulk modulus is

Beff =
B0

1− ff
, (12.2.4)

and does not depend on the temperature. From the above equation it is clear

that Beff > B0. Since the bulk modulus of the ideal cloak expressed in Eq.

(12.1.2c) is lower than B0 at some points, it is concluded that perfect cloaks

are not realizable by using the temperature as here described. However, the

temperature approach can be used to realize reduced cloaks in terms similar

to those proposed for electromagnetic waves [SMJ+06], which have the phase

velocity profile of the ideal implementation [see Eqs. (12.1.3)], although the

impedance is not matched with that of the background. This results in

a non-zero reflectance at the expense of using the following reduced set of
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parameters:

ρ̂r(r) = α

(

Rb

Rb −Ra

)2

ρ0, (12.2.5a)

ρ̂θ(r) = α

(

Rb

Rb −Ra

)2(
r −Ra

r

)2

ρ0, (12.2.5b)

B̂(r) = αB0. (12.2.5c)

Here α is an arbitrary parameter that takes values α ≥ 1. From Eqs. (12.2.4)

and (12.2.5c) a direct relation between α and the filling fraction can be

established

ff = 1− 1

α
. (12.2.6)

Thus a large value of α implies a high filling fraction, which is a good condi-

tion to accurately set the air temperature at the different layers since there

is less empty space between cylinders. However a high filling fraction also

leads to a dense lattice and a higher impedance mismatch between the cloak

and the background.

In this work a value of α = 1.4 has been chosen, resulting in a filling

fraction of 28.6%. Once the filling fraction is fixed, the mass density of each

layer can be obtained by adjusting the temperature in Eq. (12.2.3). Thus,

the temperatures T+ and T− of the layers having high and low densities are

expressed as

T±(r) =
1 + ff

1− ff

ρ0
ρ±(r)

T0, (12.2.7)

where ρ± are the mass densities from Eq. (12.1.4) with the anisotropic com-

ponents described in Eq. (12.2.5).

The cylinders are arranged in concentric layers around the cloaked ob-

ject. This distribution is named circular acoustic crystal (CAC), in a similar

manner to the analogous photonic structure [HSN+04]. The position of the

mth cylinder of the ℓth layer is given by

~rℓm = a(ℓ+ ℓ0) [cos(Φ)x̂+ sin(Φ)ŷ] , (12.2.8)

with

Φ =
2πm

6(ℓ+ ℓ0)
, (12.2.9)

where a is the radial distance between concentric layers and ℓ0 is an integer

that defines the inner cloak radius Ra = aℓ0. The total number of layers N of
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the shell determines the external radius of the cloak Rb = Ra+aN . Each layer

has 6(ℓ + ℓ0) cylinders located at the radial coordinate rℓm = a(ℓ + ℓ0) and

separated by an angle of ∆ϕℓm = 2π/6(ℓ+ ℓ0). This results in an arc-length

of d = rℓm∆ϕℓm = 2πa/6 between nearest-neighbor cylinders. To calculate

the filling fraction of a CAC, consider a single layer of the structure. The

area filled by the cylinders is Ac = 6(ℓ+ ℓ0)πr
2
cyl, rcyl being the radius of the

cylinders. The area occupied by the layer shell is

As = π

[

(

rℓm +
a

2

)2

−
(

rℓm − a

2

)2
]

= 2πrℓma = 2πa2(ℓ+ ℓ0). (12.2.10)

Thus the filling fraction of the CAC is

ff =
Ac

As

= 3
r2cyl
a2

, (12.2.11)

which is independent on ℓ and therefore the cylinders of the different layers

have the same radius rcyl = a
√

f/3.

The sample considered in this work has a shell with N = 20 layers and

an external radius Rb = 3Ra. Consequently ℓ0 = 10 and a = Ra/10. The

total number of cylinders M can be calculated thought the expression

M =
N
∑

ℓ=1

6(ℓ+ ℓ0) = 3N(N + 1) + 6Nℓ0 (12.2.12)

which results in M=2460 cylinders. However, an additional layer of cylin-

ders should be taken into account to set the ambient temperature in the air

surrounding the device at r > Rb. Otherwise the temperature profile would

decay slowly from the last layer of cylinders due to its large temperature

difference with the background. Because of this, a new outer layer whose

cylinders are set to the background temperature is included, increasing the

required number of cylinders up to M=2646.

12.3 Results

Simulations of the whole CAC have been performed through the finite ele-

ment method with Comsol Multiphysics. First, the temperature profile of

the different layers has been characterized. To do this, Laplace’s equation
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has been solved in a 2D domain where the surfaces of the cylinders are heated

or cooled to those values derived from Eq. (12.2.7). Figure 12.3 shows the

analytic required profile compared to the simulated data. It is found a good

agreement between the air temperature set by the cylinders and the expected

analytical values. The inset of the figure shows a temperature map in loga-

rithmic scale. A layered distribution of temperatures is clearly observed and

evidences the creation of a layered mass density profile. Nevertheless it is

worth noting that the required temperature values are extreme and therefore

the proposal is hardly realizable in practice.
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Figure 12.3: Temperature profile of the reduced acoustic cloak (continuous

line) compared with the profile obtained by heating or cooling the cylin-

ders arranged around the cloaked object (dots) . The inset shows the 2D

distribution of temperature.

The performance of the acoustic cloak has been checked through the

simulation of a plane wave impinging on the device. To account for the

local density variations due to the temperature profile, the mass density of

air has been derived from Eq. (12.2.1) where T (x, y) is the temperature

distribution previously calculated through Laplace’s equation. Thus, the

acoustic Helmholtz equation is solved for the arrangement of rigid cylinders

embedded in a background whose mass density is temperature-dependent.

The results are compared to those from a bare cylinder and a perfect cloak
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with the same number of layers. The backscattered field has been calculated

since it is a parameter characterizing the performance of the cloak. Figure

12.4 shows this parameter for the three aforementioned cases as a function

of the normalized frequency of the incident wave. Due to the low number

of layers, even the perfect cloak presents a non-negligible backscattering. Its

value is much lower than the case of a bare cylinder at low frequencies and

increases at higher frequencies. It is observed that the reduced cloak is able to

reduce the backscattered with respect to the bare cylinder in some frequency

bands where its performance is comparable to the ideal cloak. Both cloaks

have higher backscattering than the bare cylinders at some frequencies. At

this point it is worth mentioning that these devices have an external radius

equal to three times the radius of the central cylinder and, in addition, a low

number of layers. It is expected that a higher number of layers results in

better performance.
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Figure 12.4: Backscattered field produced by a rigid cylinder of radius Ra

(dashed line) compared to the fields produced by the cylinder surrounded

with two different cloaks: a perfect cloak made of 20 homogeneous layers

(dashed-dot line) and the reduced cloak implemented through an arrange-

ment of heated/cooled cylinders (continuous line).
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Figure 12.5 shows the real part of the pressure field when a plane wave

with wavelength λ = 3Ra arriving from the left impinges on the object with

a reduced cloak. The upper panel corresponds to a numerical simulation per-

formed for the layered structure, each layer being made with a homogeneous

fluid. The lower panel shows the data resulting from the finite element simu-

lation of the system of rigid cylinders. The field distributions show a similar

behavior in which the wavefront surrounds the object and is partially recon-

structed at the outer side of the cloak. Note that some scattered field appears

a consequence of the impedance mismatch of the reduced set of parameters

of the shell. As previously mentioned, it is expected an improvement of the

cloaking phenomenon for an increasing number of layers, as occurs in the

case of the perfect implementation.



12.3 Results 157

x/R
a

y/
R

a

−4 −2 0 2 4

−4

−2

0

2

4

y/
R

a
−4

−2

0

2

4

−1

0

1

Figure 12.5: Real part of the pressure pattern produced by the scattering of

a plane sound wave with wavelength λ = 3Ra impinging on a reduced cloak

made of layered metafluids. The upper panel shows the case of a cloak whose

layers are made with isotropic and homogeneous fluids while the lower panel

is based on a layered distribution of cylinders heated or cooled at specific

temperatures.





Chapter 13

Two-dimensional cloak based

on scattering cancellation

In the last chapter the design of acoustic cloaks through transformation

acoustics was introduced and an approach based on the temperature of the

background was developed. However the need for extreme temperature pro-

files makes this proposal unfeasible. This problem is common when dealing

with cloaks derived from coordinate transformation techniques since they

generally result in hardly realizable parameters. In order to provide a feasible

implementation, a different approach is considered in this chapter. Scatter-

ing cancellation will be used here as the physical mechanism that renders an

object acoustically invisible. The design procedure of a 2D cloak, which is

based on a numerical optimization, is first reported. Then, the construction

of the cloak as well as the 2D environment required to perform the experi-

mental characterization are described. Finally the results obtained from the

measurements are shown and the performance of the device is discussed.

13.1 Design

The basic idea of the scattering cancellation technique is to design a cloak

producing a scattered field which cancels the scattering of the object intended

to conceal. In this scheme the incident wave interacts with the central object

unlike the ideal operation of the cloaks based on transformation acoustics.

The new approach has the advantage of allowing the hidden device to sense
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the external field, as recently reported [GAH14]. However the parameters of

the cloak will depend on the acoustic properties and the dimensions of the

hidden object. The proposed cloak is designed to work with airborne sound

and employs rigid materials due to their robustness and ease of fabrication.

This assumption strongly limits the design possibilities and it is not possible

to achieve the operating conditions of an ideal implementation. Instead, the

device will work in a narrow frequency range and only for waves coming from

a specific direction.

The object to be cloaked is a rigid cylinder with radius R0 = 11.25 cm.

The impinging sound is a plane wave with frequency 3 kHz, that corresponds

to the condition λ = R0. The cloak consists of a distribution of 120 rigid

cylinders with radius r0 = 7.5 mm that surround the central object. Their

positions are determined through a numerical optimization which combines

two different methods: genetic algorithms (GA) and simulated annealing

(SA).

GA are heuristic search algorithms inspired by the Darwinian evolution

process [Gol89]. They start with an initial population of candidate solutions.

Each candidate has a set of properties (chromosomes) related to the different

parameters of the search space. New candidates are successively generated

through random modifications of their properties (mutations) or the combi-

nation of several individuals (crossover). Each new solution is evaluated by

means of a fitness function and the best candidates are selected for the next

generation. This method is especially useful when dealing with huge search

spaces and has been previously employed in the optimization of photonic

and sonic crystal slabs [SHLZ+04,HSDS04]. However the search space of the

proposed cloak is too large even for GA and it needs to be combined with

an additional method. SA is a global optimization technique based on the

process of cooling melted solids in order to obtain uniform crystalline struc-

tures with minimum free energy [KJV83]. Starting from a given state, a new

one is generated through some well-defined way (in this case a sequence of

GA optimizations) and it is evaluated through the objective function. This

new state is always selected if it has less energy. If the energy is higher, it is

selected with a certain probability that depends on a parameter named tem-

perature. The choice of worse solutions avoids converging to local optimums.

As the algorithm progresses, the temperature and the transition probability
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towards worse solutions are reduced until they reach zero.

Let (xn, yn) the position of a given cylinder in the n-th iteration. The

position in the next annealing step is defined by

xn+1 = xn + Tnjx, (13.1.1)

yn+1 = yn + Tnjy, (13.1.2)

where Tn is the temperature and (jx, jy) are integer numbers obtained through

a short sequence of GA optimizations. Once the new positions are known,

the quality of the candidate is evaluated through the fitness function. The

transition to the new solutions is decided according to the difference between

the current and previous fitness ∆E. The probability of transition towards

a worse state is here defined as e−∆E/Tn .

The fitness function employed to search the optimum positions of the

cylinders should be focused on the scattering cross section. However, a more

efficient calculation is given by

F = 1−
∑360

i=1 |Pt(rc, θi)|2
∑360

i=1 |P0(rc, θi)|2
(13.1.3)

where (rc, θc) are the polar coordinates of 360 points uniformly distributed

in a circumference with radius rc and centered in the central object. Pt is

the total pressure field of the system (calculated with the multiple scattering

theory) and P0 is the incident plane wave. Note that the second term of the

formula evaluates how different are the incident wave and the total pressure

field. It vanishes when both fields are similar and, therefore, F = 1 defines

the complete acoustic concealment.

The optimization tool starts with a uniformly distributed set of cylinders

and iterates until Tn = 0. The resulting distribution of cylinders is shown in

Fig. 13.1. The cylinders are not uniformly arranged, although the cloak has

a double mirror symmetry with respect to the planes passing through the x

and y-axes. The fitness of the solution is F = 0.977, indicating a remarkable

concealment. The operation of the cloak is illustrated in Fig. 13.2 and

compared to the scattering of a bare cylinder. As shown, the scattering

produced by the large cylinder is almost completely cancelled when it is

surrounded by the arrangement of small cylinders.
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Figure 13.1: Distribution of 120 cylinders with radius 7.5 mm cloaking a

central object with radius 11.25 cm. The positions of the cylinders have been

calculated to render the structure invisible for waves at 3 kHz travelling along

the x-axis.

13.2 Sample and experimental setup

The cloak is designed for 2D operation and therefore requires an experimental

setup where waves only propagate in two dimensions. For this purpose, a 2D

waveguide was specifically constructed. Figure 13.3 shows a photograph of

the chamber. The top surface is built with wooden plates while the bottom is

the floor of the laboratory. The chamber covers an area of 4.6× 3.66 m2 and

its lateral boundaries are covered with a layer of fiber glass in order to avoid

undesired reflections. The height of the waveguide is 5 cm, which results in

single mode propagation until 3400 Hz where one-half wavelength equals this

height. Above this cutoff frequency higher order modes with variations along

the z-axis are excited, thus spoiling the experimental data. The propagating

sound is generated by a JBL CBT100LA column speaker and introduced at

the front side of the chamber. The sample is placed in the center of the

chamber where a 68× 68 cm2 sample holder is located. The pressure field is

measured through a B&K 4958 microphone attached to a 2D programmable

robot. The data are acquired inside the chamber in an area of 75 × 46 cm2

with a spatial resolution of 1 cm (see the blue area in Fig. 13.3).
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Figure 13.2: Real part of the total pressure field calculated for a bare cylinder

with diameter 22.5 cm (upper panel) and the same object surrounded by the

cloak depicted in Fig. 13.1. The impinging sound is a plane wave at 3 kHz

coming from the left side of the figure. The rectangles defined by dashed

lines define the area where the field is experimentally measured.
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Figure 13.3: Experimental setup employed to characterize the samples in a

2D environment. It is built with a 4.6 × 3.66 m2 wooden plate separated

5 cm from the floor of the room. A column speaker is placed at the front

side of the chamber and excites a sound wave with a plane wavefront inside

the waveguide. The samples are placed in a sample holder located in the

center of the chamber and the sound is recorded on the blue area by means

of a microphone moved with a 2D positioner.
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Figure 13.4: Photograph of the fabricated sample consisting of a central

cylinder with radius 11.25 cm surrounded by a set of 120 cylinders with

1.5 cm of diameter. All the cylinders are fixed by a methacrylate plate with

a distribution of holes drilled in accordance to the scheme of Fig. 13.1.

The cylinders shown in Fig. 13.1 have been built in aluminum, which

is considered a rigid material for sound waves in air. The positions of the

cylinders are fixed by means of a methacrylate plate where the holes have

been drilled at their precise positions through a computer-controlled milling

machine. The resulting structure can be observed in Fig. 13.4.

The excitation signal consists of a 3 kHz carrier modulated by a Gaussian

envelope. It has a finite duration in order to acquire the response of the

system until a specific time and avoid reflections coming from the limits of

the waveguide. Despite the fiberglass absorbing layers included in the setup,

these reflections can occur in the sides of the chamber where the speaker and

the 2D positioner are placed. Several pulses are emitted at each position of

the robot and the resulting data are averaged, processed through a Fourier

transform and stored in a computer. All the process is managed by a custom

LabVIEW program.

Excitation data is generated by a PCI-6731 card. The analog output

of such a device goes to a power amplifier that drives the column speaker.

The data received by the microphone are amplified by a B&K 2694-B and
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digitized by a Pico Scope 3224. Since the behavior of the sample is wavelength

sensitive, a rigorous control of the sound velocity was performed during the

experiments. Temperature and humidity sensor were included in the system

and these parameters were continuously acquired by the control software.

The temperature sensor is based on a LM35 device while the humidity is

measured with a HIH-4000-002 integrated circuit. These parameters were

very stable along the time spent in data acquisition. The averaged values

of temperature and relative humidity were 24.8◦C and 54.7%, respectively,

resulting in a sound speed of 347 m/s [WE85].

13.3 Results

The experiments were carried out for three cases: free space (i.e., empty

waveguide), bare cylinder and cylinder surrounded by the cloak. The visibil-

ity factor γ has been employed to quantify the performance of the cloaking.

It is defined as [ZXF11]

γ =
1

N

∑

j

|Pmax,j| − |Pmin,j|
|Pmax,j|+ |Pmin,j|

, (13.3.1)

where Pmax,j and Pmin,j are the maximum and minimum peak values along

a given wavefront j. This parameter measures the stability of the wavefront

reconstructed by the cloak and equals zero when the pressure amplitude takes

the same value in each wavefront. The frequency response of the visibility γ is

shown in Fig. 13.5 for the three analysed cases. The measured data (symbols)

are compared with numerical simulations obtained through the finite element

method (lines). The operating frequency of the cloak corresponds to the

point where γ reaches a minimum. The experimental data corresponding to

the cloak shows a minimum at 3061 Hz, which is a value slightly different

from the frequency considered in the design process. This discrepancy can

be explained by the difference between the sound velocity assumed in the

calculations and its actual value inside the waveguide. As shown, at this

frequency the visibility of the cloak is much lower than that of the bare

cylinder and is very close to the free space, proving that the transparency of

the object has been obtained. The behaviour of the cloak is narrowband and

the performance decreases as frequency differs from the operating point. It
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Figure 13.5: Averaged visibility as a function of the frequency for the free

space (black), a rigid cylinder (blue) and a rigid cylinder surrounded by the

designed cloak (red). The symbols represent results obtained from experi-

mental data. Solid lines are obtained from finite element simulations with

an incident plane wave while dashed lines result from simulations employing

an incident sound profile fitted to that measured in the chamber.

is worth noting that the visibility of the free space is ideally zero. Although

the measured value is not null, it is reasonably low.

The dashed lines in Fig. 13.5 represent simulations performed with a

perfect plane wave as excitation source. However, the measured profile of

the incident wave differs slightly from a plane wave. To account for this

issue, the incident field has been modelled through the expression

P0,meas =
e−(

y
σ )

2

(x+ x0)n
eikr, (13.3.2)

where

r =
√

(x+ x0r)2 + y2. (13.3.3)

The parameters of the above equations were obtained through a numerical
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Figure 13.6: Amplitude (upper panels) and real part (lower panels) of the

pressure within the region of exploration in the experimental setup. The

right panels illustrate the measured data and the left panels show the field

modelled through Eq. (13.3.2).

fitting with the measured data, giving x0 = 2.7, n = 1.16, σ = 0.83 and

x0r = 3.93. A comparison between the measured and modelled fields within

the region of exploration of the experimental setup is provided in Fig. 13.6.

The simulations employing the fitted Gaussian beam are shown in Fig. 13.5

with solid lines. It is observed that the visibility factor calculated through

this approach (continuous lines) results in a better agreement with the ex-

perimental data.

Figure 13.7 shows the real part (right panels) and the amplitude (left

panels) of the pressure field measured at 3061 Hz for the three cases. The

measured data of the free space is here included with the same color scale than

the other cases in order to observe the pressure reduction when the object and

the cloak are inserted in the chamber. The scattering of the cylinder clearly

distorts the impinging wave and it is characterized by the shadow produced

by the presence of a large rigid object. When the cylinder is surrounded by

the cloak, the wavefronts are reconstructed and the amplitude of the waves
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becomes practically uniform. These effects demonstrate the performance

of the cloak. The maximum amplitude measured with the cloak is about

15% lower than that obtained for free space. This implies in principle the

presence of losses associated to the cloak. However these losses are actually

an artifact of the measurement procedure. The long time response of the

cloak as a result of multiple scattering effects is not completely acquired

and those components overlapped with the undesired echoes are discarded.

Another source of absorption is given by the viscous losses that take place

on the walls of the waveguide. This effect becomes more important inside

the cloak where the field takes higher values.
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Figure 13.7: Pressure maps measured at 3061 Hz for the free space (upper

panels), the bare cylinder (middle panels) and the cylinder with the cloak

(lower panels). The left panels represent the amplitude of the pressure (P )

and the right panels illustrate the real part (Pr). The color scale ranges from

blue (P = 0, Pr = −1) to red (P = 1, Pr = 1).



Chapter 14

Three-dimensional cloak based

on scattering cancellation

In the last chapter, a 2D acoustic cloak based on scattering cancellation was

presented. The design of such a device was carried out through a numerical

optimization which is also known as inverse design. The procedure developed

for this purpose can be extended to account for new geometries and scenarios,

resulting in a powerful tool for the practical realization of acoustic devices.

In this chapter a 3D axis-symmetric cloak is implemented. The theoretical

approach that leads to the definition of the objective function will be first

provided. Then, the experimental characterization is described and finally

the experimental results are shown and discussed.

14.1 Design

The proposed cloak is based on a specific distribution of concentric tori sur-

rounding the cloaked object, which is a rigid sphere. The tori are also rigid

and they all have the same transversal section. Their positions and ma-

jor radii are determined through an optimization procedure similar to that

presented in Chapter 13. It combines genetic algorithms and simulated an-

nealing in order to deal with the huge search space of the problem. The

process starts with the tori homogeneously distributed along the z-axis with

their planes perpendicular to it. The cylindrical coordinates (ρi, zi) defining

the major radius and position of each torus are obtained through successive
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annealing steps while temperature decreases, as described in Section 13.1.

The goal of this process is to cancel the field scattered by the sphere for

sound waves travelling along the z-axis and whose wavelength is equal to the

radius of the sphere (λ = Rs).

The design procedure requires an objective function that evaluates the

performance of the cloaking. The computation of this function involves solv-

ing the direct problem, which consists of obtaining the field scattered by the

sphere and the tori when an incident wave impinges on them. In order to

efficiently perform these calculations, the method of fundamental solutions

is here applied [SSRS86]. Taking into account the axial symmetry of the

structure, the surfaces of the tori and the sphere can be discretized in a finite

set of rings that lead to a system of linear equations describing the problem.

Consider a plane wave propagating along the z-axis P0 = eikz, where k is the

wavenumber in air. The total scattered pressure Ps at the point (ρ, z, φ) can

be expressed in cylindrical coordinates as the sum of N virtual ring sources

with amplitudes αi and located at positions (ρi, zi):

Ps(ρ, z) =
N
∑

i=1

αiGaxis(ρ, z; ρi, zi), (14.1.1)

where Gaxis is the free space axisymmetric Green’s function of the Helmholtz

equation, defined as [KF98]

Gaxis(ρ, z; ρi, zi) =
1

4π

∫ 2π

0

eikRi

Ri

dφi. (14.1.2)

The above integral is taken over the angular coordinate of the j-th ring

source. The parameter Ri is the distance between the points of the ring and

the position where the field is calculated, then

Ri =
√

(z − zi)2 + ρ2 + ρ2i − 2ρρi cos(φi − φ). (14.1.3)

The sphere and the tori are acoustically rigid and therefore the component

of the velocity normal to their surfaces must be zero, that is,

∂Pt

∂n

∣

∣

∣

∣

(ρi,zi)

= 0, (14.1.4)

where Pt = P0 + Ps is the total pressure field and n indicates the normal to

the surface at the points (ρi, zi). Taking into account Eq. (14.1.1) it follows
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that
∂P0

∂n

∣

∣

∣

∣

(ρi,zi)

+
N
∑

i=1

αi
∂Gaxis

∂n

∣

∣

∣

∣

(ρi,zi)

= 0. (14.1.5)

Equation (14.1.5) defines a linear system of coupled equations where the

coefficients αi are the unknowns. In practice the surface of each torus has

been divided in Nr = 15 rings, while the sphere takes Ns = 40 rings. The

number of equations of the system is therefore N = NrM+Ns, whereM = 60

is the number of tori in the cloak.

The objective function of the optimization procedure is expressed in terms

of the scattering cross section σ of the structure. To obtain this parameter

the optical theorem is considered:

σ =
4π

k
ℑ[f(0◦)], (14.1.6)

where f(0◦) is the far-field scattering amplitude at θ = 0◦ and ℑ denotes

imaginary part. The scattered field at large distances can be represented

with a spherical wave as

Ps(r, θ, φ) = f(r, θ, φ)
eikr

r
. (14.1.7)

Because of the axial symmetry of the structure and the impinging wave

the far-field scattering amplitude can be expressed as f(θ = 0◦) = Psze
ikz.

Substituting Ps by Eq. (14.1.1) and taking the limit z → ∞ the scattering

cross section is

σ =
2π

k
ℑ
[

N
∑

i=1

αie
−ikzi

]

. (14.1.8)

This expression allows an efficient calculation of the scattering cross section

of any axisymmetric structure. From the scattering cross section of the bare

sphere σsph and the sphere surrounded by the arrangement of tori σc, the

fitness function is calculated as

F = 1− σc

σsph

, (14.1.9)

where F = 1 defines a perfect concealment of the system.

The cloak contains 60 tori surrounding a sphere with radius Rs = 4 cm.

All the tori have a circular section whose radius is 26.7 mm. Since λ = Rs
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Figure 14.1: Schematic view of the designed 3D cloak. It consists of a rigid

sphere with 4 cm of diameter surrounded by 60 tori whose major radii and

positions are numerically optimized to conceal the whole structure.

the frequency of operation of the device is 8.62 kHz, where a sound speed

of 344.8 m/s for a room temperature T = 22◦C has been assumed. The

resulting structure after the optimization procedure is shown in Fig. 14.1.

The distribution of tori is not uniform and, apart from the axial symmetry

along the z-axis, mirror symmetry with respect to the XY plane is also

obtained. The fitness function of this optimum structure has a value of

F = 0.978, which means a scattering cross section reduction of 97.8% with

respect to that of the bare sphere.

The sphere with and without cloak has been simulated through the method

of fundamental solutions. The corresponding field maps are shown in Fig.

14.2. The scattering of the bare sphere is observed in Fig. 14.2(a). In com-

parison with Fig. 13.2, it is observed that the scattering produced by a sphere

is much weaker than that of a rigid cylinder. The region delimited with black

dashed lines corresponds to the zone where the pressure is measured in the

experimental characterization. The field within this area is mainly defined

by the shadow of the rigid object and the diffraction along its boundaries.

When the set of tori are added to the sphere (see Fig. 14.2(b)) the shadow-

ing is almost completely restored. The wavefronts of the transmitted sound

are reconstructed, resulting in a plane wave similar to the incident one. The
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Figure 14.2: Pressure maps calculated for a plane wave at 8.62 kHz impinging

on a bare sphere with 4 cm of radius (a) and the same sphere surrounded by

the designed cloak (b). The rectangle defined by the dashed lines represents

the area where the pressure field is experimentally acquired.

cloaking effect can be understood as a destructive interference between the

waves scattered by the sphere and cloak. It is noticeable a strong accumu-

lation of field pressure near the sphere surface in Fig. 14.2(b). It represents

a resonant mode that appears as a consequence of the multiple scattering

interference phenomenon.

The cloak performance has been characterized through the analysis of the

ratio σc/σsph. Figure 14.3 illustrates the angular and frequency responses of

this parameter. As shown, the designed device works for a narrow range of

frequencies and angles of incidence. Defining the range of operation of the

device as the region where the scattering reduction is higher than 70%, the
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Figure 14.3: Frequency (a) and angular (b) responses of the ratio between the

scattering cross section of the cloaked sphere σc shown in Fig. 14.1 and that

of a bare sphere σsph. A scattering reduction higher than 70% is achieved in

a bandwidth of 120Hz for incident angles in the range ±2.25◦.

bandwidth of the cloak is 120 Hz. With regard to the angle of incidence, the

impinging wave should lie in the range ±2.25◦ in order to provide an efficient

concealment of the system.

Additional optimizations have been carried out to check the feasibility

of our proposal at different design frequencies. Figure 14.4 shows optimized

structures obtained by considering operating wavelengths of λ = 2Rs and

Rs/2. The sample under study (where λ = Rs) is included as a reference for

comparison. A cloak based on a set of 60 rigid tori with the same minor radius

has been considered in the three cases. It is observed in Fig. 14.4(a) that the

performance of the cloaking is worse at high wavelengths due to the weaker

scattering of the tori. In fact they are arranged in clusters whose elements

are close together in order to deal with long waves. The fitness function of

this case is F = 0.421, which is far from one and therefore the concealment
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Figure 14.4: Pressure maps of a plane wave impinging on three cloaks de-

signed to work with different wavelengths. The number of tori and their cross

section is the same in the three cases. The design wavelengths are λ = 2Rs

(a), Rs (b) and Rs/2 (c). The fitness function takes values of F = 0.421,

0.978 and 1.0, respectively.

is not efficient. On the other hand the structure optimized for λ = Rs/2

achieves a better performance, as shown in Fig. 14.4(c). The fitness function

reaches F = 1.0, indicating a perfect concealment of the system. This effect

occurs as a consequence of a higher interaction between the incident wave

and the scatterers. Unlike the case for λ = 2Rs, it is observed that the tori

are arranged in a more uniform distribution.

14.2 Sample and experimental setup

Due to the complexity of the design and the high accuracy required, the

structure illustrated in Fig. 14.1 was constructed using a commercial 3D

printer. The material employed by the printer is a thermoplastic polymer
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Figure 14.5: Photograph of the designed cloak after its fabrication. It is

made in plastic with a sphere of radius 4 cm. The inset shows the coordinate

axes of the experimental results. The total length of the sample along the

z-axis is 17 cm.

(ABS), which can be considered acoustically rigid when dealing with airborne

sound. The resulting sample is shown in Fig. 14.5. It is observed that the

tori are interconnected through a set of thin beams that keep them at their

calculated positions.

The experimental characterization was performed in an anechoic chamber

with dimensions 8 × 6 × 3 m3. A photograph of the experimental setup

is shown in Fig. 14.6. The sound excitation is provided through a JBL

CBT100LA column speaker. According to the results of the previous section,

the alignment between the direction of the incident sound and the sample is

crucial. To accurately adjust the position and orientation of the sample, it

was hung from angular and linear positioners that were attached to the ceiling

of the chamber. The alignment with the speaker was carefully checked with

a cross line laser level. The pressure field is scanned behind the sample along

the XZ (horizontal) and Y Z (vertical) planes according to the coordinate

axes defined in the inset of Fig. 14.5. For this task two LTS300M linear
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Figure 14.6: Photograph of the anechoic chamber where the experiments

were carried out. A column speaker is placed at the back of the chamber

and the sample is hung in front of it. Two linear stages move a microphone

behind the sample in order to scan the pressure field.

stages where placed in the floor of the chamber. They move a B&K 4958

microphone over an area of 20 × 20 cm2 with a spatial resolution of 5 mm.

The region where the pressure field was measured is represented in Fig. 14.2

with black dashed lines.

A chirp with a frequency range from 7.5 to 9.5 kHz was used as the source

signal. It is emitted at each spatial position of the moving robots until the

pressure is acquired. The received signal is processed through a Fourier

transform in order to obtain the amplitude and phase of the field. Several

emissions are performed and the acquired responses are averaged to reduce

the presence of random noise. The generation and acquisition of data was

performed through a NI PXIe 6259 board controlled by a LabView program.
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14.3 Results

The experimental procedure above described was applied to the three differ-

ent cases: free space, bare sphere and sphere surrounded by the cloak. The

cloaking performance has been measured through the averaged visibility γ

already employed in the previous chapter,

γ =
1

N

∑

j

|Pmax,j| − |Pmin,j|
|Pmax,j|+ |Pmin,j|

, (14.3.1)

with Pmax,j and Pmin,j being the maximum and minimum amplitudes along

a given wavefront j. The comparison of the three cases is shown in Fig. 14.7

for the two perpendicular planes where the field was scanned. The upper

panels depict the visibility obtained from the measured data (symbols) and

those derived in the same way from numerical calculations performed with

the method of fundamental solutions (lines). In general it is observed that

measured data follow fairly well the trend of the numerical simulations. The

visibility of free space γ0 is shown to be low although its non-null value

indicates the existence of unwanted scattering events inside the chamber.

They are mainly due to the presence of components of the experimental

setup with dimensions of the order of the wavelength or higher. This is

especially remarkable in the case of the Y Z plane, where one of the linear

stages is placed vertically and therefore closer to the sample. The visibility

of the sphere γsph takes values higher than that of the free space as expected.

These values are in turn lower than those found for a rigid cylinder in the

last chapter, proving the weaker scattering of the sphere. The cloaked sphere

shows a visibility γc whose value reaches a minimum below the levels of the

bare sphere and close to those of the free space. The optimum frequency is

8.55 kHz, which is very close to the value employed in the design procedure.

The slight difference can be again explained through the difference between

the actual sound velocity and the value assumed in the calculations.

The lower panels of Fig. 14.7 show a comparison between the experi-

mentally determined ratio γc/γsph (symbols) and the relation between the

scattering cross sections σc/σsph (black lines). Note that the visibilities are

taken with respect to the reference visibility of the free space for a fair com-

parison. It is observed that the ratio γc/γsph gives a good representation

of σc/σsph for the frequencies where the concealment of the cloaking sphere
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Figure 14.7: Upper panels: Averaged visibility γ obtained from experimental

data (symbols) and simulations (lines) as a function of the frequency. Results

of the free space, bare sphere and cloaked sphere are represented with black

triangles, blue squares and red circles, respectively. Lower panels: Frequency

response of ratio between the scattering cross section of the sphere with and

without cloak (lines). It is compared to the ratio between the cloak visibility

γc and the bare sphere γsph. Both parameters are shifted by the reference

visibility of the free space γ0 for proper comparison. Left and right panels

show data of the horizontal (XZ) and vertical (Y Z) planes, respectively.
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occurs. These panels allow the evaluation of the cloaking performance and

reveals that a 90% of maximum reduction of the sphere cross section is ex-

perimentally obtained.

The real part of the pressure field at 8.55 kHz is shown in Fig. 14.8.

The left panels represent the field acquired on the horizontal plane while

the right maps correspond to the vertical plane. The spectra taken in free

space present some wiggling in the wave fronts that is originated from the

aforementioned unwanted reflections in the equipment of the experimental

setup. The pressure field measured with a bare sphere shows the shadowing

by the diffracted sound, which is substantially smaller than that observed in

a cylinder (see Fig. 13.7). Finally, it is observed in Fig. 14.8 that the cloak

reconstructs the plane wavefronts but with the limitations already observed

in the free space measure. It is important to remark that all the maps are

represented with the same color scale, which means that no appreciable losses

occur in the designed cloak.
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Conclusions

This work reports the design of acoustic devices based on arrangements of

scattering units. First, the use of sonic crystals as noise barriers for traf-

fic noise control is considered. Although barriers based on rigid cylinders

were initially proposed, these structures have proved to be inefficient since

the acoustic band gaps are unable to attenuate a broadband and diffuse

noise profile, as is the case of traffic noise. Because of this, the inclusion

of absorbing materials in the scattering units is proposed. In a first step,

barriers composed of cylinders containing a porous material have been anal-

ysed. A theoretical model based on the multiple scattering method and a

microstructural approach that treats the porous material as an equivalent

fluid is derived. Numerical calculations show a good agreement with exper-

iments performed in different samples containing rubber crumb. It is found

a remarkable improvement in the isolation characteristics of the structures,

showing higher attenuation levels and bandwidths than those barriers made

only with rigid cylinders.

In the next step, a more efficient absorber has been included in the design.

Microperforated plates were considered in an effort to improve the previous

results. A theoretical approach to describe scattering units based on cylindri-

cal perforated shells has been developed. Experimental data as well as finite

element simulations support this theoretical model which, in turn, has been

able to predict the presence of Wood anomalies in lattices of shells with large

perforations. The attenuation levels observed in the experimental samples

greatly exceed those found in cylinders with rubber crumb.

An optimization procedure has been applied to obtain the geometric di-

mensions of noise barriers maximizing the attenuation of traffic noise. The

performance of the barriers is measured through the DLR parameter defined

in the European normative [EN 97]. An approach to calculate the transmis-

sion properties of sonic crystals under acoustic diffuse fields is provided. In

addition, the presence of a second parallel barrier is also considered and in

order to account for realistic schemes. When multiple reflections between two

parallel barriers occurs, it is shown that only absorption mechanisms improve

the attenuation of the barriers while reflectance is not effective. Values of

DLR up to 18 dB and 24 dB are obtained when optimizing a single barrier
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with a high filling fraction of cylinders made with rubber crumb and microp-

erforated plates, respectively. It is worth noting that the developed models

and tools are not restricted to traffic noise, but they are applicable to any

source of noise through an appropriate definition of the objective function in

the optimization procedure.

The development of acoustic cloaks has been the second goal of this PhD

work. All the proposals are intended to work with airborne sound and are

built with rigid materials. A reduced cloak designed through the theory of

transformation acoustics is first shown. The temperature of the surrounding

air is used as the physical mechanism providing sound speeds higher than

that of the background. The cloak is composed of concentric layers of cylin-

ders whose surfaces are heated or cooled to specific temperatures. Numerical

calculations and finite element simulations of a cloak having 2646 cylinders

distributed in 20 layers support the performance of the designed device. How-

ever some layers require extreme values of temperature, making the proposal

hardly realizable in practice. In any case and apart from cloaking, the con-

trol of the temperature profiles result in an interesting tool for the design of

acoustic metamaterials.

Acoustic cloaks based on scattering cancellation have been also consid-

ered. A 2D cloak composed of 120 cylinders surrounding a central object has

been developed through this technique. The positions of the scatterers are

calculated through the combination of two types of algorithms: genetic al-

gorithms and simulated annealing. The resulting structure is able to conceal

a cylinder from sound waves with a specific wavelength and coming from a

given direction. This fact was experimentally demonstrated with a 22.5 cm-

diameter cylinder in a 2D waveguide. It was been shown that this approach

can be extended to the third dimension. With this purpose a cloak based on

a distribution of 60 tori surrounding a rigid sphere has been implemented.

The major radii and positions of the tori are calculated with a optimization

procedure similar to that used for the 2D case. The performance of the device

was demonstrated through an experimental characterization with a sphere

with 4 cm of radius surrounded by the designed cloak.
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Future work

The study about noise control presented in this work can be extended to

account to more effects than may reduce the performance of the barriers.

Air flow or nonlinearities have been disregarded in the analysis of microp-

erforated shells and it would be interesting to assess their contribution to

the attenuation properties of the barriers. Diffraction by the border of the

cylinders can also be taken into account. In addition, the optimization pro-

cedure can be modified with new improvements. For example, the cost of

the materials can be included in the calculations. This would avoid the

convergence to expensive solutions whose attenuation is close to a cheaper

choice. In addition it would allow setting a maximum cost per meter for

the resulting barrier as a design constraint. As concluded in Section 9.3, the

parameters of the perforations strongly influence the attenuation spectrum

of the barriers. The optimization of these parameters could be introduced

in the optimization tool, although this requires fabrication processes capable

of drilling holes with variable dimensions. Finally, new topologies can be

considered for the scattering units. An interesting example consists of par-

titioning the interior of a microperforated shell in different sections. Thus,

the advantages reported by Toyoda and Takahashi in microperforated panels

with subdivided air cavities can be here achieved [TT08].

With regard to acoustic cloaking, the future issues to solve are related

to the frequency and angular responses of the devices. The practical im-

plementation of broadband and omnidirectional devices is a topic of intense

research. Higher bandwidths can be obtained through multi-objective op-

timizations where the fitness function is averaged along a given frequency

range. The bandwidths usually obtained from the optimization procedure

used in this work are quite narrow, and care should be taken with results

showing comb-like spectra instead of continuous profiles. The omnidirec-

tional behavior should be achieved by arranging the scattering elements uni-

formly in all directions. In any case more complex scatterers than those

employed in this work should be considered to improve the convergence to-

wards satisfactory solutions. Inspired by the hybrid cloak reported by Martin

and coworkers [MO12], the two developed techniques (scattering cancellation

and temperature control) can be combined. Extreme temperature profiles are
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only required in those layers close to the central object and therefore they

can implemented with a scattering cancellation shell. The approaches shown

in this work can be also applied to underwater acoustics. In this case, the

elastic parameters of the materials of the the scattering units must be con-

sidered. This provides more degree of freedom and can be taken into advance

to achieve omnidirectional and/or broadband acoustic cloaks.
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Appendix A

Calculation of T matrix

through finite element method

A.1 Introduction

As shown in Chapter 2, the theoretical expression of the T matrix of a given

scatterer is theoretically obtained by applying boundary conditions at each

interface between two media. This procedure is relatively simple to perform

in cylinders with circular and invariant section made with isotropic fluids.

However when considering more complicated schemes the deduction of the

T matrix becomes complex and it is useful to verify the theoretically derived

expressions with an alternative tool. In this sense the finite element method

(FEM) proves to be a powerful tool since it is capable of simulating complex

structures. In this appendix, the FEM will be employed to compute the T

matrix of a generic cylinder.

As shown in Section 2.2, the incident pressure field can be expressed as

Pi =
∞
∑

q=−∞
A0

qJq(k0r)e
iqθ, (A.1.1)

and the scattered field as

Ps =
∞
∑

q=−∞
AqHq(k0r)e

iqθ. (A.1.2)

If the scatterer is supposed to have circular section, its T matrix becomes
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diagonal. Thus the diagonal elements are defined by the relation

Tq =
Aq

A0
q

. (A.1.3)

By applying a cylindrical incident field for a given order q with the form

Pi,q = Jq(k0r)e
iqθ the scattered field becomes Ps,q = TqHq(k0r)e

iqθ since

A0
q = 1. Therefore the T matrix can be directly extracted from the scattered

field obtained by the simulation as

Tq =
Ps,q

Hq(k0r)eiqθ
. (A.1.4)

Although a circular section is here assumed, it is worth to note that this

condition can be relaxed. The calculations can be extended to scatterers

with a section circular on average, i.e., with a section having subwavelength

structures whose effects can be homogenized at low enough frequencies. This

is the case of the perforated cylinder computed in Section 7.3. The presented

method has been also employed in the verification of the expressions devel-

oped for 3D scatterers embedded in a waveguide [GCGST+12,GSGCTSD13].

A.2 Procedure

Consider an unknown scatterer with external radius R. It should be prop-

erly modeled on a FEM environment according to its structure and material

properties. A concentric cylindrical shell with external radius Rext should

be included to model the background medium. A scheme of the simulations

domains is depicted in Figure A.1. The impinging wave Pi,q is configured

at Rext in either a circumference (in 2D simulations) or a cylindrical sur-

face (in 3D simulations). It is important to mesh adequately this zone, as

well as each interface between two media, in order to obtain reliable results.

When the geometry and acoustic parameters of the system are described,

a frequency sweep is performed. At each frequency the elements of the T

matrix are obtained from Eq. (A.1.4) for the different orders q considered.

Any point of the background shell can be used to compute the T matrix,

although it is recommended to extract the data from r = Rext because of

the better meshing of this boundary and the possible presence of evanescent

modes coming from subwavelength elements in the surface of the scatterer.

Moreover multiple points can be selected and averaged.
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Figure A.1: Scheme of a simulation intended to compute the T matrix of a

scatterer of radius R. The shell defined between radii R and Rext contains

the background medium.

A.3 Example

A test of the method presented has been carried out with a rigid cylinder,

which is a simple scatterer whose behavior is well-known. The expression

of its T matrix can be found in Eq. (2.2.16). The radius of the simulated

cylinder is R = 4 cm and the shell modeling the background has an external

radius Rext = 8 cm. A comparison between the theoretical and simulated

data is shown in Fig. A.2 for q = 0, 1, 2. It is noticeable that both cases

are practically overlapped, thus giving support to the developed procedure.

The slight difference between the curves increases with the frequency due

to the increasing distance between the mesh elements relative to the wave-

length. Obviously the problem is fixed by adding more elements to the mesh,

although the computational complexity of the problem will be higher. It is

found that the accuracy of the method depends strongly on the density of

elements, especially at the boundaries.
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Figure A.2: Amplitude of the T matrix ofa rigid cylinder with radius 4 cm

embedded in a background media with radius 8 cm for the orders q = 0, 1, 2.

Blue lines correspond to theoretical calculations through Eq. (2.2.16) while

red lines are the data extracted from the finite element simulations.
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4. V. M. Garćıa-Chocano, D. Torrent and J. Sánchez-Dehesa, Reduced

acoustic cloaks based on temperature gradients, Appl. Phys. Lett. 101,

084103, 2012.



198 Publications
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D. Torrent, F. Cervera and J. Sánchez-Dehesa, Quenching of acoustic

bandgaps by flow noise, Appl. Phys. Lett. 94, 134104, 2009.
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6. V. M. Garćıa-Chocano and J. Sánchez-Dehesa, Attenuation of broad-

band noise by sonic crystal barriers made of absorptive materials, 4th

Young Scientific Meeting on Metamaterials, Valencia (Spain), 2011. *
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and J. Sánchez-Dehesa Quasi-two-dimensional acoustic metamateri-

als, Photonic and Phononic Properties of Engineered Nanostructures

V, San Francisco (U.S.A.), 2015. (Invited Talk).

24. V. M. Garćıa-Chocano and J. Sánchez-Dehesa Absorption enhancement

by lattice of perforated shells, VI Taller sobre Metamateriales, Cristales

Fotónicos, Cristales Fonónicos y Estructuras Plasmónicas, San Miguel

de Allende (Mexico), 2015. *



B.3 International Meetings and Conferences 203
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[AÅ11] S. Allam and M. Åbom. A new type of muffler based on

microperforated tubes. J. Vib. Acoust., 133:031005, 2011.

[AC92] J. F. Allard and Y. Champoux. New empirical equations

for sound propagation in rigid frame fibrous materials. J.

Acoust. Soc. Am., 91:3346–3353, 1992.

[ADN+90] J. F. Allard, C. Depollier, J. Nicolas, W. Lauriks, and

A. Cops. Proprietés acoustiques des matériaux saturés d’air
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