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By using a suitable modification of the notion of a w-distance we obtain some fixed point results for generalized contractive set-
valued maps on complete preordered quasi-metric spaces. We also show that several distinguished examples of non-metrizable
quasi-metric spaces and of cones of asymmetric normed spaces admit w-distances of this type. Our results extend and generalize

some well-known fixed point theorems.

1. Introduction and Preliminaries

Throughout this paper the letters R, R", N, and w will denote
the set of real numbers, the set of non-negative real numbers,
the set of positive integer numbers and the set of non-negative
integer numbers, respectively. Our basic references for quasi-
metric spaces are [1, 2] and for asymmetric normed space it
is [3].

A quasi-pseudometric on a set X is a function d : X x
X — R such that for all x, y,z € X : (i) d(x, x) = 0; (ii)
d(x, y) <d(x,z) +d(z, p).

If d satisfies conditions (i) and (ii) above but we allow
d(x, y) = +00, then d is said to be an extended quasi-pseudo-
metric on X.

Following the modern terminology, a quasi-pseudomet-
ric d on X satisfying (i') d(x, y) = d(y, x) = 0 if and only if
x = y is called a quasi-metric on X.

If the quasi-metric d satisfies the stronger condition i
d(x, y) = 0if and only if x = y, we say that d is a T} quasi-
metric on X.

A (T,) quasi-metric space is a pair (X, d) such that X isa
nonempty set and d is a (T;) quasi-metric on X.

Each extended quasi-pseudometric d on a set X induces a
topology 7, on X which has as a base the family of open balls
{B;(x,¢€) : x € X, & > 0}, where By(x,¢) = {y € X : d(x, y) <
e} forall x € Xand e > 0.

The closure with respect to 7, of a subset A of X will be
denoted by cl A.

Note that if d is quasi-metric then 7, is a T, topology, and
itd a T} quasi-metric then 7, is a T, topology on X.

Given a quasi-metric d on X, the function d™' defined
by d'(x,y) = d(y,x) forall x,y € X, is also a quasi-
metric on X, and the function d° defined by d°(x,y) =
max{d(x, ¥),d(y, x)} for all x, y € X, is a metric on X.

There exist several different notions of Cauchyness and
quasi-metric completeness in the literature (see, e.g., [2]). In
our context will be useful the following general notion.

Definition 1. A quasi-metric d on a set X will be called com-
plete if every Cauchy sequence (x,),., in (X,d) converges
with respect to the topology 751 (i.e., there exists z € X such
that lim,, d(x,,, z) = 0), where the sequence (x,,),,.,, is said to
be Cauchy if for each & > 0 there exists n, € N such that
d(x,,x,,) < e whenever ny < n < m. If d is complete we will
say that the quasi-metric space (X, d) is complete.

Kada et al. introduced in [4] the notion of w-distance for
metric spaces and obtained, among other results, w-distance
versions of the celebrated Ekeland variational principle [5]
and the nonconvex minimization theorem [6]. In [7] Park
extended this concept to quasi-metric spaces in order to gen-
eralize and unify different versions of Ekeland’s variational
principle. Park’s approach was continued by Al-Homidan et
al. [8], and recently by Latif and Al-Mezel [9], and Marin et al.
[10, 11], among others. Thus in [8] were obtained extensions
and generalizations of Caristi-Kirk’ type fixed point theorem



[12] as well as a Takahashi type minimization theorem
and generalizations of Ekeland’s variational principle and of
Nadler’s fixed point theorem [13], respectively, while in [9-11]
were proved several fixed point theorems for single and set-
valued maps on quasi-metric spaces by using Q-functions in
the sense of [8] and w-distances.

Definition 2 (see [7, 8]). A w-distance for a quasi-metric
space (X,d) is a function g : X x X — R satisfying the
following three conditions:

(W1) g(x, ¥) < q(x,2) + q(z, y) forall x, y,z € X;

(W2) g(x,-) X — [R" is lower semicontinuous on
(X,14-1) forall x € X;

(W3) for each € > 0 there exists & > 0 such that g(x, y) < 6
and g(x, z) < &, imply d(y, z) < e.

Note that every quasi-metric d on X satisfies conditions
(W1) and (W2) above.

If d isa metric on X, then Definition 2 provides the notion
of a w-distance for the metric space (X, d) as defined in [4].
In particular, every metric d on X is a w-distance for (X, d).

Unfortunately, the situation is quite different when d
is a quasi-metric. In fact, it was shown in [10] that if a
quasi-metric d on X is also a w-distance for (X,d), then
the topology 7, induced by d is metrizable. Hence, many
distinguished examples of nonmetrizable quasi-metrizable
topological spaces do not admit any compatible quasi-metric
which is also a w-distance.

Motivated by this fact, in Section 2 we will show that
the use of (pre)ordered quasi-metric spaces, with a suitable
adaptation of the notion of w-distance to this setting, allows
us to generate several interesting examples of preordered
quasi-metric spaces (X, d) for which the quasi-metric d is a
w-distance in this new sense. In Section 3 we will prove a fixed
point theorem for set-valued maps on complete preordered
quasi-metric spaces by means of the modified notion of w-
distance, that generalizes and extends several well-known
fixed point theorems and allows us to deduce fixed point
results involving the lower Hausdorff distance of a complete
preordered quasi-metric space. We illustrate these results
with some examples.

2. Preordered Quasi-Metric Spaces,
w_-Distances, and Examples

We start this section by recalling some pertinent concepts.

A preorder on a (nonempty) set X is a reflexive and
transitive (binary) relation < on X. If, in addition, < is
antisymmetric (i.e., condition x < y and y < x, implies
x = y), X is called a partial order or, simply, an order on X.
The usual order on R is denoted by <.

Let < be a preorder on X. Given x € X theset {y € X :
x =< y} will be denoted by T {x}. A sequence (x,),,, in X is
said to be nondecreasing if x,, < x,,,, foralln € w.

Remark 3. Given a (nonempty) set X, the (trivial) relation <
given by x<'y if and only if x, y € X is obviously a preorder
on X.
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According to [14], a (pre)ordered quasi-metric space is
a triple (X, <,d) such that < is a (pre)order on X and d is a
quasi-metric on X.

Observe that if (X, d) is a quasi-metric space, then the
relation <; on X defined by x <; y ifand onlyif d(x, y) = 0is
a partial order on X called the specialization order of (X, d).
So (X, <4, d) is an ordered quasi-metric space.

Definition 4. A w_-distance for a preordered quasi-metric
space (X, %,d) isa function g : X x X — R satisfying con-
ditions (W1) and (W2) of Definition 2, and: (W_3) for each
€ > 0 there exists § > 0 such that q(x, y) < 6, q(x,z) < §, and
y <z, implyd(y,z) < e.

Example 5. Let g be a w-distance for a quasi-metric space
(X, d). Then q is obviously a w_-distance for the preordered
quasi-metric space (X, <, d).

Example 6. Let (X, d) be a quasi-metric space. Consider the
ordered quasi-metric space (X, <4, d). Of course, d satisfies
conditions (W1) and (W2). Moreover, it trivially satisfies
condition (W_3) of Definition 4. Hence d is a w_-distance for
(X, <y, 4).

Example 7. Let X = R and let dg be the quasi-metric on X
given by dg(x, y) = y —xif x < y,and dg(x, y) = 1if x > y.
Then dg induces the Sorgenfrey topology on X. We show that
dg is is a w,-distance for the ordered T, quasi-metric (X, <
,dg). Indeed, since dg is a quasi-metric, we only need to show
condition (W_3) of Definition 4. To this end, choose ¢ > 0.
Put § = min{1/2,¢}, and let dg¢(x, y) < & and dg(x,2) < §
with y < z. Therefore dg(x,y) = ¥y — x < g and dg(x,2) =
z—x<e Since y <z,wehavedy(y,z) =z—-y<z-x<e
We conclude that dg is a w_-distance for (X, <, dy).

Our next example should be compared with Example 3.1
of [8]. Recall [3, 15] that an asymmetric norm on a real vector
space X isa function p : X — R such thatforeachx, y € X
andr € R* : (i) p(x) = p(—x) = 0 if and only if x = 0; (ii)
prx) = rp(x); (iii) p(x + y) < p(x) + p(p).

Then, the pair (X, p) is called an aysmmetric normed
space. Asymmetric norms are called quasi-norms in [16, 17],
and so forth.

Example 8. Let (X, <, - ||) be a normed lattice. Denote by
X" the positive cone of X, thatis, X" := {x € X : 0 < x},
and define |- |© : X — R%as|x|" = |lx Vv 0] for all
x € X. Then || - |* is an aysmmetric norm on X (see, e.g., [17,
Theorem 3.1]), and thus the function d defined by d(x, y) =
lly — x||* for all x, y € X is a quasi-metric on X, so (X, <, d)
is an ordered quasi-metric space. Hence (X, <,d, ) is also an
ordered quasi-metric space, where d, denotes the restriction
ofdto X*.

We will show that the function g defined by g(x, y) = ||yl
forallx, y € X*,isaw_-distance for (X", <,d, ). Indeed, first
note that condition (W1) is trivially satisfied. Now fix x € X*
and let (y,),,,, be a sequence in X" such thatlimd, (y,, y) =
0 for some y € X*. Since

a(xy) =yl =" =1y-y.+ " o
<|y=yul" + 1yl =ds G y) +a(x3,)
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for all n € w, we deduce that g(x, -) is lower semicontinuous
for (X, T, ), and thus condition (W2) is satisfied. Finally,
choose ¢ > 0 and put § = &/2. Suppose q(x, y) < § and
q(x,z) < § with y < z. Therefore

d, (0.2) =z =y = l(z=y) vo| = |z -y
<zl +|y| =q(x2) +q(x, y) <26 =e.

Consequently condition (W_3) is also satisfied, so g is a w_-
distance for (X, <,d,).

Definition 9. A preordered quasi-metric space (X, <,d) is
called complete if for each nondecreasing Cauchy sequence
(%), the following two conditions hold:

(i;) there exists z € X satisfying lim, d(x,,, z) = 0;

(i,) each z € X satisfying lim, d(x,,,z) = 0 verifies that
x, < zforalln € w.

Next we give some examples of complete preordered
quasi-metric spaces.

Example 10. Let (X, d) be any complete quasi-metric space.
Then (X, <',d) is obviously a complete preordered quasi-
metric space.

Example 11. Let < be a partial order on a set X. Then, for
every complete quasi-metric d on X such that d(x,y) = 0
if and only if x < y, we have that (X, <,d) is a complete
ordered quasi-metric space (note that in this case the partial
order < coincides with the specialization order <,;). Indeed,
let (x,,),,c,, be anondecreasing Cauchy sequenceandletz € X
be such that lim, d(x,,z) = 0. Choose any n € w. Then, for
each arbitrary ¢ > 0 there is m > n such that d(x,,,z) < e.
Since x,, < x,,, we have d(x,,x,,) = 0, so by the triangle
inequality, d(x,,z) < e. Since ¢ is arbitrary we deduce that
d(x,,z) = 0. Hence x,, < z.

Example 12. Let (X,<,ds) be the ordered T, quasi-metric
space of Example 7. If (x,,),,,, is a Cauchy sequence in (X, d)
that is also nondecreasing, then it is clear that lim, d¢(x,,, z) =
0 only for z = sup{x, : n € w}. Therefore (X,<,ds) is a
complete ordered T, quasi-metric space.

Example 13. Let X = R™ and let d be the complete quasi-
metric on X given by d(x, y) = max{y — x,0} forall x,y €
X. Then (X, <,d) is not a complete preordered quasi-metric
space in our sense because any (nondecreasing Cauchy)
sequence (x,,),.,, in X satisfies lim, d(x,,, 0) = 0, so condition
(i,) of Definition 9 does not hold. However, since d(x, y) = 0
if and only if x > y, it follows from Example 11 that (X, >, d)
is a complete ordered quasi-metric space.

3. Fixed Point Results

Answering a question posed by Reich [18], Mizoguchi and
Takahashi [19] (see also [20, 21]) obtained a set-valued
generalization-improvement of the Rakotch fixed point the-
orem [22, Corollary of Theorem 2]. Recently, Latif and

Al-Mezel [9, Theorem 2.3] extended Mizoguchi-Takahashi’s
theorem to the framework of complete T, quasi-metric spaces
by using w-distances (actually they states their result in a
slightly more general form by using Q-functions in the sense
of [8], instead of w-distances). Here we obtain a fixed point
theorem for complete preordered quasi-metric spaces from
which [9, Theorem 2.3] can be deduced as a special case.
Several other consequences are deduced and some illustrative
examples are given.

We first introduce the notions of contractiveness that we
will use in the rest of the paper.

If (X, d) is a quasi-metric space, we denote by 2% the set
of all nonempty subsets of X and by C;(X) the set of all
nonempty 7,4-closed subsets of X.

Definition 14. Let (X,<,d) be a preordered quasi-metric
space and let T : X — 2% be a set-valued map such
that TxN T {x}#0 for all x € X. We say that T is w_-
contractive if there exist a w_-distance g for (X, <,d) and a
constant r € (0, 1), such that for each x, y € X, with x < y,
andu € Txn T {x} thereisv € Tyn T {y} satisfying
q(u,v) < rq(x, y).

Definition 15. Let (X,<,d) be a preordered quasi-metric
space and let T : X — 2% be a set-valued map such that
TxN T {x}+0 for all x € X. We say that T is generalized
w,-contractive if there exist a w_-distance g for (X, X, d) and
a function a : R — [0, 1) with limsup, _, ,+ a(r) < 1 for
all t € R", and such that for each x,y € X, with x < y,
andu € TxnN T {x} thereisv € Tyn T {y} satistying
q(u, v) < alq(x, y))g(x, y).

Theorem 16. Let (X,<,d) be a complete preordered quasi-
metric space and T : X — Cy(X) be a generalized w.-
contractive set-valued map. Then T has a fixed point.

Proof. Since T is generalized w.-contractive, there is a w.-
distance g for (X, <,d) and a function « : R* — [0, 1) with
limsup, ,+ a(r) < 1forallt € R, and such that for each
x,ye€X,withx < y,andu € Txn T {x} thereisv € Tyn T
{y} satisfying

q(uv) <a(q(xy))q(xy). (3)
Fix x, € X. Since Txy N T {x,} # 0 there exists x; € Tx, such
that x, < x,. Taking x = x; and y = u = x;, we deduce the
existence of an x, € Tx; such that x; < x, and
q(x1,%;) < a(q (%0, %1)) 4 (X0 1) - (4)
Repeating the above argument, there is x; € Tx, such that
x, < x5 and
q (% %3) < a(q (%1, %)) q (31, %,) - ()

Hence, following this process we construct a sequence
(%) 1e in X such that for every n € N,

(@) x,41 € Tx,,
(b) x,, < x,,,;,and

(C) q(xn’ xn+1) < (x(q(xn—l’ xn))q(xn—l’ xn)'



Next we show that (x,,)
quasi-metric space (X, d).

To this end, first suppose that there is k € w such that
q(x1> Xp1) = 0. Thus g(x,, x,,) = 0 whenever k < n < m,
by conditions (c) and (W1). Then, from conditions (b) and
(W_3) we deduce that (x,,),,.,, is a Cauchy sequence in (X, d).

Now suppose that g(x,,x,,;) > 0 foralln € w. Put
r, = q(x,,%,,1), n € w. Then (r,),., is a strictly decreasing
sequence of non-negative real numbers. Let ¢ € R be such
that lim,,r,, = c. Then

2ce 18 @ Cauchy sequence in the

lim sup a (r,,) < 1. 6)
Hence there exist b € (0,1) and n, € N such that a(r,) < b
for all n > n,,. By condition (c) we deduce that

q (xn’an) < bq (xnfl’xn) < qu (xan’xnfl) ( )
7

n-n
< <b Oq(xno’xnoﬂ) >

for all n > n,. Now choose ¢ > 0. Then, there is § > 0 for
which condition (W_3) follows. Since by (7) and (W1) there
is n; € N such that g(x,, x,,,) < & whenever n; < n < m, we
deduce from (W_3) that d(x,, x,,) < € whenever n; < n <
m. Therefore (x,,) ., is a nondecreasing Cauchy sequence in
(X,%,d).

Since (X,<X,d) is a complete preordered quasi-metric
space, there exists z € X such that lim,d(x,,z) = 0 and
x, X zforalln € w.

Next we show that lim, g(x,,, z) = 0.

Indeed, choose ¢ > 0. Then, there is #, € N such that
q(x,, x,,) < &/2 whenever n, < n < m. Given n > n, there is,
by condition (W2), an n; > n such that

new

q('xn’z) _q(xrpxnl) < g (8)
Thus
4(xp2) <5 +a(x%,) < ©)

Therefore lim, q(x,,,z) = 0.
Finally, since x,, < z for all n € w, we can find a sequence
(U,)pen In Tz such that z < v, and

q (x> vs) < a(q(%,1,2) 4 (%1, 2) (10)
for all n € N. Hence lim, q(x,,,v,) = 0. We deduce from

(W.3) thatlim, d(z,v,) = 0. So z € Tz because Tz € C4(X).
This concludes the proof. O

Corollary 17. Let (X, <,d) be a complete preordered quasi-
metric space and T : X — Cy(X) be a w,-contractive set-
valued map. Then T has a fixed point.

Corollary 18. Let (X, <, d) be a complete preordered T\ quasi-
metric space for which d is a w_-distance and let T : X — X
be a self-map. If there is a function « : R* — [0,1) with
limsup, ,,+a(r) < 1 forallt € R", and such that for each
x,y € X, with x < y, one has

d(Tx,Ty) <a(d(x,y))d(x,y), (11)
then T has a fixed point.
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Proof. Since 1, is a T} topology, then Tx € C,y(X) for all
x € X. The result is now an immediate consequence of
Theorem 16. O

Remark19. Putting <= <" and taking into account Example 5,
we deduce that [9, Theorem 2.3] and [8, Theorem 6.1] are,
for w-distances, special cases of Theorem 16 and Corollary 17
respectively, whereas Corollary 18 provides a quasi-metric
generalization of Rakotch’s fixed point theorem.

Next we give an easy example where Corollary 17, and
hence Theorem 16, can be applied to the involved complete
ordered T; quasi-metric space (X,<,d), but not to the
complete ordered metric space (X, %, d°).

Example 20. Let (X, < dg) be the complete ordered T, quasi-
metric space of Example12 and let T : X — X defined by
Tx = x/2 for all x € X. Since d is a w_-distance for (X, <, dg)
(see Example 7), and for each x, y € X with x < y, we have

-x 1
ds (Tx,Ty) = yT = Eds (x,y), (12)
then all conditions of Corollary 17, and thus of Theorem 16,
are satisfied. However, for x, y € X with 0 < x < y < 1, we
have

(ds)" (Tx, Ty) = 1 = (dg)" (xy), (13)

so Theorem 16 cannot be applied to the complete ordered
metric space (X, <, (dg)°) and the self-map T.

In the sequel we will apply Corollary 17 to deduce a fixed
point result for set-valued maps on complete preordered T
quasi-metric spaces involving the (lower) Hausdorff distance.

Let (X, d) be a quasi-metric space. For each A, B € C;(X)
let

H; (A,B) =supd (a,B), Hj; (A,B) = supd (A,b),
acA beB

H, (A, B) = max {H; (A, B),H} (A, B)}.
(14)

Then H;, H} and H,; will be called the lower Hausdorff
distance of (X, d), the upper Hausdorff distance of (X, d) and
the Hausdorft distance of (X, d), respectively (compare e.g.,
[23-26]).

It is interesting to note that H;, H; and H, are extended
quasi-pseudometrics on C,(X), but not quasi-metrics, in
general.

Corollary 21. Let (X, X, d) be a complete preordered T, quasi-
metric space for which d is a w.-distance and let T : X —
C4(X) be a set-valued map such that TxN T {x}+0 for all
x € X. Ifthere is r € (0, 1) such that for each x, y € X, with
X2y

Hy (Txn T {x}, Tyn T {y}) <rd(x,y),  (15)

then T has a fixed point.
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Proof. Take s € (r,1). Then T is a w,-contractive set-valued
map for the w_-distance d and the constant s. By Corollary 17,
T has a fixed point. O

Remark 22. Observe that for the ordered quasi-metric space
(X,<4,d), any set-valued map T' : X — C,(X) such that
TxNn T {x}#0 for all x € X, satisfies that every x € X is
a fixed point of T. Indeed, condition TxN T {x}# @ implies
Txncl,  {x}#0,s0x € cl, Tx, thatis, x € Tx. Note also
that the contraction condition (15) is, in this case, equivalent
to the following:

d(x,y)=0=H; (Tx nel,  {x}, Tyndl, {y}) =0.
(16)

We finish the paper with two examples that illustrate
Corollary 21 and Remark 22, respectively.

Example 23. Let X be the set of all continuous functions from
[0, 1] into itself and let d be the T, quasi-metric on X defined
as (compare [27, Example 4]):

d(f,g)=sup{g(x) - f (x): x €[0,1]}
if f(x)<g(x) Vxe[0,1], 17)

d(f.g)=1,

Let < be the usual pointwise partial order on X, that is,
f =z gifand onlyif f(x) < g(x) forall x € [0, 1]. By standard
arguments we deduce that (X, <, d) is a complete ordered T;
quasi-metric space: Indeed, given a nondecreasing Cauchy
sequence (f,),c, in (X, %, d), then lim, d(f,, f) = 0 only for
the function f € X defined by f(x) = sup{f,(x) : n € w} for
all x € [0,1].

Moreover d is a w_-distance for (X, <,d) because given
€ > 0 we take § = min{1/2,¢}, and then for d(f,g) < §,
d(f,h) < 6 and g < h, we obtain

d(g,h) =sup{h(x) - g(x):xe€[0,1]}
<supfh(x)— f(x):x€[0,1]}=d(f,h)<d<e.

otherwise.

(18)
Now construct the set-valuedmap T : X — C4(X) given
by
Tf = {f,,eX:f,,(x)

=M\me[o,1],ner\1}.
2n

(19)

Note that Tf € C4(X). Indeed, suppose that there is h €
clyTf \ Tf. Then, there is a subsequence (f,, )ew Of (fu)new
such that d(h, f,, ) < 27" forall k € w. Since f, < f,,,, forall
n, we can assume, without loss of generality, that f, < f,

for all k. Consequently, we have for each x € [0, 1] and each
k>

fo () < f,, () <h(x)+27". (20)

Since h(x) < fno (x), we deduce that fno (x) = h(x) for all
x € [0, 1], which contradicts that h ¢ Tf. We conclude that
Tf € Cy(X).

Moreover Tf N T {f}#0forall f € X because f < f, for
alln e Nand thus Tf n T {f} = Tf.

Finally, let f,g € X, with f < g,andu € Tfn T {f}.
Then, there is n € N such that u(x) = (f(x) +2n - 1)/2n
for all x € [0,1]. Taking v(x) = (g(x) + 2n — 1)/2n for all
x €[0,1], wehavev e Tgn T {g}, u < v, and

d (u,v) =sup{wm € [0,1]} < %d(f,g)-
21

Hence

d(f.g). (22

N | —

Hy (Tfn 1 {f},Tgn T {g}) <

By Corollary 21, T has a fixed point. In fact, the function
h defined by h(x) = 1 for all x € [0, 1], satisfies h € Th.

Example 24. Consider the Banach lattice (I}, %, || - [|), where [
denotes the vector space of all infinite sequences x := (x,,),,c,,
of real numbers such that ) > |x,| < 00, < denotes the usual
order on /; and x| := ZEZO |x,| for all x := (x,,),,c,, € ;-

Now denote by I the positive cone of /; and by d, the
quasi-metric on I] defined by d, (x,y) = ||(y — x) Vv 0| for all
X,y € I (compare Example 8). Then (I}, d,) is a complete
quasi-metric space by [28, Theorem 2].

Lety : I] — I} be nondecreasing and such that y(x) < x
forallx € If. Define T : If — C, (If) as

Tx={yel :y(x) <y}, (23)

for all x € I]. Then Tx N . {x}={ye I ty(x) <y <x}
(compare Remark 22). In factx € Tx for all x € [].

Finally note that given x,y € [ with d,(x,y) = 0 and
ueTxn cthrl {x}, we have thaty < x and y(x) < u < X, so
y(y) < w(x) < u,and hence

d, (wy(y)) = 0. (24)

Since y(y) € Tyn cchr1 {y}, we deduce that condition (16) of
Remark 22 is also satisfied.
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