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ABSTRACT

The theory of random Borel sets as presented in part I of this paper
is developed further. Special attention is payed to the reconstruction
of the topology of the underlying space from our presentation of the
measure algebra, to an analysis of capacities in context of random Borel
sets, to inspection processes on the unit segment and to the Markov
process of random allocation.
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1. INTRODUCTION

We present four topics from the theory of random Borel sets as laid out in
the first part of this paper:

1. Tt is well known [5, thm.13.1] that the topology of a Polish space can
be modified such that an arbitrarily prescribed Borel subset is turned into a
closed and open subset without modifying the Borel algebra as a whole, and
in consequence it is not possible to characterize open subsets or closed subsets
in the standard Borel algebra by invariant properties. In spite of this defi-
ciency, we are going to demonstrate in section 2 that our “dyadic” algebra Y
[2, §5] provides us with a special representation of the standard Borel algebra
that easily distinguishes open sets from general Borel sets. This discrepancy
should not come as a surprise, because Y has built in G-invariance [2, §3] but
fails the invariance under the larger group consisting of all measure preserv-
ing homeomorphisms [2, §9], characteristic for the standard measure algebra.
Evidently, ¥ has a more rigid structure, and the isomorphism [2, §6] forgets
certain properties.
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2. In section 3 we investigate the possibility to apply Choquet capacities in
context of random Borel sets in a manner similar to the closed case. This turns
out to be infeasible. However, a simple description of random Borel sets in
terms of stochastic processes can be given, leading to an elegant and abstract
characterization. For practical and numerical purposes the “dyadic algebra” is
superior, as will be seen for instance in section 5.

3. In [8] Straka and Stepan used inspection processes to deal with random
Borel sets on the unit segment, but they seem to have overlooked the fact that
not every inspection process corresponds to a random set. The problem will
be dealt with in section 4.

4. The combinatorial concept of random allocation describes the proba-
bilistic allotment of objects to certain places and the observation of the time
evolution of their distribution [6]. In each round one may allocate a single
object, or a fixed finite number of objects, or an infinite set. An example for
the second case consists of the numbered lots drawn in each round in a lottery
drawing, where one may observe which numbers appeared at least once after r
rounds. Thus in the i-th run we select a finite random set B; consisting of the
numbers drawn, and observe the growth of the accumulated set C,. := U:Zl B;
over the Markov time r. If the lottery is fair, the random variable B; assumes
each set containing the correct number of elements with equal probability. In
more general examples, one may relax the assumption that the sets B; have a
predetermined size but still require all sets of the same size to have the same
probability.

We may play the same game using infinite sets for B;, in our case Borel sets.
Having equal probability for all sets of the same measure would require location
independence of the distribution of B;, but we know from [2, §9] that the best
we can achieve is G o-invariance. In section 5 we compute expected value and
second moment of the size of the accumulated sets C) in a numerically feasible
way.

This paper uses the same terms and notations as part I; in particular X de-
notes a compact metric space carrying a non atomic measure p with Supp(u) =
X; Y () denotes the Borel algebra of p-measurable sets, identifying two sets if
they differ only in a 0-set. Y denotes the “coordinate representation” of Y ()
introduced in [2, §5].

2. RECONSTRUCTION OF THE TOPOLOGY

The isomorphism between the algebras Y and Y (u) was proved using reso-
lutions of either of two species, labelled type I and type II [2, Def.4.4], and it
was already observed that the type I resolutions establish a close link between
measure and topology. This is illustrated by the following proposition:

Proposition 2.1. If a type I resolution is used for the isomorphism theorem
[2, Thm.6.1], then:

i) The Borel set corresponding to a sequence (Tnm) can be chosen as open if
and only if Tpm = SUpys, 2" VH# {k 2N= <k < 2N gk = 1} for
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all n,m.

ii) The Borel set corresponding to a sequence (Tnm) can be chosen as closed
if and only if Tppm = infy>, 27N #{k 2V 7m <k < 2V gn > 0} for
all n,m.

i) A Borel set is Jordan measurable (i.e. its boundary is a 0-set [3, Ch.3]) if
and only if it satisfies both (i) and (ii).

Proof. To prove (i) let us assume x,,,, = supys, 2" V# {k N < k<
oN=nH e = 1} for all n,m and set B,, := (Um:x”m:l Anm)o. We observe
Bn41 2 B, because Tpm = 1 = Zni12m = Tpti2m+1 = 1 and consider
the open set B :=J,, B,. Therefore p (Apy, N B) = imy oo pt (Apm N By) =
limy 00 Zk:zNK:1,2N*"Lm§k<2N*"+1m 2 (ANK) =limy_oo 2_N# {k crNk =1,
IN=mm < k< ZN_"+1m} = 2%y, hence the sequence (Z,,,,) corresponds to
the open set B under our isomorphism theorem (if necessary we replace p by
S1).

Conversely, if B is open we can use inner regularity to find a compact subset
K C A, N B whose measure is as close to that of A,,, N B as we please and
then choose N > n such that maxy diam Ay is a Lebesgue number for the
open covering consisting of B and CK. The limit condition follows.

(ii) is dual to (i) and does not require separate proof. Sufficiency of (iii)
follows from (i) and (ii). It remains to establish necessity, so let us consider
a sequence (ZTnm,) satisfying both (i) and (ii). We construct the sets C, =
(Um:xnmzo Anm)o and C := |J,, Cy, and just like above we see that C'is an open
set representing the complement of B, i.e. u (BACC) = 0. But by construction
BN C = @ and therefore 9B C [ (B U C) = BALC must be a 0-set. O

Remark 2.2. This means that (z,,,) represents an open set if and only if
limpy_yeo 27N ZQNﬂLmS,KQanmeNk = 0 for each n,m and a closed set if
O<zni<l
and only if limy o0 27 Y oN-npm<peaN-nt1,, (1 —xn) = 0 for each n, m.
0<zNkp<l

Corollary 2.3. If the measures vy in [2, Thm.7.1] satisfy vy <8I2N) =0 (e.g.
[2, Ex.7.4] and [2, Ex.7.5]), then open sets and closed set have probability 0. In

contrast, the “Sierpinski” example [2, §10] corresponds to Jordan measurable
sets.

Corollary 2.4. For any 0 <19 < 1 the exists a dense subset of X with empty
interior and measure arbitrarily close to .

Proof. We claim that the Borel A set corresponding to the element

(Tnm)o<meon nen, € Y With n, = o for all m,n has the required prop-
< : N

dup as we
pg WM

erties. Its measure can be assumed as close to ¥ = xg9 = f
A

please (cf. [2, Thm.6.1]). If the element (27,,,)o<,<on nen, € ¥ Tepresents a
closed set A’ containing A, then ), > xpy > 0 for all m,n, and remark 2.2
implies 0 = lmy o0 2" Y on—nmcpeon—nity, (1 —2y) = 1 — ), for all
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m,n, in particular y(A’) = 1 since x), = 1. Hence CA’ is an open subset
of X with measure 0, and since Supp(u) = X we must have A’ = X, ie.
A is dense. Similarly, if the element (x’,{m)ogm <onnen, € Y Tepresents an
open subset A” contained in A, then z!/ = < x,, < 1 and remark 2.2 implies
0 = MmN 00 2" N Y 0N cnm<chcon—ntim Thp = T, in particular p(A”) =0
since z{J, = 0. Since A” is open it must be empty and A has empty interior. [

3. THE CAPACITY PROBLEM

Our construction of probability measures for random Borel sets [2, Thm.7.1]
requires resolutions and thus utilizes a particular “coordinate representation”
of the standard Borel algebra. In contrast, random closed sets can be defined
by capacities in a coordinate independent way. A coordinate free presentation
can be given in the Borel setting too, but rather different from the closed case.
We start by preparing some tools.

3.1. Finite partitions.
Definition 3.1. A finite partition B = { B, ... B} of X is a finite set of Borel
subsets B; C X such that
(1) Yi:u(B;) >0
(2) Vi#j:u(B;NB;)=0
(3) 2 m(Bi) =1
We set mesh B := max; diam B;.

We observe that the mesh of a partition is defined by metric properties, not
by set theoretic ones.

Proposition 3.2. For any two Borel subsets A, B C X and each ¢ > 0 there
exists § > 0 such that for each finite partition C = {Cy,...Cn} of X with
meshC < 0

(3.1) W(ANB) _Z“(AﬁiizgigBﬁCi) <

Proof. For every finite partition C of X we define an orthogonal projection
operator T¢ in the Hilbert space £2(u) by

A short calculation shows that T¢ is the orthogonal projection onto the finite
dimensional subspace spanned by the indicator functions x¢;.

Now suppose € > 0 and a continuous function f are given; we choose § > 0
such that d(z,y) < 0 = d(f(x), f(y)) < &, observing that f must be uni-
formly continuous by compactness of X. Then for meshC < ¢ we must have
|Tc fx — fx| < e uniformly and therefore ||T¢ f — fl|, < e.

Now, finally, suppose A and B are given and choose continuous function f, g
such that ||[xa — f||, < € and ||[xp — g||; < &; then using the case above pick
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d > 0 such that |[Tcf — f|l, < € and [|[Teg — g, < € for meshC < 6. Ob-
serving [|Te|| < 1 we obtain [[Texa — xall, < 1Te (xa — Hlly + ITef — fll, +
If=xally < lixa—flly + 1Tcf = flly + [If —xall, £ 3¢ and similarly
[Texs — xBlly < 3. Now [(xa, xB) — (Texa, Texs)| < [(xa — Texa, xs)| +
[(Texa, xB —Texn)| < llxa — Texallz Ixslla + 1Texallz Ixs — Texs|ly < 6e.
Since {xa,xB) = u(ANDB) and (Texa,Texs) = Z% condi-

tion (3.1) follows. O

Corollary 3.3. For every Borel subset A C X and each € > 0 there exists
0 > 0 such that for each finite partition B ={B1,...B,} with meshB < §

(3.3) ogu(A)—Z“(L;i)Qq

Proof. Y, MAGB — 5 11(B;) (“%B) <Y (B) MAREL =S n(ANBy) =

1(A).
The rest follows from an application of proposition 3.2 to the case A = B. [

Observe that

(3.4) My:= () {A

B:mesh B<§

z% zu<A>—e} C Y ()

is an event because the uncountable intersection may be replaced by an inter-
section over a dense countable family of finite partitions without affecting the
result. Our proposition states Ve > 0:J,, M.1 =Y (u).

3.2. Generating systems of the Borel algebra. The following proposition
clearly distinguishes random Borel sets from their closed counterpart, because

in the closed setting the subsets of the form Yp = {A C X‘A NB# @} gen-

erate the Borel algebra and thus pave the way for capacities:
Proposition 3.4. The o-algebra generated by the subsets
(3.5) Yp = {AQX‘;L(AOB)>O} CY ()

with B ranging over all Borel subsets of X is strictly smaller than the Borel alge-
bra on'Y (u); for instance it does not contain the event M := {A - X’M(A) > %}

Proof. Suppose the contrary. Then by [4, Ch.I,§5,Thm.D] there exists a se-
quence of Borel sets B,, such that M is contained in the o-algebra § generated
by the countably family of events Yp,. Consider A’ € M, ie. A’ C X with
w(A) > % Clearly § cannot distinguish A’ from any other subset A” such
that for all n: p (A’ N B,) >0« u(A” N B,) > 0; hence any such subset must

be contained in M and therefore should satisfy y (A”) > 1.
Set I' := {n‘u (A'NB,) > 0} C N. Using the intermediate value theorem

for non atomic measures we can find a subset C,, C A’NB,, for each n € T, such
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that 0 < p(Cy) < 27”72 and then in particular y (U, cr Cn) < 3 and thus
A" = Uper Cn € A" with p(A”) < %. For n € I' we have A” N B,, O C,, and
therefore y1 (A” N B,,) > 0, while for n € N\T we obtain A”NB,, C A’NB,, and
w (A’ N B,) = 0. From the above we conclude A” € M, a contradiction. O

Proposition 3.5. The Borel algebra on Y (1) is generated by the events
(3.6) Yip = {Ag X‘H(AHB) <t} C Y (k)

with B ranging over all Borel subsets of X and 0 < t < 1. Actually it is
sufficient to restrict B to a dense subset of Y (1) (such as all open or all compact
subsets of X ) and t to a dense subset of 10, 1].

Proof. Define metric d on Y () by d(A,B) := max(u(A\ B),u(B\ A)).
Since %u (AAB) < d(A,B) < u(AAB) this generates the customary topol-
ogy. Since p(B\ A) = pu(B) — p(BNA) we obtain p(B\ 4) < ¢ & Vo >
uw(B)—e: p(ANB) < 4. Hence the e-ball around B with respect to the metric
d is given by

{AQX‘M(AOCB)<e}ﬁﬂ{A§X‘M(AmB)<N(B)—€+%}
(3.7) "
= eEBﬂﬂY (B)—e+,B

Therefore these sets generate the topology and hence all Borel sets in Y (u). O

Unfortunately, the events Y; p do not constitute a ring, i.e. they are are
incompatible with unions or intersections. Therefore the construction of mea-
sures will require us to consider finite intersections:

Yisuty s, = {AC X|u(ANB) <t and .. u(ANB,) <t} = ﬂ Yi. 5.

3.3. The probability space. For every finite partition 5 = {Bi,...B,} we
consider the map

(3.8) B Y (u) — I

WANB)  p(ANBy)
(39) A (B )

and denote by vg the image of the probability measure on Y () on I"™ under the

map gg. I" will be equipped with the metric dg ], j : \/Z w(B )
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Consider a finite partition C = {C1,...Cy,}. Then for any other finite
partition B = {By,... By}, not necessarily a refinement of C, we define a map

(3.10) g1 -
(3.11) (1. tn) = (Ui, .. )

o ABiNG),
(3.12) mr%}jmﬁ—g

Notice that the map g% is a contraction: by convexity for each i:

;i NG / ;NG N2
Z%H SVl CRLR

2
B,NC;
hence  de (qf (t;), 48 (t) \/Z n(C Z “(,L(E) : (t; - t;)) =

(B, mC) B
\/Z”N H(c) j_j *\/Zjﬂ i) (85— ) *dB(Jv])
B = {Bl,. .By} is called refinement of C = {Cl, ...Cy} if for any two
indices ,j either p(C; N B;j) = 0 or u(C; \ Bj) = 0. Under this condition

equation (3.12) assumes the form u; = Ej:u(C,LﬂB )£0 ;((g ))t]

If B is a refinement of C and A an arbitrary finite partition, then qg qé = qé‘
and ¢Zq5 = qc
Theorem 3.6. The system of measures vg satisfies the following two condi-
tions:

(1) qBvs = v for every refinement B of C.
(2) For each € > 0 there exists 6 > 0 such that

2
(3.13) Vs ((tk)€fn:Z,LL(Bk) <tk—%> >i—€> >1—-¢
k

for each finite partition B = {Bi,... By} with mesh B < §.

Conversely: every system of probability measures satisfying these properties
derives from a probability measure P on Y (u) as system of images vg = qgP.

Proof. We extend definition (3.8) to amap qg : Z(u) = I"™, q(f) = (t1,...tn),
ty = ﬁ I} B, J du; by reasons of compactness this is easily checked to be an in-
verse limit representation. It now suffices to show that the subset Y (1) C Z(u)
corresponds precisely to the set M of all those f € Z(u), whose represen-
tations (t1,...tn) = gqu(f) satisfy the condition Ve > 03§ > 0VmeshB <
&+ Y p i (Br) (te — %)2 > 1 — e corollary 3.3 readily implies Y () C M.
But for f € Z(pu) \ Y(u) we can find € > 0 with pu(e < f<1—¢) > ¢; let

= {C1,C5,C5} be the partition Cy = {f <¢e}, Cy = {e< f<1—¢},
Cs :={f >1—¢}. If B is any refinement of C, then (¢1,...t,) = ¢g(f) satis-
fies >, 1 (Bi) (te — %)2 < 1 —&? and therefore f & M. O
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Example 3.7. Suppose we are given a random closed set A with capacity
functional 7(K) = P(ANK #0). Considering this as random Borel set
we get for any finite partition B = {Bi,...B,} the corresponding capacity

as v ([1;[0.t:0) = P (¥ : p (AN Bi) < tip (B2)) = 1= sup {7 (U, K) ‘Vi K
compact, K; C By, (K;) > (1 — ;) u(Bj)}.

3.4. The process aspect. We may now describe random Borel sets as sto-
chastic processes as follows:

Theorem 3.8. For any random Borel set A consider the process assigning

to each compact set (each open set, each Borel set) K the random variable

Yi = ”Efé%() with values in I. (For u(K) = 0 we may define Yi arbitrarily

or disregard it entirely.) Then:

(1) YKlqu = %YK& + %Y]@ provided K1 N Ky = &
(2) For each finite partition K = {K1,... Ky} consider the sum Y, pu (K;) Y .
Then Y, u(K;) Y, — Yx a.s. if mesh K — 0. (Notice Yx = ju(A).)
Conversely, any process satisfying these two properties derives from a random
Borel set, whose distribution is uniquely characterized by these properties.

The proof is a direct application of theorem 3.6 making a few observations:

Consider two sets K,L. Then |Yx —Y.| = ”/(f(([}j):) Yivr + ”L(K) )YKQL
(L\K) (KNL) W(K\L) W(L\K)
Sa Yok — Sam Yenz| S Srmy S +‘U(KQL)}N(K) M(L)‘

This immediately implies Yx = Yr, if (KAL) = 0; moreover Y, — Yg
uniformly if K,, — K in the topology of Y (u). Since the compact sets and the
open sets are dense in Y (1) they suffice to define Yp for any Borel set B as uni-
form limit. Furthermore, just like in the proof of [2, Lem.4.1] it can be shown
that the compact sets, whose boundary is of measure 0, (or the open sets, whose
boundary is of measure 0) are dense in Y (u). This readily implies that any
finite partition of the compact space X into Borel sets can be arbitrarily closely
approximated by a finite partition into compact sets or into open sets. Condi-

ton (2) means 35,0 (K2) (Yie,— 3)° = 35,0 0) Y2, = S (K) Yie, + § =
S (K YE — Yy + 1 and is preserved by the extensmn to Borel sets. Now

observe corollary 3.3. Then define the measure vg as the joint distribution of
the random variables Yp,,...Yn

Lemma 3.9. For any Borel set B, the random variable Yg is the a.s.-limit

i u((B)) YB — Yp with B = {Bs, ... By} ranging over the partitions of B such

that mesh B — 0.

Proof. Since 0 < Yp, we have Ez u(B Y2 < ii((%))YBi = Yy for each

partition of B. Now set C' := CB and Supplement every partition of B with
one of C to obtain a partition of X without increasing the mesh. Then also

4 (Cy (B C;
> lu((C)) Y& < Yc. Furthermore pu(B) )", ‘H((B))Y2 w(C) >, *;((C)) YC% — Yx

by theorem 3.8, which can happen only if )", ’7 (B )YB — Ypand ), “ Y2
Yeo.
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Proposition 3.10. For any two random Borel sets represented by processes
Y resp. Y/ we can define a new process

p(Ki) ’
() R

k3

(3.14) Yi A Y o=1lim»
i

as a.s.-limit taken over all finite partitions K = {Ki,...K,} of K such that
mesh C — 0. This new process represents the intersection of the two given
random Borel sets.

Proof. Apply proposition 3.2. (|

Lemma 3.11. Two random Borel sets represented by processes Yi resp. Yj,
are independent as random variables if and only if for any two Borel sets (com-
pact sets, open sets) K and L the random variables Yix and Y] are independent.

Proof. Apply proposition 3.5. (]

Definition 3.12. A random Borel set represented by a process Yy is called
isotropic, if for every € > 0 there exists a finite partition B = {B1,... B,}
of X with meshB < ¢, such that for any two indices 1 < i # j < n there
exists a permutation 7 € &,, with 7(7) = j, such that the joint distribution of
Yi .. -YKw(n) coincides with the joint distribution of Yk, ,... Yk, .

(1) n

Notice that under the condition above in particular E (Yg,) = E (Yk,)
for any two indices i, j, and since Yx = >, p(K;) Yk, we obtain E (Yx) =
S in(Ki)E(Yk,) =E (Yk,) >, n(K;) = E (Yg,) for each j.

Proposition 3.13. Consider two independent random Borel sets A and B, at
least one of which is assumed isotropic. Then E (1 (AN B)) = E(u(A)) E (u(B)).

Proof. Assume Y/, is isotropic and apply proposition 3.10: E(u(ANB)) =
B(Yx AYY) = lim Y, 1 (K) E (Yie,) B (V) = (im Y, o (K,) B (Vi) B (V%)
= (m B (3, p (K) Yi)) E(Yx) = E(Yx) E (Yy) = E(u(A)) E(u(B)). U

4. RANDOM BOREL SETS ON THE UNIT SEGMENT AND INSPECTION
PROCESSES

In [8] random Borel sets on the unit segment were uniquely characterized
by their inspection processes, neglecting the fact that not every inspection
process corresponds to a random Borel set. Every random variable ¢ satisfying
conditions (1-2) below can be interpreted as an inspection process of a random
variable with values in a certain function space and hence is more general than
a random set; the special case or random sets is determined by condition (3)
below.

For any random Borel subset X of the unit segment I we consider the in-
spection process X; := A (X N[0,¢]) = f(f Xxd\, where ) is Lebesgue measure
on I. Observe that X; as a function of ¢ is continuous, increasing and al-
most everywhere differentiable with derivative almost surely equal to xx [7,
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Thm8.8,p.168]. That means X; is the primitive (syn. antiderivative) of the
indicator function yx.

Observe that this implies that the paths X; are much better behaved than
the paths of Brownian motion, which are almost surely nowhere differentiable
[1, Thm.12.25,p.261].

We consider the set of functions ¢ : I — R subject to the conditions

(1) ¥(0)=0

2)V0<2<y<1:0<¢p(y)—p@)<y-=

(3) sup>_, Wﬂ%‘iﬁw = (1), where the supremum is taken over all
finite decompositions of the unit segment 0 =tg < t; < --- < t, = 1.

Notice that the functions satisfying conditions (1) and (2) constitute a com-
pact convex set Z of the space of all continuous functions on I equipped with the
topology of uniform convergence by the theorem of Arzela-Ascoli. By Y C Z
we denote the subspace of functions satisfying all three conditions (1-3).

Lemma 4.1. For all z,y € R and o,f > 0 with a + f = 1 the inequality
2
(r+y)? < % + 4% holds.

Proof. 0 < <\/7x—\/>y) = By2 —2zy + §y° = (5 —1)2® — 2zy +

(3-1)v =3+ 49— @t -

Lemma 4.2. All functions p € Z satisfysupy_, W ©(1). More-

over, if the decomposition 0 = ug < u; < -+ < uy = 1 is a refinement ofO =
to<ti <---<t,= 1 then ZN 1 @(ukﬁ-l) ‘P(uk > En 1 [p(tey1)— (tk)]

Uk+1— Uk tet1—tk

Proof. Y7~ 1 [p(tep)—p(te)]” ZZ;é (tis1 — ti) [w < ZZ;é (trs1—

tht1—tk tea1—1g
1) —e(te -1
ty) |2l | 570 o () — o (1)) = (1),
Now consider three points 0 < v; < v9 < wsg < 1; then an application of

Vo2 —U1

lemma 4.1 to z := ¢ (v2) — ¢ (v1), ¥ := ¢ (v3) — p(v3), @ == 2=+ and 3 :=

yields [‘P(Uil:f}(lvl)}z < [‘P(Uil__f}(lvl)}z + [4;:(@%—_%1}2)}27 and this concludes

the proof O

113 U2

Remark 4.3. For every function @ € Z there is a Lebesgue measurable function
Y I — I with ¢ fo v)dv for all t € I (consider positive measure defined
on intervals [z, y] by o(y) — ga( ) and apply the Radon-Nikodym theorem).

Lemma 4.4. Suppose ¢ is the antiderivative o(t fo v)dv of a mea-
surable function ¢ : I — I, and suppose a sequence of decomposztzons Cn =

{O = t(()n) < t§”> << tg\r,l) = 1} of the wunit segment is given with

NECARCOI

D) D)
tk+1—t

lim,, oo mesh (, = 0. Then lim,, Z "o
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. . et —e(w”)
Proof. We define a sequence of functions f,, : I — I by f,(t) := ey
k+1 k

if t;") <t< tfffl. By [7, Thm8.8,p.168] f, — % almost everywhere, and
consequently f2 — 2 almost everywhere. Hence by Lebesgue’s dominated
convergence theorem lim,, _, fol fn(v)?do = fo )2dv. O

Proposition 4.5. A function ¢ € Z is the antiderivative of an indicator func-
tion if and only if it satisfies condition (3).

Proof. In view of lemma 4.4 condition 3 translates to fol (1 —1)d\ = 0. This
means that ¢ can assume values different from 0 or 1 only on a 0-set, i.e. ¥
almost surely equals an indicator function. O

By proposition 4.5 we may identify inspection processes satisfying condi-
tion (3) with random Borel sets. Evidently, this condition is a relation among
the increments of the inspection process, and one suspects that these incre-
ments cannot be independent.

Proposition 4.6. Suppose the inspection process X¢ := X (X N [0,¢]) fo xxdA
corresponding to a random Borel set X has independent mcrements Then there
exists a fized (deterministic) Borel set B such that X = B a.s.

Proof. We consider two numbers 0 < z < y < 1 and an integer n € N.
Setting h := %, & := x + kh, 0 < k < n, we telescope X, — X, =
>ieo (Xt,.y — Xt,). Furthermore set by := E (X;). Independence of incre-
ments then implies

(4.1)
n
Var (X, — X,) = Var Y (Xi,,, — X,
k=0
n
(4.2) = Z Var (Xy, ., — X4,) (by independence)
k=0
(4.3) =3 (B (X = X0)?) = (B (Xuuy, — X0)?)
k=0
n 2 n 2
(4.4) = hE Ko = Xu)” hy (bes = bu)”
= bt~k =t — bk
btk+1 btk) ..
(4.5) — hE (X, — X)) — h Z " . (by condition 3)
=tk — bk
o N btk+1 btk)
(4.6) = h (e, — bey) hkzo —

Now Var (X, — X)) = 0 is obtained by letting n — oo and hence h — 0; this
means X, — X, = b, — b, a.s. Hence the function ¢ — b, must also satisfy
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condition 3 and defines the Borel set B required by our theorem. (On a sideline

we may observe that the function ¢ — b; satisfies conditions 1 and 2, therefore
be, . —bs, )’

ZZZO M <y-—uz) O

th+1—tk

5. AN APPLICATION TO RANDOM ALLOCATION

Our random allocation experiment will be developed from a random Borel
set that is a stronger version of example [2, Ex.7.5]; that means we construct
a probability measure on the space of Borel sets B by prescribing the dis-
tribution of the composite random variable B — u(B) (condition (1) below)
and then inductively lifting the measure over the fibers of the projection maps
prL s 12" 5 127 familiar from [2, §7) (condition (2) below). The intended
computation of first and second moments requires some detailed preparations.

So we suppose we are given

(1) a random variable zgg distributed on I and
(2) another random variable u symmetrically distributed on [—1, 1] such
that

(5.1) Ve >0: P(luf>1-¢)>0

Then we define random variables ., for n > 0, 0 < m < 2" inductively by
picking identically distributed copies u,;, of u, independent from one another
and from all z,k, 7 < n, and setting

(52) Tn+1,2m = Tnm + Unm min (xnm; 1- xnm)

Tnt1,2m41 = Tnm — Unm WD (Tpm, 1 — Tpm)

Observe that the scaling factor min (2, 1 — Zpm) is chosen such that it en-
sures 0 < zpy19m < 1and 0 < 1 2my1 < 1. Also notice that this is almost
the same as [2, Ex.7.5], with the difference that our random variables need not
possess a density, and with [2, Eq.7.8] replaced by the much weaker assumption
(5.1). The system of random variables is invariant under G .

For fixed n, the joint distribution of the random variables xyg,...Zp 201
defines a probability measure v, on I?", and we claim that [2, Eq.7.1] is satisfied
and hence a probability measure on the space of Borel sets Y (i) is obtained.

By Gp-invariance E ((xnm — %)2> is independent of m and we can define

(54) a4y —E <<xnm - %>2> _E (2”%_:1 (xnm - %)2>

m=0

. . P, ] 2, .
By Jensen’s inequality the sum S, :=27""%"" — (xnm — %) increases with n;
hence, if we can show a,, — %, we can conclude that S, converges to % almost

surely and therefore in probability. Thus [2, Eq.7.1] will be proved.
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We visualize our random variables as tree with root xgg, such that each
ZTpm has two descendents x,41,2m and Tp412m+1. Fix 0 < e < % and set

q:= 1P (jul > 1—2¢) > 0. We claim

(5.5) P <

%, then x,., =
Tk Fun-1h (1= 2p_1) = (1 = Up—14) Tp—1,k + Un—1,6 = 5 (1 — Un—1%) +
Up—1,k = % (14 up—1,%). But since u,—1 > 1 — 2¢ with probability at least
g we obtain x,, > 1 — ¢ with probability at least ¢ provided z,,—1 % > %
The cases x,—1,r < % or m odd are handled similarly. Now observing the
independence of uy,_1  from x,,_1 ; we conclude that the event Ay, that z,.,
itself or at least one of its ancestors z, in our tree satisfies |xrk — %‘ > % —c
has probability P (A,m) >1— (1 —¢)".

We claim a,, > (3 — 6)2 [1—(1-¢)". liminf,a, > (3 — 5)2 will follow,

and therefore, since € was arbitrary, lim,, a,, = i. To this end consider the event

for all n > 0. For, assume m = 2k is even and z,_1; >

A%’;)n C A, such that the first ancestor of ., satisfying ‘a:,«k — %| > % —c

occurs at level » and observe that A%’;)n is invariant under the subgroup of G,

leaving the range 2" "k < £ < 2" "(k + 1) invariant; therefore

277 (k1) —1

(5.6) / (mnm— %>2dP: / 2y <W— %)de

AC), AL, =2k

However, by Jensen’s inequality we have 27" Z2n_r(k+1)71 (J?ng — 1)2 >

f=2n—rk 2
- 2
(27"_" ZEZQW(_ICTZI)A Tne — %) = (a:,«k — %)2 > (% — 5)2 on A%’;)n and there-
fore [ (zpm — %)QdP > (3 —E)QP(A%T)) Hence [ (zpm — %)QdP =
A, Anm
S @ =3P = (-2’ P(AR) = (3-9)"P(Aum) =
A,

(3 - 5)2 [1 — (1 —¢)"]. This concludes the proof.

Assumption 1. For the remainder of this subsection we assume that the
random variable v is uniformly distributed on [—1, 1].
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Observe that with this assumption £ (h (Tnm) ‘2510 = t) =F (h (Tn—1,m) ‘xoo = t)
for any function h! In consequence

(5.7) E (h (L) ‘xoo - t)
+1
(5.8) = % /E (h (Trm) ‘xlo =t+wumin (t,1— t)) du
+1
(5.9) = % /E (h (Tn—1,m) ‘xoo =t+wumin (t,1— t)) du

—1
min(1,2t)

(5.10) _ / E (h (Tn—1,m) ‘xoo = v) dv

— 2 min(t, 1 —t)
max(0,2¢t—1)

Applying the foregoing to h(t) = t? leads to the functions f,,(t) = £ (mim }3700 = t),

whose special role has already been investigated in [2, §8]:

(5.11) fo(t) :=t2
. min(1,2t)
(5.12) fra(t) == Tmin(l,1=1) / fn(w)du
max(0,2t—1)
(5.13) filt) =12 + % [min(t, 1 — t)]?

By induction one can easily prove f, () < t¢ for all n. Since f; > fo we also
infer by induction f,11 > f, for all n. Consequently there must be a limit
function foo(t) = lim, 00 fn(t), at least lower semicontinuous, and satisfying
t? < foolt) < t with

min(1,2t)
1

= — o0 d
2min(t,1 —t) Joo(w)du
max(0,2t—1)

(5.14) foo(t)

Equation (5.14) immediately implies that f is continuous on the whole inter-
val I, even at 0 and 1.
By induction one can prove

(5.15) Falt) = ful—t) =2t —1
for all n, thus g,(t) := t — f,(t) is symmetric around 3, g,(1 —t) = g, (),

2t
go(t) =t(1 — 1), gn1(t) = 5 Ofgn(u)du for 0 <t <2 and g, | 0 for n — <.
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0201
01s-
010-

005

0.1 0.2 0.3 0.4 0.5

FIGURE 1. First few iterates of g,.

Lemma 5.1. Under assumption 1, foo(t) =1t for allt € 1.

Proof. Suppose the contrary and consider the function h(t) := ¢ — foo(t); then

min(1,2t)
h is continuous, h > 0, h(0) = k(1) = 0, h(t) = m Ik h(u)du
’ max(0,2t—1)

and there exists ¢y €0, 1[ such that h (tp) = max h(u) > 0. If to < 1, then
ue

2to 2to
h(to) = 5= [ h(u)du < 5= [ h(to) du = h(to), a contradiction. Similarly, if
0 0
1 1
to > 3, then h(tg) = ﬁ | h(u)du < ﬁ J h(to)du = h(ty) and
1—2tg 1-2

—2to
we arrive again at a contradiction. O

Observe that lemma 5.1 provides an independent proof that our construc-
tion leads to a well defined probability on Y. The first few iterates f, of the
Fredholm equation (5.12) (or equivalently, of g,, cf. figure 1) can be evaluated
in closed form, later ones can be obtained numerically.

Now we repeat our random Borel set drawing experiment independently
and with identical distribution, at the i-th run obtaining a Borel set B;. Then
C, = UZ:1 B; models the set of elements allocated up to run r; the set valued
random variables C,. constitute a Markov chain over the time variable r.

Theorem 5.2. Let P be the probability measure on I obtained as the distribu-
tion of xgo, i.e. of the measure of the Borel set obtained in a single run of our
random experiment. Then at Markov time r the accumulated Borel set has the
expected measure 1 — [ [(1 — x)dP(a:)]T and variance

(5.16)

mirm—l [ @ha-a -t -myire)| - [ [o-aere]

(The case of a Dirac measure P located at the “fived weight” x is displayed in
figure 2.)

2r
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0.08 -
0.06 -

0.04 -

FIGURE 2. Square root of variance for Markov times r = 2,5, 10.

The proof requires a few preparations, starting with a stronger continuity
property of the A-product than given in [2, Lem.5.2]:

Proposition 5.3. The A-product is a jointly continuous map N\ : Zp X Zp — Zp,
in the Hilbert space topology and |[aAx —aAy|, < +/lally - [[x =¥l

Proof. We recall that for all z = (2nm)g<,p<on >0 € ¥ the sequence 27" 2271_1

21
is increasing with sup,, e, 27" >0 2o 2o

= |z ||2 (cf. [2, eq.5.4]). For any two
vectors z',z" € Z we have ||z’ — z”H2 § 1 because all |2/, — 21| < 1.
This applies in particular toz = aAx—aAy. Hence for each 0 <

a < Ha/\x—a/\yH2 < 1 we can find n € Ny such that 2 ”22 _01 20 >
a. Now pick numbers 0 < «,, < 1 such that 2~ "Z 0 oy, > « and
22 > an for each 0 < m < 27 by definition of the A- product there ex-
ists Ny > n such that for all N > Ny and each 0 < m < 2" the inequality
N—n
on—N ELZ::Q)J%—” -t ank |TNE — YNk| > /Qm > @, holds (remember oy, < 1,
N
hence \/a,, > a,,). By summing over all m we obtain 27V Ei:al ank |TNE—

YNkl > 27" Zf: 701 ., > a and hence, using the Cauchy-Schwarz inequality:
2N 71 2N 71 2 .
Jall - =¥l = /2 5 e y/2 Y S (o — g > a Since

2

m=0 Znm

a<|lanx— a/\y||2 was arbltrarythls implies ||a||2 Ix—yll, > larnx—aA y||§

This implies continuity of the A-product with respect to the Hilbert space

topology because [x Ay —xo A yoll, < /ol Ty — ¥olot /¥ - Tx — %o,
for x,xq,y,¥y0 € Z. O

Lemma 5.4. For each x = (xnm) € Z consider the sequence x(") = (x;%) €
Z defined by

Tnm r>n
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Then lim,_,, x") = x in the Hilbert space topology of Z (cf. [2, §5]).

Observe that x € Z = x(") € Z, but in general x(") ¢ Y even if x € Y.

gn—1_1

Proof. xgbr)Qm = 3?5:)2%1 for n > r, therefore ||x — x(’")H2 = 1 om0

e 2 . .

2—n-1 (Tn,2m — Tn,2m+1) . For r — oo this is the remainder of a convergent
. 00 P 2 2

series 23 + > 00 > T 27" (@ 0m — Tn2mt1)” = ||x[|” and hence con-

verges to 0 for r — oo. (]

Corollary 5.5. For each finite sequence of vectors xX; = (Tinm,) €

Z,1<i<s:

0<m<2m,neNy

s (m+1)2N-"—1 ¢
. _ . n—N -
(5.18) </\ xz> ]\}LII;O 2 E 1_[1 TNk
nm =

=1 k=m2N-n

Proof. By induction on s one can easily show

(m41)27 "1

s
N 2nr Z H Lizrk T Z n
(519) (/\ XE"")) = k=m2r—-n i=1
i=1 nm

S
H .T,'i;,m [m2r—m | r S n
i=1

The corollary now follows from continuity of the A-product taking the limit
r — 0. (]

Proof of theorem 5.2. We switch to complements, setting B} := 0B;, C. =
Ce, = ﬂ:zl B!, thus translating unions into intersections, which is equivalent
but in better agreement with our preparations. Now the proof resembles that
of [2, Thm.8.2].

In coordinate representation, let the random Borel set B; correspond to the
process fﬁf})n, then by corollary 5.5 C’ corresponds to &, = limy o 27N

(m+1)2N -1 11 () Therefore

k=m2N—n 1=1SNk"
oN_1 r
1 r . _ 7 1 r

(5:20) B (&ollt) &6y ) = Jim 27V 3" B (H@% 5 é&)
k=0 =1
oN_1 » ) )

(5.21) = lim 2% S TTE (60
k=0 i=1

(5.22) SIE

=1
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and with oo = p (C)) =1 — p(Cy), foo =p(B}) =1— pu(B;) this leads to
(5.23)

1= E(u(©) = [ E (ufel) =1-ti ) =1-1) (P P) (-t
(5.24) :/H(l—ti)(P®m®P)(dt1~-dtr)
i=1
(5.25) = [1 —/tP(dt)]r
Now the second moments are obtained as follows:
(5.26)

B (&leh.... &) = fim 272 [ilﬁE( 02162 + il f[E( (0 ¢ ¢ (z))]

k=0 i=1 a#b=0i=1

2N_1 r
- g 2 X T (46)

k=0 i=1

+ z_:l ﬁ (va (a,b)—1 (foo) ~ Ju(a) (ﬁég))}

a#b=01=1

(5.27)

. _oN 2N —1 ()
Integrating the summand 2 Yieo ILi_q fn (& ) over the product mea-

sure P® -+ @ P leads to 27N [ [ fn (1 — t)P(dt)]r and drops out in the limit
N — oo. This leaves us with
(5.28)

E (u (C;)2) = Jim_ 272N 221 [/ (2fu(apy—1 (1 = 1) = fotap) (1= 1)) P(dt)} T

a#b=0

Observing # {(a,b)|v(a,b) = m} = 22V~ we arrive at

(5.20) B (pc)?) = fj 2 [ / (2fror (L= 1) = fn (1= 1)) P(dt)] T
(5.30) "

Var (4(C,)?) = Var (1 (€))*) = i g™ [ / (2fm1 (1—1) = frn (1 1)) P(dt)] T

- [/(1 - t)P(dt)rr
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