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Introduction to generalized topological spaces
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ABSTRACT

We introduce the notion of generalized topological space (gt-space).
Generalized topology of gt-space has the structure of frame and is closed
under arbitrary unions and finite intersections modulo small subsets.
The family of small subsets of a gt-space forms an ideal that is compati-
ble with the generalized topology. To support the definition of gt-space
we prove the frame embedding modulo compatible ideal theorem. We
provide some examples of gt-spaces and study key topological notions
(continuity, separation axioms, cardinal invariants) in terms of gener-
alized spaces.
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1. INTRODUCTION

The notion of i-topological space was presented in [9]. That was our first try
to develop the concept of topological space modulo small sets. Generalized
topological space presented in this paper also acts modulo small sets that are
encapsulated in an ideal, but has completely other form that makes things
easier. The new form let us easily profit from compatibility of ideal with
generalized topology, since now it is the basic property of generalized space
(we had to assume compatibility in the preceding work).

We start with developing the frame-theoretical framework for generalized
spaces and prove frame embedding modulo compatible ideal theorem that let
us to make the definitions of generalized topological notions more transparent.
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2. FRAME EMBEDDING MODULO COMPATIBLE IDEAL

In what follows, we assume that a frame (T, <, V, A) and a complete Boolean
lattice (F,<,U,N,°) such that T C F are fixed. We also assume that the in-
clusion from T into F' is an order embedding preserving zero. For all a,b € F
we define the operation \ as follows: a \ b = a N b°.

With respect to the fixed element z € F, we say that a € F is z-empty
iff a < z, and z-nonempty in other case [8]. If the converse is not stated, we
always assume that some z € I is fixed. We use the notion of z-emptiness in
order to use the following equivalent form of infinite distributivity.

Proposition 2.1 ([8]). The following are equivalent:
(ID1) T is infinitely distributive, i.e. for everyb inT and every subset A C T,

bA\/ A=\ (bra),
acA
(ID2) for every d,z € T and every A C T, if d is z-nonempty and d < \/ A
then there exists ag € A such that d A ag is z-nonempty.

The notion of compatible ideal in topological spaces was studied in numerous
papers of T.R. Hamlett and D. Jankovi¢ [3, 4, 5, 6, 7]. We generalize this notion
in the natural way.

Definition 2.2. We say that an element a € F is small with respect to a sub-
family H C F' iff there exists a family U C T such that

aS\/UandaﬂuerorallueU.

Denote the family of all small elements by sm(H). We do not specify T in the
notation sm(H) since T' is always fixed. The family H is said to be compatible
with T, denote by H ~ T, iff it contains all small elements from sm(H).

An element a € F' is said to be join-generated by the family U C T iff
a<(VU)\(UU). An element b € F is said to be meet-generated by the
family V' C T iff V is finite and b < (V) \ (A V). In what follows, we are
going to consider the following families:

(1) G — the family of all join- and meet-generated elements,
(2) i(G) — the family of finite joins of elements of G,
(3) ¢(G) — the family of finite joins of elements of sm(G).

Lemma 2.3. The families i(G) and ¢(G) are ideals.

Proof. Both i(G) and ¢(G) are closed under finite joins. Thus, we have to show
that both families are lower sets.
Consider b € F and a € i(G) with b < a. Then there exists finite A C G

such that a =JA. Thenb=bnNna=bN{JA= U (bNa). Clearly,bNna <a
acA
and, hence, bNa € G holds for every a € A, since a € G and G is a lower set.

Hence, b lies in i(G) as a finite join of elements of G.
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Assume that b € F and a € sm(G) with b < a. Then there exists a family
U C T such that a < \/U and aNwu € G for all u € U. Clearly, it holds that
b<\Uandbnuée G for all u € U, since G is a lower set. We conclude that
sm(G) is a lower set.

Consider b € F and a € ¢(G) with b < a. Then there exists finite A C sm(G)
such that a = JA. Thenb=bna=bNJA= |J (bNa). Clearly,bNa <a

a€A
and, hence, bNa € sm(G) holds for every a € A, since a € sm(G) and sm(G)
is a lower set. Hence, b lies in ¢(G) as a finite join of elements of sm(G). O

Lemma 2.4. The following inclusions hold: G C sm(G), i(G) C ¢(GQ),
i(G) C sm(i(@)) and ¢(G) C sm(c(@)).

Proof. Assume that H C F' is a lower set, a € H and there exists a family
U C T such that a < \/U. Then a € sm(H). Since for every element a € G
there is U € T such that a < \/ U, we conclude that G C sm(G). The other
inclusions are the corollary from the later one. 0

Lemma 2.5. Given U = {uy,us,...,ur} €T and a z-nonempty v € T such
that v < uq, then there exists a z-nonempty w € T that satisfies w < v and one
of the following:

(i) w< AU:

(ii) w Awuy is z-empty for some u; € U.

Proof. Define the decreasing chain V' = { vy, va, ..., v} } as follows:
vy =vand v; =v;_1 Au; fori € {2,3,...,k}.

At least one element of this chain is z-nonempty since v; = v. Put w = v;
where v; is the last z-nonempty element of the chain. Clearly, it holds that
w < v. There are two possibilities: either j < k and then w A u;1; is z-empty,
or j =k and then w < A U. The lemma is proved. 0

Lemma 2.6. Given z € T, a z-nonemptyy € T satisfying y\z < |J A for some
A ={a,a2,...,an } C G, then there exist a z-nonempty w € T and a; € A
such that w <y and wNa; = 0.

Proof. For every a; € A we denote by U; the corresponding family of elements
from T by that a; is join- or meet-generated. We define the covering family as
follows:

Ci={z}UU;UUU...UT,.

It holds that y < \/Ci. By Proposition 2.1, we conclude that v = y A u
is z-nonempty for some u € C;. Without loss of generality, we assume that
v1 < u € Uy. There are two possibilities for a;: either a; is join-generated
and then v; Na; = 0, we put w = v; and the proof is complete, or a; is
meet-generated and then, applying Lemma 2.5 for U; and vy, we obtain a z-
nonempty element wy < v1. If wy < AU;j then wy Naj; = 0; we put w = w;
and the proof is complete. If the other case, we possess the element u; € Uy
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such that wy Aup is z-empty. We repeat the whole process from the beginning.
Define the covering family Cy as follows:

Co={z}U{u }UUUU3U..UU,.

It holds that wy <'\/ C3. Again, by Proposition 2.1, v = w; Au is z-nonempty
for some u € C5. Without loss of generality, we assume that vo < u € Us.
Again, there are two possibilities for as: either as is join-generated and then
w = vy satisfies the conditions of the theorem, or as is meet-generated and we
apply Lemma 2.5 for U; and vy and obtain a z-nonempty element ws < vo. If
it holds that wy < A Uz then w = ws is the one we need. In the other case, we
possess the element us € Uy such that wo A ug is z-empty. We continue in the
same way as above defining the covering family Cj.

Through the process, we obtain the decreasing chain of z-nonempty elements
Yy > vp > wy > v2 > .... If the process stops at some w = v; or w = w;, where
j€{1,...,n}, it means that the proof is complete. Let us consider the other
case. That is, we assume that the process did not stop and we possess the
chain y > wy > wy > -+ > w,. As above, we define the covering family C,,41:

Cpnt1={2}U{u1 }U{u}U---U{up_1}U{uy,}.
It holds that w,, is z-nonempty and w,, < \/ C,41. Hence, by Proposition 2.1,

there exists u € Cj,+1 such that w, Au is z-nonempty. But such u does not exist.
Means the process stopped at some previous step. The proof is complete. [J

Lemma 2.7. For every y,z € T, it holds that y\ z € i(G) iff y < z.

Proof. If y < z then y \ z = 0 € i(G). Let us proof the other implication.

Assume that y\ z # 0. Then there exists the family A; = {a1,a2,...,a, } C
G such that y \ z < [JA;. Applying Lemma 2.6, we obtain a z-nonempty
element wy; < y such that wy Na = 0 for some a € A;. Without loss of
generality, assume that wy Na; = 0. Then from w; \ z < |JA; and infinite
distributivity of F' we imply that

wi\z = (wi\2)N| A1 = | (wi\2)na) = [ J ((w1\2)Na) = (wi\2)N_J Az,
a€Ay acAs

that is wy \ z < |J Az where Ay = {aa,...,a, }. We continue this process and

obtain the decreasing chain of y > wy > -+ > w, of z-nonempty elements. For

the last element w, it holds that w, \ z < 0. Means w,, is z-empty. But an

element cannot be both z-nonempty and z-empty. Hence, our assumption that

y \ z # 0 was false, and we conclude that y \ z € i(G) implies y < z. O

Lemma 2.8. For every y,z € T, it holds that y\ z € ¢(G) iff y < z.

Proof. If y < z then y \ 2 =0 € ¢(G). Let us proof the other implication.
Assume that y\ z # 0. Then there exists the family A = {a1,a2,...,a, } C
sm(G) such that y \ z < [JA. For every a; € A we denote by U; the corre-
sponding family of elements from T (Def. 2.2). We define the covering family
as follows:
Ci={z}UU;UUU...UT,.
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It holds that y < \/C;. By Proposition 2.1, we conclude that v1 = y A uy
is z-nonempty for some u; € C;.Without loss of generality, we assume that
uy € Uy. Consider the following auxiliary families:

D, =U,uU..UU, andAlz{ag,...,an}.

Assume that v; A u is z-empty for all u € D;. Then it follows from infinite
distributivity that v1 N (JA4; < (v1 N\ D1) \ z € G. On the other hand,
viNa; < wuiNa; € G since aq is a small element. Hence, v1\z = v1NJ A4 € i(G).
Applying Lemma 2.7, we conclude that v; < z — a contradiction! Means,
ve = vy Auz = y Auj Aus is z-nonempty for some us € Di. Without loss of
generality assume that ug € Us.

As above, the assumption that vy A u is z-empty for all u € Us U --- U U,
will bring us to the contradiction. Hence, v = vo A ug = y A uy A ug A ug is
z-nonempty for, without loss of generality, some us € Us.

We continue this process till we obtain a z-nonempty v, = uy A -+ A uy,.
Since all a; € A are small elements, we imply that u; Na; € G, for all u; that
form v,,. Hence, it holds that v, \ z € i(G). This is a contradiction with Lemma
2.7, and we conclude that the assumption that y \ z # 0 is false. The proof is
complete. O

Lemma 2.9. Consider a € F and U C T such that a < \/U and aNu € ¢(G)
for all w € U. Then there exist b,c € F such that a =bUc, b € sm(G) and
cNu € sm(G) for allueU.

Proof. Fix uw € U. Since aNu € ¢(G), there exist A = {ay,...,a, } C sm(G)
such that a Nu = |JA. For every a; € A there is V; C T satisfying a; < \/ V;

and a;Nv € G for allv € V;. Write V = |J V;. Then aNu C wand aNu C\/ V.
i=1
Hence, there exists b* € G such that

(aﬂu)\bugu/\\/V: \/(u/\v).
veV
Write ¢; = a; \ 0" and W; ={uAv|veV,}
Consider ¢;. It holds that ciNw € G for all w € Wi. On the other hand,

\/ W; < u. Hence, w \ \/ W; € G holds for all w € Wy. Applying Lemma 2.7,

i=1 1_2
we conclude that w < \/ W; for all w € W;. Thus, ¢; = 0.

We continue this przoczess for all ¢; where i = 2,...,n — 1. At the end, we
will imply that ¢; = -+ = ¢,—1 = 0 and ¢, = (aNw) \ d*. It is clear that
¢n € sm(G). Write c* = ¢,

We do the same steps for each w € U. Write b = J{b* |u €U} and
c=U{c"|ueU}. Then b and c satisfy the necessary properties. The proof
is complete. 1

Lemma 2.10. It holds that ¢(G) is an ideal, sm(c(G)) = ¢(G) and, hence,
c¢(G)~T.
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Proof. We already proved that ¢(G) is an ideal and that ¢(G) C sm(c(G))
(Lemmas 2.3 and 2.4). Let us prove that sm(c¢(GQ)) C ¢(Q).

Consider ¢ € F and U C T such that ¢ < \/U and a Nu € ¢(G) for all
u € U. Applying Lemma 2.9 and since ¢(G) contains finite joins of small
elements, without loss of generality, we can assume that a Nu € sm(G) for all
ueU.

Fix w € U. Then there exists a family V* C T such that aNu < \/ V* and
aNuNu e G for all v € V*. Consider the family W* = {v Au | v € V¥}.
Clearly, \/ W* < u and there exists ¢* € G such that (aNwu)\ ¢* <\ W" and
c" <.

Denote b = J{(eaNu)\ ¢* |uec U} and ¢ = {c* |u € U}. Thena =bUc
and both b and ¢ are small elements. We conclude that a € ¢(G). O

Proposition 2.11. Given an ideal I C F, then the relation = defined as
follows is a preorder on F':

a=biffa\bel.
The relation =~ defined as follows is an equivalence on F':
ar~biffa\bel andb\ac .

Proof. The reflexivity holds for < and ~ since 0 € I. The transitivity for <
and =~ holds since I is closed under finite joins. The symmetry follows from
the definition of ~. O

The relations =< and = considered in the previous proposition are called
the preorder generated by the ideal I and the equivalence generated by the ideal I,
respectively.

Now we are ready to prove the frame embedding modulo compatible ideal
theorem. Briefly speaking, this theorem says that an order embedding of
a frame into a complete Boolean lattice preserving zero is always a frame em-
bedding modulo compatible ideal. The assumption 7" C F' simplifies the nota-
tions but is not essential. We could speak as well about an order embedding
@: T — F preserving zero and consider the image ¢T" C F' instead of T.

Theorem 2.12. Let (T,V, ) be a frame and (F,U,N,*) be a complete Boolean
lattice such that T C F and the inclusion from T into F' is an order embedding
preserving zero. Then I = ¢(G) is the least ideal satisfying the following:

(i) for every U C T there is a € I such that \/ U = (JU) Ua;

(ii) for every v,w € T there is b € I such that v Aw = (vN w) \ b;

(iii) INT = {O}

(iv) for every u,v € T, it holds that u < v iff u < w;

(v) I

Proof. Tt follows from the construction of I that (i) and (ii) hold. The state-
ment (iv) is proved in Lemma 2.8 and applying Lemma 2.8 for all y € T and
z =0 we imply (iii). The statement (v) is proved in Lemma 2.10.
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The least ideal satisfying (i),(ii) and (v) should contain all elements of
sm(G). On the other hand, the least ideal that contains all elements of sm(G)
is ¢(G). Hence, ¢(G) is the least ideal satisfying (i), (ii) and (v). O

Remark 2.13. In Theorem 2.12, if we assume that 7" is not only a frame but
is a complete completely distributive lattice is it then possible to construct the
ideal in such a way that (i), (iii)-(v) hold and (ii) holds for arbitrary subfamilies
of T'? The counterexample for it was introduced in [8].

3. DEFINITION OF GT-SPACE. EXAMPLES

We start with the immediate corollary from Theorem 2.12 that is the moti-
vation for the following definition of generalized topological space.

Corollary 3.1. Let X be a nonempty set. Assume that T C 2% forms a frame
with respect to C and @, X € T. Then there exists the least ideal I C 2% such
that:

(i) for every U C T holds U\ YU € I;

ii) for every V,(W €T holds (VNW)\(VAW)eI;

(i) TNI={o};

(iv) U 2V (Prop. 2.11), i.e. U\V € I, impliesU CV for every U,V € T;

v) U=V (Prop. 2.11), i.e. UAV € I, implies U =V for every U,V € T;

(vi) the ideal I is compatible with T, write I ~ T (Def. 2.2), i.e. AC X
and W C T with A C VU and ANU € 1, for all U € U, imply that
Ael.

Definition 3.2. Let X be a nonempty set. A family T C 2% is called a
generalized topology (or topology modulo ideal) and the pair (X,T) is called
a generalized topological space (gt-space for short, or topological space modulo
ideal) provided that:

(GT1) @, X € T,
(GT2) (T,Q) is a frame.

The elements of X are called points, and the elements of T are called open sets.
We say that Y C X is a neighborhood of a point x iff there is U € T such that
x € U CY. We use the notation T'(x) for the family of all open neighborhoods
of a point x.

An ideal J C 2% satisfying (i)-(v) of Corollary 3.1 is called suitable. In
there is no chance for confusion, we keep the notation I, sometimes with the
appropriate index, to denote the least suitable ideal (the existence of it is proved
in Corollary 3.1). If the ideal is not specified in a definition or construction
then it is always the least suitable ideal.

If there is no specification or index, we use the symbols =< and ~ to denote
the preoder and equivalence, respectively, generated by the least suitable ideal
(Prop. 2.11). We keep the notations V and A for the frame operations of
generalized topology.
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A topological space is a trivial example of gt-space where the least suitable
ideal comnsists only of the empty set. In order to distinguish between topological
spaces and gt-spaces that are not topological spaces, we provide the following
classification.

Definition 3.3. A gt-space is called

(1) crisp gt-space (crisp space for short) iff its least suitable ideal is {@};
(2) proper gt-space iff it is not crisp.

Example 3.4 (Right arrow gt-space). Consider the real line R and the family
of “right arrows”

A={la,b) |a,b e RU{—00,+00} anda <b}.

We say that a subfamily A" C A is well separated iff for all [a,b),[c,d) € A’ it
holds that b < ¢ or d < a. Construct the family T, as follows:

To ={2,R}U {UA/ | A" C A and A’ is well sepamted}.

Clearly Tyq is a complete lattice and it is also easy to see that Ty, is infinitely
distributive (e.g. by Proposition 2.1). Then the pair (R, Tyq) forms a gt-space.
The respective least ideal for this gt-space is the family D of nowhere dense
subsets of the real line. Let us prove that.

Consider a mnowhere dense subset A C R and the open subset
U=\V{VeTl,|VNA=2}. Fiz a point a € A and assume that a ¢ U.
Assume that we could find the closest “right arrow” on the right from the point
a, that is there exists b = min{r € U |r>a}. Then there is an interval
(¢,d) C (a,b) such that (c,d) N A = @, since A is nowhere dense, and, hence,
there is a non-empty open V C (c,d) with VN A = &. The latter means that
V' C U but this is a contradiction and we conclude that such minimal point b
does not exist.

Then the part of U lying on the right from the point a is a union of a well
separated subfamily of “right arrows”. This and the fact that A is nowhere
dense imply that there exists an interval (c,d) such that a < ¢, (¢,d)NU = @
and (¢,d) N A = @. Hence, there is a non-empty open V C (¢,d) with VNU =
& and VN A = @. The latter is a contradiction and we conclude that our
assumption that a ¢ U is false.

Thus, we proved that A C U. This means that U = R and, hence, A belongs
to the least suitable ideal as a join-generated subset of R.

Example 3.5. Consider the family TS = {UNQ | U € Tyq } where Ty, is a
generalized topology from the previous example. Then (Q,T2) is also a gt-
space.

Example 3.6. Let (X, T) be a topological space. The family of all reqular open
subsets of X is denoted by R(T). It is known [2] that R(T) forms a frame with
respect to C. Clearly, @,X € R(T). Hence, (X, R(T)) is a gt-space.
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Example 3.7. Let T be a usual topology on R?. Consider the following family
T={R*\U|U€RT)}.

Then (X,7) is a gt-space. Briefly speaking, this is a generalized topology
consisting of “2-dimensional figures without 1-dimensional protuberances and
cracks”.

Example 3.8. Let X be a nonempty set X and S C 2%X. Assume that S
separates the elements of X, is a complete, completely distributive lattice with
respect to C, contains @ and X, arbitrary meets coincide with intersections,
and finite joins with unions. Then (X,S) is called a texture [1].

A ditopology [1] on a texture (X,S) is a pair (1,k) of subsets of S, where
the set of open sets 7 and the set of closed sets k satisfy the following:

(1) S, €T, (4) S, o € &,
(2) G1,Gy € T implies Gi NGy € 7, (5) K1, K5 € k implies K1 U Ks € K,
(3) S C 7 implies \/ G € T, (6) X C k implies X € k.

Let (1, k) be a ditopology on a texture (X,S). Then (X, T) forms a gt-space.

4. CLOSED SETS. INTERIOR AND CLOSURE OPERATORS

The concept of gt-space makes it possible to preserve the classical definition
for closed sets. Nevertheless, it would be interesting to consider the notion of
“closed subset modulo ideal” in the further research.

Definition 4.1. Let (X,T') be a gt-space. A subset Y C X is called closed iff
Y =X\U for some U €T.

Proposition 4.2. Let (X,T) be a gt-space. The family of all closed subsets of
X is a complete lattice where the join and meet operations are the following:

VA=X\A\{X\A4]AecA}
and
NA=X\\/{X\4]Aec A}

where A is a family of closed subsets of X.
Proof. The proof is an easy exercise since T is a complete lattice. 0

Proposition 4.3. Let (X,T) be a gt-space. For all closed subsets A, B C X,
it holds that A < B iff A C B.

Proof. Consider closed subsets A, B C X such that A < B. Then X \ A and
X \ B are open, and it holds that X \ B <= X \ A. The latter implies that
X\ BCX\A, and, hence, A C B. O

We use the set operator ¢ [3] and the local function * [5] as interior and
closure operators in gt-spaces. Note that these operators would not make so
much topological sense in our framework if the ideal would not be compatible
with a gt-topology (Def. 3.1). Indeed, to prove that )(A) <= A < A* holds for
all A C X in a gt-space (X,T') we need the ideal I to be compatible with 7.
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Definition 4.4. Let (X,T) be a gt-space. The operators *: 2% — 2% and
1 2% — 2% are defined as follows, for all A C X:

P(A) ={z € X | exists U € T'(x) such that U < A},
A*={ze X | forall U € T(x) it holds that ANU ¢ I}.

The operator 1 is called the interior operator (interior operator modulo ideal)
and * is called the closure operator (closure operator modulo ideal).

Theorem 4.5. In a gt-space (X,T), the following hold for every A,B C X:
(1) 1/)(A) =\V{UCX|U=A,U is open}, and
= N{BC X | A=B, B is closed} (Def. 4.1);
( ) =X\ (X\A)";
is open iff A=1(A), and A is closed iff A= A*;
(X)=X and o* = ;
(A) R A=< A*;
((A)) = ¥(4) and (B*)* = B*;
(AN B) =¢(A) Ap(B) and (AU B)* = A* v B*.

(i) ¥

(i) A
(iv) o
v) ¢
(vi) o
) ¥

(vii

Proof. The statement (i) is a straight corollary from the definition of the in-
terior and closure operators. Let us prove (ii). Consider a subset A C X.
A point z € X belongs to ¥(A) if there exists U € T'(z) such that U < A,
that is U N (X \ A) € I. The latter means that x ¢ (X \ A)* and, hence,
x € X\ (X \ A)*. Then it follows that (A) C X \ (X \ A)*.

Assume that x € X \ (X \ A)*, that is ¢ (X \ A)*. Then there exists
V € T(x) such that VN (X \ A) € I. Hence, V < A and we conclude that
x € ¥(A). The proof is complete.

For (iii)-(vii), we provide the proofs only for the interior operator. The
proofs for the closure operator could be done in the similar way.

Let us prove (iii). If A is open then A < A, and U < A implies U C A for
all open U. Hence, A = ¢(A). On the other hand, if A =¥ (A) then A is the
join of all such open U that U < A, that is A is open.

The statement (iv) is obvious. To prove (v), it is enough to remember that
I ~T. The property (vi) is a straight corollary from (iii).

To prove (vii), let us consider the following chain of implications: U C
YANB)ITU = ANBifU = Aand A < Biff U C ¢(4) Ny(B) iff
U C ¢(A) Ap(B). The proof is complete. O

5. GENERALIZED CONTINUOUS (G-CONTINUOUS) MAPPINGS

We generalize the notion of continuous mapping in a natural way. Like in
the previous section, note that the proof of the essential Theorem 5.2 is not
possible without the ideal being compatible with a gt-topology (Def. 3.1).

Definition 5.1. Let (X, Tx) and (Y, Ty) be gt-spaces. A mapping f: X — Y
is called a generalized continuous mapping (or g-continuous mapping for short)
provided that there exists a frame homomorphism h: Ty — Tx such that
h(U) =~ f~1(U) holds for every U € Ty-.
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The g-continuous mapping f is called a generalized homeomorphism
(or g-homeomorphism for short) iff f is a bijection and f~! is g-continuous.

Theorem 5.2. Given gt-spaces (X,Tx) and (Y,Ty), and a g-continuous map-
ping f: X — Y, then the following hold:

(i) the corresponding frame homomorphism h: Ty — Tx is unique;
(ii) f~Y(B) € Ix holds for all B € Iy.

Proof. Assume that there exists a frame homomorphism g: 7y — T’x such that
g(U) =~ f~Y(U) for every U € Ty. Then h(U) = g(U) for every U € Ty. Since
h(U) € Tx and ¢g(U) € Tk, it follows from Corollary 3.1 that h(U) = g(U) for
all U € Ty. Hence, h = g, and we proved (i).

Assume that B C Y is join-generated. Then there exists a family V C Ty
such that B C (\/V)\ (V). Denote by A the preimage of B:

a=r@ et (V) U o

vev

Divide A in three subsets and prove that they belong to the ideal Ix:
(1) A\h(V V)€ Ix holds since h(\/ V)=~ f~L(\/V);
(2) (Anh(VV))\ U h(V) e Ix holds
€v

since h (\/ V) = :\e/vh(v) and h(VV)\ U h(V) € Ix;

vev
(3) An J h(V) € Ix holds
vev
since ANA(V) Ch(V)\ f71(V) € Ix, forall V €V, and Ix ~ Tx.
In a similar way, we prove that the preimage of every meet-generated subset of
Y lies in the ideal Ix.

Now, consider a subset B C Y and a family V C Ty satisfying the following:
for all V€ 'V, it holds that BNV is a join- or meet-generated subset of Y.
Denote by A = f~1(B). As above, divide A4 in three subsets and prove that
they belong to the ideal Ix:

(4) A\h(VV)eIx and (Aﬂh(\/V))\Vth(V)EIX as above;
(5) An |J h(V) € Ix holds

Vev
since ANW(V) = ANf Y V)= fYBnV)e€lx, forall V€V, and
Ix ~Tx.
The rest of the proof is obvious. O

Proposition 5.3. Given gt-spaces (X,Tx), (Y,Ty) and (Z,Tz) and
g-continuous mappings f: X — Y and g: Y — Z, then the composition
go f: X — Z is also a g-continuous mapping.

Proof. Denote by hy and hg the corresponding frame homomorphisms for f
and g, respectively. It is known that the composition of frame homomorphisms
is also a frame homomorphism. Hence, hy o hy is a frame homomorphism. We
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have to show that f=! (g7'(V)) = hy(hyg(V)) holds for all V € Ty. The
latter holds, since f~!(B) € Ix for all B € Iy. O

The next proposition makes it easier to check if a mapping is g-continuous
in some particular cases. We will use it when proving Theorem 6.5 (Urysohn
Lemma for gt-spaces).

Definition 5.4. Let (X,T) be a gt-space. A family B C T is called a base
for T provided that for every open set U there exists a subfamily By C B such
that U = \/ ‘Bo.

Proposition 5.5. Let (X,Tx) and (Y,Ty) be gt-spaces, B C Ty be a base,
and f: X —Y be a mapping. Assume that

(1) f~YB) € Ix holds for all B € Iy,

(2) for every V € B there is V' € Tx such that V' =~ f~1(V) C V.

Then f is a g-continuous mapping.

Proof. Define a mapping ho: B — Tx such that ho(V) ~ f=1(V) C ho(V),
for all V' € B. Such a mapping exists under our assumption, and is unique
since (X, T ) is a gt-space. Take an open subset U C Y, and consider a family
V C B such that U = \/V. Then

o= (V) =t (UY) = U e U oy = o).
vev

vev vev

Denote A = U ho(V)\ U fY(V). Then A C '\ ho(V) and
Vev Vev vev
ANho(V) €Ix, for all V € V. Since Ix ~ Tx, we conclude that A € Ix.

Hence,
FHU) =\ ho(V).
vev
Consider V1,Vs C B such that U = \/ V; =/ V5. Then, according to the latter
observation, it holds that

FHU)y =\ ho() = \/ ho(Va).
vev vev

Since both joins \/ ho(V1) and \/ ho(V2) are open in Tx, we conclude that
vev vev
they are equal. Define the mapping h: Ty — Tx as follows, U € Ty:

hU) = ho(U), if U € B;

hU) =\ ho(V),if \/V=U ¢ BandVCB.
vev
Then h(U) ~ f~}(U) holds for all U € Ty. Note that h preserves arbitrary
joins of the elements of V. Let us prove that h preserves arbitrary joins of
arbitrary open subsets of Y. Consider U C Ty and a family V C B satisfying
VU =\YV. We have to show that

\/ n(O) :h(\/u).

Uclu
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It holds that \/ h(U)~ | h(U), and it follows from the assumption (1) and
Ueu veu
the construction of h that

U o= (Uu) =~ (Vu)~n(Vu) =

Uvelu

- h(\/v) = f1 (\/v) ~ [ (Uv) ~ o).
vev
Hence, to complete the proof, it is enough to show that the subsets A, B C X

defined as follows are elements of the ideal Ix:

A=Jno)\ J iy and B=J )\ J ).
Ueu Ueu vev Ueu
The subset A lies in the ideal, since Ix ~ Tx. Under our assumption, for every
V € V there is U € U such that V' C U. Then, for every such V and U, it
holds that f~1(V) C h(V) C h(U). Thus, |J f~4(V) € U h(U), that is
Vev Uelu

B =@ € Ix. The proof is complete. O

In the following example we show that for given gt-spaces (X,Tx) and
(Y,Ty) and a frame homomorphism h: Ty — Tx it is possible that there does
not exist a g-continuous mapping f: X — Y such that h is its corresponding
frame homomorphism.

Example 5.6. Consider the gt-spaces (R, T,..) and (Q, Tyq) (Examples 3.4 and
3.5). Assume that there exists a g-continuous mapping of the given gt-spaces
f: R — Q such that the corresponding frame homomorphism is the identity
mapping id: Trq — Trq.

We mentioned already that the least suitable ideal of the gt-space (R, T,,) is
the family D of nowhere dense subsets of R. Since f is a g-continuous mapping,
it follows that UAf=*(U) € D for every U € Ty,. Hence, [UAFf™1(U)| <N
holds for every U € T,,.

Assume that |f~(q)] < No for every ¢ € Q. Then Ro > |f~'Q| # |R|.
The later inequality is a contradiction, and we conclude that there exists ¢ € Q
such that |~ (q)] > Ro. Denote U, = [g, +00).

Since [U,Af~H(U),| < No, we imply that (U, N f~HU)y| > Ro. Then
there exists p € Q such that |[p,+o00) N f~1(q)| > Ng. Then it follows that
|[p, +00)Af~1[p, +00)| > Vo, and we conclude that f is not a g-continuous
mapping.

6. SEPARATION AXIOMS

In this section, we consider T separation axiom and normal spaces. We use
the notation I for the real number interval [0,1] with the usual topology of
open intervals.

Definition 6.1. The gt-space (X,T) is said to be Ty iff for every z,y € X
there is U € T such that x € U and y ¢ U.
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Proposition 6.2. Given a Ty gt-space (X,T) and x € T, then one and only
one of the following holds: {x} € I or {x} is closed.

Proof. Consider the set A = {|JU eT |2 ¢ U} = X\ {x}. There are two
possibilities: A is open or A is not open. Assume that A is open. Then { x } is
closed and it cannot be that {z } € I, since it is impossible that X and A are
both open, X # A and X ~ A.

Assume that {x } € I. Then it is impossible that A is open, since it cannot
be that X and A are both open, X # A and X ~ A. Hence, {x} is not
closed. (]

In the following example we show that the property of T gt-space from the
previous proposition is necessary but not sufficient for 7.

Example 6.3. Let X ={0}U][1,2). Consider a family
A={{0}U[1,b)|be(1,2)}U{(a,b)|a,be(1,2) anda <Db}.

Define T as a family consisting of empty set, the elements of A and such
disjoint units of elements of A that, for every U € T and b € (1,2), it holds
that (1,b) C U implies {0,1} C U. Then (X,T) is a gt-space and the least
sugtable ideal is I = {{@},{0},{1},{0,1}}.

For every point x € (1,2), it holds that {xz} is a closed set, since {0} U
[1,2)U(z,2) € T. On the other hand, {x } is not an element of the ideal. The
sets {0} and {1} are elements of the ideal and are not closed sets.

This gt-space is not Ty since we cannot separate 0 and 1.

Definition 6.4. A gt-space (X,T) is called normal iff for every disjoint
nonempty closed A, B C X there exist U,V € T such that A C U, B CV
and UANV = 2.

Theorem 6.5 (Urysohn’s Lemma for gt-spaces). Let (X,T) be a normal
gt-space and A, B C X be disjoint nonempty closed subsets. Assume that
finite meets of open subsets coincide with intersections. Then there exists
a g-continuous mapping f: X — I such that f(A) =0 and f(B) = 1.

Proof. Let us organize the rational numbers from I into a sequence rg, 71,72, . . .

where 7o = 0 and r; = 1. For every rational number r, we are going to define

an open subset W, such that the following is satisfied for every index k:

(6.1) Wy CW,, forr; <rjandi,j<k.

Consider disjoint nonempty closed subsets A, B C X. Since X is normal, there

exist U,V € T such that AC U, BCV and U AV = @&. Denote
Wo=U and W; = X \ B.

Then Wy = X\ V = (X \V)* C W;. By Theorem 4.5, we conclude that
Wi C Wy, and, hence, ( 6.1) is satisfied for k = 1.

Assume that the open subsets W, satisfying ( 6.1) are already constructed
for all i <n > 1. Denote by

rp =max{r; | i <nand r; < rpy1} andr,= min{r; | i <n and r,41 <7}
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It holds that r; < r,,, and, hence, wy < W, . Since X is normal, there
exist open U,V such that W C U, X\ W, CV,and UAV = @. Then
U=<X\V=X\V)CW,, ,and U* C W, . Denote W,,11 = U. By the
finite induction, we obtained the sequence W, ,, W,,,W,,,... satisfying (6.1)
for all indexes k, and

(6.2) AC Wy and BC X\ Wy

We define the function f: X — I as follows:

flz) = {ilnf{r | z e W, }, %fx € Wy,

) if x e X\ Wh.
Consider € X and a,b € I. Tt holds that f(z) < b iff there is a rational
number 7 < b such that € W,.. Hence, f~1 ([0,b)) = J{W, | r < b}. It holds
that f(z) > a iff there are rational numbers r and r’ such that ¢ < r <7’ and
x ¢ W,s. Then it follows from (6.1) that x ¢ W* C W,, and f~'((a,1]) =
X\ W} | r > a}. For every a < b, define the corresponding open subset of
X as follows:

Uasp = (\/{X\W:|r>a})/\(\/{Wr|r<b}).

Then, under the assumption of the current theorem, the following holds for all
intervals (a, b), which form a base for the topology of I:

S e = (U ws fr>ap ) o (Utwe [ r < o})
C (\/{X\W: |T>a})ﬂ(\/{Wr|r<b}) Uy €T

and
Uap \ 7 ((a,0)) € Ix.
Since I is a crisp space (Def. 3.3), it holds that f~1I; = f~1{@} C Ix. Then,

by Proposition 5.5, the mapping f is g-continuous. Finally, it follows from (6.2)
that f(A4) =0 and f(B) = 1. O

7. NORMALIZED SPACES. CARDINAL INVARIANTS

We introduce the notion of normalized gt-space. We exploit it as an auxiliary
tool to prove some results in this section.

Definition 7.1. Let (X, T) be a gt-space. The operator V: T — 2% is called
the normalization operator provided that, for every U € T

UN={zcU|UANV #£@forall V € T(x)}.
The family TV = {UY | U € T} is called the normalization of T.
Proposition 7.2. Given a gt-space (X,T), then the following hold:

(i) TV is a frame, isomorphic to T;
(i) (X,TN) is a gt-space.

And the following conditions are equivalent:
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(iii) T =TN;
(iv) UNV =@ ifUNV =@ for allU,V €T.
Definition 7.3. A gt-space (X, T) is called normalized iff T = T".

Cardinal invariant is a function associating a cardinal number to each space
and taking the same value on homeomorphic spaces.

Definition 7.4. Let (X,T) be a gt-space and B C T be a base (Def. 5.4).
The smallest cardinal number of the form |B|, where B is a base, is called the
weight of the given space and is denoted by w(X,T), w(X), or w(T).

Definition 7.5. Let (X, T) be a gt-space. A family N C 2% is called a network
for T provided that for every open set U there exists a subfamily Ny C N and
A € I such that U = AU (|JNg). The smallest cardinal number of the form
|N|, where N is a network, is called the network weight of the given space and
is denoted by nw(X,T), nw(X), or nw(T).

The statement of the following theorem is the immediate corollary from the
fact that every base is a network.

Theorem 7.6. In a gt-space (X,T), it holds that nw(T) < w(T).

Theorem 7.7. Let (X,T) be a gt-space. Assume that nw(T) < m. Then
for every family W of of open sets there exists a subfamily Ug C U such that
[Uo| <m and \ Uy =V U.

Proof. Fix a network N with |[N|] < m. Consider a subfamily Ny C N with the
following property: M € Ny iff there exists U € U satisfying M C U. Clearly,
it holds that |[No| < m and for every U € U holds U \ (UNoy) € I.

Consider a mapping ¢: No — U such that M C ¢(M), for every M € N.
Denote Uy = ¢Ng. Then it holds that |Uy| < [No| < m and [Ny C \/ Up.

Take U € U. Since U \ (|UNp) lies in the ideal, it holds that U \ (\/ Up)
also lies in the ideal, and, hence, U C \/Uy. Thus, we proved the inclusion
VU C VUp. The converse inclusion is obvious. The proof is complete. O

Definition 7.8. Let (7, X) be a gt-space. A family € C T is called a cover of
X iff V€ = X. A subfamily Gy C C is called a subcover iff it is a cover.

The smallest cardinal number m such that, for every cover C there exists
a subcover Cp satisfying |Co| < m is called the Lindeldf number of the given
space and is denoted as [(X,T), I(X), or I(T).

The following result is the immediate corollary from Theorem 7.7.
Theorem 7.9. In a gt-spaced (X, T), it holds that I(T) < nw(T).

Lemma 7.10. In a normalized gt-space (X, T), for every W C T and every
V €T that satisfies VN (\/U) # & there exists a nonempty open W C 'V such
that W C JU.

Proof. Under the assumption, VN (\/ U) # & implies that Wy =V A(VU) is
nonempty. Then there exists U € U such that Wy A U # &, since Wy C \/ U.
Put W = Wy AU. Tt holds that W C U C [JU. The proof is complete. O
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Lemma 7.11. In a normalized gt-space (X, T), for every finite family W C T
and every V € T that satisfies V N Uy # @ for some Uy from U there exists a
nonempty open W C V' such that the intersection of W and ((YU)\ (AUWU) is
empty.

Proof. Put W ={Uy,Us,...,Ur },and A= (U)\ (AU).
(1) VNU; # @ implies W7 =V A U; is nonempty.
If WyN A= then put W = W;.
(2) If W1 N A # & then Wy = Wy A Us is nonempty.
If WonN A= then put W = Ws.

(k) If Wi_1 N A # & then W, = Wy_1 A Uy is nonempty.
If the process stops at some W = W,, where 1 < i < k — 1, then the proof

is complete. Otherwise, we obtain a nonempty W = W), and then W C A U.
Hence, W N A = @. The proof is complete. O

Proposition 7.12. In a normalized gt-space (X, T), for every nonempty V€T
and every A € I the inclusion A CV implies that there exists a nonempty open
W CV such that WNA=g.

Proof. Apply Lemma 7.10 and Lemma 7.11 to verify that for every V € T and
A=A 1UAU---UA, €I, where every A; is join- or meet-generated, the
inclusion A C V implies that there exists a nonempty open W C V such that
W N Ay = @. The remainder of the proof is obvious. O

Definition 7.13. Let (X,T) a gt-spaces. A subset A C X is called dense if
A* = X (Def. 4.4). The smallest cardinal number of the form |A|, where A is

a dense subset of X, is called the density of the given gt-space and is denoted
by d(X,T), d(X), or d(T).

Proposition 7.14. In a normalized gt-space (X, T), it holds d(T) < nw(T).

Proof. Let N be a network for X satisfying nw(T) = |N|. Fixing an arbitrary
point in every set from N, we construct the set A. Then it holds that |A| <
IN] = nw(T). On the other hand, for every x € X and every V € T'(z), if
V' N A € I then, by Proposition 7.12, there exists an open subset W such that
W NA = @. But the latter equality is impossible, since A has a nonempty
intersection with every member of the network. Therefore, we conclude that A
is dense, and hence d(X) < |A] < |N| = nw(T). The proof is complete. O

Definition 7.15. In a gt-space (X, T'), the least cardinal number m such that
|8| < m holds for every family of nonempty open subsets 8 with the property
that UAV = @ holds for all U, V' € § is called the Suslin number and is denoted
by ¢(X,T), ¢(X), or ¢(T).

Proposition 7.16. In a normalized gt-pace (X, T), it holds that ¢(T) < d(T).

Proof. Consider A C X such that |A| = d(T'), and a family of nonempty open
subsets 8§ with the property that U AV = @ holds for all U,V € 8. Assume
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that |A| < |§|. Then there exists a nonempty U € 8§ such that ANU = @.
The latter statement is a contradiction, since A is dense. Hence, we conclude
that |8] < |A], and this holds for all § C T with the mentioned property. Then
o(T) < d(T). O

Proposition 7.17. Let (X,T) be a gt-space and (X,T) be its normalization
(Def. 7.1). Then the following hold:

(i) e(T) = e(T);
(i) d(T) = d(T);
(iit) nw(T) = nw(T);
(iv) w(T) = w(T);
(v) U(T) = UT)
Proof. We omit the proof, since it is a long but rather easy exercise. O

The following result is the natural corollary from Propositions 7.14, 7.16,
and 7.17.

Theorem 7.18. In a gt-space (X, T), it holds ¢(T) < d(T) < nw(T).
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