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Expressions for generalized inverses of square matrices

Julio Benitez* and Xiaoji Liuf

Abstract

We find expressions for many types of generalized inverses of an arbitrary square
complex matrix by using two representations given in [J. Benitez, A new decomposition
for square matrices, Electronic Journal of Linear Algebra, 20 (2010) 207-225] and in [R.E.
Hartwig, K. Spindelbock, Matrices for which A* and AT commute, Linear and Multilinear
Algebra, 14 (1984) 241-256].
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1 Introduction

Let C,, 5, be the set of m xn matrices. The symbols A*, R(A), N(A), and rank(A) denote the
conjugate transpose, range (column space), null space, and rank, respectively, of A € C,, .
Additionally, I,, stands for the identity matrix of order n. Furthermore, let AT be the Moore-

Penrose inverse of A, i.e., the unique matrix satisfying the equations

(1) AATA = A, (2) ATAAT=AT (3) AAT=(AAT)*, (4) ATA=(ATA)".

For any A € C,,p, let A{i,j,...,l} denote the set of matrices X € C, ,, that sat-
isfy equations (i), (j),...,(l) of (1), (2), (3), (4). A matrix X € A{i,j,...,l} is called an
{i,J,...,1}-inverse of A.

In this paper, we find expressions for generalized inverses by using two known decompo-
sitions (see Theorems 1 and 2 below). The results given here generalize the ones established

in [3], where expressions for generalized inverses of normal matrices are given. We will not

assume the normality of the involved matrices.

Hartwig and Spindelbock arrived at the following result ([4, Corollary 6]).
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Theorem 1. Let A € C,,,, be of rank r. Then there exists unitary U € C,,,, such that

YK 3L .
A=TU U*, (1)
0 0
where ¥ = diag(o11,,,...,0¢L,,) is the diagonal matriz of singular values of A, o1 > o9 >

>0 >0, ri+re 4+ =1, and KeC,,, L €C,,_, satisfy

KK*+LL* =1,. (2)

From (1) it follows that

K*Y 0 K21 0
A*=U U* and AT=U U™ (3)
L*Y 0 L*x"! 0

A related decomposition was given in [1]. The symbols 1,, and 0,, will denote the n x 1

row vectors all of whose components are 1 and 0, respectively.

Theorem 2. Let A € C,,,, be of rank r, and let 01,...,0, be the canonical angles between
R(A) and R(A*) belonging to |0,7/2[. Denote by x and y the multiplicities of the angles 0
and w/2 as a canonical angle between R(A) and R(A*), respectively. There exists a unitary
matrix V € Cy, ,, such that

MC MS
A=V V¥, (4)
0 0

where M € C,., is nonsingular,
C = diag(0y,cos b1, ... ,cos6p,1;),

g — ( diag(1y,sinb1,...,sin0,) Opiy n_(ripty) >
0z,p+y 0y n—(rtpty)

and r =y + p+ x. Furthermore, x and y + n — r are the multiplicities of the singular values

1 and 0 in P a)Pr(ax), respectively.
For C in Theorem 2, C = C*. A simple (but useful) expression is the following:

C? 1 SS* =1,. (5)

Although the decomposition given in Theorem 1 can be derived from the singular value
decomposition (s.v.d.) of A, we will show how Theorem 1 can be deduced from Theorem 2

clarifying the relation between these two decompositions.



Let A € C,,, be decomposed as in (4). Let M = W1 XW; be the singular value decom-
position of M. Observe that 3 is nonsingular because M is nonsingular. Define the unitary
matrix U= V(W; & 1,_,). Now we have

MC M IWiC W, SW3S
AZV( OC oS>V*ZV<W10 T >V*:

(W0 SWiC SWiS W, 0 Wi .
B 0 I, 0 0 0 I, 0 I,

SWiCW, XWiS U
0 0 '

Let us denote K = W;CW; and L = W3S, In order to prove that we have obtained the
decomposition of Theorem 1, we need to prove that the nonzero singular values of A are
the singular values of M and (2) holds. By using the representation (4) and (5) one has
AA* = V(MM*®0)V*, which reveals that the nonzero singular values of A are the singular
values of M. Since W; and Wy are unitary, C = C*, and (5), we have that (2) holds. To

summarize: For any A € C,,,, represented as in (4), if we set
M = W;XW3 be the s.v.d. of M, K=W3;CW;, L=W;3S, U=V(W;aL,_,), (6)

then the decomposition of Theorem 1 is obtained.

Another useful formula (it can be verified by checking the four equations of the Moore-
Penrose inverse or by applying (3) and (6)) is the following: If A is represented as in (4),
then

CM! o
Al =V v*. (7)
S*M~! 0

2 Expressions for {1}-inverses

In [5, Lemma 2] the authors gave the following general expression for A{1} when A is repre-

sented as in (1).

Theorem 3. Let A be given as in (1) and let

B, B
B=U|( ' ?|U*, B eC,. (8)
B; B
Then B € A{l} <= XKB, + SLB; =1I,.

Theorem 3 is restated as follows.



Corollary 1. Let A € C,,,, be represented as in (1). Then

A{l} = {AT +U(D; | D2)U* : Dy € Cy, Dy € Cppr, (K | L)Dy = 0}.

Proof. C: Pick any B € A{1} and let us represent B as in (8). By using the right identity
of (3) it follows that

B—AT:U Bl—K*E*I B2 U*
B; - L*Y"! B, '

Observe that by Theorem 3 one has KBy + LB3 = 71, Hence by (2),

B, - K*x-! R S
(K | L) — KB, - KK*S"' +LB; — LL*S ' = 0.
B; — L*x-!

D: Choose any Dy € C,,, such that (K | L)D; = 0 and pick any Dy € C,, ,,—,. To prove
this inclusion, it is sufficient to prove AU(D; | D3)U*A = 0. This last equality follows from

the computation

YK SL YK 3L
(75 )0,y (2 1)
0 o0 0 o0
(K |L)D; (K |L)D, K EL\ _
0 0 o o )

The proof is finished. O

For a matrix A € C,,,, as given in (4) we have the following result.

Theorem 4. Let A € C,,,, be represented as in (4). Then
Af{l} =

XM~ Y
{V ( ZM~-! T ) V' Xe (Cr,raY € CT,’YL—T‘7 Zc (C'IL—T,T‘a T e Cn—r,n—ra CX +8SZ = Ir} .

Proof. Let A have the form as in (4). Define ¥, K, L, U, Wy, and W3 as in (6).

If B is an arbitrary element of A{1} represented as in (8), by Theorem 3, it follows that
YKB; + ¥LBj3 = I, holds. Now, by using (6) we have

W; 0 B; By Wi 0 .
B =V A%
0 Infr B3 B4 0 Infr
W;B.W; W;B
\V2 1D1 1 1D2 V*
B; W B,



Let us define
X =W;B;WiM, Y = W;B,, Z =BsWIM, T = By.

To get the expression in the theorem, it is enough to prove CX + SZ = I,.. For this, we use
(6) and KBy + LB3 = 71,

= W3(KB; +LB3)W/M = WX 'WiM = I,.

This proves the inclusion ‘C’ in the statement of the theorem. The opposite inclusion is
trivial. O
The following corollary follows from Theorem 4.
Corollary 2. Let A € C,,,, be represented as in (4). Then
A{1} = {V(f(M—l | Y)V*: X €Cpr, Y ECpnr (C|SX = Ir} :
Let A € C,,, be represented as in (1) and as in (2). Then A is EP (i.e., AAT = ATA)

<= S =0 < L = 0. Observe that S = 0 implies C = I, (in view of (5)). Thus from

Theorem 3 and Theorem 4 we get the following corollary.

Corollary 3. Let A € C,,,, be EP.

(i) If A is of the form (1), then

K'x! B
A{l} = {U < B B2 ) U*: B2 € Cr,n—mBS € Cn—r,r7B4 € Cn—r,n—r} .
3 4

(i1) If A is of the form (4), then

M-l Y
A{l} = {V < 7z T ) v :YeC,,,2cC,,,,Tc (Cn_m_r} )

Recall that the spectral theorem states that A € C,,, is a normal matrix (i.e., AA* =
A*A) if and only if there exist a unitary matrix U € C,,,, and a diagonal matrix D € C,,,,
such that A = UDU*. Thus, any normal matrix is EP. Corollary 3 extends item (a) of
Theorem 2.2 in [3].

We may restate Corollary 2 as follows.

Corollary 4. Let A € C,,,, be represented as in (4). Then

A{l) = {AT +VEX Y)WV XeCpr, Y €Cppy, (C|S)X = 0} .



Proof. C: Let B € A{1}. By Corollary 2, there exist X ¢ Ch,r, Y ¢ Cpn—r such that
(C|S)X =1, and B=V(XM~! | Y)V*. Let us partition X and Y as follows:

where X €C,,,2cC,_,,,Y€C,,_,,and T € C,_,,,_,. Let us define
- (X -C)M!
X = :
(Z — S* )M~}
Now we have by (7)
~ ~ X-CM! Y cM-! o
VXM | Y)V* = V ( ) + \'%A
(Z-S M~ T S*M~! 0
) V 4+ A= V(X | Y)V* + AT

Observe that by (5) we have
(C|S)X =1, «— CX+SZ=1I, «— C(X-C)+S(Z-S")=0 + (C|S)X =0.
>: Pick any X € Cp,r such that (C | S)X = 0 and pick any Y € Cpn—r. Let us define

EPN C
X:XM+<S*>.

Obviously we have (C | $)X =1, and

S o - C
AT+V(X|Y)V*=AT+V<[X— ( s*) M

3?) V*

CMil 0 > —1 <7
V*=V(XM™|Y)V*.

AT+ VXM | Y)V -V
S*M~! 0

By Corollary 2, we are done. O

Observe that to use Corollary 4, we must solve (C | S))A( = 0, where X € Cpr. Let us
define R = (C | S) € C,.,, and thus, any column of X must satisfy the linear system Rx = 0.
Since RR* = I, then rank(R) = rank(RR*) = r, and therefore, dimN(R) = n — r. Let
{x1,...,%Xn_,} be a basis of N(R). If u; is the i-th column of X (for 1 < < r), then there

exist A\j1,..., \in—r € Csuch that u; = X\;1x1 + - + \j p—rXpn—r. Hence
A1 o A
X:(u1|...|ur):(x1‘...lxn_r) :
)\1,n77“ s )\r,nfr



We rewrite Corollary 4 as follows.

Corollary 5. Let A € C,,, be as in (4), {x1, -+ ,Xn—r} be a basis of N((C | S)), and
P=(xi]| - | xXyo—r). Then

A{I}={AT+V(PA | QV*:AcCph ,,,QETy,,}.

Note that in the above Corollary 5, matrices A and Q are completely arbitrary. To find a
matrix P satisfying the hypotheses of former corollary, it is sufficient to solve the easy linear
system (C | S)x = 0, x € C,, 1. Observe that the matrix C is diagonal and S is “almost

diagonal”.
Although Corollary 4 can be used to prove the following result (by means of AT +
V(X | 0)V* + V(0 | Y)V*), the singular value decomposition leads to a simpler proof.

Corollary 6. If A € C,, ,,, then

(i) A{1} = {AT+B;+By:B;,B, € C,,, AB; = 0,B; = BJAAT, B,A = 0}.
(i) A{1} = {AT+B; +By:By,Bs € C,,,, AB; = 0,BoA = 0}.

(iii) If B € A{1}, then A{1} = {B+ B, + By : B;,By € C,, ,, AB; = 0, BoA = 0}.

Proof. Let A = U;(D @& 0)Uj be the singular value decomposition of A, with D € C,.,. being

nonsingular. Let
Al = {AT +By+By:By,ByeC,, AB; = 0,B; = BjAAT ByA = 0}
and

Ay = {AT +B1+By:By,By € Cpp, AB; = 0,BoA = o}.

We shall prove A{1} C A;: Let A~ € A{1}. It is well known that AT = U, (D' 9) U7.
Also, it is simple to prove that A~ can be written as A~ = U, (D‘;l 32() Uj, where X,Y,Z
are matrices of suitable size. If we define B; = U; (3 8) U7 and B, = Uy (8 )Z() U7, then
we have A~ = AT + B; 4+ By. The equalities AB; = 0, BJAAT = By, and BoA = 0 are

trivial to verify.

The inclusion A; C Ay is evident. Finally, we prove As C A{1}. To this end, take any
B1,B; € C,, such that AB; = BoA = 0. Now A(AT + By + By)A = AATA + ABJA +
AB>A = A. Hence we have proved (i) and (ii).

To prove (iii, C), pick any A~ € A{1}. By item (ii), there exist D;,Dy € C,, ,, such that
A~ = AT+ D; + Dy and AD; = D2A = 0. Since B € A{1}, there exist E;, Ey € Cy,, such
that B= AT +E; +E; and AE; = E;A =0. Weget A~ =B+ (D1 —E;1)+ (Do — Eg) and
A(D; — E;) = (D2 — E2)A = 0. The proof of (iii, D) is similar to that of Ay C A{1}. O



3 Expressions for {2}-inverses

In this section we give expressions for A{2} when A € C,,,, is represented as in (1) or in (4).

Theorem 5. Let A € C,,,, be as in (1). Then

A{2} =
{UD;=7! | Dy)U*: D, €C,,,D3 € Cypppyr, D1 (K | L) is idempotent, D1 (K | L)Dy = Do}

Proof. Let B € A{2} be represented as follows:
B =U(D; X! | Dy)U*, D; € Cpy, Dy € Cppps.
We have
BAB = U(D{(K | L)D;X"! | Dy (K |L)D,)U".
From BAB = B we get
Di(K|L)D;=D; and D;(K|L)D;=D.. (9)

Postmultiplying the first equality of (9) by (K | L) leads to the idempotency of Dy (K | L).

We have proved the “C” inclusion.

We now prove the opposite inclusion. Let D € C,,, and Dy € C,, ,,—, such that D (K | L)
is idempotent and the second equality of (9) holds. By postmultiplying D;(K |L)D;(K | L) =
D;(K | L) by (¥.') and using (2), we have

D;(K | L)D; = D;. (10)
To check U(D1X~! | D2)U* € A{2}, we use the second equality of (9) and (10).
U= | D;)U*AU(D,; X! | Dy)U*
=UD; ="' | Dy) ( Z(KO‘ L) ) (D= !Dy)U*

= UD,; (K | L) (D;X7!|D,)U*
=U (Dy(K | L)D;=' | D1(K | L)D,) U*
=U(D; ="' | Dy) U™

For matrix A € C,,,, in (4), we can also give a general expression for A{2}.



Theorem 6. If A € C,,,, is represented as in (4), then

A{2) = {V(fﬂw1 | Y)V*:X €Cpr,Y € Cpney, X(C | ) is idempotent, X(C | S)Y = 17} .

Proof. C: If B € A{2}, then by Theorem 5, there exist Dy € C,,, and D € C,, ,—, such that
B =U(D; X! | Dy)U* Dy(K | L) is idempotent and D;(K | L)Dy = Ds. Let us define

X=(W; &L, )DiW; and Y=(W;&I,,)D,.

By (6) we get

D, X! | Dy)U*
WL, ) (DIWiM W, | D)(Wi a1, ,)V*

B = U(
(
(XM~'W, | Y)(W! & 1,_,)V*
(

=V
= V(XM
XM~ | Y)V*.

= V(X

Now we prove that X(C | S) is idempotent and X(C | S)Y =Y.

X(C|S) = (WiaL,_,)DWi(WyKW?! | W,L)
= W;aL_,)Di(K|L)(WiaL,_,). (11)
Since W1 & 1,,_, is unitary and D (K | L) is idempotent, X(C | S) is also idempotent. From
(11), D1(K | L)Dy = Dy, and the definition of Y we casily get X(C | S)Y =Y.

D: The proof of this inclusion is similar to the proof of “>” in Theorem 6. O

In the proof of the following corollary, we utilize the fact that every idempotent matrix
X € C,, is diagonalizable (see e.g., [2, Theorem 4.1]), and thus there exists a nonsingular

matrix R € C,, ,, such that
X =R(I, ®0)R, (12)

where r = rank(X). Clearly, 0 < r < n and if r = n (r = 0), then the latter (the first) of
the summands in representation (12) vanishes. The following result generalizes item (b) of
Theorem 2.1 in [3].

Corollary 7. If A € C,,,, is EP and represented as in (4), then

A2} — {V ( R(I, @ OR'ML R () )V*:
(Z, | OR'M~!  Z,Y;

R € C,, is nonsingular,0 < s <r, Y, € Csp,—r,Z1 € Cp_p s }. (13)



Proof. If A is EP and represented as in (4), then S = 0 and C =1,.

C: Let B € A{2}. By Theorem 6, S = 0, and C = I,., there exist X € C,,, Z € C,,_, ,,
YeC,,—, TeC,_pn_r such that

XMt Y
B == V V*7
ZM~1 T

(%) (I, | 0) is idempotent and (¥) (I | 0) (¥) = (¥). These conditions are equivalent to
X? =X, ZX =7, XY =Y, 7Y = T. (14)

Since X is idempotent, by the decomposition (12), there exist a nonsingular R € C,, and
s€{0,1,...,7} such that X = R(I,®0)R~'. Now, let us define Y; € Con—r, Yo €Crspyp,
Zy € Co_py, Zo € Co_yp_s in such a way that Y = R @;) and Z = (Z; | Zo)RL. From
the second equality of (14) we get Zs = 0. The third equality of (14) leads to Yo = 0. The
fourth equality of (14) implies Z;Y; = T.

O: Pick B € C,,,, belonging to the set of the right hand side of (13). Let us denote
P=R(L,e0OR L, Y=R(Y),Z=(Z | )R'. We have

PM~! Y M 0 PM~! Y i}
BAB = V| _ ~ \Y%
ZM™! 7Y, 0 o0 ZM~! 7Y,
P2M~! PY \_ .
= V| - __ |v*=B
ZPM~! ZY
because P2 =P, PY =Y, ZP = Z, and ZY = Z;Y; hold. m

Now we give some expressions for A{1,2}.

Corollary 8. If A € C,,,, is represented as in (1), then

A{1,2}
= {UMD, =" | Dy,)U*:D; €C,,, Dy €Cppr, (K| L)D; =1, D;(K | L)Dy = Dy}

Proof. This follows from Theorems 3 and 5. O

Corollary 9. If A € C,,,, is given as in (4), then

A{1,2)
- {V(XM—l | Y)V* X €Cpr, YEChnr, (C|S)X =1, X(C|S)Y = ?} .

Proof. This follows from Corollary 2 and Theorem 6. O

10



Corollary 10. If A € C,,,, is EP and represented as in (4), then
A{l1,2}
M-t RY
=4V ! V*.R € C,, is nonsingular,Y1 € Cp oy, Z1 €Cp_pyr 7 .
ZlR_lM_l 7Y,

Proof. This follows from Corollaries 3 and 7. 0

4 Expressions for {1,3}, {1,4}, and {1,3,4} inverses

Next, we investigate the elements of A{1,3} and A{1,4} when A € C,,,, is given as in (1) or
in (4).

Theorem 7. Let A € C,,,, be represented as in (1). Then

(i) A{1,3} = {AT+UDU*:D € C,,, (K| L)D =0}.

(i) A{1,4} = {AT+ U0 | D2)U*: Dy € Cpppr}-

Proof. (i) C: Let A~ € A{1,3}. Since A~ € A{1}, by employing Corollary 1, there exist
D, € C,,, Dy € C,, ,,—, such that

A~ =A"4+U(D, | Dy)U*, (K|L)D;=0. (15)

Since A~ € A{3}, the matrix AA~ is Hermitian. But
_ YK XL
AA- = AAT+U< o o )(D1|D2)U*

— AAT+U< E(K()' L) ) (D, | Do) U*

— AAT+U
0 0

0 (K |L)D
- AAT+U<0 K| )2>U*,

S(K |L)D; S(K | L)D, ) -

0

the hermiticity of AA™ and the nonsingularity of ¥ lead to (K | L)D9s = 0. It is enough to
define D = (D; | D3) to get the desired inclusion.

(i) D: Let D € C,,, such that (K | L)D = 0. It is easy to see that this condition implies
AUD = 0. Now it is obvious that A(AT+UDU?*) is Hermitian and A(AT+ UDU*)A = A.

11



(ii) C: Let A~ € A{1,4}. Since A~ € A{1}, by using Corollary 1, there exist D; € C,,,
and Dy € C,, ,,—, such that (15) holds. Since A~ € A{4}, the matrix A~ A is Hermitian. We
have from the first equality of (15)

A"A =A'A +U(D,ZK | D;3XL)U* = ATA + UD;Z(K | L)U*.

The hermiticity of A~ A together with the fact that 3 is a real diagonal matrix leads to

K*
D:¥(K|L)= ( ) ¥Dj.
L*
Premultiplying this equality by (K | L) and using (2), (15), and the nonsingularity of X lead
to D1 =0.

(ii) D: This inclusion is easy to get since for any Dy € C,, ,—,, U(0 | D2)U*A = 0. O

Theorem 8. Let A € C,,,, be represented as in (4). Then

(i) A{1,3} ={AT+ VRV*:R€C,,,(C|S)R=0}.

(i) A{1,4} ={AT+ V(0 | R)V*:R€Cpp}.

Proof. (i): By Theorem 7, it is sufficient to prove {UDU* : D € C,,,,(K | L)D = 0} =
{VRV* : R € C,,,,(C | S)R = 0}. We prove only the “C” inclusion as the opposite
is analogous. Pick any D € C,, such that (K | L)D = 0. By (6) we get UDU* =
VW:aL,_,)DW] & L,,)V* If we define R = (W; & L,_,)D(W] & I,_,), then it

remains to prove (C | S)R = 0, and to this end, we use again (6).
(CIS)R(W1 &1,

:(C\S)<VZ1 IO )D:(CWl\S)D:(WQK|W2L)D:W2(K|L)D:0.

This computation yields (C | S)R = 0.

(ii): Again, by Theorem 7, it is enough to prove {U(0 | D)U* : D € C, -} =
{V(IO| R)V*: R € C,, ;,_}. We only prove the “C” inclusion as the opposite is analogous.
Let any D € C,,,,—, be written as D = <g;§), where D12 € C,,,—, and Doy € Cjpyfrs.

Now (6) and a simple computation reveals

0 WD
U0 | D)U* =V ) v
0 Do

This finishes the proof of the aforementioned inclusion. O

12



Let us observe that by using Theorem 7 and Theorem &8, we can give representations for
A{1,3,4} for any A € C,,,, in (1) or as in (4).

Next corollary is trivial in view of Theorem 8. It is noteworthy that this result can be

also deduced from the singular value decomposition as in the proof of Corollary 6.

Corollary 11. Let A € C,,,,. Then

(i) A{1,3} ={At+B:B¢cC,,,AB=0}. [fA~ c A{1,3}, then A{1,3} ={A~ +B:
BecC,,, AB =0}.

(i) A{1,4} ={AT+B:BcC,,,BA =0}. If A~ € A{l1,4}, then A{1,4} = {A~ +B:
B € Cpn, BA = 0}.

(iii) A{1,3,4} = {AT+ B : B € C,,,AB = BA = 0}. If A~ € A{l,3,4}, then
A{1,3,4}={A-+B:BcC,,,AB=BA =0}.

The following corollary extends of Theorem 3.3 of [3].
Corollary 12. Let A € C,,,, be EP.
(i) If A is of the form (1), then
(ia) A{1,3} = {U (B, ,) U D21 € Coops Dz € Copnr |-
b) A{1,4} = {U (%' B12) U": Dy € Crppoy, Doz € Copnr |-
(ic) A{1,3,4} = {U (%", ) U":Das € Coror -
(ii) If A is of the form (4), then
(ia) A{1,3)} = {V ( - R22) ‘Ray € CprpRop € cnfT,n,r}.
(ii.b) A{1,4)} = {V (MO ! gg) ‘Rz € Crpp, Rz € cnfm,r}.

(iLc) A{1,3,4} = { (MO : R(;) V* Ry € Cn,m,r}.

Proof. Since A is EP and represented as in (1), then K = I, and L = 0. We apply part (i)
of Theorem 7 and the last equality of (3).

A{1,3} = {U [(2*1 9)+ (8;)] U*:D; €Cpp,Dy € Cppr, (I, | 0) (g;) :0}
= {U(B,) ,) U Do € Cory. Do € Corr )

This proves (i.a). Item (i.b) trivially follows from part (ii) of Theorem 7 and the last equality
of (3). Item (i.c) follows from items (i.a) and (i.b). Item (ii) can be proved in a similar way,
but by using (7), C =1I,, and S = 0. O
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5 Expressions for {2,3}, {2,4}, and {2, 3,4}-inverses
In this section we investigate the elements of A{2,3}, A{2,4}, and A{2,3,4}, when A € C,,,
is represented as in (1) or in (4).

Theorem 9. Let A € C,,,, be of the form (1). Then

(i) A{2,3} = {UAP* |0)U* : 0< s <P € Cro,A € Cpy, PP = I, (K | L)A =
»-1p}.

(i) A{2,4} ={U(PAZ7' |PA)U*:0<s<n,PeCpy, A1 €Cyp,Ap € Cypy, P*P
=1I,,A1(K | L) = P*}.

Proof. (i) C: Let A~ € A{2,3}. By Theorem 5 there exist D, € C,,, and Dy € C,, ,, such
that A~ = U(D1 7! | Dy)U*,

D(K |L)Dy(K |L)=Dy(K |L) and Dy(K|L)D; =D, (16)
Postmultiplying the first equality of (16) by ( K ) and using (2), we have
D, (K | L)D; = D;. (17)

Since

AA-—U ( E(KO L) ) (Di= | D) U — U ( S(K | 1(:))13121 S(K yOL)DQ ) o

the hermiticity of AA~™ and the nonsingularity of 3 yield
¥(K | L)D; X! is Hermitian and (K | L)Dy = 0. (18)

The second equality of (16) and the last equality of (18) imply Dy = 0. The first fact of (18)
and (17) imply that (K | L)D; X! € C,.,. is an orthogonal projector, and thus there exists
a unitary matrix R € C,.,. such that

(K | L)D;Z ' =R(I, ® )R, (19)

where s = rank((K | L)D;). Let us decompose R = (P | Q), where P € C,. s and Q € C,., .

With this decomposition, equality (19) can be rewritten as

(K | L)D; X! = PP*. (20)
Since R is unitary, then

PP =1, (21)
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Observe that the columns of P form an orthonormal basis of the eigenspace of (K | L)D; X~}
associated with the eigenvalue 1. Equality (17) and the first fact of (18) yield

SK|LDZ D Z ) = (K| LD )Y (D=
= DX IZK | LD Z ) = (D= 7Y

Hence any column of (D1X71)* can be written as a linear combination of the columns of P,
and thus, there exists I' € Cs,, such that (D127 1)* = PT, or equivalently, D1X~! = T*P*.
Now, this last equality, (20), and (21) lead to (K | L)I'™* = P.

(i) D: Let s € {0,...,r}. Pick any P € C, 5 such that P*P =1, and A € C,, 5 such that
(K | L)A = X7 'P. We prove that A~ = U(AP* | 0)U* € A{2,3}. From

AA—:U<2(K’L)>(AP*|0)U*:U<PP* O>U*
0 0 0

we get that AA™ is Hermitian. Furthermore, one gets

PP* 0

A AA~ = A (AA")=TU(AP* | 0) ( 0 o

> U* = U(AP* | 0)U* = A~

(ii) C: Let A~ € A{2,4}. By Theorem 5 there exist D; € C,, and Dy € C,, ,,—, such
that A~ = U(D;X7! | D2)U* and (16). Similarly as in the proof of “(i) C” we get that (17)
holds. Since

A A=U (D= | Dy) ( 2(1{0\ L) ) U*=UD(K | L)U*

and A~ A is Hermitian, we get that D;(K | L) is Hermitian, and thus D;(K | L) € C,,,, is an
orthogonal projector. Hence there exist an s € {0,1,...,n} and a unitary matrix R € C,,,
such that D1(K | L) = R(I, #0)R*. Let P € C,, s and Q € C,,,—s be such R = (P | Q).

This decomposition ensures

D;(K |L)=PP". (22)
Since R is unitary we get

PP =1, (23)

and the s columns of P form an orthonormal basis of the eigenspace associated with the
eigenvalue 1 of the matrix D;(K | L). The second equality of (16) and (17) imply that any
column of D and Dy is an eigenvector of the matrix D (K | L) associated with the eigenvalue
1, and thus, there exist A; € Cy, and Ay € C; ,,—, such that

D1 = PA1 and D2 = PA2 (24)
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Hence we can write A~ = U(PA; X! | PA2)U*. Furthermore, the first equality of (24),
(22), and (23) imply that A;(K | L) = P*.

(ii) D: Let s € {0,1,...,n}, P € C, s such that P*P = I, and A; € C,, such that
A1(K | L) = P*. Finally, pick any As € Cs,—r. Set A~ = UPA; X7 | PA3)U*. The
equality

— —1 E(K | L) * * kP T*
A"A =UPA S | PAy) ) U* = UPA(K | L)U* = UPP'U

implies that A~ A is Hermitian. Furthermore, by using P*P = I, one gets
ATAA™ = (ATA)A” = UPP*(PA 7! | PAL))U* = U(PAZ ! | PA))U* = A,
The proof is finished. O
Theorem 10. Let A € C,,,, be of the form (4). Then
(i) A{2,3} ={V(AQ*"|0)V*":0<s<1QeC;A€cC;QQ=I,(C|SA =
M~1Q}.

(11) A{2,4} = {V(erM_l | QFQ)V* :0<s<n,Qe (Cn,&]-_‘l € Cs,raFQ € Cs,n—rv Q*'Q
—1,,T1(C | S) = Q*}.

Proof. (i): Let us represent A as in (1). Let 0 < s < r, P € C, 4, and A € C, 5 satisfy
P*P =1, and (K | L)A = Z7'P. We use (6) and define

Q=WP, A=(W;qI,_,)A.
Now we have
(CIS)A = (WKW} | WoL)(W; &1, ,)A

0

= Wy(KWj | L) ( VZ ) A=W,(K | L)A

= WoX 'P=M"'W,;P=M"'Q,
and Q*Q = P"WiW ;P = P*P =1, and furthermore,
U(AP* |0)U* = U((Wjal,_,)AQ*W; | 0)U*
Wi 0 W; 0
( 0 Lﬂ)( Q" | )( 0 Lﬂ)

= V(AQ' | 0)V".
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The first item of Theorem 10 now follows from item (i) of Theorem 9.

(ii): Let 0 <s<n,PeC,s, Ay € Cyp, Ap € Cy ., satisfy P*P =1, and A (K | L) =
P*. We use (6) and define

Q=W;aL,_,)PeC,,, T1'=AW;€C;,, To=AyeCqp,.
We get Q*Q = I in view of W] = VVl_1 and P*P = I,. Now,

T'(C | S) = AyW3(W,KW?iW,L)

- 0 L., ) 0 L., )

and (observe that the first equality of (6) can be rewritten as M—1W; = WX 1)

U(PAZ 7! | PA,)U*
=VW1aL_,) (W;eL_)QI1W.X ! | (Wi & 1,,)QI) U*
=V(Qr, WX ! | QIy)(Wi e 1,_,)V*

—1 WT 0 *
=v@nM'Wi Q) |t v

n—r

=V(QI M | QIy)V*.
By (ii) of Theorem 9, we complete the proof. O

The following corollary extends Theorem 4.1 of [3].

Corollary 13. Let A € C,,,, be an EP matriz and represented as in (1). Then

(1) A{273} = {U (Z_le:lf‘*P* 8) U :0<s<nrPe CT,S;P*P =1I;,Z ¢ Cn—r,s}-

(i) A{2,4}={U(9F " @)U 0<5<n,QeCry,QQ=L,ZECyp,}.

Proof. Since A is EP, we have K =1, and L = 0. We use Theorem 9.

(i): Pickany s € {0,1,...,7}, P € C, 45, and A € C,, 4 such that P*P = I and (K |L)A =
>~!'P. By writting A = (%)7 where Y € C, ; and Z € C,,_, 5 one gets (I, | 0) (%) =>"1P,
and thus, Y =X 'P and Z € Cp—r s is arbitrary.

(ii): Pick any s € {0,1,...,n}, P € Cy 4, Ay € Cy,, and Ay € C,—, satisfying P*P =1,
and A;(K | L) =P* Let P = (1%), where Q € C, s and R € C,,_, 5. One gets (Q* | R*) =
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P* = A1(I, | 0), hence Q* = A; and R = 0. From P*P =1, P = (3), and R = 0 we get
Q*Q = I;. Furthermore, one has

PAS ! = ( Q ) Qs != ( QQ=™ ) and PA, = ( Q ) Ay = ( QA )
0 0 0 0

which imply

*E—l A
U(PA S | PA)U* =U ( QQO QO 2 ) U*.

By Theorem 9, we finish the proof. O

Theorem 11. Let A € C,, .

IN
w

(i) If A is of the form (1), then A{2,3,4} = {U(K*E_IPP* 0) U*:0 <rP e

L*S-1PP* 0
C,., P*P = I,, 2?PP* = PP*3?}.
(ii) If A is of the form (4), then A{2,3,4} = {V (SCI\&:%%* S)V* L 0<s<rQe
Crs,Q"Q =1, MM*QQ* = QQ*MM*}.

Proof. (i) C: Let A~ € A{2,3,4}. Since A~ € A{2,3} and by applying (i) of Theorem 9,
there exist s € {0,...,r}, P € C, s and A € C,, 5 such that

A~ = U(AP* | 0)U*, (25)
P*P =1;, and
(K| L)A =X"'P. (26)

Moreover, we use the fact that A~ A is Hermitian (since A~ € A{4}). From

(K [ L)

A~A = U(AP* | 0) < X

) U* = UAP*S(K | L)U*,
we obtain that AP*3(K | L) is Hermitian. IL.e., (recall that X is a diagonal and real matrix)
* K* *
APR(K L) = | SPA” (27)
Postmultiplying this last equality by (If ) and using (2), (26), we arrive at

*

K
AP*Y = (

L*

) SPP*Y L (28)

18



Inserting (28) in (27) leads to

*

( K >2PP*21(K |L) = ( IE ) > 'PP*S(K | L),

which, by premultiplying by (K | L) and postmultipliying by (¥.'), reduces to
SPP*Y ! = =7lpp*x. (29)

*

Furthermore, observe that (28) and (29) yield AP* = (¥XI') £~'PP*. This last equality and

(25) reveal the required inclusion.

(i) D: Let s € {0,...,7} and P € C,  satisfy P*P = I, and X?PP* = PP*X2. Let us
define
K*X"'PP* 0
A =U U*.
L*S~'PP* 0

Observe that, if we define A = (E:g:llg ), by (i) of Theorem 9, we immediately get A~ €

A{2,3}. Thus, it remains to prove that A~ A is Hermitian. The condition X2PP* = PP*X?
is equivalent to the hermiticity of the matrix R defined by R = X~'PP*X. Since

_ KX 1PP* 0 YK YL K*RK K*RL
AA=U U*=U U,
L*S"'PP* 0 0 0 L*RK L*RL
we obviously get that A~ A is Hermitian.

(ii): Let 0 < s <r, P € C, such that P*P = I, and $2PP* = PP*X2. Let us define

A-=U <If:§:1lg£: 8) U*. Observe that 32PP* = PP*X? is equivalent to the hermiticity

of Z7'PP*X. Since K*X 7! = WiCM W and L*S~! = S*M~'W, we get

B W; 0 WiCM~'W;PP* 0 Wi 0 .
AT =V \%
0o I,.., S*M~'W,;PP* 0 o I,.,
CM W, PP*W* 0
= V( ' ! >V*.

S*M~'W,;PP*W; 0

Let us denote Q = WP € C,,. In view of the properties of Wi and P we easily get
Q*Q = I;. In addition, since M~'QQ*M = WX 'PP*SXW} we obtain that M—1QQ*M
is Hermitian, or equivalent, MM*QQ* = QQ*MM*. O

6 Group inverses

Let us recall (see for example Section 4.4 of [6] or Chapter 4 of [7]) that if A,X € C,, ;,, then

X is called a group inverse of A if

(1) AXA=A, (2)XAX=X, (5) AX = XA.
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It can be proved that for a given A € C,, ,,, the set of matrices X satisfying (1), (2), and (5)
is empty or a singleton. When it is a singleton, it is customary to write its unique element as
A#. If X satisfies (1) and (5), then X is called a commuting g-inverse of A and we denote
by A{1,5} the set of commuting g-inverses of A. In this section we study A{1,5} when A is
written as in (1) or as in (4). We shall apply 3 A# <= 3 C~! = FK!and

K1y ! K1 1K 1L c-'M-1 c'M-ic-!s
A#:U< o 0 )U*:V( o 0 >V*.

See [1, Theorem 3.7] and [5].

Theorem 12. Let A € C,,,,. The matriz A is group invertible if and only if A{1,5} # @.

Under this situation, one has:

(i) If A is of the form (1), then

A{1,5) = {U (X" B ) U": By € Cpppys B € Compy, KBz + LBy) = K 'L}

(ii) If A of the form (4), then

A{1,5) = {V (C”gfl gj) V* Dy € Crpr, Dy € Copny, M(CDy + SDy) = c—ls} .

Proof. We prove A{1,5} # @ <= 3A#. If X is a commuting g-inverse of A, then
A(XAX)A = A, (XAX)A(XAX) = XAX, and (XAX)A = A(XAX), hence A is group
invertible and A# = XAX. Conversely, it is obvious that A% € A{1,5}.

Pick any A~ € A{1,5}. By Theorem 3, we can write A~ = U(D; | Dy)U*, where
D, € C,,, and (K | L)D; =1I,. Now, we compute AA™ and A~ A:

AA” :U< K| L) ) (D; | Dy)U"=U ( I, 3(K|[L)D, >U*7
0 0 0

A"A =U(D; | Dy) ( E(KO’ L) > U* = UD;3(K | L)U*.

From AA™ = A7 A we get

I, S(K|L)D,
0 0

) =D, (K | L). (30)

Postmultiplying (30) by (If‘*) leads to D13 = (K*+2(K0| L)D2L*>. Thus, having in mind
the non-singularity of 3, the matrix Dy is of the form D; = (DOH), where Dy € C,.,.

From (30) we get I, = D13;XK and (K | L)Dy = D{;XL. Thus, D;; = K~ 'X~! and
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(K | L)Dy; = K 'L. We have proved one inclusion of (i). The other direction of the

inclusion is trivial.

To prove (ii), we use (6). Choose any By € C,.,,—, and By € C,,_,,,—, such that 3(KBy+
LB4) = K 'L and let

_ K'x-! B,
A =U . (31)
0 By

Since K™1¥71 = WiC~IM~'W,, we have
c'M~' wW,B
A =V ) v
0 B4

Thus, if we define Dy = W1Bs and Dy = By, it is sufficient to prove M(CDy+SD,) = C™!S.
In fact,
M(CD, +SDy) = WEWi(W.KW:W,;B; + W,LB,)
— W,X(KB, + LBy)
= WK 'L
= W, WiC 'W,WiSs
= C's.

O]

In next results we show that if A is group invertible, then A{1,5} is a linear manifold
passing through A#. Let us recall that a linear manifold is a subset of a vector space V of

the form v + 8, where 8 is a linear subspace of V and v € V.

Corollary 14. Let A € C,,,, be group invertible.

(i) If A is of the form (1), then A{1,5} = {A# +U(0 | A)U*: A € Cpp_r, (K | L)A =
0}.

(ii) If A is of the form (4), then A{1,5} = {A#+V(0 | A)V*: A € Cp o, (C | S)A = 0}.

Proof. (i): Pick any By € C,.,—, and By € C,—y,—, such that (KB + LB,) = KL and
define A~ as in (31). We have

B K51 KIS KL\, 0 By—K IS 'K'L\ |
A =U U +U U*.
0 0 0 B,
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Thus, if we define A = (BQ—K_IBEZIK_IL>, then it is sufficient to prove (K | L)A = 0, and
this is easy to check in view of ¥(KBs + LB4) = K~ 'L and the definition of A.

To prove (ii), pick A € Cy, ,—r such that (K | L)A = 0. We can write A = (2; ), where
Ay €Cppopand Ap € Cypyy. Define A= (W321) € Cppy. Now

which yields 0 = (C | S)A. It remains to check U(0 | A)U* =V (0 | A)V*:

W, 0 0 A Wi 0
U@ | AU = V ! ! ! v*
0 I., 0 A, 0 I,

0 WA
—V( 141

V* = V(0| A)V*
0 A,

O]

Now we give an explicit representation of A{1,5} without using representations (1) and
(4).

Corollary 15. Let A € C,,,, be group invertible. Then

(i) A{1,5} ={A#* +B:B € C,,, AB = BA =0}.

(ii) If A= € A{1,5}, then A{1,5} = {A~ +B:B € C,,,AB = BA = 0}.

Proof. (i) follows from Corollary 14. (ii) follows from (i) of this corollary. O
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