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Resumen

La presente memoria “Dindmica de semigrupos fuertemente continuos asociadas
a ciertas ecuaciones diferenciales” es analizar, desde el punto de vista del andlisis
funcional, la dindmica de las soluciones de ecuaciones de evolucién lineales. Es-
tas soluciones pueden ser representadas por semigrupos fuertemente continuos en
espacios de Banach de dimensién infinita. El objetivo de nuestra investigacién es
proporcionar condiciones globales para obtener caos, en el sentido de Devaney, y
propiedades de estabilidad de semigrupos fuertemente continuos, los cuales son
soluciones de ecuaciones de evolucién lineales.

Este trabajo estd compuesto de tres capitulos principales. El Capitulo 0 es intro-
ductorio y define la terminologia basica y notacién usada, ademéas de presentar
los resultados basicos que usaremos a lo largo de esta tesis. Los Capitulos 1y 2
describen, de forma general, un semigrupo fuertemente continuo inducido por un
semiflujo en espacios de Lebesgue y en espacios de Sobolev, los cuales son solucién
de una ecuacion diferencial lineal en derivadas parciales de primer orden. Ademads,
algunas caracterizaciones de las principales propiedades dinamicas, incluyendo
hiperciclicidad, mezclante, débil mezclante, caos y estabilidad, se obtienen a lo
largo de estos capitulos. El Capitulo 3 describe las propiedades dindmicas de
una ecuacién en diferencias basada en el llamado modelo de nacimiento-muerte
y analiza las condiciones previamente probadas para este modelo, mejorandolas
empleando una estrategia diferente.

La finalidad de esta tesis es caracterizar propiedades dindmicas para este tipo de
semigrupos fuertemente continuos de forma general, cuando sea posible, y extender
estos resultados a otros espacios. A lo largo de esta memoria, estos resultados son
comparados con los resultados previos dados por varios autores en afios recientes.
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Resum

La present memoria “Dinamica de semigrups fortament continus associats a certes
equacions diferencials” és analitzar, des del punt de vista de I’analisi funcional, la
dinamica de les solucions d’equacions d’evolucié lineals. Aquestes solucions poden
ser representades per semigrups fortament continus en espais de Banach de dimen-
si6 infinita. L’objectiu de la nostra investigacié es proporcionar condicions globals
per obtenir caos, en el sentit de Devaney, i propietats d’estabilitat de semigrups
fortament continus, els quals sén solucions d’equacions d’evolucié lineals.

Aquest treball esta compost de tres capitols principals. El Capitol 0 és introductori
i defineix la terminologia basica i notacié utilitzada, a més de presentar els resultats
basics que utilitzarem al llarg d’aquesta tesi. Els Capitols 1 i 2 descriuen, de
forma general, un semigrup fortament continu induit per un semiflux en espais de
Lebesgue i en espais de Sobolev, els quals son solucié d’una equacié diferencial
lineal en derivades parcials de primer ordre. A més, algunes caracteritzacions
de les principals propietats dinamiques, incloent-hi hiperciclicitat, mesclant, debil
mesclant, caos i estabilitat, s’obtenen al llarg d’aquests capitols. El Capitol 3
descrivis les propietats dinamiques d’una equacié en diferencies basada en el model
de naixement-mort i analitza les condicions préviament provades per aquest model,
millorant-les utilitzant una estrategia diferent.

La finalitat d’aquesta tesi és caracteritzar propietats dinamiques d’aquest tipus
de semigrups fortament continus de forma general, quan siga possible, i estendre
aquests resultats a altres espais. Al llarg d’aquesta memoria, aquests resultats sén
comparats amb els resultats previs obtinguts per diversos autors en anys recents.
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Summary

The purpose of the Ph.D. Thesis “Dynamics of strongly continuous semigroups
associated to certain differential equations” is to analyse, from the point of view of
functional analysis, the dynamics of solutions of linear evolution equations. These
solutions can be represented by a strongly continuous semigroup on an infinite-
dimensional Banach space. The aim of our research is to provide global conditions
for chaos, in the sense of Devaney, and stability properties of strongly continuous
semigroups which are solutions of linear evolution equations.

This work is composed of three principal chapters. Chapter 0 is introductory and
defines basic terminology and notation used, besides presenting the basic results
that we will use throughout this thesis. Chapters 1 and 2 describe, in general way,
a strongly continuous semigroup induced by a semiflow in Lebesgue and Sobolev
spaces which is a solution of a linear first order partial differential equation. More-
over, some characterizations of the main dynamical properties, including hyper-
cyclicity, mixing, weakly mixing, chaos and stability are given along these chapters.
Chapter 3 describes the dynamical properties of a difference equation based on the
so-called birth-and-death model and analyses the conditions previously proven for
this model improving them by employing a different strategy.

The goal of this thesis is to characterize dynamical properties of these kind of
strongly continuous semigroups in a general way, whenever possible, and to extend
these results to another spaces. Along this memory, these findings are compared
with the previous ones given by many authors in recent years.

xiii







Contents

Introduction

0 Preliminaries

0.1 General framework and notation . .......................
0.1.1 Reminder of spectral theory .......... ... ... ... ... ...
0.1.2 Functional spaces . .. ........ ...

0.1.3 Vector valued holomorphic functions . .. ................

0.2 Strongly continuous semigroups . ............

0.3 Topological dynamics and strongly continuous semigroups. . . .

0.4 Semiflows . ....... .. .

0.5 Some auxiliary results. . ...................

1 Chaos for semiflow semigroups in Lebesgue spaces

1.1 Stateof theart.............. ... ... ......
1.2 Chaotic dynamics on Lebesgue spaces . .......
1.3 Chaotic dynamics on Sobolev spaces . ........
1.4 The Lasota equation......................

1.4.1 von Foerster-Lasota equation. . .. .........

1.4.2 Generalization of von Foerster-Lasota equation

10
14
17

21

22
24
39
49

49
53

XV




XVi

2 Stable semiflow semigroups in Lebesgue spaces 59
2.1 Stateof the art .. ... .. . 60
2.2 Multidimensional case on Lebesgue spaces. .. .............. 61
2.3 One-dimensional case on Lebesgue spaces ... .............. 63
2.4 Stability on Sobolev spaces. ... ... .. oo i 70
2.5 The Lasota equation. .. ........ .. ... ... ... ... ... 72

2.5.1 von Foerster-Lasota equation. . ... ...... ... ... ... ..... 72
2.5.2 Generalized von Foerster-Lasota equation. . . .. ........... 74

3 Chaotic behaviour of birth-and-death models 77

3.1 Stateof theart .. ...... ... .. . . . . 78
3.1.1 Death model with variable coefficients . . . ............... 78
3.1.2 Birth-and-death model with constant coefficients . ......... 79
3.1.3 Birth-and-death model with variable coefficients. . ... ... ... 80

3.2 Birth-and-death models with variable coefficients: general ap-
Proach . ... e 81

Bibliography 91



Introduction

Many authors have recently demonstrated an interest in dynamical properties of
strongly continuous semigroups, in short Cy-semigroups, associated to dynamical
linear systems. Several techniques have been used in different fields as Ergodic and
Operator Theory, Strongly-mixing measures with full support or Distributional
and Devaney chaos, see [1, 14, 16, 21, 22, 30, 38, 56, 57]. In practice, these
dynamical linear systems are usually related to evolution equations which can be
represented by first order partial differential equations or difference equations.

The origin of these studies lies in Operator Theory, particularly in investigations of
the behaviour of the powers of a single operator. Birkhoff’s Transitivity Theorem
(1922, [24]) gives an equivalence between topological transitivity of an operator
and the existence of hypercyclic vectors, defined by Beauzamy in 1987 ([18]). In
1989, Robert L. Devaney ([39]) introduced the notion of chaos for single operators,
composed by the existence of a hypercyclic vector and of a dense set of periodic
points and the well known “butterfly effect”.

Desch, Schappacher and Webb ([38]) studied the notions of hypercyclicity and
chaos for linear semigroups in a general way. These authors established the equiv-
alence between hypercyclicity and topological transitivity in this context. They
provided some criteria based on the infinitesimal generator of a semigroup and ap-
plied these results to some linear partial differential equations. Moreover, they
characterized hypercyclicity and chaos for translation semigroups and discrete
shifts. These semigroups were used, as a first step, to test certain criteria and
dynamical properties, see [13, 28, 32, 33, 34, 52, 53, 54].

Chapter 0 introduces basic definitions of semigroup theory and dynamical prop-
erties, emphasizing different Banach spaces used in this memory and some useful
properties and auxiliary results. In particular, we recall the notion of semiflow in
order to describe a special kind of Cyp-semigroups studied by Kalmes in [45, 46].
Semigroups as the solution of Lasota equation, analysed in depth by Dawidowicz,
Brzezniak and Poskrobko ([27, 36]), are particular cases of the semigroups used by




2 Introduction

Kalmes. This type of Cy-semigroups have an admissible weight directly related to
Desch et al. results.

Motivated by the work of Dawidowicz, et al. about dynamical properties of Lasota
equation on Lebesgue and Hoelder spaces we try to characterize, in Chapters 1
and 2, when these properties occur. Lasota equation, introduced by Lasota and
Mackey in [50], is related to the dynamical behaviour of blood cell populations.
Dawidowicz, et al. study this equation assuming different hypotheses on its coef-
ficients. A simple version called von Foerster-Lasota equation is the following:

9, 3}
R — = >
8tu(t,m)+xaxu(t,x) yu(t,z), t>0,0<z <1

with the initial condition
u(0,2) =v(z), 0 <z <1,
where v is a given function.

Particularly, this equation is interesting if we observe the “complementary” be-
haviour of the solution u(t,z) = e"wv(ze™"), which describes a Cy-semigroup in
the Lebesgue space LP(0,1), 1 < p < co. To be specific, this semigroup is chaotic
if and only if it is not stable if and only if v > —1/p or, analogously, it is sta-
ble if and only if it is not chaotic (in particular, not hypercyclic) if and only if
v < —1/p. A generalized version of this equation was introduced by Dawidowicz,
et al., improving the model and conserving the “complementary” behaviour, for
example replacing v by a suitable function.

Developing this idea still further, in Chapters 1 and 2 we characterize the principal
dynamical properties as chaos and stability for Kalmes’s Cy-semigroups. These
results show, as particular case, the previous ones given by Dawidowicz et al. In
parallel, they obtain new results improving their own conditions in [26, 37]. We can
observe in these findings similarities with our research or with the results given by
Kalmes in [45] for the multidimensional case. Specifically, we study on Chapter 1
the chaotic behaviour of these Cy-semigroups on Lebesgue and Sobolev spaces.
We compare our conditions with the previous ones provided by Dawidowicz et al.
and Desch et al. On Chapter 2 we focus on stability properties following the same
lines of the previous chapter. We try to show if the “complementary” behaviour
always happens as Kalmes suggested us.

The contents of Chapter 1 have been published in [3] and the contents of Chapter 2
have been included in [4].

In the last chapter, we change the first order linear partial differential equations by
models based on a difference equations. Singularly, we study the birth-and-death
models which describe evolution families of cells populations like cancer cells. In
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1992 Azmy and Protopopescu ([58]) considered this models and gave conditions
under which the solution semigroup is chaotic or stable. Banasiak et al. in [7, 9, 11]
improved these models, first separating this model in their birth and death parts
and later with the joined model case. The joined model case can be represented
by,

4 afi + dfs,

% = bf7z—1+a.fn+dfn+17 TLZ2,

where the coefficients are real constants.

In this case the authors show that if 0 < |b] < |d| and |a| < |b+d| then the solution
Co-semigroup in £? is chaotic. In this case, if we assume |d| < |b| we lose the chaotic
property. As in the previous chapters, the key is on the assumptions of the coeffi-
cients. We generalize this model assuming non-constant coefficients and improving,
in part, the results given by Banasiak, Lachowicz and Moszynski. We focus in a
special Banach space that assures the existence of a solution Cy-semigroup of this
model, based on the spectral radius of its generator and considering two general
cases: sequences of bounded or unbounded coefficients.

The contents of Chapter 3 were published in [5].







Chapter 0

Preliminaries

This chapter is dedicated to establish the basis of the thesis, with the main def-
initions and notation that we will use throughout it. We refer as basic reference
on functional analysis, measure theory and complex analysis to [25, 59].

0.1 General framework and notation

0.1.1 Reminder of spectral theory

Let X be a Banach space on C and let A : D(A) C X — X be a closed, linear
operator on X, denoting by D(A) its domain of definition.

We call p(A) :={Ae€C: N—A : D(A) — X is bijective} the resolvent set of A.
Its complement o(A) := C\ p(A) is called the spectrum of A and its spectral radius
is defined by 7(A) 1= supye,(a) [Al-

The point spectrum of A is P,(A) := {A € C : X — A is not injective }, where
A € P,(A) is called an eigenvalue. Each 0 # x € D(A) satisfying (A — A)z =0 is
an eigenvector of A associated to \.
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0.1.2 Functional spaces
We denote by A the Lebesgue measure on R and by A% the Lebesgue measure on R?
for every d € N, d > 2. If Q is an open subset of RY, 1 < p < 00, p: Q — (0, +00)

is a A%-measurable function, and K = R or C, we set
LE(Q,K) := {u : Q — K | u measurable, /Q |u(z)|Pp(z)dx < oo} .
For p = oo we set

L¥(Q,K)={u: Q> K|3IK >0 |u| < K \-ae.}
={u:Q—>K|3K>0ul <K p-Iae.}.

Endowed with the norm
Il = ( / |u<x>|Pp<x>dx) ,

full, = inf{K >0 : |ul <K},

respectively,

L5(Q,K) is a Banach space on K. If p = 1, we write simply L”(Q2,K). Observe
that for 1 < p < oo the topological dual of Lg(Q,K) is LZ(Q,K), where ¢ is the
conjugate exponent of p, while the dual of L})(Q, K) is L>=(Q, K).

We will write LF(€) if there is no need to specify the field K.

Let I = (a,b) be a bounded open interval of R. For 1 < p < co we denote as usual
by WLP(I) the first order Sobolev space of p-integrable functions on I, i.e.

WYP(I) = {u € LP(I);u’ € LP(I)},
where u' denotes the distributional derivative of u. Endowed with the norm
ully , = lull, + 11, ,

WLP(I) is a Banach space. It holds that W1P(I) C C[a,b] and that for any
x € [a,b] the point evaluation d, in z is a continuous linear form on W1 (I). We
are interested in the following closed subspace of WP (1),

WLP(I) := ker d,.
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From the boundedness of I we have the topological direct sum
WHP(I) = WHP(I) @ span {1},
where 1l denotes the constant function with value 1.

First, we show a result that appears on [63, Lemma 1.2.5] originally proved on [55,
pp. 313-315]. This is a tool, called mollifier, to approximate a function which is
not smooth by sufficient smooth ones.

Let ¢ be a function, belonging to C§°(R™), such that ¢(z) > 0 for all z € R™ and
Jgn o(@)dz = 1. Put ps(x) = 6 "¢(x/6). For u € L, (R"™), that is, for u which
is absolutely integrable on every compact set of R™, we define

(¢s5 *u)(x) = / es(r — y)u(y)dy.

n

If w € C(R™) is uniformly continuous, then as § — 0 the function ¢s * u converges
uniformly to w. If uw € LP(R™) with 1 < p < oo, then s * u converges strongly to
w in LP(R™) as 6 — 0. Furthermore, the following lemma holds.

Let n € N, we say that ¢ € BY(R") if g is bounded with continuous bounded
derivative on R™.

Lemma 0.1.1 For 1 < p < oo, g € BYR"), i.e., bounded with continuous
bounded derivative on R™ and v € LP(R™), we define

Cou— o5 5 [0 2% — L O IO
u=gir 95 ) —alear g ) = [esrag | v

where the differentiation % s to be understood in the sense of distribution. Then
J

(i) Csu € LP(R™) and there exists a constant C, independent of § and u, such
that [|Csull,, < Cllull,,

(i) Csu converges strongly to 0 in LP(R™) as 6 — 0.

Ending with Banach spaces, we denote by P := ¢P(Y) the space of sequences
Y = (Yn)nen such that y,, € Y and its norm [jy[[,, := (X en |yn|p)p are bounded.
Observe that we can take Y any Banach space or vector space depending of its
application.




8 Preliminaries

0.1.3 Vector valued holomorphic functions

Let X be a Banach space on C and let E be a vector space over C. A map
f:U — X on an open set U C C is weakly holomorphic if the map A — (f(X\), ¢)
is holomorphic for every functional ¢ € X*, where (-, -) denotes the inner product.

A subset U of E is said to be finitely open if U N F is open in the Euclidean
topology of F' for each finite-dimensional subspace F' of F.

Let U be a finitely open subset of F and let F' be a locally convex space. We call
f:UCFE — F Gateauz or G-holomorphic if for each £ € U, n € E and ¢ € F’
the complex valued function of one complex variable

v— o f(§+vn)

is holomorphic on some neighbourhood of 0 in C.

Let U and E as above and let F' be a locally convex space over C. We call f
Gateauzx differentiable if for each £ € U and each v in E and being v € C

()~ S

v—0 14

df (§)(v) =
exists in the completion of F'.

If U is a finitely open subset of a vector space E and F is a locally convex space
then the notions of f : U — F Géateaux differentiable and G-holomorphic are
equivalent.

0.2 Strongly continuous semigroups

We recall in this section some basic definitions and properties of Cy-semigroups,
referring to [42] for further information and notation.

Throughout this section, let X be a Banach space.

Definition 0.2.1 A Cy-semigroup is a one-parameter family 7 := (T'(t))¢>0 of
bounded linear operators on X satisfying the following conditions

—
—
~—

(t)T(s)=T(t+s) for all t,s > 0,

(iii) limg—:T(s)x = T(t)x for all z € X and ¢ > 0.
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Every Cy-semigroup 7T is exponentially bounded, indeed there exist constants w €
R and M > 1 such that

IT(t)] < Me**, for all t > 0.

Definition 0.2.2 The generator A: D(A) C X — X of a Cy-semigroup 7 on X
is the operator defined by

Az = lim %(T(t)a: —x)

t—0

for every x in its maximal domain

DA)={z € X : lim E(T(t)x — ) exists}.

t—0 t

Proposition 0.2.3 For the generator (A, D(A)) of a strongly continuous semi-
group T, the following properties hold.

(i) A: D(A) C X — X is a closed and densely defined linear operator.

(i) If v € D(A), then T(t)x € D(A) and

d
%T(t)x =T(t)Ax = AT (t)x, for all t > 0.

The Hille-Yosida theorem characterizes the operators (A, D(A)) that are gener-
ators of Cy-semigroups. In the case that A is a bounded linear operator on X,
in short A € £(X), then A generates an uniformly continuous semigroup (i.e.,
continuous with respect to the norm in £(X)) given by

AT
T(t)=e:=> ——, t>0.
n.

By the point spectral mapping theorem for semigroups with X complex Banach
space, if (T'(t))i>0 is a Cy-semigroup with generator (A, D(A)) and Az = Az for
some A € C, r € X, then T(t)x = e*x.

In order to describe the elements of D(A), we will use the following concept.

Definition 0.2.4 A subspace D of the domain D(A) of a linear operator A :
D(A) C X — X is called a core for A if D is dense in D(A) for the graph norm

]l 4 o= Nl + [ Az].
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Clearly, if (A, D(A)) is closed and D is a core for A then the closure of (A|p, D)
is (A, D(A)).

We recall that a subspace Y C X is T -invariant or invariant under T f T ()Y CY
for allt > 0.

Proposition 0.2.5 Let (A, D(A)) be the generator of a Cy-semigroup T on X.
If a subspace D of D(A) is ||-||-dense in X and invariant under T, it is always a
core for A.

Given the generator of a Cy-semigroup, we can ask under which conditions an
additive perturbation generates a new semigroup. The Bounded Perturbation
Theorem provides an answer. For its proof see, for example, [42, Chapter III].

Theorem 0.2.6 (Bounded Perturbation Theorem) Let (A, D(A)) be the
generator of a Co-semigroup T = (T'(t))1>0 on a Banach space X satisfying

|T(#)| < Me** for allt >0 and some w € R, M > 1.

If B is a bounded linear operator on X, then C := A+ B with D(C) := D(A)
generates a Co-semigroup S := (S(t))i>0 satisfying

1S#)|| < Me@TMIBIDE for all t > 0.

Moreover, for everyt >0

S(t) =Y Salt),

n=0

where Sy(t) := T (t) and

t
Sn+1(t) = / T(t — S)BSn(S)dS, n € N.
0

0.3 Topological dynamics and strongly continuous
semigroups

We recall in this section the notions of hypercyclicity, transitivity, chaos, mixing
and weakly mixing properties for Cy-semigroups. All these properties where orig-
inally defined for the behaviour of the powers of a single operator, and, since the
seminal paper [38], they have been widely studied also for semigroups. We refer
to the recent monographs [17, 44] for a complete introduction to this topic.
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Throughout this section let X be an infinite-dimensional separable Banach space.
Separability is necessary because hypercyclicity implies that the space has to be
separable.

Definition 0.3.1 Let 7 be a Cy-semigroup on X.

(i) T is called topologically transitive if, for any pair U, V of nonempty open
subsets of X, there exists some ¢y > 0 such that T'(¢o)U NV # (.

(ii) 7 is said to be mizing if, for any pair U, V of nonempty open subsets of
X, there exists some ty > 0 such that T(t)U NV # () for all ¢ > .

(iii) 7 is called weakly mizing if (T'(t) ® T(t))i>0 is topologically transitive on
XoX.

(iv) T is hypercyclic if there exist € X, called hypercyclic vector, such that
its orbit {T'(t)z : ¢ > 0} is dense in X.

(v) T is chaotic or Devaney chaotic if it is hypercyclic and the set of its periodic
points Per(T)={z € X; 3t >0 : T(t)x =z} is dense in X.

On a linear dynamical system, like ours, (ii) = (iii) = (i) < (iv) < (v).

Remark 0.3.2 The definition of chaos by Robert L. Devaney was given in terms
of the “butterfly effect” or sensitive dependence on initial conditions, density of
periodic points and transitivity. Later, Banks, Brooks, et al. ([12]) proved that for
a continuous function on a metric space, topological transitivity and the density of
the set of periodic points imply sensitive dependence on initial conditions. On the
other hand, by adapting the proof of Birkhoff’s Transitivity Theorem, it follows
that transitivity and hypercyclicity are equivalent for a Cop-semigroup (see [44], ref-
erence). This justify the definition, originally given by Godefroy and Shapiro [43]
for a single operator, that appears in Definition 0.3.1-(v).

Another notion related to chaos was established by Banasiak and Moszytiski ([10])
used primarily for invariant and closed subspaces.

Definition 0.3.3 Let 7 be a Cy-semigroup on X. We say that 7 is sub-chaotic
if there exists a non trivial closed subspace Y C X invariant under 7, such that
S = (T(t)}y)t=0 is a chaotic Cop-semigroup in Y.

Remark 0.3.4 ([10]) Each chaotic Cy-semigroup is also sub-chaotic. Any sub-
space with chaotic behaviour has infinite dimension.
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Finally we recall the definition of stable Cy-semigroup.

Definition 0.3.5 Let 7 be a Cy-semigroup on X.

(i) T is stable or strongly stable if lim;_, o | T(¢)x|| = 0, for all x € X.

(if) T is said to be exponentially stable if there exists € > 0 such that

: et _
Tim et | 7(2)] = 0.

By the definition, it is clear that stable Cp-semigroup cannot be hypercyclic.

Quasi-conjugate were introduced in order to transfer dynamical properties of a
dynamical system to another (see [44, Definition 1.5]).

Definition 0.3.6 Let 7 and S be a Cy-semigroups on a Banach spaces Y and
X respectively. We say that S is quasi-conjugate to 7T if there is a continuous
mapping ¢ : Y — X with dense range such that ¢oT(¢t) = S(t) o ¢ for every ¢ > 0.

T and S are said to be conjugate, if the above ¢ is a homeomorphism.

It is immediate that all the dynamical properties are preserved under conjugacy,
while stability is preserved under quasi-conjugacy for bounded semigroups. More-
over, we can assure that all the rest of dynamical properties are preserved under
quasi-conjugacy, see for example [44, Proposition 7.7] for the proof of all the dy-
namical properties except stability. We will only prove this result for stability
property of bounded semigroups to complete this result ([4]).

Proposition 0.3.7 (Comparison test) The properties hypercyclicity (transiti-
vity), (weakly) mizing and (sub-)chaos are preserved under quasi-conjugacy. Sta-
bility is preserved under quasi-conjugacy for bounded semigroups.

Proof. Let T and S be quasi-conjugate bounded Cy-semigroups on Banach spaces
Y and X respectively, via ® : Y — X, and assume that 7T is stable on Y. We will
prove that S is stable on X. Let M = sup,~ [|S(?)]].

Let g € X and let € > 0. Since @ is continuous with dense range, there exists
f €Y such that |g — ®(f)| < 537. Being T stable, there exists # > 0 such that
€

Vi>1 T f]| < .
T < 3

Then for every t > t:
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IS® @] = I5()(g — ©(f) + (S(t) o )P
< IS llg = (A +1(S@) 0 )
S+leoT)(f) <e.

IN

In recent years, studies of the main dynamical properties have been of interest for
several authors using many different techniques (see, e.g., [19, 31, 38, 41]), some
of them are based on the corresponding discrete counterparts [10, 15, 20, 23, 43].

Some of the most commonly used criteria for chaos are the following. For the
details we refer the reader to original versions in [10] and [38]. A general vision of
most common criteria for Cyp-semigroups are given in [44, Chapter 7, Section 4].
We denote by Id the identity operator on X.

Proposition 0.3.8 Let X be a complex separable infinite-dimensional Banach
space and let (A, D(A)) be the generator of a Cy-semigroup T on X. Assume that
there exists an open connected subset U and a weakly holomorphic map f:U — X
such that:

(i) UNIR # 0,
(i) f(N\) € ker (A\Id — A) for every A\ € U,

(iii) if for some ¢ € X* the function h(X) = (f(N\), @) is identically zero on U,
then ¢ = 0.

Then T is chaotic and mizing.

Proposition 0.3.9 Let X be a complex separable infinite-dimensional Banach
space and let (A, D(A)) be the generator of a Cy-semigroup T on X. Assume
that there exists an open connected subset U and a non-zero weakly holomorphic
function f:U — X such that:

(i) UNiR # 0,

(i) f(X\) € ker (\Id — A) for every A € U.

Then the restriction of T to the invariant subspace

Xy :=span{f(\) : AelU}
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s chaotic and mixing. In particular, T is sub-chaotic.

0.4 Semiflows

In this section we review some basic results on semiflows, referring to [2] for further
information.

Definition 0.4.1 Let Q be a topological space. A function ¢ : [0,00[xQ — Q
is said to be a semiflow if it is a continuous function such that ¢(0,-) = idg,
o(t, ") ow(s, ) = p(t+s,-) for all t,s > 0 and such that ¢(¢,-) is injective for all
t > 0. If we let t € R we call ¢ a flow.

Typical examples of semiflows are those associated with autonomous first order
differential systems.

If Q C R? is open and F € C(f), for every zo € Q there is a unique solution
(-, zo) of the initial value problem

& = F(z), (0) = . (0.1)

Denoting its maximal domain of definition by J(z¢) it is well-known that J(xg)
is an open interval containing 0. Throughout this section we make the general
assumption that [0,00) C J(xzg) for every xp € Q, i.e. ¢ : [0,00) — Q.

From the uniqueness of the solution it follows that ¢(t,-) is injective for every
t>0and p(t+s,x) =@, ¢(s,z)) for all z € Q and s,t € J(z) with s+t € J(x).
Moreover, ¢(t,-) : Q = @(t, Q) is bijective for t > 0 and for every ¢t > 0, x € (t,Q)
and for all s € [0,t] we have ¢(—s,z) = ¢(s,-)"H(z). Thus ¢ is a semiflow
according to Definition 0.4.1.

Since F is a C'-function, the same is true for p(¢,-) on Q and ¢(¢,-)~! on p(t, Q)
for every t > 0. With a slight abuse of notation we will denote by ¢(—t, ) the
inverse of (¢, ).

Remark 0.4.2 If we set:
Qo :={x e Q; F(z) =0} and O :=Q\ Q.

The following properties are satisfied:

(i) Let y € Qo, then ¢(t,y) =y for all t > 0.
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(ii) The uniqueness for the solutions of the initial value problem (0.1) immedi-
ately implies for Qy that

Vi 0 p(t Q) = p(t, )\ Q C Q.

Definition 0.4.3 A subset M C Q is called positively invariant under o if for
every © € M and for every t € J(z)N]0, oo it holds that ¢(¢,x) € M.

To assess when this property is obtained we recall [2, Theorem 16.9 and Corollary
16.10]. These results will be used to give a description of some generators, in
Chapter 1.

Theorem 0.4.4 Let X = R™ and let ) € C1(Q,R) be such that Vi)(z) # 0 for all
x € ¥ 1(0), that is, assume that 0 is a regular value of 1. Then M := =1 (—o0, 0]
18 positive invariant if and only if

(Vip(z), F(x)) <0, Vo € OM =~ 1(0).

Corollary 0.4.5 Assume that X = R™ and let 41, ..., € CH(,R). Moreover,
assume that 0 is a regular value of each v;, j =1,...,k and let

k
M := ﬂ 5t (—00,0].

J=1

If
(V(2), F(x)) <0, vz e (0), j=1,....k

then M is positively invariant.

We refer to the monograph of Amann [2] for further results on this topic, in partic-
ular to Chapter I1.10 and Chapter IV.16 where(semi)flows and positive invariance
are studied.

Consider the following general assumptions.

General assumptions 0.4.6 As commented and to abbreviate notation, we es-
tablish:

(H1) Q CR;
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(H2) F € CY(Q,R) and ¢ is the flow associated with F; i.e. for every zg € (,
(-, o) : J(xo) — R is the unique solution of the initial value problem

& = F(z), (0) = o,

where the J(zp) C R is the maximal domain of ¢(-,x¢); It is known that
J(zo) is an open interval such that 0 € J(xo).

(H3) [0,00) C J(x0) for every xo € Q.

In the following consideration let 2 C R be an open set and let da(t,-) denote
the partial derivative of ¢ with respect to the second variable.

Remark 0.4.7 (i) For zy € Q we define Z(x¢) to be the connected component
of @y containing x if F(zg) # 0 and Z(zo) = {xo} if F(xo) = 0. It is
well-known that ¢(t, Z(zg)) C Z(xp) for every ¢t > 0, more precisely

Z(x0) N [x0,00) if F(xg)

Z(xg) N (=00, o] if F(xo)

>0
Vag € Q: ¢(]0,00),z9) = { ;O

(ii) By (i) and from the injectivity, it follows easily that o(¢,-) : @ — Q is
strictly increasing for all ¢ > 0 and thus p(—t,-) : p(¢,Q) — Q is strictly
increasing, too. Since

V> 0,2 €Q: x=p(—tptz))

we obtain
Vt> 0,2 €Q: 1= 0sp(—t, 0t x))0ap(t,x)
so that
Vit>0,z€Q: dap(t,z) >0
as well as

Vt> 0,z € @(t,Q): dap(—t,x) > 0.

We will take advantage of these properties. Moreover, we have the following
representation of dyp(t,x) at our disposal which will make easier to evaluate the
characterizations of the different dynamical properties of a Cy-semigroup on Lg(Q).
This result was published in [3].
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Proposition 0.4.8 Assume (H1)-(H3). Then for every x € 2 we have

WE>0: Oyt a) = exp (/Ot F'o(s, 7)) ds) .

Moreover, for every x € ¢(r,Q),r > 0,

0

vrel0rls dpl-tia) —ox - [

F'(o(s,2)) ds> .
—t
Proof. For x € Q we have Oap(t, ) > 0 by hypothesis on F' and Remark 0.4.7-(ii).

Since F is C! it is well-known that 9 a¢ exists and is continuous and da(0, ) = 1
for all x € Q2. Hence,

0
/ " Flpls)daplsa) / g FeeleN@
; d2(s, ) L o)

t igs@(sﬂw) ¢ 28290(87:6)
ox Os ds — Js ds
| oae(s ) a5 )

= Indap(t,z) —Indap(0,z) = Indap(t, x).

t
VtEO:/F/(go(s,a:))ds =
0

Therefore, exp (f(;5 F'(p(s,x))ds) = Oa(t, z) for each t > 0. Now, if z € ¢(r, ()
with > 0 it follows as above for ¢ € [0, 7]

0
—/ F'(o(s,2))ds = —(In Oap(0, ) — In Oap(—t,z)) = In daip(—t, T).

—t

0.5 Some auxiliary results

In this section we show some useful results associated with some techniques used
throughout this thesis.

In order to characterize the stability property on Chapter 2 for Q C R?, where
d > 1, we show an essential known lemma about w*-convergence in L3°({2) that
we state and by sake more of completeness. The interested reader is referred to
[25, Chapter 3] for further information.

Definition 0.5.1 Let E be a Banach space and let f € E*, where E* denotes
the topological dual space of E. For every x € E consider the linear functional
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vz : E* = R defined by ¢,.(f) = (f,z). As x runs through E we obtain a collection
(pz)zer of maps from E* into R.

The weak® topology, o(E*, E), is the coarsest topology on E* such that the maps
. are continuous for every x € E.

The weak* topology turns to be a Hausdorff topology o(E*, E). If a sequence
(fn) in E* converges to f we shall write w*-lim,,,o f, = f. By the definition,
w*-limy, 00 frn = fino(E*, E) if and only if lim,, o (fn,2) = (f,z), forallz € E.

Lemma 0.5.2 Let (Q, ) be a o-finite measure space and let v be a locally bounded
function, where 1 : [0, +oo[— L>®(Q, ). Then w*-lim;_, ¥ (t) = 0 if and only if

(1) supi> |[9(H)]|oo < +00;

(2) for every Q C Q with u(Q) < +oo, it holds

lim /Qw(t)du —0.

t——+o0

Proof. “=": (2) follows since for every f € L'(Q, i)

/ Y(t) fdp — 0 when t — 400,
Q

and this holds in particular if f is the characteristic function of a set () with finite
measure. Moreover, if w*-lim;_, . 9(t) = 0, then for every f € L'(u) there exists
t > 0 such that

sup
t>1

/w(t)fdu‘ < +o0.
Q
Since 1 is locally bounded, it follows that

sup
t>0

/Qw(t)fd,u‘ < +00.

Then, (1) follows by the Banach-Steinhaus theorem.

“«":. The assertion follows by approximating any f € L!(Q,u) with suitable
functions. O

Finally, the following lemma is a generalization of the so-called Jury test for
quadratic polynomials, originally formulated only for w € R. A proof of this
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result for w € C can be found in [11]. For the sake of completeness, we give an
alternative proof of this result published in [5].

Lemma 0.5.3 Foreachr € R, let E. := {w € C : |z| < 1 whenever 2>+wz+r =
0}. If |r| < 1, then

2 2
ETWT:{U)EC: <R6w> +(Imw> <1}.
1+7r 1—r

Proof. Let r € R with |r| < 1 and 21,22 € Csuch that 22 +wz+r = (z—2z1)(2—22).

If » = 0, the equation is 22 + wz = 0 and, w.l.o.g., the roots are z; = 0 and
2 = —w. Thus |w|? = (Re w)2 4+ (Im w)? = |2|*, and Ey = W.

If  # 0, we have z; + 20 = —w and 2125 = r. Then there exist r; € R\ {0},
i=1,2,and 6 € [0, 27, such that z; = rie?® and zo = rye™*. We consider the
following cases:

Case 1: r €]0,1[. Without loss of generality we can assume that r1 and 7o are real
positive numbers, otherwise we can select another 6. Note that

(lzs| < 1, i =1,2) if, and only if, (r; €]r, 1], i = 1,2).

Ifr; €]r, 1], i = 1,2, since —w = 21+ 29 = (r1+7r2) cos(0) +i(ry —r2) sin(6),
and the inequality 1 +r =1+ riro =71 + [(1 — r1) + r17r2] > 71 + ro hold,
we obtain that

Re w\? Im w)? r1+ 7o 2 9 1 —To 2 9
_ — < i 1.
(1+r> +(1r> (1+r> COS(Q)+<1T> sin(8) <

2 2
Conversely, if (Ti ::—_:2> cos?(0) + (7‘1::2) sin?(#) < 1 holds, without

loss of generality we can suppose r1 < ro. If ro > 1, then 1 < r < 1. This
implies that 7o —r; > 1 —7r, and also 14+r =11 +[(1 —r1) +7172] < 71+ 72
This is a contradiction. So ry < 1, and thus w € E,.

Case 2: If r €] — 1,0[, then this situation can be reduced to the first case by taking
into account the equalities tW,. = W_,. and ¢F,. = E_,., which are easy to
compute.
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Chapter 1

Chaos for semiflow semigroups in
Lebesgue spaces

In this chapter we give characterizations of chaos for Cy-semigroups induced by
semiflows on LP(€2), in line with the characterizations of hypercyclicity and mixing
of such Cy-semigroups proved in [46]. Moreover, we characterize hypercyclicity,
mixing, and chaos for these classes of Cg-semigroups on W, (I) for a bounded
interval I := (a,b) C R and prove that these Cp-semigroups are never hypercyclic
on W1P(I). We apply our results to some first order partial differential equations,
such as the von Foerster-Lasota equation.

Given the present state of art, we introduce some equations which motivated
us to give the first results. These mentioned results grew out of some fruitful
conversations with Thomas Kalmes, who was also involved.

Such Cy-semigroups appear in a natural way when dealing with initial value prob-
lems for linear first order partial differential operators. While characterizations of
hypercyclicity, (weak) mixing, and chaos of such Cy-semigroups where obtained
for open  C R? for arbitrary dimension d in [45], evaluation of these conditions in
concrete examples is sometimes rather involved. In contrast to general dimension
the case d = 1 allows significantly simplified characterizations. In [46] these were
given for hypercyclicity and mixing. In section 1.2, we give a simplified characteri-
zation of chaos for such Cy-semigroups. Moreover, we further evaluate and extend
the conditions obtained in [46].

21
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In section 1.3 we investigate the above kind of Cy-semigroups on the Sobolev spaces
WhP(I) and we characterize hypercyclicity, weakly mixing and mixing properties,
and chaos on the closed subspace W, (I).

The contents of this chapter have been published in [3].

1.1 State of the art

Briefly we introduce the known results about some similar Cy-semigroups in order
to show the improvement achieved with the characterizations commented previ-
ously.

Consider for example the results obtained in [26, 27, 36, 37]. The references
[26, 27, 36, 37] clearly show the improvement on the conditions in chronological
way, and motivate the principal results of this chapter. We will return to these
references in the next chapter to compare stability properties.

In the quoted references it is studied the linear von Foerster-Lasota equation

%(t,x) + x%(t,x) = h(z)u(t,x) t>0,z€[0,1] (1.1)

with initial condition
u(0,2) =v(z) = €]0,1],
where v belongs to a suitable function space.

The equation (1.1) is a particular case of the equation

%(t, x) + c(x)%(t,x) = f(z,u(t,x)) t>0, z€l0,1]

that was introduced in [50] to describe the reproduction of a population of red
blood cells, mainly in connection with studies about anemia. After the paper
[49], this problem has already been studied in different function spaces by several
authors either with an ergodic theoretical approach (see [60] and the references
quoted therein) or by explicitly constructing hypercyclic and periodic solutions
(see [27, 35, 36]), or by investigating spectral properties of the differential operator
associated to the equation (1.1) (see [61, 62] and the applications in [29]).

In turns that, if A : [0,1] — C is a continuous function, defining

0

—t

T(t)v(x) = exp ( h(mes)ds) (ze™), t>0, x€0,1], (1.2)
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the family 7 = (T'(t))¢>0 is a Cp-semigroup in LP([0,1]) with 1 < p < oo, and it
gives a solution of the equation (1.1) with initial value v € LP([0, 1]).

In [26, 27] the authors consider also a different space, namely, for every a €]0, 1]
Vo = {h € ([0, 1]) | h(0) = 0}.

Here h*(]0,1]) is the little Hoelder space of order «, that is the space of the
functions h : [0,1] — R such that

h(z) — h
B, = sup PR
z,y€[0,1] |$ —yl
TH#Y
and
lim sup 7%(33) — My)l =0.
=0 4 40,1 |z —y|@
0<|z—y|<r

Observe that h® is a separable Banach space endowed with the norm ||h[|,. Under
suitable assumptions on the function h, 7 is a Cy-semigroup on V,, too, and
in [26, 27] the authors prove the following result.

Theorem 1.1.1 Let h : [0,1] — C be a continuous function and let T be the
semigroup defined in (1.2).

(i) If Reh(0) > —%, T is chaotic on LP(0,1).

(i) If h(0) € R, w € L'([0,1]) and h(0) > 1 — %, T s chaotic on V.

We will recover these result from our results for more general Cy-semigroups.

We mention that, more in general, in [37] the authors consider the following equa-
tion on the multidimensional case on certain compact set D of R?

d
%(t,x) + ZQ(@%(LJC) =yu(t,x) t>0,0€ D CR}U{0} (1.3)
i=1 '

with initial condition

u(0,z) =v(x) =z € D,
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where v belongs to some normed vector space of functions defined on D, v € R, and
c:=(c;)%, : D — R% with ¢;(0) =0 and ¢;(z) > 0 forz € D\ {0},i=1,...,d.

Theorem 1.1.2 ([37]) Let 1 < p < co. Then there exist a Cy-semigroup T on
L?(D), which is solution of the equation (1.3). Moreover, if v > —% lim i(I)lf(V'C)(CC)
T—r

then T is chaotic on LP(D).

A similar problem was studied also by Kalmes in [45]. Observe that 0 < p <1 is
possible since the authors gives p(D) < oo, for more details we refer the reader to
the introduction of [37].

1.2 Chaotic dynamics on Lebesgue spaces

Our first aim in this section is to give a characterization of chaos for a Cy-semigroup
on Lb(€2) which is not present in [46]. The proof follows the idea of the results
obtained in [46] for hypercyclicity and mixing for those Cyp-semigroups. For this,
consider the notation of section 0.1 and section 0.4.

Throughout this section let @ C R, p : & — (0,+00) A-measurable, F' € C*()

satisfying the assumptions (H1), (H2) and (H3) of section 0.4 and ¢ the flow
associated with F. Moreover let h € C(Q,K) and let

hi(x) = exp(/0 h(p(s,x))ds), for t > 0,z € Q.

Let 1 < p < oo and define for every f € LE((2) and every ¢ > 0

Tran()f (@) = h(@) fplt,0)),  weQ.

The next theorem gives a characterization of when (Tr(t))i>0 defines a Cp-
semigroup in L5(Q). For its proof see [45, Theorem 4.7 and Proposition 4.12].
Although in [45] h is assumed to be real valued the proofs of [45, Theorem 4.7 and
Proposition 4.12] are valid for complex valued h, too. Observe that for real valued
h we have h; = |h| for all t > 0.

Theorem 1.2.1 Let p € [1,00). Then the following are equivalent.

i) The family Trp = (Trn(t))i>0 is a Co-semigroup on Lb(Q).
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it) There exist M > 1,w € R such that for everyt >0

|he(2)|Pp(x) < Me“p(p(t, 7))|020(t, )| holds A-a.e. on €.

Moreover, if i) holds the generator of T is an extension of the operator
1
C.(Q) = LE(Q), f=Ff +hf

in Lh(Q), where CL() denotes the space of compactly supported, continuously
differentiable functions on Q. Additionally, if h is bounded and F' is such that for
every xo € Q the mazimal domain of p(-,z0) equals R, then CL(Q) is a core for
the generator of the Cy-semigroup Tr p.

Definition 1.2.2 In what follows, we call a measurable function p : 2 — (0, c0)
p-admissible for F' and h (p € [1,00)) if the conditions (H1)-(H3) are fulfilled and
there are constants M > 1,w € R such that

Vi >0,z €Q: [h(x)[Pp(x) < Me* p(p(t, ))[020(t, ).

Since |hi(x)| = exp(f(f Reh(p(s,-))ds), p-admissibility of p only depends on F
and Reh. By the above theorem, we have for a p-admissible p for F' and h the
well-defined Co-semigroup Tr,, on L5(Q2).

In order to formulate our results in a convenient way we introduce the following
notions.

Definition 1.2.3 If p is p-admissible for F' and h we define for ¢ > 0

pep = [0,00), Prp(2) = Xo(.0) (@) i (p(=1, 2)) [P p(o(=t, 7)) Baip(—t, )

as well as

ptp Q2 =1[0,00),  potp(@) = [hi(2)[7Pp(p(t, ) D20 (t, ).

Obviously, p:, and p_;, depend on F' and h but in order to keep notation sim-
ple we will not take this into account notationally as there will be no danger of
confusion. Observe that pg, = p.

Remark 1.2.4 We can consider also the multidimensional case, that is  C R4
(d > 1), F a locally Lipschitz continuous vector field, p a measurable locally
integrable function and replace 92 (t, x) by |detDp(—t, )|, where Dy(t, ) denotes
the Jacobian of ¢(t,-).

We will consider this case in Chapter 2.
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The next lemma will be a crucial tool (originally proved in [46, Lemma 7]).

Lemma 1.2.5 Let p be p-admissible for F' and h and let [a,b] C Q. Setting
a:=a,B = b if Fay > 0, respectively o := b,8 := a if Fljqp < 0, there is a
constant C' > 0 such that

Vo elat: & <pla)<C
as well as
Vi 0. €0t Snp(a) < puale) < Cpuy(H)
and

1
Vt 20,2 € lab]: Fp-tp(@) < ptp() < Cpotp(B).

We will see that the dynamical properties of 7r ) on L’;(Q) are determined by the
asymptotic behavior of the functions

t=pep(x), t—= p_ip(a)

where = € Q) is fixed.

The alternative representation of dag(t, ) in Proposition 0.4.8 gives the next re-
sult.

Corollary 1.2.6 Let p be p-admissible for F' and h. Then we have for all t > 0
and x € )

0
pip(@) = X (@)exp <p / [Rehms,:c))—%F’ms,z))} ds) plo(~t,2))

—t

exp (pt[Re h(z) — %F’(:p)]) p(x), x € Qo,
- “ Reh(y) — ;F'(y)
t,0) (z) ex < / — ) (p(=t,z)), z€
Xoo(£,9) plp s ) y | pe 1

and

t
porpl@) = exp(p / [Reh(g:(s,x))fEF’(so(s,x))} ds>p<so(t,z>>
0 p

exp (7pt[Re h(z) — %F’(x)}) p(z), z € Qo,

¢(t2) Reh(y) — LF
exp (p/z Wdy> p(p(t,x)), =€
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where Qo ={z: F(z) =0} and Q; ={z: F(z) # 0}.

Proof. While a straightforward calculation gives

0

i) = xoea@ewp (v [ [Re(o(s,0) = L (o(s.0)] ds ) tiol=t,2)

—t

and
o) =0 (=p [ [Rettos.2) = LF (ol s )l

we observe that for x € Qp we have ¢(t,x) = x for each ¢ so that in Qg

puae) =exp (3t (Ren(o) = 7)) ) oo
as well as
posole) = exp (-t (Reh(a) = () ) plo).

For x € € it is well-known that (¢, z) € Q1 so that in 4
* Reh(p(s,2)) — LF/(¢(s, )
p—tp(T) = exp (—p/o Flp.2)) (s, x)ds | p(ep(t,z))
#(t:m) Re h(y) — £ F'(y)
= exp (p / F(y)” dy | p(e(t, )

and similarly

= Reh(y)— 1F’
Prp(T) = X (t,0)(x) exp <p / G (y;(y)” (y)dy> ple(—t,2)).

Remark 1.2.7 Observe that if A(2) > 0 then
Pt p(x) = eFPIRERE@) ) a.e. x € Q.
In fact, we can rewrite Qo = |J,cn(an,bn), where a, < b, being F' € C' with

F(z) =0 on Qg then F' =0 in Q.

The next result, published in [45, Theorem 5.3], show a characterization of chaos
for arbitrary dimension d > 1.
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Theorem 1.2.8 ([45]) Under the general hypothesis on Q C R%, let ¢ be such
that for every compact subset K of Q there is txr > 0 such that p(t, K) N K = ()
for every t > tx. Then, the following are equivalent.

(i) The Co-semigroup Tk, is chaotic on Lb(S2).
(ii) Per(Try) is dense in Lb(€2).

(i@i) For every compact subset K of Q2 there are a sequence of measurable subsets
(Ln)nen of K and a strictly increasing sequence of positive numbers (t,)nen
tending to infinity such that lim, o p(K \ L,) =0, and

lim ( / pit,. d/\d+/ P, d)\d) = 0.
2, prer D ot

Now, we are able to show our result in the case d = 1, it has been of interest by
its simplified conditions.

Theorem 1.2.9 Let Q C R be open, F satisfying (H1)-(H3), h € C(,R), and
p:Q — (0,00) be a measurable function which is p-admissible for F and h. Then
the following are equivalent.

i) Tr,n is chaotic on LB ().

i) A(Qo) = 0 and for every m € N for which there are m different connected
components C1,...,Cp of Q1, for N™-almost all choices of (x1,...,Tm) €
7, Cj there ist > 0 such that

SN peplag) < oo

j=11€Z

Proof. We first show that i) implies ii). Since for all € Qg and any ¢ > 0 we have
p(t,z) = x it follows

Vfe Lg(Q) : (TF)h(t)f)‘Qo = (exp(th)f)IQO

so that (Trp(t)f)i>0 cannot be dense in LE(Q) for any f € LbH(Q) if A(Qp) > 0.
Hence, since Tr, is chaotic, we conclude A(€y) = 0. As described in Remark 0.4.2-
(ii) we are therefore actually dealing with T ) on LP(€;). Now, if K C € is
compact there is tx > 0 such that (¢, K) N K = () whenever ¢t > tx. Hence,
recalling that p denotes the Borel measure on €2 with Lebesgue density p we can
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apply Theorem 1.2.8 saying that, because 7T is chaotic on LP(€2;) for every com-
pact K C € there are a sequence (¢, )nen in [0, 00) and a sequence of measurable
subsets (Lp)nen of K such that lim, o u(Ly,) = p(K) and

oo
nh_}rgo (;/Lﬂ Plt, ,p d)\—l—/Ln P—ltn,p d/\) =0.

We will apply this condition to special compact sets in order to derive ii).

Let x4, ...,z be each from different connected components of 1. As € is open,
there is r < 0 such that ¢(¢,z;) is well-defined for all ¢ € [r,00) and every 1 < j <
m. Foreach 1 < j <mweset K; := {p(t,z;); t € [0,1]} if F(z;) > 0, respectively
K; = {o(t,z;); t € [r,0]} if F(z;) < 0. It follows that K; = [z}, o(1,z;)] if
F(z;) > 0, respectively K; = [p(r, z;),z;] if F(x;) < 0. In particular A(K;) > 0
and thus p(K;) > 0 for every j.

K := UL, K; C ) is compact so that there are (tn)nen and (Ly)nen as above.
Let L, ; == L,NK; for 1 <j <m and n € N. Applying Lemma 1.2.5 to Kj it
follows that there are C; > 0 (1 <j <m) such that for all n € N

I

and analogously

Pit,.p(Yy) dAA(y) = /L _Wdu(y) > Cjpit,, p(x5)(Ln,j)

n,j

/L P—itnp(Y) dNY) = Cjp—it, p(x)1(Ln,5)-

Since for n large enough

© > i ( /L Pltn.p AN + / P—lt,.p dA)

n

= 35 ([ mwtrs [ )
j=11=1 “Inyj L

> > Cip(Lnj) Y (Pltn,p(%‘) + Pfltn,p(%')>
j=1 =1

and lim,, o0 (L ;) = p(K;) > 0 we deduce for n large enough

Z Zpltmp(xj) < 00.

Jj=11€Z
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Since for ¢t = 0 we have p; , = p > 0 the above ¢,, has to be strictly positive. Thus,
ii) is proved.

It remains to show that ii) implies i). Since A(€2) = 0 we consider Tr,; on Lb(£1),
as explained in Remark 0.4.2-(ii). If K C € is compact there is ¢t > 0 such that
o(t, K) N K = () whenever t > tx. Hence, we can again use Theorem 1.2.8. For
fixed compact K C € there are finitely many intervals [a;, b;] C €1 such that each
[aj,b;] is contained in a different connected component of 2, and K C U7, [a;, b;].
We define z; := b; if Fjjq, p,] > 0, respectively x; := a; if Fj[4, 5, < 0. Moreover,
without loss of generality, we can assume by ii) that there is ¢ > 0 with

Z Zplt,p(Ij) < 00.

j=1 1€z

Now it follows from Lemma 1.2.5 that for some constants C; > 0(1 < j < m)
with t, :=nt,n € N

oo
Z (/ Plty,,p d)\+/ P—lty,p d>‘>
— K K

=1

hE
[M]#
_

Plty,p X + / P—ltn,p d>‘)
i»bj] laj,bj]

m (o)
- ZZ( / Pltaw 4, / Pitnp du)
; lajb;) P p

laj,bj]

Cjn(laj, bs]) Z (pzm,p(wj) + p—znt,p(m]‘))

j=1 =1

hE

so that

nl;ngog (/Kpltn,p d)\+/Kp_ltmp d/\) =0.

With L,, := K, n € N it follows from Theorem 1.2.8 that 7r, is chaotic on Lg(Ql).
This proves the theorem. |

Characterizations of hypercyclicity and mixing for g on LP(€2) for some p-
admissible p for F' and real valued h were proved in [46], although results involving
chaos are not proved in the same reference. Since we will use them in sequel, we
include them here for the reader’s convenience. For the proofs see [46, Theorem 9
and Remark 12].

Theorem 1.2.10 Let Q@ C R be open, F satisfying (H1)-(H3), h € C(Q,R) and
p: Q= (0,00) be a measurable function which is p-admissible for F' and h.

a) For the Co-semigroup T, on Lb(Q) the following are equivalent.
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t) Ten is hypercyclic.
i) Trp is weakly mizing.

iti) AM(Qo) = 0 and for every m € N for which there are m different
connected components Cy,...,Cy, of Q1, for X™-almost all choices of
(1, zm) € IIJL, C;j there is a sequence of positive numbers (t,)nen
tending to infinity such that

b) For the Co-semigroup Trn on LB () the following are equivalent.

i) Trp is mizing.
i) AM(Qo) =0 and for A-almost every x € Q@ one has

tlggo prp(T) = tli>Igo ptp(@) = 0.

Example 1.2.11 (Left translation semigroup) Let Q =R, F =1, and h =0
so that ¢(t,z) = x4+t and h¢(x) = 1. Then a measurable function p : R — (0, c0)
is p-admissible for F' and h for some p € [1,00) if the same holds for every p €
[1,00) and the corresponding Cy-semigroup Tr,p, is the (bilateral) left translation
semigroup on LL(R) and given by (T'(t)f)(z) = f(z + t), its generator being an
extension of

1
C.(R) = LY(R), f = f".
Moreover, we have

prp(x) =ple—1t)and p_y p = p(x +1).

Since Q9 = @ we have only a single connected component of R\ Q¢ so that by
Theorem 1.2.9 the left translation semigroup on L (R) is chaotic if and only if for
A-a.e. © € R there is ¢t > 0 such that

Zp(m+lt) < 0.

I€Z

This weight condition is originally due to Matsui et al. [53, 54, Theorem 2] (see
also Chapter 7 and related exercises, in [44]).
Note that chaos is independent of p € [1,00) in this case.
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It is worth observing that, by applying Theorem 1.2.10 to the left translation
semigroup as stated in Example 1.2.11, one recovers the characterizations of hy-
percyclicity and mixing originally proved in [38] and [19] respectively.

Example 1.2.12 Let again 2 = R. Moreover, F(z) := 1—z,h(z) =0(x € R) so
that p(t,2) =1+ (x — 1)e™!, hye(x) = 1, and da2p(t, z) = e~*. Then a measurable
function p : R — (0,00) is again p-admissible for F' and h for some p € [1,00) if
the same holds for every p € [1,00) and the corresponding Cy-semigroup Tr, is
given by (T'(t)f)(z) = f(1 + (z — 1)e~*) with generator being an extension of

CoR) = LE(R), f — (= (1 —2)f'(2)).
Furthermore, R\ Q¢ = (—o00,1) U (1, 00) has two connected components and
VteR: pp(z) = p(l+ (z—1)e)e,

so that T, is chaotic on LE(R) if and only if for A*-a.e. (z1,22) € (—00,1)x (1, 00)
there is ¢t > 0 such that

2
Z Zp(l + (25 — 1)el)e! < oo.
j=11€Z
Again, the occurrence of chaos is independent of p € [1,00) as h = 0.

So far, we have only characterizations of hypercyclicity, mixing, and chaos of 77
in case of real valued h. In order to obtain some results for complex valued h
we use the comparison test which was defined in Definition 0.3.6 and also we use
Proposition 0.3.7.

Let F satisfying (H1)-(H3), h € C(Q,C) and let g € C(22,R). Moreover, let p
be p-admissible for F' and h as well as for F' and g. Our aim is to find some
measurable function ¢ : 1 — C such that exp oy induces a continuous, invertible
multiplication operator M on Lb(§2) for which the Cp-semigroups T and Tr,
are conjugate via M, i.e.

Vi >0,feLp(Q): exp() Tra(t)(f) = Trg(t)(exp(e)f) (1.4)

Being Trg(t)(Mf) = exp(¥(p(t, ) 7t Trn(t)(f), (1.4) is satisfied, if for each
x € ’

Vi 0: ¢(p(t z)) - /O (h(p(s, @) = g(p(s, x))) ds = (). (1.5)
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Now, if z € Qq it follows from ¢(¢, x) = x that the above expression reduces to

Vit > 0: () — t(h(x) — g(x)) = ().

Thus, it is necessary that h and g coincide on €.

Moreover, for z € {13 we also have F(p(t,z)) # 0 for every ¢ > 0 so

Vi 0: ¢WWID*AhWGwD*ﬂM&@MS

_ o [ el w)) ( ) 5 (s 2)ds
_ { (p(t, ) — [2O) Wdy Cif F(z) > 0
Vet @ +f¢(t,x) MugW gy if F(z) <0,

Hence, if 2 is an interval, o := inf Q,w := sup 2, and the function Q@ — R,y —

% belongs to L' ((a, 3)) for every 8 € Q, or to L*((3,w)) for every 3 € Q
we can set

w:Q—>R,¢(x)=/doy,

V0o R = - [ MW,

respectively, and it follows from the above calculation that (1.5) holds on €4 for
this .

Proposition 1.2.13 Let Q@ C R be an open interval, F satisfying (H1)-(H3),

h € C(Q,K). Moreover, let p be p-admissible for F' and h and set o := inf Q,w :=
sup Q. Consider the following conditions.

1) Vo e Qo : h(z) e R.

2a) The function Q — R,y — h;?;?)/) belongs to L*((av, B)) for all B € Q.

2b) The function Q — R,y +— — (y) belongs to L*((B,w)) for all B € Q.

If 1) and 2a) are satzsﬁed set: Q= R y(x) =14 fm I"},ZS‘;J dy, while if 1) and 2b)

hold, set b : Q@ — R ¢(x) = —i fw fm h(y)dy Then exp ot defines a continuous,
invertible multiplication opemtor M on LP(Q) such that the Cy-semigroups Trp
and Trren ON Lg(Q) are conjugate via M.
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Proof. By the observation preceding the proposition applied to h and g = Reh
we only have to show that exp ot defines a continuous, invertible multiplication
operator on LP(€2). But this is obvious because | exp(¢(z))| = 1 forallz € Q. D

Remark 1.2.14 From the above proposition and the comparison test it follows
immediately, that in Theorems 1.2.10 and 1.2.9 we can replace the hypothesis of
h being real valued by the weaker conditions

1) Ve eQp: h(z) eR.
2) With o := inf Q and w := sup  the function Q@ — R,y — % belongs

7
to L' ((a, B)) for all B € Q or to L}((B,w)) for all 3 € Q. !

We finish this section by taking a closer look at the case p = 1 for some special cases
which are of particular interest for the examples of linear differential equations in
section 1.4 as is the case of von Foerster-Lasota equation.

Theorem 1.2.15 Let I C R be an open interval, F satisfying (H2)-(H3) on I
with F(x) < 0 for each x € I and such that o(t,I) # I for some t > 0. Moreover,
let h € C(I,C) be such that with o :=inf I and w :=sup I the function

Im h(z)

I—-R
— X, X — F(l‘)

belongs to L* (v, 8)) for every B € I or to L*((3,w)) for every 3 € I. Furthermore,
let p =1 be p-admissible for F' and h for some 1 < p < 0.

a) For the Cy-semigroup Tg,n, on LP(I) the following are equivalent.

t) Ten is hypercyclic.
i) Trp is weakly mizing.

iit) There is a sequence (an)nen in I converging to o such that for some
xg €1

lim
n—oo

/ro Reh(y) — ,F'(y) dy = —oo

F(y)

b) For the Cy-semigroup Trp on LP(I) the following are equivalent.



1.2 Chaotic dynamics on Lebesgue spaces 35

t) Tpn is mizing.

it) For some xg € 1

dy = —oc.

/IO Reh(y) — - F'(y)
a F(y)

¢) For the Cy-semigroup Trp, on LP(I) the following are equivalent.

i) Tpp is chaotic.
it) There is some xg € I such that for every x € I there is t > 0 such
that

% Reh(y) — 1 F'(y)

€
;  (p /@(zm) F(y)

dy) < 00.

Proof. From Corollary 1.2.6 it follows

*  Reh(y) - LF'(y)
Vt>0,x€l:  prp(r) = Xpe,n(x)exp p/ I dy
p(—t,x) (y)

and

w(t,x) Reh Y) — lF’ Y
Vt>0,2€l: p_yy(z)=exp (_p/ ( I)J(y),, ( )dy .

For each z € I the trajectory {y(t,x); t > 0} is either an open subinterval of I or
equals {z}. Since the later occurs if and only if F'(z) = 0 it follows from F(z) <0
that inf{(t,z); t > 0} = « for every x € I. Moreover, the assumption ¢(t,I) # I
for some ¢ > 0 implies that for every = € I there is ¢y > 0 such that x . n(x) =0
whenever ¢t > to. In particular, for all € I we have p; p,(x) = 0 for sufficiently
large t.

Proof of part a). It follows from Remark 1.2.14 and Theorem 1.2.10 that i) and
ii) in a) are equivalent and by the preceding observation they hold if and only if
for A-a.e. x € I there is a sequence (t,)nen in (0,00) tending to infinity such that

@ Reh(y)— LF’
0= lim py, p(z) = exp (p / (yl);(y)” W dy> :

o(tn,x)

Being ¢(-,x) strictly decreasing and o = inf{p(¢,z); t > 0} for every z € I,
the above relation obviously holds if and only if for some sequence (o, )nen in I
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converging to a we have

. = Reh(y) — 1 F'(y)
lim
n—oo F(y)

Qn

dy = —o0

for some (and then any) zo € I. Thus a) is proved.

The proof of parts b) and c¢) go along the same lines as the one of part a) by
applying Theorem 1.2.10 b) and Theorem 1.2.9, respectively, instead of Theorem
1.2.10 a), so that we omit them. O

Remark 1.2.16 i) If under the hypotheses of the above theorem we have for some
to > 0, p(to, ) = I it is easily seen that the same holds for every ¢t > 0 so that

x Reh(y) — LF
ptp(x) = exp (p /@ G (yl)?(y)p ) dy) .

It follows by the same kind of arguments as in the above proof that 7z is hy-
percyclic on LP(I) if and only if Tp, is weakly mixing if and only if there are
sequences (v )nen and (wy )nen in I converging to a and w respectively, such that
for some xg € 1

o [ Rehly) - %F’(y)d e [ Beh) - SF'(y)
i /. Fy) Y " oo F(y)

n Zo

dy = +o0.

Mixing of Tp,, then occurs if and only if
/””0 Reh(y) — ; F'(y) dy— —oc /“ Reh(y) — ; F'(y) dy — 400
o F(y) T Ja F(y) ’

while T, is chaotic if and only if there is some zp € I such that for every x € 1
there is ¢ > 0 such that

> w  Reh(y) — ;F'(y)
Yoo (o [, ")

(It,x)

= e(=it:5) Re h(y) — LF"
+Zexp <—p/ﬂc (yl)?(y)p ) dy) < o0.

0

ii) Of course it is possible to characterize hypercyclicity, mixing, and chaos of T,
in case of F' being strictly positive on I, too. The other hypotheses of Corol-
lary 1.2.6 unchanged, it follows for example that 7Tr is hypercyclic if and only if
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there is a sequence (wp, )nen in I converging to w = sup I such that for some zg € I

wn Reh(y) — 2F'(y)
lim P dy = oo.
ri-boa F(y) ’

Zo

The conditions characterizing mixing property and chaos change, respectively,
along the same line.

To conclude this section we give a concrete description of the generator of Tg in
case of p =1, at least under some mild additional assumptions on F and h.

Theorem 1.2.17 Let F € C1(,R) and let h € C(Q,C) be as above, 1 < p < o0
and assume that p = 1 is p-admissible for F and h. Assume that additionally
h € L>=(Q) and that F can be extended as a C*-function to R such that

i) F,F' € L*(R),

it) Q is positively invariant under the flow ¢(-,) associated with the problem
& = F(z),z(0) = zo (defined on R @R by the assumptions on F).
Then the generator (A, D(A)) of the Cy-semigroup Tp,n on LP(S2) is given by
D(A) ={f e LP(Q); Ff' € L"(Q)}
and
A:D(A) — LP(Q), Af =Ff +nf,

where f' denotes the distributional derivative of f.

Proof. Let D :={f € LP(Q); Ff' € LP(Q)} and
B:D — LP(Q), Bf :=Ff.

We first observe that the operator (B, D) is a closed operator. Indeed, let (uy,)nen
be a sequence such that lim, . u, = f and lim,, o, Bu, = g in LP(Q). Since
F € CY(Q) we obtain for the distributional derivative of Fu,,

(Fu,)" = F'uy, + Fu,, = F'u,, + Bu,
which converges in LP(Q) to F’'f + g because F' € L*>().

It follows lim,, oo Ful, = g in LP(Q). On the other hand (Ful,),en converges in
the sense of distributions to F'f’ and thus Ff' = g € LP(Q2). Hence f € D and
Bf =g, so that (B, D) is a closed operator.
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Next we show that
Dy :={f e C'Q)NLP(Q); [ € LP(Q)}.

is a core for (B, D). Being F' € L>(), we have D; C D. Let ¢ € C°(R) be
such that ¢ > 0 and [, (z)dz = 1 and set ¢, (z) := ny(nz),n € N. In what
follows we extend all functions from LP(€2) by 0 to all R. Fix f € LP(f2). Then
VY, * f € C®(R) N LP(R), thus its restriction to Q belongs to C1(£2). Moreover,
as is well-known (¢, x f)' = ¢, * f € LP(R) and therefore (¢, x f) € Dy with
limy, o0 (¥n * f)io = f in LP(2). Since we assumed F' to be extendable to R
such that F € CY(R) with F,F’ € L*°(R) it follows from Lemma 0.1.1 that
F(n*f) —tpp*x(Ff') € LP(R) for alln € Nand lim, oo F(n*f) —ton*(Ff') =0
in LP(R). As Ff" € LP(R) by f € D we have

F(bn*f) = Ff = (n s (Ff) = Ff) 4+ (F(n* f') = tn+ (Ff)),

50 limy, 00 F'(¢y, * f)fQ = Ff"in LP(Q?) implying that (B(¢y, * f)|o)nen converges
to Bf in LP(Q)). Hence D; is dense in D equipped with the graph norm of B, i.e.
D is a core of (B, D).

Since we assume h € L>() it follows that |h,(x)| > e tMl= for all z € Q. Being
p = 1 is p-admissible for F' and h we conclude that

VoeQ: 1 < MewHplirle)t| 9,0t )|

so that p = 1 is p-admissible for F' and 0, too. Denote the generator of the Cjy-
semigroup Tro = (Tro(t))i>0 on LP(Q) by (Ao, D(Ap)). By using Lebesgue’s
dominated convergence theorem it is straightforward to verify that D1 C D(Ay)
and Aof = Bf for all f € D;.

Next we show that D; is also a core for (Ag, D(Ap)). Indeed, as C}(Q) C D,
it follows that D; is dense in LP(€2). Moreover, it follows immediately from
Tro(t)f = f(p(t,-)) that Dy is invariant under Tro because of the additional
hypothesis ii). Applying Proposition 0.2.5 i) we conclude that D; is a core for
(Ao, D(Ap)). As both operators (B, D) and (Ag, D(Ap)) are closed and coincide
on the common core Dy, we obtain (A, D(Ap)) = (B, D).

As h € L*>(2), the operator
My, : LP(Q) — LP(), f—nhf
is well-defined and continuous. Being a bounded perturbation of (Ag, D(Ap))
C: D(Ay) — LP(Q), f= Aof + Myf=Bf+ M,
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generates a Cp-semigroup S on LP(Q) (see e.g. Theorem 0.2.6) and D; is a core

of (C, D(Ay)).

Now, let (A, D(A)) be the generator of the Cy-semigroup T . As above for the
special case h = 0 one shows that D; C D(A) and that A and C coincide on D;.
Moreover, if a € p(A) N p(C), it follows from D, being a core for (C, D(Ap)) that

(= A)(D1) = (o = C)(D1) = LP().

From Proposition 0.2.5 ii) we derive that D; is a core for (A, D(A)). Since
(A,D(A)) and (C,D(Ap)) are both closed operators coinciding on the common
core D we finally obtain the assertion. O

Remark 1.2.18 Conditions on F that ensure that ii) holds can be found by using
Theorem 0.4.4 and Corollary 0.4.5. In particular if @ = (a,b), then ii) holds if
F(a) >0 and F(b) <0.

1.3 Chaotic dynamics on Sobolev spaces

In this section we will consider the semigroup 7 when acting on the Sobolev

spaces WL2(I) and WP(I), where I is a bounded open interval. We will use
Lemma 1.3.2 and Proposition 1.3.3 to see how the dynamical properties can be
transferred into these spaces from LP(I).

The following result is standard in the theory of Sobolev spaces. A proof can be
found [25, Lemma 8.2].

Lemma 1.3.1 Let g € L}, (I); for yo fized in I, set

v(x) = /mg(t)dt, xz el

Yo

Then v € C(I) and

/Ivso’=—/lg<p, Vo € CI(I).

A straightforward consequence is the following lemma.

Lemma 1.3.2 Let I = (a,b) be a bounded open interval in R and 1 < p < oo.
Then

®: (1) S WD), e = [ " ) dy
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18 a well-defined, linear and continuous bijection with continuous inverse

Ot WHP(I) — LP(I), L) = £

Proof. A straightforward application of Jensen’s inequality gives that
b b b
[le@pris < [@-artis [l

1 b

“o-ar [ 15w (16)
Moreover, by Lemma 1.3.1 it follows that the distributional derivative of ®(f)
equals f, so that ® is in fact well-defined, obviously linear, and by (1.6) and
O(f) = f continuous. Injectivity of ® follows from ®(f) = f. Additionally,

from ®(u') = u for every u € WP (I) we obtain the surjectivity of ®. Obviously,
d~1(f) = f for all WP(I). O

The comparison test and Lemma 1.3.2 imply the next result.

Proposition 1.3.3 Let I = (a,b) be a bounded open interval, 1 < p < oo, and
let @ be as in Lemma 1.3.2. Moreover, let T be a Cy-semigroup of LP(I). Then
S = (®oT(t) o ® )= is a Co-semigroup on WP (I) which is hypercyclic,
(weakly) mizing, chaotic, or stable respectively, if and only if the same holds for

T.

Proof. Clearly, S is a Cg-semigroup on W,"?(I) by Lemma 1.3.2. The rest of the
assertion follows immediately from the comparison test. O

The first part of this section is devoted to find conditions that ensure the restriction
of the semigroup 7rj to WHP(I) is a Co-semigroup.

Lemma 1.3.4 Let I = (a,b) be a bounded interval and F : [a,b] — R a C*-

function satisfying (H2)-(HS3). Then the function p = 1 is p-admissible for F and
F’ for every 1 < p < o0, i.e. the semigroup Trpr = (Trr(t))i>0 defined by

Vt=0,feLP(I): (Tpr(t)f)(x) := exp (/0 F'(w(svfﬂ))dS) flp(t,x))

is a Co-semigroup on LP(I).
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Proof. Since F is C*! on [a, b] there is w € R such that F’(z) < w for all z € [a, b].

Hence, for t > 0 and z € (a,b) we have
t 8 t
0 < Op(t,x)=1 Jr/o &8250(5@) ds=1+ ; %&go(s,x) ds

¢ t
1+ / F'(o(s,2))020(s,2)ds < 1+ w/ Daip(s, ) ds.
0 0

An application of Gronwall’s lemma yields
Vo e (a,b),t>0: 0Oyp(t,x) < e

For 1 < p < oo it follows from the above inequality, the hypothesis, and Proposi-
tion 0.4.8 that for every = € (a,b) we have

V>0 (eXp (/Ot F’((p(&x))ds))p

We finish the proof by using of Theorem 1.2.1 with A = F’ and p = 1. ]

(agw(t, x))p71 |0200(t, )|

PV Dyp(t, 7).

IN

Theorem 1.3.5 Let I = (a,b) be a bounded interval and F : [a,b] — R a C*-
function satisfying (H2)-(H3) with F(a) = 0. Then for every 1 < p < oo and
v € R, setting
Yt 20, f € WD)« (Spy(Df)(x) = e f(o(t, 7)),

the family Spy = (Sr~(t))i>0 is a Co-semigroup on WHP(I). Moreover WHP(I)
is Sp-invariant.
The generator of Sg., in WYP(I) is given by

B:{feW'(I); Ff" e LP(I)y » W'P(I),  Bf=Ff +nf,
while its generator in WP (I) is

B :{f e Wor(I); Ff" € LP(I)} - WoP(I),  Buf = Ff' +f.

Proof. By the preceding lemma Trpr = (Trp/(t))i>0 is a well-defined strongly
continuous semigroup on LP(I) for every 1 < p < co. As F(a) = 0 we have
@(t,a) = a for all t > 0 so that for all f € LP(I) and ¢t > 0 with ® as in Lemma
1.3.2 and the fact that (¢, -) is increasing by Proposition 0.4.8

e(t,z)

O(T)f)(x) = /1 flo(t, y))|o2(t,y)| dy = / f(y)dy = @(f)(p(t; 7).
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Since @ is bijective it follows that Sg. = (Sr(t))i>0 = <<I> o (Mg (1)) o

<I>’1) defines a Cy-semigroup on WP (I). Clearly, for every t > 0 the mapping
>0

Sp~(t) : span {1} — span {1}, all = e (all) o p(t,-)

is well-defined, linear and continuous. It follows that Sg . is a well-defined Co-
semigroup on WP(I) = W.'P(I) @ span {1} such that W, "?(I) is Sg,-invariant.

The generator of S, 1.0y is given by (@0 Ao @™, &(D(A))), where (4, D(A))
is the generator of ("' Tr p/(t))i>0 in LP(I) which by Theorem 1.2.17 is

A:{felr(); Ff e LP()}y —» L(I),  Af=Ff +F'f +~f.
Therefore
®(D(A)) ={f e Wrr(I); Ff' e LP(I)}
and
VfED(D(A): PoAod (f) =®(Ff"+F [ +~f)=Ff +~f

Obviously, span{1} is contained in the domain of the generator (B, D(B)) of Sg
with B1 = ~1. Therefore,

D(B) = <I>(D(A)) @span{l} ={f € Wl’p(I); Ff" e LP(I)}
and

VfeD(B): Bf=®o0Acd \(f - f(a)l)+f(a)l = Ff +7/.

By combining the above theorem with the results stated in section 1.2, we are now
able to prove the following theorem.

Theorem 1.3.6 Let I = (a,b) be a bounded interval, 1 < p < 00,7 € R, and

F : [a,b] — R a C'-function satisfying (H2)-(H3) with F(a) = 0. Then the
following holds.

a) The Cy-semigroup Sk~ is not hypercyclic on WhP(I).

b) On Wf7p(l) the following are equivalent for the Cy-semigroup Sp, .

i) Sk, is weakly mizing on WP (I),
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it) Spn is hypercyclic on WEHP(I),

iii) AM(Qo) = 0 and for every m € N for which there are m different
connected components C1, . ..,Cp, of I\ Qo, for A™-almost all choices
of (x1,...,xm) € 1%, C; there is a sequence of positive numbers
(tn)nen tending to infinity such that for every 1 < j <m

Jm X, (@) €7 Dop(—tn, ;)77 =0

and

lim ¢t 220 Un )0
n—00 8280(2tn7 xj)p

¢) On W*l’p(I) the following are equivalent for the Cy-semigroup Sp.

i) Sk is mizing on WP (I),
i) A(Qo) =0 and for A-almost every x € 1

Doip(t, x)1 TP
; Pt V1P — i et 2P —
Jm X ey () €77 Do ip(—t, ) A e ot

d) On W*l’p(I) the following are equivalent for the Cy-semigroup Sp.

i) Sk is chaotic on WP(I),

i) M(Qo) = 0 and for every m € N for which there are m different
connected components C1, ..., Cpy of I\Qq, for N™-almost all choices
of (x1,...,mpm) € IIJL C; there is t > 0 such that

Oop(It, z)1HP

pylt —lt 1-p —pylt
;Xap(lt,l)(w)e Oaip(—lt, ) +Ze Oop(2lt, )P

=1

for every 1 < j <m.

Proof. Let Py : WYP(I) — span {1}, Pi(f) = f(a)l. As F(a) = 0 we have
¢(t,a) = a for all t > 0 which implies Py 0 Sp~(t) = Sp~(t) o Pi. Since there are
no hypercyclic Cyp-semigroups on finite-dimensional spaces part a) follows from the
comparison test.

Now, let @ be as in Lemma 1.3.2. Since (7' o Sp,(t) 0 ®)i>0 = Trp 4~ and
<I>_1(W*1’p(l)) = LP(I) it follows from Theorem 1.2.10 a) for p = 1 and the
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comparison test that i) and ii) in b) are equivalent and that these are equivalent
to hypercyclicity of Tg pr4 on LP(I). For h(z) = F'(x)+~ and p(x) = 1 it follows
that for p;, and p_; , from definition 1.2.3 we have

Vt>0,2 € (a,0) 1 prp(e) = Xo(r.1) (2) 1 (p(—t,2))D2ip(—t, )
as well as
Vi>0,z € (a,b) 1 p_ip(x) =hy P (2)020p(t, ).

Observe that for h(z) = F'(z) + v we have by Proposition 0.4.8
¢
Vt >0,z € (a,b):  hi(z) =exp(yt —|—/ F'(p(s,7)) ds) = " 0ap(t, 7).
0

Moreover, because ¢(s+t,x) = p(s,¢(t,x)) for all s,t € R and each = € (a,b) for
which the involved quantities are defined it follows

Vit > 0; T e (aa b) : 82(,0(2t,l') = 8230(75’ Qp(tax))a2%0(ta Z‘)
and thus for every x € (a,b) we have

_ Oop(2t, )

Vt>0: Oap(t,p(t,z)) = Dot 2)

as well as
Vt>0: 1=0ap(t,p(—t,2))02p(—t,7)
for every x € ¢(t, I). Taking all this into account it follows
VES 00 (@) pupd) = o (@) e (Baplt, p(~t, ) Oopl(—t, 2)
= Xeg.n(x) e (52<P(—t733))1_p

as well as
Vi>0,x€(ab): poplr) = e (Dp(t,plt 7)) "Dap(t, x)
— e P Dap(t, -T)H_p -
Oop(2t, )P
By Theorem 1.2.10 a) T, /4~ is hypercyclic on LP(I) if and only if A(€2y) = 0 and
for every m € N for which there are m different connected components C, ..., Cy,
of T\ Qq, for A™-almost all choices of (x1,...,2;,) € 7L, C; there is a sequence

of positive numbers (¢, )nen tending to infinity such that

Vi<j<m: lim p p(z;) = lim py, p(z;) =0,

n—o0

so that by the above considerations b) follows.
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The proofs of part ¢) and d) of the theorem follow with the analogous arguments
by referring to Theorem 1.2.10 b) and Theorem 1.2.9, respectively. O

So far, we have only considered ~ to be a real constant. If h € W(I) we would
like to have results such as the above theorem for the Cy-semigroup on WP (I)
generated by

fr Ff +hf.
Since h € W1°°(I) it follows that the corresponding multiplication operator
My : WD) — WE(D),  My(f) = hf

is well-defined and continuous. If we denote the generator of Sgo in WP([)
by (A, D(A)) it follows that (A + M}, D(A)) generates a Cop-semigroup Sgj, by
Theorem 0.2.6 and this semigroup is given by

oo

Sen(t)f =Y Tu(t)f. (1.7)

n=0

with To(t) = SF70(t) and

Ton(t)f = /O Sko(t — 8)MaTy(s) fds

/Ot Bt = 5,) (Tuls)F ) (ot = 5,)ds,

where the integrals are Riemann integrals in W1P(I). In order to get an explicit
description Sg;, we use the following result.

Proposition 1.3.7 Let v : [0,00) — C be continuous. Then

t s n t n+1
\vd GN t>“' t_s t'_s+7‘dr ds— ds
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Proof. Setting V (t) := fg v(s)ds it follows that

t s n t n
/ v(t — s) </ u(t—s+ r)dr) ds / V/(t —s) (V(t) - V(t— s)) ds
0 0 0

n t
= Y Ovroe / V)V ()
0

1

> (DVH@O )" g v
_ n——:lvn-kl(t)z (n—]l-l)(_l)n+1—k

k=0
1

1 t n+
= n+1</0 v(s)ds) .

By applying Proposition 1.3.7 to t — h(p(t,z)) with fixed € [a,b] and since
point evaluations in WP (I) are continuous it follows by induction on n that the
above T, (t) in equation (1.7) are given by

Ta(0)7@) = - / (s, 0)ds) Sia(t) @)

n!
and therefore
VE>0,f e WHP(I) 1 Spa(t)f(x) = he(a) f((t, ),

where, we recall, hy(z) = exp(f(;5 h(p(s,z))ds). Thus we obtain the next proposi-
tion.

Proposition 1.3.8 Let I = (a,b) be a bounded interval, 1 <p < oo, F : [a,b] - R
a C'-function satisfying (H2)-(H3) with F(a) =0 and h € W1*°(I). Then

AA{feWr(D); Ff"eLP(D}, fe Ff +hf
generates the Co-semigroup Sgp on WYP(I) which is given by
V> 0:Spat)f(z) = hi(z) f(o(E, x)).
Moreover, Wi (I) is Spp-invariant.
Our next aim is to generalize the content of Theorem 1.3.6 to the Cp-semigroups

SF 1, at least under some mild additional hypothesis. As in section 1.2 we need to
find a measurable function ¢ : [a,b] — R such that exp o) induces a continuous,
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invertible multiplication operator M on WP(I) and for some v € R, for which
Co-semigroups Sr4 and Spj, are conjugate via M, i.e.

Vt>0,f e WD) exp(¥) Spa(t)(f) = Skq(t)(exp(®)f).  (1.8)
(1.8) is satisfied if, for all x € [a, b],

¢
Vi 00 wlplta) = [ (b)) =) ds = (o) (1.9)
Now, if z € Qq it follows from ¢(t,x) = x for all ¢t > 0

Vt=0: () —t(h(z) —7) = ().

Thus, since F'(a) = 0 it is necessary that h(x) = h(a) for every x € Q.

As in section 1.2, if the function [a,b] = R, y — %f)(a) belongs to L'(a,b) we
can set

i lab = R, w(x):/I]Wd

and it follows that this function ¢ satisfies (1.9) on ;.

Y

Proposition 1.3.9 Let I = (a,b) be a bounded interval, 1 <p < oo, F : [a,b] = R
a C-function satisfying (H2)-(H3) with F(a) =0, and h € WH>°(I). Assume that
the following conditions are satisfied.

i) Ve eQo: h(z)=h(a) eR.

it) The function [a,b] > R, y— % belongs to L>(I).

Then exp oy with @ : [a,b] = R, ¢(z) = f; %dy defines a continuous,
invertible multiplication operator M such that the Cy-semigroups Sg p(a) and Sp,n

on WYP(I) are conjugate via M.

Proof. By the observation preceding the proposition we only have to show that
exp o) defines a continuous, invertible multiplication operator on W1P(I). First
we note that ¢ € WH°(I) and therefore exp oi) € W1°°(I), too. Hence,

M :WP(I) - WhP(I),  Mf =exp(¥)f

is a well-defined continuous multiplication operator on W1?(I) with continuous
inverse given by exp(—v)f. O
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Remark 1.3.10 In the discussion preceding the above proposition we only re-

quired that [a,b] — R,y — % belongs to L'(a,b). Nevertheless, it is not

hard to show that this function actually has to belong to L*(a,b) in order for

exp(1)) to induce a bounded multiplication operator on W1 (I).

Obviously, the multiplication operator M in the above proposition satisfies
M(WE(D) = WD)

so that the restrictions of the Cy-semigroups Sg ) and S to W*l’p(I) are
conjugate via M, too. Combining Theorem 1.3.6 with Proposition 1.3.9 the next
theorem follows directly from the comparison test.

Theorem 1.3.11 Let I = (a,b) be a bounded interval, 1 < p < oo, F :[a,b] > R
a C-function satisfying (H2)-(H3) with F(a) =0 and h € WH°(I). Assume that

1) Va € Qg : h(z) = h(a) €R.

2) The function [a,b] — R,y — % belongs to L>°(I).
Then the following holds.

a) The Cy-semigroup Sg.p, is not hypercyclic on WP (I).

b) On W*l’p(I) the following are equivalent for the Cy-semigroup Sgp,.

i) Spp is weakly mizing on WP (I),
i) Sp is hypercyclic on WHP(I),

iii) AM(Qo) = 0 and for every m € N for which there are m different
connected components C1,...,Cp, of I\ Qo, for A™-almost all choices
of (x1,...,xm) € 1%, C; there is a sequence of positive numbers
(tn)nen tending to infinity such that for every 1 < j <m

lim Xo(tn,I) (xj) eph(a)tn 8290(_tn7 xj)l_p =0

n—oo

and

n—o0o 82%0(2tn7xj)p
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¢) On W*l’p(l) the following are equivalent for the Cy-semigroup Sg .

i) Sg.p is mizing on WiP(I),

i) M) =0 and for A\-almost every x € I

_ Dap(t, )" +P
ph(a)t 1-p _ ph(a)t 2P\ L) 7
Hm Xoe,n) (2) € Opp(—t,2) 77 = lim e Dap(2t0)

d) On WHP(I) the following are equivalent for the Co-semigroup Sk h-

i) Sp is chaotic on WP (I),

i) AM(Qo) = 0 and for every m € N for which there are m different
connected components C1, . ..,Cpy of I\Qq, for N™-almost all choices
of (x1,..., o) € IJL C; there is t > 0 such that

- a _ a 3 lt X
ZXLp(lt,I)(ZL’) P gy p(—1t, )1~ ”Jrz Ph )”782;(2“ )x) < 00

for every 1 < j <m.

Instead of formulating analogues to Corollary 1.2.6 for W,*? (I) we apply our results
to some concrete examples in the next section.

1.4 The Lasota equation

We close this chapter by analyzing the solution semigroup (1.2) of the Lasota
equation (1.1) in the light of our result. We will cover the result mentioned in
section 1.1.

1.4.1 von Foerster-Lasota equation

Consider for a complex valued function h € C'(0,1) N L*°(0,1) the von Foerster-
Lasota equation, that is the first order partial differential equation

u(t, x) +xiu(t,x) =h(z)u(t,z), t>0,0<z<1

ot ox




50 Chaos for semiflow semigroups in Lebesgue spaces

with the initial condition
u(0,z) =v(z), 0<z<l,
where v is a given function.
If we set F(z) = —z and Au = Fu' + hu, for every u € D(A), where
D(A) ={u e LP(0,1) | zu’ € L?(0,1)},
then by Theorem 1.2.17, (A, D(A)) generates in L”(0,1) the Cy-semigroup 75, =
(Th(t)) >0 defined by

Thu(z) = exp </0 h(zes)ds) u(ze™),  t>0, ue LP(0,1), z € (0,1).

—t

If h € W1°°(0,1), in view of Proposition 1.3.8 it is again natural to apply also
our results from section 1.3. We call the resulting Cy-semigroup the von Foerster-
Lasota semigroup on WP(0,1), respectively V[/*LP(O7 1), associated with h and
denote it by S,. The dynamical properties of these semigroups are given in the
next theorem.

Theorem 1.4.1

a) Leth bein C(0,1)NL*>(0,1). Then the following properties of the associated
von Foerster-Lasota semigroup Ty, on LP(0,1) are equivalent.

i) Tn is hypercyclic.
it) Ty, is weakly mizing.

iit) There is a sequence (ap)nen n (0,1) converging to zero such that for
some xo € (0,1)

@0 Re h(y) + *
lim Ldy = +o0.

n—oo Jo Y

b) Assume that for h € C[0,1] the function

h(z) — Reh(0)

[0,1] — R, x>
T

belongs to L'(0,1). Then the following properties of the associated von
Foerster-Lasota semigroup Ty, on LP(0,1) are equivalent.
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i) Tr is hypercyclic.
i) Ty, is weakly mizing.
iit) Ty, is mizing.

i) Tn is chaotic.

v) Reh(0) > —%.

c¢) Assume that for h € WH>(0,1) the function

h(z) — h(0)

[0,1] = R, x>
T

belongs to L>°(0,1) and that h(0) € R. Then the von Foerster-Lasota semi-
group Sy, is not hypercyclic on WYP(0,1). For the restriction of Sy, to
W*l’p(O, 1) the following are equivalent.

i) Sp is hypercyclic on W.P(0,1).
i) Sy is weakly mizing on WP (0,1).
iii) Sy, is mizing on WP(0,1).

w) Sp is chaotic on WP(0,1).

v) h(0) >1— %

Proof. For F(z) = —x we have ¢(t, ) = ze~" and thus the hypotheses of Theorem
1.2.15 are satisfied.

Im h(x)

Proof of part a). Since (0,1) - R, z belongs to L'(5,1) for each
x
B € (0,1) part a) is obviously a direct application of Theorem 1.2.15 a).

Proof of part b). Since the hypotheses of a) are satisfied, it follows that i) and ii)
are equivalent and that because of h € C[0,1] i) holds if and only if

lim Py = +o0 (1.10)
n—oo

/1 Reh(y) + 1
a Yy

n
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for some (ap)nen in (0,1) converging to 0. Since

1 1 1 1 1
/ %dy - / Reh(OHde—&—/ Mcﬂy
Qy Yy Qn Yy (e 7% Y
) | ! Re (h(y) ~ h(0))
= —(Re h(0) + 5) In(ow,) + /a #dy

it follows from the hypothesis on h that (1.10) holds if and only if Re h(0) + % > 0.
Hence, i), ii), and v) in b) are equivalent. As iii) and iv) imply i), respectively, it
remains to prove that v) implies iii) and iv).

Let us denote by ¢ the L(0,1)-norm of the L!-function x + M. It v)
holds, it follows that for each x € (0,1),¢ > 0, and [ € N we have

we ! Reh + 1 1
exp <p / (y)zﬂdy> — exp <_p - Reh(yo)ﬂdy> )
x

Y

-exp (—p o 7Re(h(?_h(°))dy) (1.11)

< e—ptl(Re h(O)—&-%) epc.

Because of v) it follows that for every x € (0,1) and t > 0
& # " Reh(y) + 1
Zexp p/ ——dy | < o0,
=1 x Y

hence 7Ty, is chaotic by part ¢) of Theorem 1.2.15.

In order to show that v) implies iii) we observe that as in the inequality (1.11) we
obtain for each z € (0,1) and t > 0

ze”" Reh(y) + L

so that by part b) of Theorem 1.2.15 iii) holds. Hence, b) is proved.

Proof of part ¢). That Sy, is not hypercyclic on W(0, 1) follows immediately from
Theorem 1.3.11. As [0,1] \ € has only one connected component, x,, ) (z) =0
for every = € (0, 1] for sufficiently large t > 0, and

_ Dop(t, ) HP ~t(1+(h(0)~1)p)
Ve (0.1]: ph(0)t ’ — o~ t{1+(R(0)=1)p
z € (0.1] ¢ Oap(2t, )P €

the rest of ¢) now follows from Theorem 1.3.11 b),c), and d). O
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Remark 1.4.2 i) Of course Theorem 1.2.15 also provides characterizations of
mixing and chaos for 7, under the general hypotheses of part a) of the above
theorem.

ii) It should be noted that the proof of part b) remains valid if we replace the
hypothesis h € C[0,1] by h € C(0,1) N L*>(0, 1), h continuously extendable into
the origin.

iii) The hypothesis in ¢) is obviously satisfied if 2(0) € R and h is differentiable at
the origin.

Remark 1.4.3 Observe that if a =1 — %, then WP (I) — h*(0,1) continuously

and thus WP (I) — V,. Moreover they are dense. As a consequence, by Theorem
1.4.1, if h(0) > « =1 — 1/p, then the Cy-semigroup 7T}, is mixing and chaotic on
V., and we obtain the result of Theorem 1.1.1.

1.4.2 Generalization of von Foerster-Lasota equation

Let us consider for h € C(0,1) N L>°(0,1) and r > 1 the first order partial differ-
ential equation

u(t,x) + xriu

= >
Ep (t,x) =h(z)u(t,z), t>0,0<z<]1

9
ot
with the initial condition
u(0,z) =v(z), 0<z<l,
where v is a given function. As for F(z) = —a” we have
pltz) = ((r =)t +2' )=

and therefore ([0, 00),(0,1)) C (0,1), it is again natural to consider our results
from section 1.2 for I = (0,1) and h and the Cy-semigroup 7Trp on LP(0,1). We
write 7. instead of T p,.

Again, if h € W°°(0,1), in view of Proposition 1.3.8 it is natural to apply our
results from section 1.3. The corresponding Cp-semigroup on W1P(0,1), respec-
tively Wi (0,1) is denoted by S, 5. The next theorem summarizes the dynamical
properties of these semigroups. Observe that contrary to the von Foerster-Lasota
semigroup the dynamical properties of S}, are independent of p.

Theorem 1.4.4
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a) Let h belong to C(0,1) N L>°(0,1). Then the following properties of the
Co-semigroup T, on LP(0,1) are equivalent.
i) Tr.n is hypercyclic.
i) Trn is weakly mizing.

iii) There is a sequence (7 )nen in (0,1) converging to zero such that for
some xo € (0,1)

o Reh(y) + Jy" ™"

lim —_—

I
n— 00 . Y

dy = o0.

b) Assume that for h € C[0,1] the function

h(x) — 2"~ 'Re h(0)

1:”’

[0,1] — R, x>

belongs to L'(0,1). Then the following properties of T, on LP(0,1) are
equivalent.

i) Tr.n is hypercyclic.
i) Trn is weakly mizing.
i) Trn is mizing.

) Reh(0) > =r.

Moreover Ty.p, is chaotic if and only if Reh(0) > —%.

c) Assume that for h € W°(0,1) the function
h(z) — h(0)
x'f’
belongs to L>(0,1) and that h(0) € R. Then the Cy-semigroup Sy p s

not hypercyclic on WYP(0,1). For the restriction of S.p, to WHP(0,1) the
following are equivalent.

[0,1] — R, x>

i) Sy is hypercyclic on W.P(0,1).

i) S, is weakly mizing on WEP(0,1).
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iii) Sy, is mizing on WP(0,1).
w) Sy is chaotic on WP (0,1).

v) h(0) > 0.

Proof. For F(x) = —z" we have ¢(t,z) = ((r — 1)t + xl_r)flr and thus the
hypotheses of Theorem 1.2.15 are satisfied. The proofs of parts a) and b) are
mutatis mutandis the same as the corresponding parts of Theorem 1.4.1. In fact,
the part a) is a direct consequence of Theorem 1.2.15 a) taking into account that

Im~h
0,1) > R, z+— Im h(z) belongs to L!(3,1) for each 3 € (0,1).

In the following we show the main calculations behind of the proof of part b). It
is based on the result of part a) and the fact that h € C[0, 1] and

h(z) — z""1Re h(0)

:I:T

(0,1) = R, x>

belongs to L(0,1), obviously i) and ii) are equivalent. Since h € C[0,1] i) holds
if and only if

[ Reh(y) + Iy
lim _

T
n—oo Y

dy = 400 (1.12)

for some (ap)nen in (0,1) converging to 0. Since

L Reh(y) + 7y 1 Reh(y '+zy ! 1 Reh(y)—y"'Reh(0
/ yr . dy = fan yr : dy+fan = ZT = )dy
[e3

n

_(Re h(0) + ]ﬁj) In(oy,) +f;n Reh(y)—gé':lReh(O)dy

it follows from the hypothesis on h that (1.12) holds if and only if Re 2(0) + 7 > 0.
Hence, i), ii), and iv) in b) are equivalent. As iii) and chaos imply i), respectively,
it remains to prove that iv) implies iii) and chaos implies Re h(0) > —%.

Let us denote by ¢ the L!(0, 1)-norm of the L!-function x — w. Ton
is chaotic if and only if there exists zp € (0,1) such that for every z € (0,1) and

t>0
o] g Reh Yy + gyr—l
Zexp <—p/ ()—pdy < 00 (1.13)
1=1

w(it,z) Yy
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For each z € (0,1),t > 0, and [ € N we have

2 Reh(y) + Ty #52) Re h(y) — y™~'Re h(0
p(lt,x) Y o Y
p(lt,x) Re h(O) + T
+p / —Pay (1.14)
zo Y
tl
< pc+p (Re h(0) + ;) log (Lp(x’x))
0

Hence iii) holds by iv) and part b) of Theorem 1.2.15 for o = 0. Moreover,

ro Reh(0) + 7 1 pReh(©O)¢r
exp —p/ p dy = - (7" — 1)lt + SCliT 1T s
< o(It,x) Yy ) ngCh(OH [ )

and therefore the series in (1.13) converges if and only if

pRe h(0) + 7 -
1—r

-1

that is Re h(0) > ’71

We just need to prove that part c). For this, observe that x,« n(z) = 0 for
every x € (0,1] for sufficiently large ¢ > 0 and [0, 1] \ Qo has only one connected
component. As

Vt >0,z € (0,1]: dop(t,z) =z~ ((r — Dt +z' ") ™7
we obtain

82@(t7$)1+p
t> 1] : —ph(0)t) 2
Vt >0,z € (0,1] exp(—ph(0)t) FRECTIET

__r 2(r—1 +77£ o

= exp(phoy = 2D T
xr((r _ 1) + W) T—1

Now the proof follows again as the proof of part c¢) of Theorem 1.4.1. In fact, that
8,5 is not hypercyclic on W1?(0,1) follows immediately from Theorem 1.3.11,
the rest of ¢) now follows from Theorem 1.3.11 b),c), and d).

The interest in this generalization of the von Foerster-Lasota equation was origi-
nated in the result [36, Theorem 3.1] characterizing and comparing our results in
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this particular case. Moreover, the parameter r > 1 gives another point of view of
this equation. In fact, the case r = 1 has properties like the equivalence between
hypercyclicity and chaos, it is not the case for » > 1 on L? if, for example,

-1

L < Reh(0) < —.
p p

Open Problem 1.4.5 Recently Kalmes in [47, 48] studied the Frequent hyper-
cyclic criterion (see [51]) for the Cp-semigroups considered in this chapter. Actu-
ally, Kalmes shows under mild assumptions on F' and h an equivalence between
satisfying the Frequent Hypercyclic Criterion and Devaney chaos on Lebesgue
and Sobolev spaces. A natural progression of our studies would be to investigate
whether Kalmes conditions can be furtherly relaxed.







Chapter 2

Stable semiflow semigroups in
Lebesgue spaces

The aim of this chapter is to provide characterizations of stability for strongly
continuous semigroups induced by semiflows on LF(2), on W P(I) and on WP (1)
for a bounded interval I := (a,b) C R.

This chapter was motivated by a question of Thomas Kalmes, namely whether,
for this kind of Cy-semigroups, stability with not hypercyclicity, are equivalent.
In particular cases such as Lasota equation this holds but, as we will see, it is not
true in general.

Many authors studied these kind of semigroups in this sense, for example, we can
find results about stability applied on a different contexts given by Dawidowicz et
al. in [27, 36, 37].

First, we will present these known results in order to compare them with ours.
Even though we start with the multidimensional case, we will concentrate on the
one-dimensional case and, in particular, we give characterizations for p(z) = 1 on
WP(I) and on WLP(I). To finish we will apply our results to the same examples
of the previous chapter.

Without loss of generality, throughout this chapter, we consider h € C(Q2) real
valued. We will give an argument to assume h complex valued based on the
previous case. We will write stable Cp-semigroup or simply stable if we consider
strongly stability property of the Definition 0.3.5 and we will specify in the case
of exponential stability property.

99
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The contents of this chapter have been included in [4].

2.1 State of the art

We go back to the setting that has been described in section 0.1.

Keeping the same notation for the semigroups and the involved space, we recall
the following two results about stability of von Foerster-Lasota semigroups and of
its multidimensional generalization:

Theorem 2.1.1 ([36]) Let h: [0,1] — R be a continuous function and let T be
the semigroup defined in (1.2).

(i) If exist C,q > 0 such that |h(x) — h(0)] < Cx? for all x € [0,1] and
h(0) < —%, T is strongly stable on LP(0,1).

(it) If exist C > 0 such that |h(z)—h(0)| < Cz for allz € [0, 1] and h(0) < 1—%,
T is strongly stable on V.

Moreover, we obtain the property exponentially stable for T if h(0) < —% and
h(0) <1-— %, respectively.

For an argument of complexification we can extend these results for h : [0,1] — C
continuous function. All these results will be consequence of our results.

We finish with the equation (1.3) on the multidimensional case on certain compact
set D of RY.

Theorem 2.1.2 ([37]) Let T be the Cy-semigroup solution of the equation (1.3)
on LP(D). Ifv < f% limsup(V - ¢)(x) then T is strongly stable on LP(D).
z—0

Moreover, for strict inequality we obtain the property erponentially stable for T .

Remark 2.1.3 Comparing these results with the previous ones given in sec-
tion 1.1, we obtain stability for the equation (1.1) if and only if it is not chaotic,
in particular not hypercyclic. These properties have complementary behaviour for
this equation.

It is not the case for equation (1.3), unless the limit superior and limit inferior
coincide, i.e., if and only if lin%)(v -¢)(x) exists.
z—
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2.2 Multidimensional case on Lebesgue spaces

In this section we will consider the multidimensional setting that we mentioned
in Remark 1.2.4. We start by recalling some basic properties. Let 2 C RY be an
open set and let ¢ : [0,00[x — Q be a semiflow according to Definition 0.4.1.
Moreover let h : © — R be a continuous function. Define for every ¢ > 0:

hi : Q= (0,400), x — exp (/Ot h(@(s,m))ds).

Let p: Q — (0,400) be a A-measurable locally integrable function and let 1 <
p < 0o. Define

(T )(x) = () f(p(t,2),  felj(Q), 2€Q, t=>0 (2.1)

If ¢ is continuously differentiable, in [45, Proposition 4.12, Theorem 4.7], it has
been proved that 7 = (T'(t)):>0 is a Co-semigroup in L5(€2) if and only if there
exists M > 1 and w € R such that for every ¢ > 0 the following inequality holds

[hu[Pp < Me**p(e(t, ) |det Dip(t, -)|, A-a.e. on Q,

where A denotes Lebesgue measure and De(t, -) is the Jacobian of ¢(¢, -), or equiv-
alently

R (p(—t, - —t,-))|detDp(—t, -
Yot t (p(=t,))p(p(=t,-))|det Dp(—t, -)| < ME®  A—ne.

p

where ¢(—t,-) is the inverse function of ¢(¢,-) and Dy(—t,-) is its Jacobian. In
this case p is said to be a p-admissible weight and for every ¢ > 0:

Pt,p

7)) = ] , (2.2

o0

where

Prp = Xe(t.2)[hi(P(=t, ) p(p(=t, ) |det Dp(—t, -)].

Our aim is to characterize the stability of the Cy-semigroup T on Lg(Q), namely
when

VPEINQ) lm [T, =0.
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Theorem 2.2.1 Let Q be an open subset of RY, ¢ a continuously differentiable
semiflow on Q, h € C(Q), p a p-admissible function, and let T be the semigroup
on Lb(Q) defined by (2.1). Then the following conditions are equivalent:

(i) T is stable on LH(Q2),
(i) It holds:

(1) T is bounded.

(2) for every bounded interval Q C Q, it holds

lim pip(x)dx = 0.

t—+o0 Q

Proof. Observe that, by (2.2), T is bounded if and only if sup,s H 2

< +o00.
o0

Then T is stable on Lb(Q) if and only if

t—+o0

tim_ [ B0l pladde =0, f € (@),

or, equivalently, with a change of variable (see also the argument in the proof of
[45, Proposition 3.11]):

lim /Q F@Pprply)dy =0 Vf € L2()

t——+o0

that is

t—+4oo

lim / 9W)lprpm)dy =0. Vg e LY(Q).

By applying the previous to g™ = gV 0 and g~ = g A0, we get that it is equivalent
to

: Prp(T) _ 1
t_I}TOO A g(x) (@) p(x)dx = 0. Vg € L,(S).

namely, p;fg) — 0 with respect to the w*-topology on L>(Q) induced by L7 ().

Since the function t — p;, € L(Q) is locally bounded, the last assertion is
equivalent to (ii) by Lemma 0.5.2. O
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We will use this result to give simplified versions of condition (ii) and obtain
characterizations for one-dimensional case and Sobolev spaces with p = 1.

We have considered until now the real-valued case. To finish this section, we
consider an argument to assume h complex valued based on real valued case.

Remark 2.2.2 If we consider L5(2,C), h € C(Q,C) and ¢(t,z) a semiflow sat-
isfying (H2)-(H3), then we define for every f € Lb(Q,C) and every t > 0

1507 = exp ([ ot 1ot 0).

If p is admissible, then T,* = (TS (¢)):>0 is a strongly continuous semigroup. We
consider, for every f € Lb(2,R) and t >0

T2 (0)(f) () = exp ( / Reh(w(s,x») Flola,).

It holds that ’72‘3 is stable if and only if Tpﬂf ,, is stable.

Indeed, if f € LE(Q,R), then

ITi (8)(f)(@)] = [ Tien (D) ()(2)]

and we get immediately that if 7,C is stable then T, is stable. Conversely, if
f € L2(9,C), then || € LE(Q, R) and

T (0)(£)(@)] = [Tren () (@)]

and again we get that if 7}5,3,1 is stable, then 7'h(C is stable too.

2.3 One-dimensional case on Lebesgue spaces

We now consider the case Q C R, with more details, referring to the assumptions
(H1)-(H3) in section 0.1 and the notation in section 1.2.

A first consequence of Theorem 2.2.1 is a characterization of stability for the Cy-
semigroup Tr on Lb(Q) for real valued h.

Theorem 2.3.1 Let 2 C R be open, F satisfying (H1)-(H3) and let p be p-
admissible measurable function for F' and h. Then the following conditions are
equivalent:
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i) Trn is stable on Lh(Q),

it) It holds:

(1) Trp is bounded;
(2) limy 400 ptp(x) =0 for A-a.e. x €y

(8) if AM(&0) >0, h(z) <0 A-a.e. in Q.

Proof. As usual, let us define the following subsets of €2:
QQZ{$€Q|F(I‘):O}, Q1=Q\QO
Moreover we define
X, ={feLlb(Q) | f=0ae inQ}, 1=0,1.
Clearly we can identify X; with LP(£2;) and
LE(Q) = Xo © X1 = LE(Q) & LE(Q21).
If A(Qp) = 0, then X reduces to {0} and Lg(Q) can be identified with Lﬁ(ﬂl).

For every z € £y we have that ¢(t,x9) = o for every ¢ > 0. By the uniqueness
of the solutions of the initial value problems

T = F‘(.T)7 CE(O) = X0 ($0 S Q),

o(t, o) C Qo and ¢(t,Q1) C Q7. This implies that Lg(Qi) is invariant under 7z p,
for i = 0,1. Thus we can define 7}, = TFﬁhle(Q_) and we can write
; Py

Ten = 7ﬁh D Tf«l,m
Clearly T, is stable on L5(Q) if and only if T}ﬁ, i = 0,1, are stable on Lb(;).

Observe moreover that Tg,h(t)(f)(x) = exp(th(z)) f(x) for every f € Lb(£) and
x € Q.

“ =" Let x € Q; such that F(z) # 0. If F(x) > 0 there exists r > 0 such that
[,z + 7] C Q with F(s) > 0 for s € [z,x + r]. By Lemma 1.2.5, there exists
C > 0 such that

pip(x) < Cprp(s) a.e. s €z, x4+,
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hence

1 xT+T C xT+T
paa) =1 [ pa@ids < S [ s

and therefore, by assumption and Theorem 2.2.1, lim;_,o0 pt,p(z) = 0. If F(z) <0,
we consider an interval [z — r,x] with F(s) < 0 for s € [x — 7, z] and we get the
assertion again by Lemma 1.2.5 arguing as in the case F(x) > 0.

By the stability of 732, we get that

lim ePth(@)| f(z)Pp(z)dz =0
0

t—oo [o
hence either A(2g) = 0 or if A(£2) > 0 we have h(z) < 0 A -a.e. in Q.

By the previous argument, in the case that A(p) = 0 the condition (3) is not
necessary and the only restrictions over h are given by condition (1), in particular
for x € Qg it is equivalent to h(x) < %F’(x).

<" By (1) and (3), there exists M > 0 such that p;,(s) < Mp(s) a.e. in Q.
Then, for every f € Lg(Ql), we have that being p locally integrable on €2, we can
apply the dominated convergence theorem to get that for any f € L5($1):

tiw [ (24, (0@ o)z = lim [ 17(6)Pprp(s)ds =
(921 (951

t—o0

by using the change of variable z = ¢(—t,s), and the invariance of Q; under
@(—t,-), that is T}, is stable on LP(Q).

On the other hand, if A\(€Qp) > 0 and being h < 0 a.e. in Qg, we get, again by the
dominated convergence theorem, that Tg,h is stable, too. O

Example 2.3.2 (Left translation semigroup) Let Q =R, FF=1,and h =0
so that ¢(t,z) = x +t where ¢(¢,R) = R and h;(x) = 1. As we commented, p is
p-admissible for F' and h for some p € [1, 00) if the same holds for every p € [1, c0).
Consider then, the Co-semigroup T on LE(R) defined by (Tr () f)(z) = f(x+t)
and remember that its generator is an extension of

Ce(R) = LE(R), f = f".

Moreover, we have Qo = 0) and py p(z) = p(x — t).
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By Theorem 2.3.1, Tr is stable on LA(R) if and only if for every z € R exists a
real finite constant C > 0 such that

p(x —t) < Cp(x), YVt and lim p(x —t) = 0.
t—o0
Or equivalently, for every « € R exists a real finite constant C' > 0 such that

plx —t) < Cp(x), Vt and EIEI p(x) =0.

x

This condition is independent of p.

From this example follows that if we consider an increasing p-admissible weight
with the property lim;,_, p(t) # 0, then the left translation semigroup is not
stable and not hypercyclic.

Example 2.3.3 Let again Q = R, F(x) := 1 — x,h(z) = 0 so that p(t,z) =
14 (x —1)e7t, hy(z) = 1, where ¢(t,R) = R and d2p(t, ) = e~ *. Recall that in
this case Ty, is given by (Tpy(t)f)(z) = f(1 4 (z — 1)e~") with generator being
an extension of

Co(R) = LE(R), f — (z = (1 —2)f'(2)).
Furthermore, R\ Q¢ = (—00,1) U (1, 00) with A\() = 0 and
VteR: pp(z) = p(l+ (x—1)e')e,

Arguing as in the previous example with the p-admissibility condition, Theo-
rem 2.3.1 gives stable behaviour of 7, on LA(R) if and only if for every x €
R\ {—1} there exists a real finite constant C' > 0 such that

p(1+ (z —1)et)e! < Cp(x), Vt and tli}m p(1+ (z—1)eh)e! = 0.
Or equivalently, there exist a real finite constant C' > 0 such that

p(1+ (x — 1)eh)e! < Cp(x), Vt >0, Vo € R\ {~1} and | l‘im p(r)r =0.
=00

Now, if we distinguish between ¢(¢,Q) = Q and (¢,Q2) C Q then we can avoid
one of the above conditions.

Corollary 2.3.4 Let Q@ C R be open, F satisfying (H1)-(H3) and let p be p-
admissible measurable function for F and h. Assume that

VeeQ, 3t>0 : x ¢ (¢, Q).

where ¢ is the semiflow associated with F. Then the following conditions are
equivalent:
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(i) Trp is stable on L(€2),

(i) It holds:
(1) Trp is bounded,
(2) ’Lf )\(Qo) >0, h(if) <0 A-a.e. in Qq.

Proof. Simply observe that the assumption implies that = ¢ ¢(t, Q) for every ¢ > ¢
and for every « € Q, and therefore lim; o, pt p(z) = 0. O

Remark 2.3.5 A concrete example in which the assumption of the previous corol-
lary are satisfied is the case in which Q = (0,1) and F(z) = —=z, corresponding to
the Lasota semigroup. Then ¢(t,x) = e 'z and, for every ¢ > 0,

QO(L (07 1)) = (07 eit)'

Therefore, for every « € (0,1), choosing ¢ > —logz, we get that x ¢ ¢(¢, Q).

In order to use this result on section 2.4, we assume p = 1 to simplify the condi-
tions.

By applying Corollary 1.2.6, a straightforward calculation gives the following char-
acterization.

Theorem 2.3.6 Let Q@ C R be open, F satisfying (H1)-(H3) and assume that
p = 1 is a p-admissible function for F and h. Assume that F(x) # 0 for every
x € Q.

(1) If p(t,Q) = Q for every t > 0, then t.f.a.e.:
(i) Trn is stable on LP(§2);
(i) It holds,
(a) there exists C € R such that

ds<C aeyeQ, t>0,

#(t:9) h(s) — LF'(s)
[ e

or, equivalently, Trp is bounded;
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(b) for everyy € Q)
o) h(s) — LF(s)

t_l}gloo , F(s) ds = —00.
(2) If
VeeQ, 3t>0 x & o(t,Q).
then t.f.a.e.:

(1) Trn is stable on LP(Q);

(i) there exists C € R such that

ds<C aeyef t>0,

/@wwhw>—;F%@
y F(s)

or, equivalently, Trp is bounded.

We would like now to compare the previous stability conditions with hypercyclicity
or mixing condition. Clearly if a semigroup is hypercyclic, then it cannot be stable
and, in general, a semigroup can be not stable and not hypercyclic. Indeed, if we
consider a semigroup Tw; such that A(Qy) > 0 and h(xz) > 0 on Qq then we
get a semigroup which is not stable by Theorem 2.3.1 and not hypercyclic by
Theorem 1.2.10.

Nevertheless, there are cases in which stability and not hypercyclicity are equiva-
lent. We analyze with details the case p =1 and F' < 0.

Theorem 2.3.7 Let Q = (o, 8) C R be a bounded interval, F € C'([a, B]) satis-
F

fying (H2)-(H3). Assume F decreasing, F(z) < 0 for each z € (o, 8], F(a) =0
and such that

VeeQ, 3t>0 : z ¢ o(t,Q).
Moreover, let h = —AF" for some X € R.

Then, for the Cy-semigroup Trp on LP(Q) the following are equivalent.

(i) Trn is stable.

(it) Trn is not hypercyclic.



2.3 One-dimensional case on Lebesgue spaces 69

1
(iti) A< —3

Proof. Observe that p = 1 is p-admissible for F' and h by Lemma 1.3.4. If
A= f%, then clearly the semigroup is stable and not hypercyclic. Then assume

that A # —1.

First observe that for every y, z € (a, )

[P (o et

In particular, it follows that for every z € (a, )

thus 77 is hypercyclic if and only if A > —%.

d lim

On the other hand, 7F,, is stable if and only if there exists C' > 0 such that

e(t,2) h(s) — %F’(s)

<
Fs) ds < C,

Vo e (a,8), VE>0: /
that is

Vo € (a,5), Vt>0: —<A+;>1OgF(1‘i((7;’)$))SG

Being F' < 0 in («, /), we have that ¢(-, z) is strictly decreasing, hence ¢(t,z) < z
for every t > 0. Hence, since F' is decreasing,

Flgto) _ |

Vo € (o, 8), t>0: ) =

Thus, if A < —%, then

1
Ve € (a,8), VE>0: —()\—&-)log
p

and so Tg,, is stable. O

Remark 2.3.8 Of course it is possible to characterize stability for T, in case of
F being strictly positive, taking into account that ¢ would be increasing. In this
case, we only need to change condition (iii) by A > —1%.
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2.4 Stability on Sobolev spaces

From now on, we are able to use our results in order to show similar characteriza-
tion of stability on Sobolev spaces.

Let I = (a,b) be a bounded interval in R and, as we saw in section 0.1, let W (1)
the first order Sobolev space of p-integrable functions on I, where 1 < p < 0.

We will use several results following the argumentation part of Sobolev spaces on
Chapter 1. More precisely, we need to use Lemma 1.3.2 and Proposition 1.3.3 to
transfer the dynamical properties for the standard described Cy-semigroup from
LP(I) on W}*(I). Finally we use Propositions 1.3.8 and 1.3.9 to see that actually
we need to prove stability only for the Co-semigroup Sg (q)-

As commented, we only need to prove stability behaviour of the Cp-semigroup
SF,h(a) and assume the previous results to generalize this ones for Sg; by using
the comparison test.

Theorem 2.4.1 Let I = (a,b) be a bounded interval, 1 < p < oo, F with F(a) =0
and F(z) # 0 in ]a,b| and satisfying (H2), (H3), h € W1>°(I). Assume that the
function [a,b] = R,y — % belongs to L>°(I). The following hold
(1) If p(t,I) =1I for every t > 0, then t.f.a.e.:
(i) Spn is stable on WP(I);
(ii) It hold,

(a) there exists C' € R such that

o(ty) h(a) — (% - 1) F'(s)
< .e. I > 0:
/y F(s) ds<C aeyel, t>0

(b) for everyy eI

o [0

ds = —co.
t—+oo J, F(s) 5 o

(2) If
Veel3t>0 x & o(t,I)

then t.f.a.e.:
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(i) Spy is stable on WP (I);

(ii) there exists C € R such that

o(ty) h(a) — (% - 1) F'(s)
/ ds<C aeyel, t>0.
y F(s)

Moreover, Sgy, is stable on WYP(I) if and only if it is stable on WEHP(I) and
h(a) < 0.

Proof. As we have previously discussed and by Proposition 1.3.9 we know that the
Co-semigroups Sr j(q) and Sgp are conjugate.

Moreover the Cop-semigroup S, p,(q) On W*l’p(l) is conjugate to Tp, g yn(a) on LP(I)
by Proposition 1.3.3.

Thus, Sr, is stable on W,P(I) if and only if Tr,Fr+h(a) is stable on LP(T).

A short calculation shows that Tp prip(e) is stable on LP(I) if and only if the
condition (ii) holds. In fact, for Tp pip(a) Observe that hy(z) = e @dyp(t, x)
and p(z) = 1 is p-admissible for F' and F’ + h(a) with M = 1 and w = ph(a) +
(p—1)|| F'||s. Depending on the behavior of o (t, ) for ¢ > 0, the proof on W, (1)
is over if we replace h by F’ + h(a) in the conditions of Theorem 2.3.6.

Observe that W1e(I) = W,'P(I) @ span {1} and that

SF.h(a) = SFh(), 10, D SFh(@)span )
Thus Sp p(q) is stable if and only if Sgj(q) is stable on W*l’p(l) and on span {1},
i.e., h(a) < 0. In fact, for A # 0 we have

Spptay(AL) = M0 if and only if h(a) < 0.
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2.5 The Lasota equation

As in the previous chapter we analyze the Lasota equation showing that our results
cover the results described in section 2.1.

2.5.1 von Foerster-Lasota equation

Consider von Foerster-Lasota equation with I = (0,1), F(z) = —x and h €
C(0,1) N L*°(0,1), described by

0 0
— = >
tu(t,a:) +x xu(t,x) h(z)u(t,z), t>0,0<x<1

with the initial condition
u(0,2) =v(x), 0 <z <1,

where v is a given function. Denote by T}, the associated Cp-semigroup on L (0, 1).
For Sobolev spaces we consider h € W>°(0,1) and denote by S, the resulting
Co-semigroup on WP(0,1), respectively W*l’p(O, 1).

Theorem 2.5.1

a) Assume that for h € C[0,1] real valued the function
 hlx) ~ h(0)

[0,1] — R,
xr

belongs to L'(0,1). Then the following properties of the associated von
Foerster-Lasota semigroup Ty, on LP(0,1) are equivalent.

1) Tn is stable on LP(0,1).

i) h(0) < —

1

5

b) Assume that for h € WH°(0,1) real valued the function
h(z) — h(0)

[0,1] — R, x>
T

belongs to L>°(0,1). Then the von Foerster-Lasota semigroup Sy is not
stable on WYP(0,1) and for the restriction of Sy, to W*l’p(O, 1) the following
are equivalent.



2.5 The Lasota equation 73

i) Sp is stable on W.P(0,1).

i) h(0) <1—

1
5

Proof. For F(z) = —z we have ¢(t,z) = xze~ " thus, following Remark 2.3.5, for
every x € (0,1) we get for t > —logx that = ¢ ¢(t, Q). We will use an alternative
proof without using the comparison test between 7;, and 7).

Proof of part a). We can consider for M- a.e. z € I and for all ¢ > 0,

ze ! 1 T _ 1
/ M?+p@:/* h(y) M@+M®+p@.
T Yy et Yy
Since
[0,1] — R, T = hz) ; h(0)

belongs to L!(0,1), we obtain for some constant K > 0 that

@ hm)+§dy

/1 h(y) — h(0) + h(0) +

1
p@§K+/
et Yy

ze~?t

By Theorem 2.3.6-(2), 7y, is stable if and only if there exists C' € R such that for
Aa.e x €l andforallt>0

z  h(0) +
/ (>ypdy<C.

Observe that

Then 7T}, is stable if and only if ~(0) < —%.
Proof of part b). It is a direct consequence of Theorem 2.3.7 if we replace h by
F’ + h(0), if we use Theorem 2.4.1-(2) and the fact that Sg, is stable on W."*(I)
if and only if 7p /i p(a) is stable on LP(I). Arguing as the beginning of case a)
we obtain stability for Sy if and only if
1-— 1
ho)y<——L—1-2.
p b
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a

Remark 2.5.2 The previous result remains valid for h complex valued if we use
Remark 2.2.2. In fact, for LP(0, 1) we only have to replace h(0) by Re h(0) and for
the Sobolev spaces we only need to assume h(0) € R.

2.5.2 Generalized von Foerster-Lasota equation

Let us consider I = (0,1), h € C(0,1) N L*>°(0,1) and r > 1 for the first order
partial differential equation

Sultsa) +a o
gt T TE G

with the initial condition

(t,x) =h(z)u(t,z), t>0,0<z<1

u(0,2) =v(z), 0<z<l1,
where v is a given function. As for F(z) = —a" recall that
p(t,x) = ((r =Dt +2 )=

Denote by 7. the Cp-semigroup on LP(0,1). For Sobolev spaces we consider
h € Wh(0,1) and let S,., be the Cy-semigroup on W?(0,1) and on W, (0,1).

Theorem 2.5.3

a) Assume that for h € C[0,1] real valued the function

h(x) — 2"~ 1h(0)

[0,1] — R, T
x’l‘

belongs to L'(0,1). Then the following properties of T, on LP(0,1) are
equivalent.

1) Trp is stable.

i) h(0) < ==.

p

b) Assume that for h € WH°(0,1) real valued the function
h(z) — h(0)

[0,1] = R, x>
:L-T’
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belongs to L>=(0,1). Then the Co-semigroup S,.p, is not stable on WP(0,1).
For the restriction of S, to W*l’p(O7 1) the following are equivalent.

i) Sp.n is stable on W.P(0,1).

i) h(0) <0

Proof. Recall that F'(z) = —a" thus, p(t,z) = ((r — 1)t + xl_r)ﬁ and
Vt>0,z € (0,1] : dp(t,x) =2 " ((r— )t + a2t

The proofs are similar to those of the previous example. In fact, observe that for

all € I choosing t > we have x ¢ ¢(t,(0,1)) = (0,z). By using Theo-

rem 2.3.6-(2) and Theorem 2.4.1- (2) we finish the proofs of a) and b) respectively.

In fact, for the proof of part a) since [0,1] — R, T~ w belongs to

L'(0,1), if we denote by K its norm, we obtain for y € (0,1) and ¢ > 0

e(t,y) h( )7 1F’ y ) + 5’“ 1
/ / " —ds
y e(t,y) §

Y r—1 v h(0)+ I
/ )+ s h(O)dS+/ (0) v g
(t,y)

h(0)+ £
<K+/ Lds
w(t,y)

- S

r y
=K + (h 0) + > log (>
(©) P o(t,y)
1
=K+ -— (h(o) + ;) log (1+ (r—1)ty"™1)
Then 7;., is stable on L?(0, 1)if and only if (h(()) + 1) <0, by Theorem 2.3.6-(2).

It only remains to prove part b) using Theorem 2.4.1-(2).
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/m,y) no) - (1 -1) F’(s)ds:/y no)+ (5 - )rsr_ld

s
F(S) (t,y) s”
1
Y Y ~—1)r
= h—f)ds +/ uds
oty) S (ty) s
_ h(O) 1—r 1—r
=——1W e(t.y)' ") +
1 Y
+ (- - 1> rlog < > .
<p o(t,y)
Since p > 1, r > 1, and ﬁ =1+ (r— l)tgf_l)ﬁ we have for some C' > 0
1
(—1>rlog( i ) <0<C,
p o(t,y)
then
w(t,y) h(O) — (% — 1) F'(S) h((])
ds < — 21 1—-r t 1—r
/y o) s<——1 (v plt.y) ") +C
—h(0)t + C.

Finally, S, is stable on W,?(0,1) if and only if 2(0) < 0, by Theorem 2.4.1-(2).
Of course, S, 5, is stable in W7 if and only if h(0) < 0 by the same Theorem.

As the previous chapter this equation is of interest to compare our results by the
previous one given by Dawidowicz and Poskrobko in [36]. As expected, we obtain
a complementary behaviour between chaos and stability as is the case of the the
equation for r = 1. In contrast, there are no difference like chaotic and hypercyclic
properties.

Open Problem 2.5.4 We mentioned the duality about stability and chaotic be-
haviour of the semigroups 7 in this Chapter, for example Lasota equation on
(0,1). Are there other semiflow semigroups for which this duality hold?



Chapter 3

Chaotic behaviour of
birth-and-death models

In the last chapter of the thesis we will focus on the models of kinetic theory as
is the case of the birth-and-death models. Azmy and Protopopescu studied these
processes for the first time [58]. Later, the subject was intensively studied by
Banasiak, Lachowicz and Moszynski.

During recent years, the birth-and-death models with proliferation have been of in-
terest for their applications in biomedicine, for instance the behaviour of evolution
of cancer cells and the drug-resistance of these cells [7, 9, 11].

We will show some new results for the joined birth-and-death model. More pre-
cisely, we will study this model for the case of non-constant coefficients, and we
give conditions under which there is chaotic behaviour on an infinite-dimensional
subspace. These results generalize in part previous ones obtained by Banasiak and
Moszyniski in [11].

As in previous chapters, we will show an evolution of the main known results
related with these models in order to show the improvement achieved. Obviously
these models are not governed by the same kind of semigroups used in the previous
chapters.

The contents of this chapter were published in [5].

7
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3.1 State of the art

The main purpose of this section is to present some results related to chaos for the
evolution of birth-and-death type models with proliferation discussed in [7, 11, 44,
58].

Following the description in [11], we consider a population of cells divided into
subpopulations characterized by a different number of copies of a certain gene in
a cell. The integer n can be viewed as the number of copies of a drug-resistant
gene in the nth subpopulation of cells. The bird-and-death model is characterized
by two components described by the coefficients b,, and d,,, the first one describes
the number of shifts by mutations from the nth subpopulation to the n 4+ 1th one,
in unit time, per one cell of the nth subpopulation, the second one describes the
same fact but from the nth subpopulation to the n — 1th one. There is another
coefficient in this model that we denote by a, and it depends on the previous
two ones and on the cell proliferation process (rate of cell division). We suppose
that the coefficients of this model are time independent. The problem for time-
dependent coefficients is currently an open problem but there are results in this
sense, see for example [6].

In this section, we denote f = (fn)n>0 € , 1 < p < o0, with its norm ||f||, =

(i)

n=0
fn(t) represents the number of cells in the nth subpopulation at the time ¢ > 0.

Before beginning we must emphasize that the birth-and-death model can be sep-
arated in death and birth part of the process. If b, = 0 we have the death part
and, as expected, the birth part is obtained if d,, = 0. We are interested in the
whole process with death and birth parts, but we will give a description of death
part. The birth part is not of our interest since no chaotic properties are possible
in this case, see for example [7].

3.1.1 Death model with variable coefficients

In [58], the authors studied the death part of the birth-and-death process. Follow-
ing the same line, but allowing variable coefficients, Banasiak and Lachowicz [7]
considered the following system of equations:

% = (Lf)n = _anfn + ﬁnfn-&-la n € Ny, (3-1)
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where the coefficients «,, and 3, satisfy 0 < «,, < B, for any n € Ny and there
are parameters (a, )nen, such that

(A1) a, =a+a,, for some a > 0 and with lim a, = 0;

L oo (3.2)
(A2) B, = pby, for some § > o and with lim b, = 1.
n—oo

The main result in [7] about chaotic behaviour of this model is the following
theorem.

Theorem 3.1.1 Suppose that the sequences {aun }nen, and {Bn}nen, satisfy the
assumptions (3.2), and exists ¢ < 1 such that |a},/B| < ¢**1 for k € Ng. Then the

Co-semigroup generated by the operator associated with L in (3.1) is chaotic on
any P, 1 <p < oo, and on cy.

In [44, Chapter 7], the above result was improved:
Proposition 3.1.2 Let oy, 8, €]0, +00[, n € N, be bounded sequences such that
a:=supay < f:= limkinf Bk- (3.3)
k
Then the solution Cy-semigroup generated by the operator associated with L in
(3.1) is chaotic and topologically mizing on 7.
3.1.2 Birth-and-death model with constant coefficients

A first approach of the whole process was studied by Banasiak and Moszyniski in
[11], in this case the model was presented with constant coefficients as follows:

= (Lfh= afi +dfs
(3.4)
% == (Lf)n: bfn—l +afn+dfn+17 TLZQ

The main result concerning chaos in [11] is the following theorem.

Theorem 3.1.3 We suppose a,b,d € R. If 0 < |b| < |d| and |a| < |b+ d|, then
the Co-semigroup generated by the operator associated with L in (3.4) is chaotic
on (P,
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Remark 3.1.4 As shown by Banasiak et al. [11], with a slight change in the
coefficients we lose ownership of chaos. In fact, the model is not chaotic if |d| < |b]
or if p=1and |d| < |b].

Stability properties of this model were demonstrated for a dense subset of ¢!
provided that a,b,d € R with b,d # 0 and one of the following two conditions:

(1) a < —=(|b| + |d|), and

(2) —(|b] +|d]) < a < —2+/]b||d] and a < —2|b|.

In particular the assertion holds if

a < —24/1b||d| and 0 < |b] < |d].

3.1.3 Birth-and-death model with variable coefficients

Let us consider the previous problem with variable coefficients.

B = afi+difo,
(3.5)
% = bufo-1tanfn tdafnr1, n2>2,
with a,, b,, d, € R and the infinite matrix
aq d1
by azx da
b d
L= 3 a3 s (3.6)
b4 a4

In [8], Banasiak, Lachowicz and Moszynski gave conditions under which the max-
imal operator L,,q, on ¢ associated with £ generates a Cy-semigroup, and in [9]
they obtained conditions for sub-chaos by proving the following theorem.

Theorem 3.1.5 Suppose that there exists Ng > 2 such that

anp =an—1)4+«, d, =d(n—1)+9, b, =bn—1)+ 5, for n > Ny,

witha = —(b+d), b,d >0, a, 3,6 € R (3.7)
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holds with d > b and o+ B+ 6 — % > 0. Then the Cy-semigroup generated by

the maximal operator Ly,q. on P associated with L in (3.6) is sub-chaotic.

Remark 3.1.6 Consider the coeflicients with the property (3.7). If either of the
following two cases hold, b > d or d,,, = 0 for some my > 1, then the Cp-
semigroup generated by the maximal operator L,,,, on ¢P is not chaotic. We refer
to [8, Theorem 3.6] for its proof.

3.2 Birth-and-death models with variable coefficients:
general approach

In this section we intend to obtain sub-chaos results for birth-and-death type
models with proliferation in a wide range of variable coefficients. We consider the
model given in (3.5), and we assume that d,, # 0 for each n € N.

The first aspect to consider is the Banach space on which the operator associated
with £ according to (3.6) generates a Cy-semigroup. Given 1 < p < oo and v > 0
we consider the space X () defined as follows:

X(y):={fett : L'felP YneN, and |f| ::Z||£”pr’y_”<oo},

n=0

The space X () might seem a bit artificial but it can be continuously embedded in
£P. At this point, it is important to clarify that, if the sequences (ay)n, (by), and
(dyn)n are bounded, £ has an associated bounded operator S, on 7, with spectral
radius 7(Sp) < oo, and X(y) = P for v > r(S,). If any of the sequences (an)n,
(bn)n or (dy)n are unbounded, we have that the operator Sx () associated with £
is a bounded operator on X () and, therefore, it generates a Cop-semigroup Tx ()
on X (). As we will see later, a suitable selection of  will allow us to obtain that
the formal eigenvectors of L, associated to their corresponding eigenvalues in a
certain open subset of C, belong to X (7).

Lemma 3.2.1 Let 1 <p < oo andy > 0. Then X(v) is a Banach space.
Proof. Indeed, if (f(k))y is a Cauchy sequence in X (), given an arbitrary € > 0
we find ko € N with ||f(k) — £(1)]| < &/2 for all k,1 > ko.

Let f € ¢P be such that f = lim, f(n). Since (||f(k)|)r is a bounded se-
quence, we get by the definition of ||-|| that £L™f € ¢F for all n € N and that
Yoo lI£™ fll, 7™ < oo. That is, f € X (7).
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Moreover, by passing to the limit, ||fx — f|| <e&/2 < ¢ for all k > k. O

To prove our main result for this model, we need several technical results. A
holomorphic selection of eigenvectors of Sx(,) will be found. Suppose, in this
section, that A € C denotes an eigenvalue of Sx () and f = (f,)n>1 € X(7) is an
associated eigenvector. Then it satisfies

/\—CL1

f2: d fl; bnfn—1+(an_)\)fn+dnfn+l 207 7122 (38)
1
We fix f1 #0, fo = ((A = a1)/d1) f1, and
A—anp by,
= —fn - — > 2. .
f7z+1 dn fn dn fn—la n = 2 (3 9)

We rewrite the above equation as

(£)-m(5)

0 1
An:(_bn A—ay )
dn d’”.

Observe that equation (3.10) is equivalent to

( fﬁl ) — Ay ... Ay ( ;; ) (3.11)

We want to find conditions under which > -, [[Axn ... As|| < co. To do this, we
consider the characteristic polynomial p, \(2) = d,2? + (an, — X)z + by, of A,,. Let
27 :C— Cand z, : C — C be two (non-necessarily continuous) maps such that
pax(z) = (2 — 25 (X)) - (2 — 2, (N\)) for each A\ € C. That is, 2, (\) and z,, ()\) are
the (non-necessarily different) roots of p,, x(z) = 0. If the discriminant is non-zero,
i.e. if (a, — \)? # 4d,,b,, then the roots are simple and we can decompose A, as
A, = P, D, P; ! where,

P, = ( me Zﬁl(A) > and D, — ( vaé” Z_(EA) ) (3.12)

n

where
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A basic reasonable assumption is that lim,, s 25 (\) = 2T () with 2T(X) # 2~ (\).
That is, lim,, oo P, = P and lim,,_, Pn_1 = P~1 with

pP= ( me Z,lm ) and P71 = M( j»;*((AA)) —11 ) (3.13)

We are interested in the case when 0 < |zF(\)] < 1.

Lemma 3.2.2 Assume lim, o 25 (\) = 25(\) with [25(\)] < 1 and 2= (\) #
2T (). Then

D llAn - Asl < +o0.

n>2

Consequently, if moreover Lf = A\f and || < 7, then f€ X (v).

Proof. We fix 6 > 0 and ng € N such that 0 < |zF(\)| < § < 1 and |z} ()\) —
27 (A)] > 16 for all n > ng. By assumption, (P,), and (P, 1), converge to P
and P~1, respectively. This implies that there exists M > 0 such that ||P,|| < M
and || P,l|| < M, for all m > ng. Let R > 62/(1 —6) and ny > ng such that
| Py iy P —I|| < 6/R for every m > ny. Thus || P, Pl < 14 (5/R) < (1/6) for
m > ny. Finally, if we denote by N = ||A,, _1--- Ay|| and &; := (6 + 6?/R) < 1,
then we get

”An e AQH < NHPnDn(Pn_lpn—l)Dn—l T (Pn_ll-i-lprn)D P_1H

ni ni

n n—1
< NP JlIP ( 11 IIDm|> < 1T IPT;ileH)

m=ni m=ni
5 n—mnmi
< M?N&™™ (14 =
< R)
= M2N§&™™,

for any n > ni, which yields the result. Finally, if f € ¢P satisfies Lf = Af with
[A] <7, then L*f = A"f € ¢? for all n € N, and ||f|| < co. That is, f € X(v). O

We are in condition to prove our main results. First, we present a version for
bounded coefficients.

Theorem 3.2.3 Let (an), (bn)n and (d,), be sequences of real numbers such
that d,, # 0 for alln € N, 1 < p < o0, and v > 0. Assume that, lim,,_,. a,, = a,
limy, 00 by = b, limy, 00 d,, = d # 0, with |b| < |d| and |a| < |b+d|.
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Then the Co-semigroup Tx () is sub-chaotic on X(y). Moreover, S, generates a
sub-chaotic Cy-semigroup T, on (P.

Proof. We fix a holomorphic branch £ of the square root defined on the open set
V := C\i[0, +oc[. Provided that (a —\)? —4db € V and (a,, — \)? —4d,,b, € V, we
set 2T () = (—a+A+&((a—N)2—4db))/2d, 2= (A) = (—a+A—&((a—N)*—4db)) /2d,
2N = (—an + A+ E((an — N)? — 4dyby))/2d,, and z, (A) = (—a, + X — &((an —
N2 —4d,b,))/2d,. If a® —4db # 0, there exist a neighbourhood W of 0 and ng € N
such that 2t (A), 27 (), 27 () and 2, (\) are well defined for any n > ng and for all
A € W . In particular, 27 ()\) and 2~ ()) are different roots of dz2+(a—\)z+b = 0.
An application of Lemma 0.5.3 for w = (a — A)/d and r = b/d yields that, if
|b| < |d| and |a| < |b+ d|, then |zF(\)| < 1 for any X in a sufficiently small open
ball U C B(0,7).

If a? = 4db, then we can pick ng € N and U = B(ei, §) for sufficiently small £,6 > 0
such that U C B(0,7), (a—\)? —4db € V, (a, — \)? —4d,b, € V, and [z7(N\)| < 1
for all A € U and for each n > nyg.

We clearly have lim,, zF(\) = 27 (\) and lim, 2, () = 27 () for all A € U,

We set f(A) as the eigenvector of £ to the eigenvalue A constructed accordingly

0 (3.9), where f; # 0 is fixed (and does not depend on \). By Lemma 3.2.2,
f(A) € X(v) for every A € U. The recurrent construction of the coordinates of
f(XA) shows that each of them is a polynomial on A. Moreover, if ¢ € (¢P)* = ¢4,
the following estimates are satisfied:

[(FN), @) = ((Fr(A) s fr(N) A<D 1Aw - Al I(fr 2O, 1l

n>k

and f : U — (P is weakly holomorphic, therefore, holomorphic. That is, there
exists

z—0 z

e, Vael.

We have seen some definitions and facts about this topic on subsection 0.1.3, we
refer to [40] for more details. Also, it is easy to see that L™ f/(\) = nA" "1 f(\) +
A"f'(A) for any n € N. In particular, f'(\) € X(v) since [[L"f'(N)[[,77" <
1O, 2 A=y 4 ([ f/ (M), A"y~ for any n € N and for all A € U. Moreover,
f:U — X(v) is holomorphic since
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Now the assertion follows from Proposition 0.3.9. O

Based upon the above result, we are now able to prove a version of the previous
theorem for unbounded coefficients.

Theorem 3.2.4 Let (a,), (bn)n and (d,)n be sequences of real numbers such that
dp, #0 foralln e N, 1 < p < oo, and v > 0. Assume that lim,,_,(a,/d,) = «
limy, s 0 (by /di) = B, limy, 00 dpy = 00, with o # 48, |8] < 1 and |a| < |1 + B].

Then the Co-semigroup Tx () is sub-chaotic on X (7).

Proof. Here, we set 2T(\) = (—a + &(a? — 4ﬁ))/2 2= (A\) = (—a—&(a? —4B)) /2,
which are well defined since o — 43 € V, and 2,7 (\), z,, (\) as in Theorem 3.2.3.
Since z¥()\) do not depend on ), if we select U := B(0,7) and apply again
Lemma 0.5.3 with w = a and r = $, then |z%()\)] < 1 since || < 1 and
la] < |1+ B|. We follow the reasoning of the Theorem 3.2.3 to conclude the
result. O

Open Problem 3.2.5 The Banach space considered in this chapter was con-
structed on purpose to ensure the generation of a norm continuous semigroup and
to obtain sub-chaos. It would be interesting to study whether there exists chaos
on the whole space for these models, that is, when the semigroup is not uniformly
continuous.

Is it possible to give an explicit expression of the Cy-semigroup for the birth-and-
death model with proliferation on the whole space?
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Whatever the answer is, it could help to give conditions under which the Cj-
semigroup is chaotic instead of sub-chaotic.

Finally, in case of success, we can improve these kind of models by assuming time
dependent coefficients similar to the previous work of Banasiak in [6].
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