
@ Applied General Topology

c© Universidad Politécnica de Valencia
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Almost periodic points and minimal sets in
topological spaces

Chikara Fujita and Hisao Kato

Abstract. In the paper [Almost periodic points and minimal sets in
ω-regular spaces, Topology Appl. 154 (2007), 2873–2879], Mai and Sun
showed that several known results concerning almost periodic points
and minimal sets of maps can be generalized from regular spaces to ω-
regular spaces. Also, they have three unsolved problems. In this paper,
we answer to all problems which remain unsolved in the paper of Mai
and Sun. In fact we prove some general theorems which give counter
examples of the problems1.
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1. Introduction

In this section, we need the following terminology and concepts. Let N =
{0, 1, 2, ..., } be the set of natural numbers and let Z = {0,±1,±2, ..., } be
the set of integers. For a set A, |A| denotes the cardinality of the set A. If
f : X → X is a map (=continuous function) of a topological space X , then
f0 = Id and fn (n ≥ 1) denotes the composition with itself n times. The orbit
of a point x ∈ X under f , denoted by O+(x, f), is the set {fn(x)| n ∈ N}. Also
If f : X → X is a homeomorphism, then we put f−n = (f−1)n (n ≥ 1), where
f−1 is the inverse of f . The two-sided orbit of a point x ∈ X under f , denoted
by O±(x, f), is the set {fn(x)| n ∈ Z}. A point x ∈ X is called a periodic point

of f if there exists a positive number N ∈ N such that fN(x) = x. A point
x ∈ X is called an almost periodic point of f provided that for any neighborhood
U of x in X , there exists N ∈ N such that {fn+i(x)| i = 0, 1, 2, ..., N}

⋂
U 6= φ

for all n ∈ N. We denote the set of all almost periodic points of f by AP (f).
A subset W of X is invariant of f if W 6= φ and f(W ) ⊆ W . A subset W of X
is a minimal set of f if W is a closed invariant set of f and W does not contain

1In [6], Fedeli and Le Donne gave counter examples of the problems by different methods.
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any proper closed invariant set of f . A map f : X → X is minimal if X is a
minimal set of f . It is well known that if f : S1 → S1 is an irrational rotation
of the unit circle S1, then f is minimal.

A topological space X is a T1-space if for any distinct points x and y in X ,
there exist open sets U and V of X such that x ∈ U , y ∈ V , y /∈ U and x /∈ V .
A topological space X is a Hausdorff space if for any distinct points x and y
in X , there exist disjoint open sets U and V of X such that x ∈ U and y ∈ V .
A topological space X is a regular space if for any closed subset W of X , any
point x ∈ X −W , there exist disjoint open sets U and V such that x ∈ U and
W ⊆ V . A topological space X is an ω-regular space if for any closed subset
W of X , any point x ∈ X − W and any countable subset A of W , there exist
disjoint open sets U and V such that x ∈ U and A ⊆ V .

The following theorem is well known (see [1], [2] and [3]).

Theorem 1.1. Let X be a compact Hausdorff space and let f : X → X be a

map. Then the followings hold.

(1) If x ∈ X is any almost periodic point of f , then Cl(O+(x, f)) is a

minimal set of f .

(2) All points in any minimal set of f are almost periodic points.

In [5], Mai and Sun showed that several results related to Theorem 1.1
can be generalized from regular spaces to ω-regular spaces. In this paper, we
answer to all problems which remain unsolved in the paper of Mai and Sun.
Consequently, we know that currently “ω-regular space” is the best concept in
generalization.

2. Closure of almost periodic orbits in Hausdorff spaces

In [5], Mai and Sun proved that if X is an ω-regular space and f : X → X
is a map, then the closure of every almost periodic orbit of f is a minimal set
of f . Related to this result, they have the following problem (Problem 2.5 of
[5]).

Problem 2.1. Is the closure of an almost periodic orbit in a Hausdorff space

a minimal set ?

By use of Zorn’s Lemma, we see that if X is any compact Hausdorff space
and f : X → X is a map, then there is a minimal set of f . Also, there are many
kinds of minimal homeomorphisms f : X → X of some uncountable compact
metric spaces X . We have the following theorem which gives a counter example
of this problem.

Theorem 2.2. Suppose that (X, T ) is an uncountable compact Hausdorff space

and f : (X, T ) → (X, T ) is a minimal homeomorphism. Let Λi (i = 1, 2) be

any disjoint nonempty sets with |Λ1|+ |Λ2| = |X |. Then there exists a topology

TB of X and points aλ ∈ X (λ ∈ Λ1), bλ ∈ X (λ ∈ Λ2) such that

(1) (X, TB) is a Hausdorff space with T ⊆ TB,

(2) f : (X, TB) → (X, TB) is a homeomorphism with X = AP (f),
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(3) the family {O±(aλ, f)| λ ∈ Λ1}
⋃
{O±(bλ, f)| λ ∈ Λ2} is a decomposi-

tion of X,

(4) Cl(O+(aλ, f)) = X (λ ∈ Λ1), O±(bλ, f) is a closed set of (X, TB) and

hence Cl(O±(bλ, f)) 6= X (λ ∈ Λ2), which implies that f : (X, TB) →
(X, TB) is not minimal, and

(5) if λ ∈ Λ2 and z ∈ X \ O±(bλ, f), then z and the closed set O±(bλ, f)
can not be separated by any two open disjoint sets, in particular (X, TB)
is not an ω-regular space.

Proof. Note that for any x1, x2 ∈ X , O±(x1, f)
⋂

O±(x2, f) 6= φ if and only if
O±(x1, f) = O±(x2, f). Since each O±(x, f) is a countable set, we can choose
aλ ∈ X (λ ∈ Λ1), bλ ∈ X (λ ∈ Λ2) such that the family

{O±(aλ, f)| λ ∈ Λ1}
⋃

{O±(bλ, f)| λ ∈ Λ2}

is a decomposition of X . We put Kλ = O±(bλ, f) (λ ∈ Λ2). We consider the
topology TB on X as follows: For x 6∈

⋃
λ∈Λ2

Kλ, we consider that x has the

(open) neighborhood base

B(x) = {U \ KM | x ∈ U ∈ T , KM =
⋃

λ∈M

Kλ, M ⊆ Λ2}.

For x ∈ Kλ(x) (λ(x) ∈ Λ2), we consider that x has the neighborhood base

B(x) = {U \ KM | x ∈ U ∈ T , KM =
⋃

λ∈M

Kλ, M ⊆ Λ2 \ {λ(x)}}.

In fact, the family {B(x)| x ∈ X} satisfies the following properties.

(1) If B ∈ B(x), then x ∈ B.
(2) If B1, B2 ∈ B(x), then there is B ∈ B(x) such that B ⊆ B1

⋂
B2.

(3) If B ∈ B(x) and x′ ∈ B, there is B′ ∈ B(x′) such that B′ ⊆ B.

Hence we obtain the topology TB on X from the neighborhood bases B(x) (x ∈
X). In the definition of B(x), if we consider the case M = φ, we see that
T ⊆ TB. Hence (X, TB) is a Hausdorff space such that Kλ = O±(bλ, f) is a
closed set for λ ∈ Λ2. Let z ∈ X \ Kλ. Suppose, on the contrary, that there
exist open disjoint sets W1 and W2 of (X, TB) such that z ∈ W1, Kλ ⊆ W2.
We may assume that W1 = U \ KM , where z ∈ U ∈ T , KM =

⋃
λ∈M

Kλ

for some M ⊆ Λ2. Since f : (X, T ) → (X, T ) is minimal, there is a point
b ∈ O+(bλ, f) ⊆ Kλ such that b ∈ U . Take an open neighborhood (U ′ \ KM ′)
of b in (X, TB) such that U ′ ⊆ U and (U ′ \ KM ′) ⊆ W2. Choose a point
aλ1

∈ X (λ1 ∈ Λ1). Then we have a point a ∈ O+(aλ1
, f) such that a ∈ U ′.

We see that a ∈ (U \ KM )
⋂

(U ′ \ KM ′) ⊆ W1

⋂
W2. This is a contradiction.

Since f(Kλ) = Kλ (λ ∈ Λ2), we can easily prove that f : (X, TB) → (X, TB)
is continuous, and hence f : (X, TB) → (X, TB) is homeomorphism. To avoid
confusing, we express the homeomorphism f : (X, TB) → (X, TB) by fB. Since
f : (X, T ) → (X, T ) is minimal, by Theorem 1.1 we see X = AP (f). By the
definition of the neighborhood bases B(x) (x ∈ X), we can easily prove that
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X = AP (fB). Similarly, by use of the fact Cl(O+(aλ, f)) = X , we can prove
that for each λ ∈ Λ1, Cl(O+(aλ, fB)) = X . �

3. Minimal sets in locally compact T1-spaces

In [5], Mai and Sun proved that if X is a locally compact Hausdorff space
and f : X → X is a map, then each minimal set of f is compact. Related to
this result, they have the following problem (Problem 3.10 of [5]).

Problem 3.1. Let f : X → X be a map of a locally compact T1-space X. Is

each minimal set of f compact?

We have the following theorem which gives a counter example of this prob-
lem.

Theorem 3.2. There exists a locally compact T1-space Z and a map f : Z → Z
such that

(1) Z is a minimal set of f ,

(2) Z = AP (f), and

(3) Z is not compact.

Proof. Let X and Y be arbitrary infinite sets. Consider the cofinite topology
TX on X , i.e.,

TX = {U | U ⊆ X and |X \ U | < ∞}
⋃

{φ}.

It is well known that (X, TX) is a compact T1-space. Let Z = X
⋃

Y , where
X

⋂
Y = φ. We consider the following topology TZ on Z. For z ∈ X ⊆ Z, z

has the neighborhood base B(z) = {U | z ∈ U ∈ TX}. For z ∈ Y , we consider
that z has the neighborhood base B(z) = {{z}

⋃
U | U 6= φ and U ∈ TX}. In

fact, the family {B(z)| z ∈ Z} satisfies the following properties.

(1) If V ∈ B(z), then z ∈ V .
(2) If V1, V2 ∈ B(z), then there is V ∈ B(z) such that V ⊆ V1

⋂
V2.

(3) If V ∈ B(z) and z′ ∈ V , there is W ∈ B(z′) such that W ⊆ V .

Hence we obtain the topology TZ on Z from the neighborhood bases B(z) (z ∈
Z). Note that (Z, TZ) is a locally compact T1-space and it is not compact,
because that Y is an infinite set. We can easily see that if z ∈ Y and U is
a neighborhood of z in (Z, TZ), then U

⋂
X 6= φ. Take an arbitrary function

g : X → X such that g has no periodic point and |g−1(x)| is finite for each
x ∈ X . Since g is a finite-to-one function, we see that g : (X, TX) → (X, TX)
is continuous. Define a map f : Z → Z by f(z) = g(z) for each z ∈ X , and
f(z) = h(z) for each z ∈ Y , where h : Y → X is an arbitrary function. Then
we can easily see that f : (Z, TZ) → (Z, TZ) is continuous. Since g has no
periodic point, we see that Cl(O+(z, f)) = Z for each z ∈ Z and Z = AP (f).
Note that Z = (Z, TZ) is a (unique) minimal set of f and Z is a locally compact
T1-space, but Z is not compact. �
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4. Points in closures of almost periodic points in Hausdorff

spaces

In [5], Mai and Sun proved that if X is an ω-regular space and f : X → X is
a map, then all points in the closure of any almost periodic orbit of f are almost
periodic. Related to this result, they have the following problem (Problem 4.4
of [5]).

Problem 4.1. Does the closure of any almost periodic orbit in a Hausdorff

space contain only almost periodic points?

We have the following theorem which gives a counter example of this prob-
lem.

Theorem 4.2. Suppose that (X, T ) is an uncountable compact Hausdorff space

and f : (X, T ) → (X, T ) is a minimal homeomorphism. Let Λi (i = 1, 2) be

any disjoint nonempty sets with |Λ1|+ |Λ2| = |X |. Then there exists a topology

TB of X and points aλ ∈ X (λ ∈ Λ1), bλ ∈ X (λ ∈ Λ2) such that

(1) (X, TB) is a Hausdorff space with T ⊆ TB,

(2) f = fTB
: (X, TB) → (X, TB) is a homeomorphism,

(3) the family {O±(aλ, f)| λ ∈ Λ1}
⋃
{O±(bλ, f)| λ ∈ Λ2} is a decomposi-

tion of X, and

(4) O±(aλ, f) ⊆ AP (f) and Cl(O+(aλ, f)) = X for λ ∈ Λ1,

(5) O±(bλ, f)) is a discrete closed set of (X, TB) and O±(bλ, f)
⋂

AP (f) =
φ for λ ∈ Λ2,

(6) if λ ∈ Λ2 and z ∈ X \ O±(bλ, f), then z and the closed set O±(bλ, f)
can not be separated by any two open disjoint sets, in particular (X, TB)
is not an ω-regular space.

Proof. As in the proof of Theorem 2.2, we obtain points aλ ∈ X (λ ∈ Λ1), bλ ∈
X (λ ∈ Λ2) such that the family

{O±(aλ, f)| λ ∈ Λ1}
⋃

{O±(bλ, f)| λ ∈ Λ2}

is a decomposition of X . We put Kλ = O±(bλ, f) (λ ∈ Λ2). We consider the
topology TB on X as follows: For x 6∈

⋃
λ∈Λ2

Kλ, we consider that x has the

(open) neighborhood base

B(x) = {U \ KM | x ∈ U ∈ T , KM =
⋃

λ∈M

Kλ, M ⊆ Λ2}.

For x ∈ Kλ(x) (λ(x) ∈ Λ2), we consider that x has the neighborhood base

B(x) = {(U \ KM )
⋃

{x}| x ∈ U ∈ T , KM =
⋃

λ∈M

Kλ, λ(x) ∈ M ⊆ Λ2}.

In fact, the family {B(x)| x ∈ X} satisfies the following properties.

(1) If B ∈ B(x), then x ∈ B.
(2) If B1, B2 ∈ B(x), then there is B ∈ B(x) such that B ⊆ B1

⋂
B2.

(3) If B ∈ B(x) and x′ ∈ B, there is B′ ∈ B(x′) such that B′ ⊆ B.
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Hence we obtain the topology TB on X from the neighborhood bases B(x) (x ∈
X). By the definition of B(x), we see that T ⊆ TB. Hence (X, TB) is a Hausdorff
space. Also, by the definition of B(x), Kλ = O±(bλ, f) is a discrete closed set
for λ ∈ Λ2. Since f has no periodic point, we see that O±(bλ, f)

⋂
AP (f) = φ

for λ ∈ Λ2. As in the proof of Theorem 2.2, we see that O±(aλ, f) ⊆ AP (f) and
Cl(O+(aλ, f)) = X for λ ∈ Λ1. Also we see that each point z ∈ X \ O±(bλ, f)
and the closed set O±(bλ, f) can not be separated by any two open disjoint sets,
in particular (X, TB) is not an ω-regular space. This completes the proof. �
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