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Interpolation subspaces of L' of a vector measure and norm
inequalities for the integration operator

J.M. Calabuig, J. Rodriguez, and E.A. Sdnchez-Pérez

ABSTRACT. Let m be a Banach space valued measure. We study some domina-
tion properties of the integration operator that are equivalent to the existence
of Banach ideals of L!(m) that are interpolation spaces. These domination
properties are closely connected with some interpolated versions of summing

operators, like (p, 8)-absolutely continuous operators.

1. Introduction

Let (£2,X) be a measurable space, X a Banach space and m : ¥ — X a vector
measure. For 1 < p < oo, let LP(m) be the Banach lattice of all p-integrable func-
tions with respect to m. The domination properties (i.e. vector norm inequalities)
of the integration operator I : L'(m) — X, f fQ f dm, are directly related to the
structure of L'(m) and determine the existence of some characteristic subspaces.
From this point of view, the existence of Lebesgue subspaces of L!(m) has recently
been studied in [2] (cf. [10, Section 3.4 and Chapter 6]): geometric or summability
properties of I (namely, p-concavity on LP(m) or positive p-summability on L*(m))
are shown to characterize either the inclusions LP(m) < LP(v) < L'(m) or the
order isomorphism L!(m) ~ L!(v), for some control measure v of m.

The aim of this paper is to continue this research by showing which vector norm
inequalities for I characterize the inclusion of some special Calderén-Lozanovskii
lattice interpolation spaces in L'(m). Our results can be applied to analyze the

inclusion of such subspaces in a broad class of Banach lattices by means of the
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well-known representation technique via vector measures (cf. [10, Chapter 3]). In
particular, we center our attention in the following problem (left open in [2, p.31]):
find a domination property of I which is equivalent to the existence of a control

measure v of m and 0 < 8 < 1 such that
(LP(v), LP(m))g — L'(m),

where (LP(v), LP(m))g is the Calderén-Lozanovskii lattice interpolation space of
L?(m) and LP(v). We will show that the requested domination property of I is a
concavity-type property which we call (p, 8)-concavity (Theorem 2.3). At the end of
the paper we analyze some summability properties related to (p, #)-concavity, like
the largely studied (p, #)-absolute continuity (see [7, 9] and the references therein).
Along this line, in Theorem 2.8 we prove that the positive (p, #)-absolute continu-
ity of I has the same structural consequences on L!(m) than its non-interpolated
version (i.e. positive p-summability), namely: L!(m) is order isomorphic to the L*

space of a non-negative scalar measure.

Terminology. Unexplained terminology can be found in our standard refer-
ences [3, 4, 6]. All our linear spaces are real. Given a Banach space Z, the symbol
Z' stands for the topological dual of Z and the duality is denoted by (-, -). We write
By to denote the closed unit ball of Z. The norm of Z is denoted by || ||z if needed
explicitly. A Banach space F is called Banach function space over a finite measure
space (2,3, i) if E is a linear subspace of L%(u) such that: (i) if f € LO(u) and
If| < |g| p-a.e. for some g € E, then f € E and ||f||g < ||g||g; (ii) the character-
istic function y 4 of each A € 3 belongs to E. Then E is a Banach lattice when
endowed with the p-a.e. order. We write BE to denote the intersection of Br with
the positive cone Et1 of E.

Let E and F be two Banach function spaces over a finite measure space
(Q,%, ). Given 0 < 0 < 1, the Calderdn-Lozanovskii lattice interpolation space
(E, F)y is the Banach function space over (£, %, ) made up of all h € LO(u) for
which there are e € E and f € F such that |h| = |e|*~%|f|?, endowed with the

norm

17l z,mye = inf {llellz IlF1% (bl =lel'"|1f°, e € E, f € F}.

We write F' — FE if the ‘identity’ mapping is a well-defined operator (i.e. linear
continuous map) from F to E. In this case, we have F' — (E,F)y — E. The
space (E,F)g is sometimes denoted by E'~9F? and coincides with the complex
interpolation space [F, E];_g under mild assumptions on E and F. For detailed
information on Calderén-Lozanovskii spaces, we refer the reader to [1] and [8].
Throughout the paper (2,X) is a measurable space, X is a Banach space and
m : X — X is a (countably additive) vector measure. A control measure of m
is a non-negative scalar measure v on (£2,3) such that v(A4) = 0 if and only if

|lm||(A) = 0, where || - || stands for the semivariation of m. We fix a Rybakov
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control measure p of m, that is, a control measure of the form p = |(m,z()| with
xy € Bxs, cf. [4, p. 268]. For each 2’ € X', we write (m,z’) to denote the
scalar measure defined by (m,2’)(A) := (m(A),z') for all A € . A Y-measurable
function f : Q — R is m-integrable if it is integrable with respect to (m,z’) for
every ' € X’ and, for each A € X, there exists a vector fA fdm € X such that
([4 fdm,2') = [, fd{m,a’) for all 2’ € X'. Given 1 < p < oo, the space LP(m)
is the Banach function space over (2, ¥, 1) made up of all (equivalence classes of)

functions f such that |f|P is m-integrable, endowed with the norm

s = s ([ 1aaitm, )

@/'€By

For the basic properties of this space, we refer the reader to [5] and [10, Chapter 3].
The mapping I : L'(m) — X given by I(f) := [, fdm is an operator which is
usually called integration operator.

We recall that each functional ¢ € L!(m)’ can be represented as ¢(f) =
Jo fhdp for some h € L'(m)*. The Kéthe dual L'(m)* of L'(m) is the Ba-
nach function space over (2, %, 1) made up of all h € LY(u) such that fh € L'(u)
for every f € L'(m). Given h € L'(m)*, if the scalar measure hdu on (2,%) de-
fined by A — [, hdpu is a control measure of m, then L' (hdy) is a Banach function
space over (2,3, 1) and we have L'(m) < L (hdpy).

2. (p,6#)-concave integration operators

DEFINITION 2.1. Let E be a Banach function space over (2, %, 1) and let Y
be a Banach space. We say that an operator T : E —'Y is (p,0)-concave (where
1<p<ooand0<0<1)if there is a constant K > 0 such that

<Z!|T<hi>||;’9> <K <Z|fi|p|gi||fpe>
i=1 i=1

whenever h;, fi,g; € E satisfy |hi| = | fi]*7%|g:|? for everyi=1,2,...,n.

p

E

Notice that (p, 0)-concavity is just the usual notion of p-concavity.

REMARK 2.2. Every (p, 8)-concave operator is pg-concave in the sense of [11].
We stress that an operator T : E — Y is pg-concave if and only if it factorizes

through a specific real interpolation space, see [11, Theorem 3.7].

THEOREM 2.3. Let 1 < p < oo and 0 < 6 < 1. The following statements are

equivalent:

(a) The integration operator I : LP(m) — X is (p, 0)-concave.
(b) There exist C > 0 and hg € B}fl(m), such that

/ vde <C (/ | fIPho d#) ||9||%p(m)
Q X Q
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whenever v, f,g € LP(m) satisfy |v| = |f|*~%)g|?.

(¢) There is hy € Bz'l(m, such that hodp is a control measure of m and
(LP(ho dp), LP(m))e — L (m).

(d) There is a control measure v of m such that

LY(m) — L'(v) and (LP(v),LP(m))g — L*(m).
PrOOF. (a)=(b). Let K > 0 be a constant like in Definition 2.1 applied to
the integration operator I : LP(m) — X.

Given finitely many vy, f;,g; € LP(m), i = 1,...,n, such that |v;| = |fi|*~?|g:]%,
let us consider the function ® : BT Limy — R defined by

2y
Qvide _Kp/ <Z|f2|p”gle(m)> hdp.

Clearly ® is w*-continuous on the w*-compact set B} L1(m)» SO it attains its infimum
at some hg € le(m)/. We claim that ®(he) < 0. Indeed, for each h € Bzrl(m),,
the inequality ®(he) < ®(h) implies

n _op_
/ (Zw ||gz|m(m>hdu< / <Z|fi|f’||gi|zpsm)> ho du.
i=1

Therefore

(21) (Z |fz|p||ngLP(m )
Lr(m)
n _Op n 22
- / (ngiuzpfm))hdus / (Zlfil”llgiﬂzza?m)) ha dj.
i=1

heBLl( y i=1

n

(h) =)

1P

|png||Lp(m)

L*(m)

On the other hand, since I : L?(m) — X is (p, #)-concave, we have

n ﬁ % n op %
S| ovam < K[ 1ol ,
; Q X i=1

= Lr(m)

which combined with (2.1) yields

>

=1

P

1—6
/ vz«dm| < [ (Zw ||gz|Lp<m)> ha dp,
X

and so ®(hg) < 0, as claimed. Notice also that ® is convex (in fact, it is affine).

It is easy to check that the collection of all ®’s as above is a convex cone
in RB;W)’. An appeal to Ky Fan’s Lemma (cf. [3, Lemma 9.10]) ensures the
existence of hy € le(m), such that ®(hg) < 0 for every function ® as above. In
particular, if v, f, g € LP(m) satisfy [v| = |f|*~%|g|?, then

/vdm
Q

g
< w0 ([ 1rPhoan) lal7,,
X
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and taking C := K'~% we have

P
‘ / Ude go( / Ifl”hodu) 1901
Q X Q

This completes the proof of (a)=(b).
(b)=(c). Since L?(m) — LP(hydu), we have
LP(m) < (LP(ho dp), LP(m))g < LP(ho dp).

We divide the proof of (b)=-(c) into several steps.
STEP 1.- Condition (b) yields

Im(B)lx < c( / hodu) el < c( / hodu) e oim

for every B C A in X. Hence hg dyu is a control measure of m.

STEP 2.- Fix an arbitrary simple function v. We claim that

(2.2) vt (m) < Cllvll(Le(ho du), L (m))e -

Let f € LP(hodu) and g € LP(m) such that |[v| = |f|*~%|g|?. Choose sequences
(fn) and (gy) of simple functions such that |f,| 7 |f| and |gn| / |g| p-a.e. Define
= |fnl* 7 gn|? for every n € N, so that v,  |v| u-a.e. We next show that

(2:3) lonllzrmy < Cllfall o ng apy 190120y~ for all m € N.

To this end, take any & € L (u). Since the functions v,&, €, gn§ € LP(m) satisty
[0n€] = | Fn€]'70|gn€|?, condition (b) yields

H / vnfde <c(/ I |phod#> ||gns|\m<m>

<o(f |fn|ph0d/i) 190%0 (= CILEalE s 19y

Bearing in mind that
/ Uné de
Q X

cf. [10, (3.64)], inequality (2.3) follows at once. Now, since

[vnllLim) = sup
EEBLoo (1)

lvnllzrgmy = 0llLiemys N fallLe o apy = N fllLehodwys N1gnllzem) = 119llLom),

we can take limits in (2.3) to infer that ||v][z1(m) < C’||fHL1E,(h0 du)||g||Lp(m) As
f € LP(hodp) and g € LP(m) are arbitrary functions satisfying |[v| = |f|*~%|g|,
inequality (2.2) holds true.

STEP 3.- The space (L?(ho du), LP(m))g is order continuous, cf. [8, Lemma 20],
and so the subspace S made up of all simple functions is dense in (LP(ho dy), LP(m))g.
Fix v € (L?(hg du), LP(m))g and let (v,) be a sequence in S such that

v = vll(ze (ho duy, Lo (m))s = O-
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Then [Jv, — v||Lr(hyau) — 0 and so, by passing to a further subsequence, we can
assume without loss of generality that v,, — v p-a.e. (by Step 1, hg du has the same
null sets as m). On the other hand, by Step 2, the ‘identity’ mapping S — L!(m)
is continuous (with norm less than or equal to C'). Thus, (v,) is a Cauchy sequence
in L' (m) and so there is w € L' (m) such that ||v, —w|| 11 (m) — 0 and, in particular,
[vn — w1 (hoapy — 0. Hence v = w € L'(m) and |lvn, — v| 11 (m) — 0. Moreover,
we have [|v||11(m) < Cl|vl(Le(ho du),Le (m))s- This shows that
(LP(ho du), LP(m))g — L* (m)

and the proof of (b)=-(c) is finished.

(¢)=(d) is obvious.

(d)=(c). Observe that if v is a control measure of m such that L'(m) < L'(v),
then the positive linear mapping f +— fQ f dv is continuous on L'(m) and so there
is 0 < h € L'(m)’ such that [, fdv = [, fhdp for all f € L*(m), hence v = hdp.

Finally just consider hg = h/[|h[| L1 (m) € B}fl(m), in order to obtain the result since
hodp is a control measure of m and LP(hodu) = LP(hdu) = LP(v).

(c)=(a). Let K > 0 be a constant such that |[v|[11(n) < K||v||(Lr(hg du), L2 (m))e
for every v € (LP(hodu), LP(m))g. Take finitely many functions v;, fi,g; € LP(m),
i=1,...,n, satisfying |v;| = |fi|'~%|g;|°. Then each v; € (LP(hodu), LP(m))s and

n

D

i=1

n

fey n
/Qvi de <Dl 5y < K™D I 0 a0 2oy <
=1

=1

P
< Kt Z(nfinm e dmugm(m)) = K Z L2 s g Nl ) =

=1

P _p_ 22
xS0 ([ 1node) o, = 0% [ S APl hodu <
i=1 i=1

1P

< K77 || S 1APlgl

_p
= K19 (Z |fzp||gz||Lp(m)>

Therefore, the integration operator I : LP(m) — X is (p, §)-concave. O

Lt(m) L?(m)

REMARK 2.4. Our previous theorem generalizes [2, Theorem 2.3], where we
proved that I : LP(m) — X is p-concave if and only if there is a control measure v
of m such that LP(m) < LP(v) < L*(m). In this case, for each 0 < 6 < 1 we have

LP(m) < (LP(v), L*(m))p — LP(v) — Ll(m).

However, there are cases where LP(v) &+ L'(m) and (LP(v), LP(m))e < L'(m)

for some Rybakov control measure v of m, as in the following example.

EXAMPLE 2.5. Let Q := [0,1] with the Lebesgue o-algebra ¥ and consider
the vector measure m : % — L2[0,1] given by m(A) := xa. Then the Lebesgue
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measure A is a Rybakov control measure of m and the ‘identity’ mapping is an
isometric isomorphism between L'(m) and L?[0,1]. Then:
(i) (L3/2[0,1],L3/2(m))1/2 = L'(m).
(ii) L3/2(v) & LY(m) for any Rybakov control measure v of m.
Proor. (i) Fix v € (L%2[0,1], L%%(m)), o arbitrary. Take functions f €

L3/2[0,1] and g € L3/?(m) = L3|0, 1] satisfying |v| = |f|*/?|g|'/2. Holder’s inequal-
ity yields

1wk ax= [ ifilglar <
Q Q
< (Lupza)” ([1oPan)" = Wlosmpalolon,

hence v € L*(m) = L?[0, 1] and vl L1 m) < ||UH(L3/2[0,1},L3/2(m))1/2~

(ii) Let v be any Rybakov control measure v of m. Then there is h € Brz(g 1
such that v = [(m, h)|. Notice that (m,h)(A) = (m(A),h) = [, hdX for all A €
Y, so v = |h|d\. Take A € ¥ with A(A) > 0 such that h is bounded on A,
that is, for some b > 0 we have |h(t)] < b for all t € A. The restrictions of A
and v to the trace o-algebra ¥4 := {ANE : E € ¥} on A are denoted by Ag
and v4, respectively. An easy computation shows that each f € L3/2 (Aa) belongs
to L3/2(v,) and [ fller2@,) < b2/3||f||L3/2()\A). Now we argue by contradiction.
Suppose that L3/2(v) < L'(m). Then there is C' > 0 such that each f € L3/2(\,)
belongs to L2(Aa) and || f[| z2(x.) < Cb?/3(| fll zs/2(x ,)- Hence the ‘identity’ mapping
is an isomorphism between L3/2(\4) and L?(\4), a contradiction. O

REMARK 2.6. Actually the same proof of part (ii) gives
(i) L32(v) & L'(m) for every control measure v of m with L'(m) < L*(v).
Hence, the integration map I : L3/?(m) — X is not 3/2-concave. However I must

be (3/2,1/2)-concave (and in fact (3/2,0)-concave for all > 1/2).

The same kind of arguments can provide more examples in the setting of
Lorentz spaces L]0, 1].

DEFINITION 2.7. Let T : Z — 'Y be an operator between Banach spaces.

(i) T is called (p,0)-absolutely continuous (where 1 <p < oo and 0 <6 < 1)
if there is a constant K > 0 such that

n n
(2.4 SITEIFT <K sup S|(en )] £
i=1 Z'€Bz i
for every z1,...,2, € Z, n € N.

(ii) If Z is a Banach lattice, then T is called positive (p,0)-absolutely contin-
uous if there is K > 0 such that (2.4) holds for every z1,...,2, € Z7,
n € N.
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Notice that for 8§ = 0 the notion of (positive) (p,#)-absolutely continuous op-
erator coincides with that of (positive) p-summing operator.

The following result is an extension of [2, Theorem 2.7].

THEOREM 2.8. Let 1 < p < o0 and 0 < 0 < 1. The following statements are
equivalent:
(a) I:L'(m)— X is positive (p,0)-absolutely continuous.
(b) I:LY(m)— X is positive

(c) L*(m) is order isomorphic to the L' space of a non-negative scalar mea-

P .
-0 summing.

sure.

PrROOF. (b)&(c) follows from [2, Theorem 2.7].
(a)=(b). Let K > 0 be as in Definition 2.7. Fix fi,..., f, € L*(m)*. For
each r1,...,r, € Bre(,) we have

e
Z / firi de <K sup
— Q X

hEBLl(m)/

S| [ ] sl =

<K sup </ f1|h|d,u> HleLl(m)

hEBLl(m)/ i=1

() w7\
< K hld
i (S (L)) (Spnin)

where (x) follows from Hoélder’s inequality. Taking into account that

/ fir de
Q X
cf. [10, (3.64)], we obtain

n =5 1- . 0
Sl <, g (L)) (S
Brigny \i=1

and therefore

||fiHL1(7n) = sup
r€Broo ()

_Db

ZHfZHLl(m) ’ Sup </ fz|h|d,u> e

Brimy i=1

where C = K/(1=9) Tt follows that

S| f ] = s <

<C sup </fzh|d,u> ; <C sup

hEB L1 (my =1 heB L1 (my =1

/ findp |

P

Consequently, the integration operator is positive t£5-summing.
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(b)=-(a). Just bear in mind that for each f € L'(m) and h € B}, (m) We have

op
-0

BT = [P < | P -
The proof is over. [l
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