Document downloaded from:
http://hdl.handle.net/10251/65153
This paper must be cited as:
Galan, VJ.; Martinez Jiménez, F.; Peris Manguillot, A.; PIOTR OPROCHA (2015). Product

Recurrence for Weighted Backward Shifts. Applied Mathematics & Information Sciences.
9(5):2361-2365. doi:10.12785/amis/090518.

The final publication is available at

http://www.naturalspublishing.com/Contlss.asp?lssID=293

Copyright  Natural Sciences Publishing

Additional Information

This is a pre-copy-editing, author-produced PDF of an article accepted for publication in

Applied Mathematics & Information Sciences following peer review. The definitive publisher-
authenticated version is available online at:

http://www.naturalspublishing.com/Contlss.asp?lssID=293



Product Recurrence for Weighted Backward Shifts

Victor J. Galnt, Félix Martinez-GinéneZ, Piotr Oproch& and Alfred Peri$*

1 Universidad Iberoamericana, Dominican Republic
2 Universitat Politecnica, Valéncia, Spain
3 AGH University of Science and Technology, Poland

Abstract: We study product recurrence properties for weighted backward shifts on sequence spaces. The backward shifts that have
non-zero product recurrent points are characterized as Devaney chaotic shifts. We also give an example of weighted shift that admits
points which are recurrent and distal, but not product recurrent, in contrast with the dynamics on compact sets. An example of a product
recurrent point with unbounded orbit is also provided.
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This paper is dedicated to the memory of Professorand most of the recent advances on hypercyclicity and
José Sousa Ramos. linear dynamics.
The interest on recurrent properties for the dynamics
on compact sets goes back to Furstenbdi@12,11],
1 Introduction where important characterizations and results were
obtained. We also refer to the work$,9,14,19,22,23]
Our framework are unilateral weighted backward shiftsfor more on this topic. In linear dynamics, some recent
on sequence spaces, for which we plan to study producadvances have been produced on recurrence G&e [
recurrence. The dynamics of a linear operdtarX — X 24)). Given a metric spacéX,d), a continuous map
on a topological vector spacé (in short, tvs) has been f: X — X, a pointx € X, and a subseA C X, we denote
intensively studied in recent years. We recall that anby N(x,A) = {n>0; f"x e A}. A pointx € X is called
operatorT on a tvsX is calledhypercyclicif there is a  recurrentif N(x,U) is infinite for every neighbourhodd
vector X in X such that its orbit of x. When X is compact, a poink € X is said to be
Orb(x,T) = {x,T(x),T?(x),...} is dense inX. T is  product recurrentif given any recurrent poiny in any
topologically transitiveif for every pair of non-empty dynamical systentY,g), with Y a compact metric space,
open subsetsU and V of X there exists an then the pairx,y) is a recurrent point for the dynamical
neN:={12...} suchthaff"(U)NV #0. It was well  system(X xY, f x g). A pair of pointsx,x; € X is called
known that a continuous mapp on a separable and proximalif there exists an increasing sequelingy in N
complete metric space without isolated points admitssuch that limd(f"x;, fx;) = 0. A pointx € X is distal
dense orbits if and only if it is topologically transitive (see if it is not proximal to any point in its orbit closure other
for instance 20]). According to B] an operator is than itself. Furstenbergl]l] showed that, in a compact
Devaney chaotidf it is topologically transitive, the set of metric space, product recurrent points coincide with distal
periodic points P€iT ) is dense inX and is sensitive, that recurrent points. It is worth mentioning that many years
is there existg > 0 such that for eack and eachd > 0 later Auslander and Furstenberg Bj psked about points
there arey with d(x,y) < & and n € N such that xwhich are recurrentin pair with any uniformly recurrent
d(f"(x), f"(y)) > €. We remark that the first two pointy (i.e. points such tha¥l(x,U) is syndetic for every
conditions implies sensitivity in the general setting of neighborhoodU of x) in any dynamical system on
continuous maps on infinite metric spac&} (see also compact metric space. There is no full characterization of
[15]). The recent books5] and [17] contain the theory such points, however it is known that such poirtdoes
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not have to be distal. It was first proved by Haddad and In this situation, the required condition to have the
Ott in [19] (in fact x does not even have to be uniformly operatoBy, : ¢P(v) — ¢P(v) bounded (i.e., continuous) is
recurrent as shown inlp]). Later, some other sufficient Vi
conditions for this kind of product recurrence were SUD|Wi'11\ — <>, 1)
provided in [L3] and [L8]. ieN Vit

From now on we will be concerned with the dynamics condition that will always be assumed to hold (details are
of a linear operatoT : X — X on a metrizable and given for the unweighted case ih7, Example 4.4 a)]).
complete topological vector space (in shdéttspace)X. Some basic notions on combinatorial number theory
In this situation,X is never compact, not even for the are also needed. We recall tt&iC N is syndeticif there
finite dimensional case since it is easy to prove that finiteexistsN € N such thafi,i + N]NS# 0. A subseA C N is
dimensional topological vector spaces are isomorphic taan|P-setif there exists a sequen¢p; )i in N such that
K", a finite product of the scalar field.

We will say thatx € X is product recurrent (with Pny+ -+ Pn €A,

respect tal) if (x,y) is recurrent for(X x Y, T x R), for whenever 0< ny < -+ < ny, k> 2, wherepg := 0. A
any recurrent poiny € ¥ with respect to an operator gyhseD c N is anIP*-setif it intersects any IP-set. It is
R:Y —=Yon a_mF-spacé{. _ ) _well-known that IP-sets are syndetic. Simply, it was
More particularly, we are interested in the dynamics proved by Furstenberg that every thick set contains an
of weighted shifts on sequence spaces. Bgeguence |p_set (e.g. see Lemma 9.1 it1]). In connection with
spacewe mean anF-spaceX which is continuously recyrrence, ifx is a recurrent point thebl(x,U) is an
included inw, the countable product of the scalar field |p_get for every neighbourhootl of x (see [L1,
K =R orK =C. Given a sequenag = (Wn)n of positive  Thegrem 2.17]).” Also, for any IP-s&, we can find a
weights, the ass%matednllaéeral weighted backward (ecyrrent pointy for the backward shift or{0, 1} such
shit By : K' — K is defined by thatN(y,V) c A for some neighbourhood of y (see the
Bu(X1,%z,...) = (WaXp,WaXs, ... ). If & sequencé&-space  rqoof of [11, Theorem 2.17]). For more detail on IP-sets
X'is invariant under certain weighted backward sfiift  5nq their connections with recurrence the reader is
then T is also continuous orX by the closed graph (eferred to L.
theorem (see for instanc&?, Theorem A.13]). Chapter 4 Since the backward shift 040, 1} can be naturally
of [17] contains more details about dy'namlcal propertieSempedded in the backward shift on a sequence space
of weighted shifts on sequence Fréchet spaces (i.eyx — £P(v) or X = co(v) with the weight sequence so that
F-spaces whose topology is defined by a sequence ok ghift is Devaney chaotic (see, e.gk,Z1]), the above
seminorms). The results on Devaney chaos for shiftopservation remains true for linear operators. In
operators given in1[7] (we refer the reader tdlp] forthe  particular, either for compact dynamical systems or for
original resu!ts) remain valid for a unilateral weighted |j,ear operators, product recurrent pointsare exactly
backward shiffl =By : X — X on a sequencé-spaceX  hose such thatN(x,U) is an IP-set for any
in which the canonical unit vectorgey)neny form an neighbourhoot) of x.
unconditional basis. In particulaB,, is chaotic if, and

only if,
i ( ﬁ WV)‘lem 2 Product recurrent points for backward
n=1 "v=1 shifts
respectively, . . . :
P y In this section we characterize the backward shifts that
0 0 ® ,n -1 admit (non-zero) product recurrent points on the Banach
nz ( [ lWV)en+ 21( |_|1WV) €n, sequence spaceés= (P(v) and X = co(v). They are the
—=—00 " y=n+ n= V=

Devaney chaotic shifts. The study of particular product
converges unconditionally. We recall that a sefig, in recurrent points in the spa¢e= K" is more surprising,
X converges unconditionalifit converges and, for any 0- as it will be shown at the end of the section.
neighbourhood) in X, there exists somd € N such that We recall that the weighted backward shift on a
S ner Xn € U for every finite seF ¢ {N,N+1,N+2,...}. sequence space is defined as

For a weight sequence= (v;); the following Banach

sequence spaces are considered: ferg< o Bu(X1, %, ...) = (WaXp, WaXs, ...,
1/p and that we writeB if the w = (1);. We recall a basic result
Py - N N. [ = 1P on recurrence of backward shift, 4], and we include a
P(v) = (a)i e KT flx] o= (;'X" V') < proof of it for the sake of completeness.

Theorem 1[24] Let B: X — X be the backward shift on
and also X = (P(v) or X = co(V) satisfying conditior(1). Then B

i . ) admits a non-zero recurrent point x if, and only if, B is
colv) = { 0 € s fim X v =0, ] = sudx v b GRS




Proof.Suppose that & x € X is a recurrent point foB. Let For general weighted backward shifts on our sequence
i € Nsuchthat; #0and fixU := {y e X; |yi| > |xi|/2},  spaces, we can establish characterizations of recurrence
which is a neighbourhood of. SinceN(x,U) should be  and product recurrence for non-zero points in terms of the
infinite, we can find an increasing sequefiggy in Nsuch  weights of the shift, and the weights of the space. To do
that this we simply have to take into account that weighted
B*xec U, VkeN. backward shifts are conjugated to the unweighted shift by

changing the weights in the space (see Chapter Z)).
In other words,xin | > |Xi|/2 for eachk € N. Suppose ging 9 pace ( pter #7)).[

thatX = £%(v). Sincex € X, we have Corollary 1. For a bounded weighted backward shift

op 2P operator B, defined on X= ¢P(v), 1 < p < oo,
ENviJrnk <5 EN|Xi+nk|pVi+nk < _—p|\x||p < 00, (respectively, on %= cy(Vv)) the following conditions are
KE %i[P £ Xi equivalent:

In particular, lim Vi n, = 0 and this implies transitivity of - Vi ) i y
B (characterizations for transitivity of backward shifts on () .ziiip < o (respectivelylimi_. m =0),
X are well know and are included ia§, 17] for instance). =1 M= | W] ‘ .
The caseX = co(V) is analogous but using the supremum (i) By admits a product recurrent point.
norm instead of th@-norm. (i) By is Devaney chaotic.
Conversely, leB be transitive. Then it is hypercyclic

and every hypercyclic vector is, obviously, recurrent. Also, the following conditions are equivalent:

. Y
Remarlf x is a recurrent point for certain operafbrand (i) inf ——— =0,
there exists a neighbourhotdof x such thatN(x,U) is j ‘
not syndetic then, as mentioned in the introduction, one(ii) By admits a recurrent point.
can construct an IP-sétc N\ N(x,U) and a recurrent (iii) By is topologically transitive.
point y for the backward shif8 on, e.g.,/(v) for v =
1/2% k€ N, such thaN(y,V) c J for some neighbourhood Remarkwith a little more effort, it can be shown that the
V of y. We then have thatcannot be product recurrent.  existence of non-zero recurrent points is equivalent to
transitivity for unilateral weighted backward shifts on

Theorem 2.Let B: X — X be the backward shifton X sequenc&-spaces, and the existence of non-zero product
£P(v) or X = co(v) satisfying conditiorfl). Then B admits  recurrent points is equivalent to Devaney chaos for
a non-zero product recurrent point x if, and only if, B is unilateral weighted backward shifts on sequence Fréchet
Devaney chaotic. spaces in which the canonical unit vectges)ncn form

. an unconditional basis (for details on the techniques, see
Prqof. Suppose thab( IS a non-zero prOdUCt I’ecurrent Chapter 4 in 17]) We kept the framework of We|ghted
point for B. Let i € N such thatx # 0, and fix  yp.gpaces andq-spaces because they are the most usual
U:={yeX; [yl >[x[/2}. By Remark2 we have that  sequence spaces, and the characterizations can be written
N(x,U) is syndetic. Let | > i such that qown in terms of the weights. Also, for product
N C N(x,U) —[0,1]. We find then an increasing sequence yecurrence, it turns out that the distal points characterize
(N in N with such thaty —n_y <1 and|xq | > [Xi|/2  product recurrent points for weighted shifts Xn= ¢P(v)
for all k € N, whereno := 1. Suppose thaK = (P(v).  or X = ¢y(v) since, in this case, the orbit of a product

Now, recurrent poink is relatively compact. Indeed(x,U) is
| . syndetic for every neighbourhootd of x and, in
< - particular forU := x+V whereV is the unit ball ofX, we

J.EZNV‘ —S;kzlznpsvnk S get that Orlox) is bounded by boundedness of the

| . operator. Since the shift is Devaney chaotic, it is easy to
< 2_p Z LY show that bounded orbits are relatively compact (one only
|%i| P SZOk:L - s Ml TS has to check it for the unweighted shift, and then proceed

' by conjugacy in the general case).

2P
< — ¥ [IB¥||P < co. . .
|Xi|p;{) When it comes to the study of particular product
recurrent points for shifts on the countable product of the
This implies thaB is Devaney chaotic (again, seE[17) scalar fieldX = K, the main problem is that most of the
for the characterizations of Devaney chaotic shifts). As intechniques used for compact dynamical systems are
the previous proof, the casé= (V) is analogous using useless in this context, because we can even face the
the sup norm. situation of unbounded orbits. This fact also affects
Conversely, ifB is chaotic then it admits non-zero distality. The following two examples illustrate these type
periodic points, which are product recurrent. of phenomena.
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Example 1Let B: X — X be the backward shift on the As before, the closure of Of}) coincides with Orky)

countable product of the scalar fiekd= K". Recall that
(X,d) is a complete metric space with

1 [Xn—Ynl

dxy) = § =¥l
( y) nZl 2n 1+|Xn_yn|

There exist distal and product recurrent poixghose
orbitis unbounded. Indeed, let us consider the bldgks
(1), Piyr= (n+1,Py,...,Ry), n€ N, and the vector

x=(P,Py....Py,...)

that is,
PL=(1)
P =(2,1)
Ps=(3,1,2,1)
Py=(4,1,2,1,31,2,1)

x=(1,2,1,3,1,2,1,4,1,2,1,3,1,2,1,
51,2,1,3,1,2,1,4,1,2,1,3,1,2,1,....).

Since convergence iX is coordinatewise convergence,

we have that the closure of Qr) coincides with

Orb(x) itself. Otherwise, we would have a sequence of

itself, andy is distal. But nowN(y,U) is not syndetic for,
e.g.U :={zeX; |z1| < 2}. By Remark2 we have thay
isnot product recurrent.

Remark.Recall that if (X,T) is a compact dynamical
system andk € X is distal thenx is product recurrent.
Then in Example2 it is essential that Oily) is not
compact.
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