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ARTICLE INFO ABSTRACT

Keywords: The spatial and temporal characteristics of clusters of small and heavy particles in fully developed turbulence

Particle clustering are studied in the central region of a vertical duct flow. A series of time-resolved three-dimensional particle

DBSCAN ) positions from direct numerical simulations is used as dataset. New methods are presented to define and track

E.]:s:_er dynamics cluster structures that reduce the processing time of large datasets with large number of particles. Clusters are
1retime

identified using a density-based clustering algorithm, and only a reduced set of all particles is used to correlate
clusters in consecutive time instances exploiting morphological information. This approach eliminates the need
for particle tracking when individual particle dynamics are not sought or known a priori. A hierarchy of clusters
is evidenced with size and time of presence probability distributions exhibiting power-law behaviors. Clusters
across all sizes are seen to predominantly evolve by breaking up into smaller parts and merging to form larger
structures, with a significant number of structures also losing particles until disintegrating. The time clusters
persist positively correlates, on average, with their size. The instantaneous volume rate of change of clusters
scales with the turnover time of equivalent size eddies in the inertial range, supporting that clustering is driven
by multi-scale turbulent eddies for St, > O(1). Clusters shrink on average at a faster pace than they grow, which
is related to positive average particle velocity divergence within clusters, which increases with increasing local
particle concentration.

Particle velocity divergence

1. Introduction In the case of small particles with particle Reynolds numbers smaller
than one and at low volume loadings, the regime of focus of this work,
the Stokes number based on the dissipative flow scales, St,, has been

conventionally used as the main non-dimensional number indicative

Small heavy particles dispersed in turbulent flows preferentially
concentrate as they interact with the wide range of flow scales in
turbulence (Fessler et al., 1994; Balachandar and Eaton, 2010; Bragg
et al., 2015). Owing to their small but larger than fluid elements’ iner-
tia, particles segregate forming regions of high particle concentration
that remain coherent for timescales larger than the flow dissipative
scales, termed clusters (Monchaux et al., 2012). The size and particle
number density distribution within these cluster structures, as well as
their evolution within the turbulent flow, influence many natural and
industrial processes. In heterogeneous (solid-gas) reactions involving
char particles in turbulent oxidizers, densely clustered char regions can
significantly reduce conversion rates by impeding oxygen transfer to
their core (Haugen et al., 2018). Conversely, clustering can enhance
chemical reaction rates by increasing surface contact between reactive
phases (Reade and Collins, 2000). The spatio-temporal coherence of
particle clusters influences the modulation of the underlying turbulent

of particle preferential concentration. The Stokes number is defined
as the ratio of the particle response time, 7, to a representative flow
timescale, 7;. The ‘centrifuge mechanism’ is one mechanistic explana-
tion for preferential concentration, with inertial particles accumulating
in strain-dominated flow regions and being centrifuged out of vortex
cores (Maxey, 1987; Squires and Eaton, 1991; Eaton and Fessler, 1994).
Preferential concentration in isotropic turbulence is most intense when
St, is close to unity, with the inhomogeneous distribution of particles
persisting for St, of O(0.1)—0O(100). For St, > O(1), preferential concen-
tration can still be explained considering the influence of multi-scale
turbulent eddies in the ‘centrifuge mechanism’. Particles with Stokes
number based on the turnover time of an /-scale eddy much smaller
than one, St; = 7,/T; < 1, preferentially sample the coarse-grained fluid

field (Hwang and Eaton, 2006; Xu and Subramaniam, 2010; Tom
et al., 2022), and affects heat transfer within and radiation transmission
through the mixture (Banko et al., 2020; Banko, 2018).
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velocity gradient tensor at scale /, with T, ~ ¢~!/3/2/3 the corresponding
eddy-turnover time in the inertial range (Bragg and Collins, 2014;
Bragg et al., 2015). An alternative ‘sweep-stick’ mechanism by which
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particles stick to zero-acceleration points that are swept and clustered
by large-scale motions (Yoshimoto and Goto, 2007; Goto and Vassilicos,
2008; Coleman and Vassilicos, 2009) has also been used to explain
particle clustering. The equivalence between both theories when St; «
1 in the inertial range of turbulence was demonstrated in Bragg and
Collins (2014).

The geometrical properties of cluster structures, defined in space
as connected regions of particle concentration above a predefined
threshold, display self-similarity across a wide range of scales from
the dissipative to the flow integral scales. In particular, probability
density functions (PDF) of clusters area and volumes display power-law
decays (Monchaux et al., 2010, 2012; Sumbekova et al., 2017; Uhlmann
and Chouippe, 2017; Baker et al., 2017; Banko, 2018; Mora et al., 2023;
Dejoan and Monchaux, 2013), and power-laws indicative of fractal
behavior are also observed for cluster perimeter versus area and surface
area versus volume relations (Aliseda et al., 2002; Monchaux et al.,
2012; Baker et al., 2017; Banko, 2018). These power-laws have been
attributed to the self-similar nature of the turbulent eddies responsible
for preferential accumulation, although there is no consensus on the
exact values of the power-law exponents, and their dependence on flow
and particle parameters or flow configuration is unclear, with most
works focused on homogeneous turbulence.

The dynamics of clusters have received little attention compared to
their averaged statistical properties. The temporal autocorrelation of
local concentration (Tagawa et al., 2012) and of the standard devia-
tion of a cluster concentration (Lian et al., 2019) were used in prior
works to characterize the time-scales of preferential concentration in
homogeneous turbulence. It was observed that particles lighter than
the fluid remained clustered for longer than heavy or neutrally buoy-
ant particles, and that clusters of both light and heavy particles per-
sisted longer than the time-scales of the flow structures they correlated
with (Tagawa et al., 2012). Using poly-disperse heavy droplets (Lian
et al., 2019), cluster time-scales were seen to increase with turbulent
Reynolds number, and to a lesser extent with increasing Stokes number.
Most recently, the temporal coherence of three-dimensional clusters in
homogeneous turbulence was studied using time-resolved particle data
from one-way coupled DNS simulations with point-particle models (Liu
et al., 2020). Probability density functions of cluster’s lifetimes for two
St, and varying the settling parameter S, (by varying the gravitational
acceleration) all for the same turbulent flow, were observed to follow
exponential distributions with mean lifetimes from about 3 to 9 times
7,. A positive correlation was observed between cluster’s lifetime and
volume. Overall, the lifetime increased mildly with increasing Stokes
number for the same gravitational field, and likewise when the gravi-
tational acceleration was increased for the same Stokes number. The
authors noted that un-clustered particle clouds contracted exponen-
tially at a faster rate prior to cluster formation than separated after
cluster death, and that cluster formation and persistence coincided with
small-scale turbulence activity rather than with intense fluctuations.
The faster cloud contraction rate is consistent with faster backward-
in-time than forward-in-time relative particle-pair dispersion (Sawford
et al.,, 2005; Bragg et al., 2016), even if particle-pair dispersion and
dispersion of clouds of particles of diverse size and shapes cannot
be directly compared. The instantaneous local concentration rate of
change was analyzed in Oujia et al. (2020) by quantifying the rate
of change of Voronoi cell volumes tracked between consecutive time-
steps. The relative local concentration rate of change provides the
divergence of the particle velocity field. Positive velocity divergence
was observed on average in regions with high local concentration,
indicating positive particle divergence or active cluster destruction,
and average negative velocity divergence or particles approaching in
regions with low concentration. Interestingly, average positive velocity
divergence values in high concentration regions were much larger
than average negative velocity divergence values in regions of low
concentration for the one-way coupled homogeneous turbulence point
particle DNS data at varying St, analyzed. The lower average negative
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velocity divergence contrasts with the faster contraction rates reported
in Liu et al. (2020) at first sight, but both observations cannot be
directly compared with one work analyzing local instantaneous rates
of change and the other averaging over complete particle clouds that
precede and follow a coherent cluster structure.

Analyzing cluster dynamics requires defining cluster structures in
instantaneous particle distributions that are then correlated in succes-
sive instants. The two most common methods to identify clusters from
discrete particle positions are box counting techniques and Voronoi
tessellations. Box-counting is attractive for its simplicity but leads to
implicit loss of resolution in dilute flows, with large box sizes required
for meaningful particle number density fields (Villafafie-Roca et al.,
2016; Esmaily et al., 2020). Voronoi tessellations have been widely
adopted since their first application to particle-laden flows (Monchaux
et al.,, 2010). They do not rely on a predefined grid length scale and
directly provide the local particle concentration, inversely proportional
to the Voronoi cell area or volume, if two- or three-dimensional data,
respectively. Clusters are defined as connected cells smaller than a
certain threshold which is obtained from comparison of the cell size
probability distribution to that of particles distributed following a
random Poisson process with equal average number density. As such,
they also do not rely on arbitrary thresholds. Voronoi methods can
get time-consuming in large three-dimensional datasets with millions
of particles (Obligado et al., 2020), which can be palliated with more
efficient tesselation implementations than those relying on the Quick-
hull algorithm such as Voro++ (Rycroft, 2009). Once clusters are
identified irrespective of the method used, connecting clusters between
successive time realizations can be done by connecting cluster labels
pre-assigned to each particle on each instantaneous field if particle
track information is available, as is often the case from numerical
simulations. Provided changes on the particle spatial distributions are
small between successive steps, i.e. the time between realizations is
sufficiently small, cross-correlation of Voronoi cells properties can also
be exploited for tracking (Monchaux et al., 2010; Lian et al., 2019).
If individual particle tracks or their instantaneous velocities are not
known a priori, and only instantaneous particle positions are available,
tracking all individual particles or Voronoi cells can get computation-
ally intensive for large number of particles, numerous time instances,
and three-dimensional data. The processing time for the simplest two-
frame nearest-neighbor tracking method using the efficient KD-tree
algorithm scales as O(N, log(N,,)) (Bentley, 1975), where N, is the num-
ber of particles, with additional multi-step track verification needed for
tracking accuracy.

This work focuses on the dynamics of particle clusters in the core
region of a fully developed turbulent flow laden with heavy particles
smaller than the dissipative scales. It leverages data from DNS simu-
lations with point particle Lagrangian models of a vertical turbulent
square-duct flow, following the work by Esmaily et al. (2020). The
dataset consists of three-dimensional particle coordinates, equidistant
in time 0.57, for a total of 91 times the dissipative eddy turnover time.
Only the central 60% of the duct cross-section is used in the present
analysis, away from the regions where time averaged flow and particle
velocities, and particle concentrations, present spatial gradients. On
average, 4.2 million particles are present within the considered volume
on each time realization. Novel methods are presented for cluster
identification and temporal tracking that lighten the computational cost
of analyzing cluster dynamics in large datasets. Density-Based Spatial
Clustering of Applications with Noise (DBSCAN) algorithm (Ester et al.,
1996) was adopted as an alternative to Voronoi tessellations. Among
the several data classification approaches based on density of data
points (Xu and Tian, 2015), DBSCAN is particularly well suited for
particle-laden flows as it identifies clusters of data, points in space in
this case, of arbitrary shape (Schubert et al., 2017) and in an arbitrary
number. Clusters are tracked between consecutive time instances using
a reduced set of data points that preserves the cluster shape, without
the need of tracking all particles or a priori knowledge of individual
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particle velocities. This lessens the processing time and makes the
cluster tracking methods particularly appealing to datasets consisting
exclusively of particle coordinates, as is often the case in experimental
data. The dynamics of cluster structures are statistically examined,
including the relative frequencies of different cluster birth and death
processes, the time they remain coherent, and the correlation between
cluster size and temporal characteristics. Instantaneous cluster volume
growth rates are also analyzed for insights into the flow timescales
affecting the evolution of clusters in the inertial range. Studying the
evolution of macroscopic cluster quantities, such as volume, geometric
characteristics, or the total number of particles, is important for un-
derstanding particle clustering and for developing simplified models of
dynamical systems. However, a local perspective remains necessary to
interpret cluster evolution results and relate them to particle dynamics.
Instantaneous local relative concentration rates of change can be easily
computed from the cluster tracking outputs. They reflect the local
particle field divergence, which supports the cluster growth/shrink rate
results.

The manuscript is organized as follows. Section 2 introduces the
new methodology for cluster identification and temporal tracking, in-
cluding definitions for the various formation and disintegration pro-
cesses that clusters may experience, and describes the dataset. All
results are presented in Section 3 starting by a comparison of clusters
identified using Voronoi tessellations and DBSCAN, and the computa-
tional cost of cluster identification and tracking. Cluster birth and death
event statistics are presented next, followed by cluster coherence times,
and instantaneous rates of change of macroscopic and local quantities-
volume, and concentration, respectively. Concluding remarks highlight
the main findings and discuss future analysis enabled and evidenced by
this work.

2. Methods
2.1. Cluster identification

Density-based Spatial Clustering of Applications with Noise (DB-
SCAN) is a data clustering method that groups data points into clusters
based on a density threshold criterion (Ester et al., 1996). Compared
to other unsupervised clustering algorithms, DBSCAN can identify any
non-specified number of clusters of multiple sizes and shapes, is robust
to noise or outliers, and is computationally fast. A brief description of
DBSCAN is presented here, the reader is referred to Ester et al. (1996)
for further details. The density threshold criterion is specified by two
parameters, MinPt and e, corresponding to the minimum number of
data samples that must be contained within a hypersphere of radius e
around a data point for that point to be labeled as a core point. The
algorithm begins by randomly examining the e-neighborhood around a
data sample, p. If the number of particles N,.(p) is larger than MinPt,
a cluster C is created that includes p as a core point and all its N,.(p)
neighbors. In the next step, the e-neighborhood for all the points that
have been assigned to the cluster C, q € C, is analyzed. For each q
point, if N,(q) > MinPt, all the N,(q) points that are not already in C
are added and subsequently their e-neighborhoods are analyzed. The
algorithm proceeds until no new points can be added to that cluster
and then continues to examine the remaining unprocessed points in the
dataset to form new clusters. The result is the original list of data points
with added labels identifying the cluster they have been assigned to, or
labeled as noise if not assigned to any cluster. Clusters can contain core
and non-core points, the latter necessarily located near the cluster edges
without sufficient neighbors. When a non-core point is present within
the e-neighborhood of core points in different clusters, it is generally
assigned to the first cluster meeting the criteria. To ensure the cluster
identification results are deterministic, in the current work all non-core
points are excluded from any cluster.

Data samples are in this application lists of particle positions, one
list for each time instant. Three-dimensional data is used in this work,
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Fig. 1. Determination of DBSCAN parameters MinPt (a) and e (b).

but the same methodology applies to two-dimensional data. The two
input parameters needed for DBSCAN, MinPt and ¢, are uniquely de-
fined for any given dataset using a subset of uncorrelated particle lists,
as many as needed for converged statistics, and by comparison to a set
of particles with equal average number density distributed in space by a
random Poisson process. As in any clustering identification method, the
input parameters need to be evaluated only once for a dataset, and vary
if flow or particle parameters change, as they depend on the average
number density and degree of preferential concentration.

MinPt is defined as the number » = K that yields the maximum devi-
ation between the nth nearest neighbor distance probability distribution
computed from the uncorrelated particle lists, and that of a random
Poisson process. The deviation is quantified for varying n = K number
of nearest neighbors by D (K), Eq. (1), where ¢(K) is the standard
deviation of Kth nearest neighbor PDF for the preferentially distributed
particles, and ;n4om(K)s random(K) are the mean and standard devi-
ation, respectively, for the K-nearest neighbor PDF of the randomly
distributed case. The analytical expressions for the probability density
functions of Kth nearest neighbor distance for randomly distributed
particles, as well as those for the mean and standard deviation are
included in Appendix.
6(K) = 6,4nq0m(K)

Hrandom(K)

For preferentially concentrated particles u(K) < p,gnaom(K), With
mean values converging to the same value for large K, of the order of
the total number of particles. In contrast, 6(K) > 6,,,4,,(K), resulting
inD, > 0. D, behaves similarly to the box-counting preferential concen-
tration index (Fessler et al., 1994) if K is interpreted as the box-size. For
small and very large counts of nearest neighbors K both distributions
have similar standard deviations and D (K) is small. Fig. 1(a) shows

D.(K)= (€8]
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Fig. 2. Variation of MinPt (left axis) and e (right axis) for increasing number of
particles in the dataset. The number of particles is reduced by random-sub-sampling.

D (K) from 50 uncorrelated three-dimensional particle distributions,
each with about 4.2 million particles. The chosen MinPt is the value
of K that yields the largest D, i.e. D ,x = D (MinPt).

The distance parameter, ¢, is defined as the smallest distance at
which the MinPt-nearest neighbors PDFs for preferentially concen-
trated and randomly distributed particles intersect, as shown in Fig.
1(b), where the distance parameter is made non-dimensional using
the mean distance value of the MinPt-nearest neighbor distribution
for the preferentially concentrated particles. This criterion resembles
the cell size threshold used by Voronoi based methods for cluster
identification (Monchaux et al., 2010). Cluster identification results
were seen to be little sensitive to small variations of ¢, up to +10% (not
shown), for the dataset used in this work.

The proposed method serves to uniquely identify the input pa-
rameters to DBSCAN, MinPt and e, which together serve as threshold
criteria to define regions of high preferential concentration. As such,
they depend on the particle and flow parameters and need to be re-
evaluated following the procedure described if the average particle
number density, the degree of preferential concentration, or both, vary,
i.e. if the loading conditions, flow or particle parameters are varied.
Fig. 2 shows the variation of the optimal MinPt and ¢ parameters if the
average particle loading decreases, which is accomplished by randomly
sub-sampling the particle field. This exercise is representative of a case
in which the flow and particle parameters remain the same, and so does
the degree of clustering, while the particle volume loading is altered,
i.e. without two-way coupling effects being sufficient as to modify the
flow and consequently the particle cluster structures. Using the optimal
MinPt and ¢ for each new particle field with random sub-sampling
provided in all cases the same cluster structures. The ability of the
threshold parameters to adapt without user defined input parameters
to the new particle field is precisely what makes this methodology, and
Voronoi-based methods, robust for cluster identification. They are able
to identify cluster structures that can be compared across cases with
different average number densities, which is essential for preferential
concentration comparisons (Villafafie-Roca et al., 2016).

DBSCAN is used in this work exclusively to identify regions of
high particle concentration, or clusters, but it can be similarly used
to identify regions of low particle concentration, or voids. It suffices
to define a new set of input parameters, MinPt’ and ¢’, and invert the
clustering criterion by considering that particles are grouped into voids
if the number of neighbors within an ¢’-neighborhood is less than a
threshold MinPt’. A particle P would be considered a void particle if its
local number density falls below the specified threshold.

2.2. Cluster volume determination

A uniform Cartesian grid to which cluster particle positions are
mapped is used to compute cluster volumes as the sum of connected
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Fig. 3. PDFs of cluster volumes for varying grid size A. Cluster average inter-particle
distance is d,, = 1.97.

cells of unit volume 4% containing cluster particles. The choice of grid
size does not affect the cluster particles already identified but it has
an effect on the computed cluster volumes, with geometrical cluster
properties defined from connected cells containing particles, which are
sensitive to the number of particles, whether regular or irregular space
tessellations are used. The simpler regular grid was chosen here because
of the large number of cluster particles in the dataset, which limits the
error on the volume estimates. The chosen value of 4 followed from
a sensitivity analysis in which A4 was varied in the range [2 — 87] ~
[d.4d,.] as shown in Fig. 3, with d;, = 1.9y the mean inter-particle
distance within cluster particles. For 4 < d ., many cells within the
less concentrated cluster regions are devoid of particles and the volume
is underestimated. Conversely, large values of 4 with many particles
per cell overestimate cluster volumes by oversimplifying the cluster
surface morphology. Power-laws are observed for over two decades for
the probability density functions of cluster volumes shown in Fig. 3,
suggesting self-similarity of cluster sizes as reported in prior works.
The volume of the smallest and most frequent clusters for each value
of A shown is that of the unit cell, with PDFs shifting to the right
for increasing grid size as expected. The smallest grid size, on the
order of the average inter-cluster particle distance, presents the largest
deviation in the power-law exponent and the largest relative difference
in average cluster volumes; the latter due to the presence of empty cells
within clusters. With minimal differences between grid sizes 4 to 67,
A =45~ 2d;, was chosen for this work.

2.3. Cluster tracking

High particle loadings and local number densities facilitate the
identification of clusters and the quantification of their geometrical
properties, but penalize the temporal analysis of clusters from the
dynamics of their constituent particles when individual particle tracks
or their instantaneous velocities are not known a priori. If Lagrangian
quantities are not known but also not sought, correlating cluster struc-
tures across consecutive time instants does not necessarily require
computationally costly particle tracking algorithms. Cluster structures
can be tracked using a reduced set of all cluster particles that best rep-
resent the cluster boundary and its skeleton, and exploiting similarities
in the local distribution of those particles in successive time steps. As
in any tracking method, shorter time intervals between consecutive
particle fields warrant higher accuracy, but the temporal resolution
requirements are less stringent when compared to those needed for
particle tracking. If in addition, the number of particles within clus-
ters is sufficiently large, it is possible to simplify the morphological
tracking search from three- to two-dimensions, while still capturing the
three-dimensional cluster dynamics, and without loss of resolution.
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Fig. 4. Planar projection of all particles within a cluster on a §, thickness slice (left).
Boundary and skeleton points representing the same cluster (right).

2.3.1. Data structure simplification

For each instantaneous particle distribution, DBSCAN outputs three-
dimensional cluster particle positions, each particle with a cluster
membership label. Instead of connecting particle membership labels
to clusters in successive realizations directly in three-dimensions, the
correlation search is simplified by dividing the domain in Ny non-
overlapping thin slices, and connecting particle cluster labels across
two-dimensional projections on each slice. On each planar projection
only two distinct subsets of particles are used: particles defining the
boundary of the bisected cluster, and particles defining the internal
cluster skeleton, Fig. 4. Thus, the three pre-processing steps required
on each instantaneous realization prior to tracking are sorting particles
into planar projections, identifying boundary particles, and defining
skeleton points.

Projection: Cluster particles are sorted into non-overlapping con-
tiguous parallel thin volumes of thickness §,. Their center-plane to
which particles are projected spans the full domain in the x and
y, streamwise and wall parallel directions, respectively. Effectively,
each two-dimensional projection slice simulates the data obtained by
a camera imaging the light scattered by particles illuminated by a laser
sheet of thickness ;. Small values of §, are desired to better resolve
the three-dimensional cluster surface morphology while satisfying con-
straints on the minimum 6, imposed by the particle displacement in
the out of plane direction between realizations, and by the average
inter-particle distance within clusters d... The latter follows the same
arguments as those involved in the determination of the grid size
for calculating cluster volumes and is more stringent in the present
work than the out-of-plane particle displacement constraint, given the
duct flow configuration. A sensitivity analysis confirmed that the same
cluster structures are identified in the two-dimensional projections for
small variations of §, around the chosen value of 6, = 4 = 2d;. ~
4n. This observation agrees with the results reported in Monchaux
(2012) from experiments in homogeneous turbulence for varying laser
thickness, where the degree of preferential concentration was relatively
unaffected for §, between 27 and 6#.

Cluster boundary: Boundary particles are identified for each two-
dimensional projection and cluster label separately. For each cluster
particle p, the angular distribution of distance vectors to surrounding
particles is computed within a neighborhood radius r = ¢ of p, with ¢
the radius of search used in DBSCAN. Angles are defined by the distance
vector with respect to the streamwise direction as shown in Fig. 5
schematic. Because particles located at the edges of two-dimensional
clouds are not surrounded by particles in all directions, the angular
separation between adjacent distance vectors can be exploited to iden-
tify boundary particles. As such, p is a boundary particle if 46,, =
0(p,n; 1) — 0(p,n;) > &y, that is, if the list of angular distances contains
any entry for which the separation is larger than a threshold, with &,
defined as the average angular separation computed for all clusters. The
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Fig. 5. Sketch of the definition of angular particle distribution used to identify
boundary particles.

threshold corresponded to 6, = x/5 in this work, with no significant
variation in the number or distribution of boundary particles found
varying &, in the range [z/5,z/2]. The maximum angular separation
for boundary particles, Aeﬁ,’; > informs about local cluster perimeter
curvature.

Skeleton points: Skeleton points are a subset of particles within each
two-dimensional cluster, similarly spaced independently of the local
concentration, and the ones tracked between consecutive realizations
to determine cluster dynamics. To identify them, all non-boundary
particles within each cluster are first ranked based on their distance
to their nearest boundary particle. The one furthest to any boundary
is chosen as the first skeleton point, and all particles closer to it
than a threshold distance k. are eliminated. The process is repeated
recurrently, choosing as next skeleton point the particle furthest from
any boundary point of those remaining, until no more non-boundary
particles remain. The threshold k. regulates the number density of
skeleton points, with large values reducing the number of skeleton
points and therefore the tracking requirements, but also leading to
increased uncertainty in cluster dynamics as narrow and short cluster
branches may be devoid of skeleton points. On the other hand, there are
no benefits to choosing k, below the slice thickness as two-dimensional
projections of three-dimensional positions cannot accurately resolve
distances in the out-of-plane direction below §,,. Since tracking in suc-
cessive particle fields also relies on the distribution of nearby boundary
points and not only on the distance between skeleton points, cluster
tracking results are not very sensitive to small variations of k. around
a value that satisfies the prior guidelines. This was corroborated by
varying k, € [d,..4d,.]. 10% of the total number of cluster particles
were identified as skeleton points for the chosen k, = 4d, ~ 8y = 2§,
greatly reducing the number of particles to track.

2.3.2. Temporal connectivity

For each of the N, planar projections independently, skeleton points
are paired between consecutive realizations, exploiting information
about their distance to boundary points instead of exclusively on near-
est neighbor searches. Cluster morphology information is encoded in a
distance vector d’i of fixed length n generated for each skeleton point
Jj, where n is the number of angular sectors of width 2z /n dividing the
two-dimensional space around the skeleton point, and the streamwise
direction is taken as angular reference. Each vector entry contains the
distance between the skeleton point and the closest boundary particle
within the corresponding angular sector. The number of angular sectors
depends on the average distance between boundary points and between
skeleton and boundary points, and thus is related to the average inter-
particle distance within clusters d;. and the choice of k. It should be
chosen as large as possible while ensuring there are none or few empty
entries on average in the distance vectors. n = 20 met that criterion in
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Fig. 6. Schematic exemplifying cluster connectivity and dynamic events classification.
Left and right columns indicate clusters identified in two consecutive time realizations,
with numbers in rectangular boxes representing the number of skeleton points on each
cluster. Lines connect clusters with paired skeleton points.

this work, with cluster connectivity results invariant for » in the tested
range 15 to 30.

For each skeleton point at time 7 potential matches at time ¢’ = 1+ 4t
are those skeleton points that lie within a circular region r,,, of the
average particle displacement (u;)4t, where (u;) is the local time-
averaged flow velocity. The radius of search is defined for each skeleton
point j at time ¢ as

" focusi = V w? . At+di 2

where V/u'2 is the local time-averaged fluid velocity fluctuation, and d
is the average of all entries in the distance vector dJi for the j skeleton
point. Of all candidate skeleton points j’ at ¢/, the best match for point
j at ¢t is that with minimum Euclidean »gista_nce between their distance
vectors, i.e the j’ that minimizes dJi - dJI . This ensures boundary
points are similarly distributed around the paired skeleton points in
time consecutive realizations.

Since each cluster particle retains its original cluster label assigned
during cluster identification, once connectivity between skeleton points
in consecutive times is determined in all Ny projections, the defor-
mation and dynamics of a given cluster in three-dimensions can be
evaluated.

2.4. Definition of cluster dynamics events

A cluster can undergo different processes as it evolves between time-
instants t and t’ = t + At, examples of which are shown schematically in
Fig. 6, with lines indicating clusters with skeleton points that have been
paired. Each cluster has a number label assigned during identification
and a number of skeleton points (shown in a rectangular box), that
is used to discriminate whether a cluster is considered the same or a
different structure as it loses or gains particles. In addition to a cluster
continuing as the same identifiable structure (surviving), six different
cluster dynamic events can be defined, three resulting in the birth of
new clusters and three equivalent ones that result in cluster death.
A new cluster can emerge by coagulation of non-cluster particles, by
merging of smaller clusters, or by dissociating from a larger cluster.
Likewise, a cluster can die by disintegrating into non-cluster particles,
by dissociating into smaller clusters, or by merging into a bigger cluster.

To unequivocally determine which of these dynamic processes are
occurring during each time interval, the presence of paired skeleton
points alone is not sufficient when clusters share them with more than
one cluster in the following or preceding time instance. Forward and
backward in time connectivity of skeleton points is required, and a
threshold of 50% in common skeleton points is used to deem a cluster
as the same structure, as done in Liu et al. (2020).
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Table 1

Relevant flow and particle parameters.
Parameter value
Bulk velocity, U, [m/s] 7.7
Rey 2.1-10*
Kolmogorov length scale, n [m] 7-107°
Kolmogorov time scale, 7, [s] 0.33-1073
Convective timescale, 7.(= H/U,) [s] 52-1073
&p /n 0.17
N/ 7416.7
Stokes number, St, 12
Re, 0.4
Volume loading, ¢, 2.7-107°

The examples in Fig. 6 evidenced the need for thresholds and bidi-
rectional connectivity. C‘3 shares skeleton points with CZ’ and C‘S/, which
could be considered two new clusters in ¢ with C} losing its identity, or
it could be considered that since CL’ shares more skeleton points with Cg

these are the same structure that survives while a new smaller one C‘S'
is born at ¢’ from dissociation. Using the 50% bidirectional connectivity
threshold, the latter is considered to occur as C‘3 and CZ show 100% and
80% forward and backward connectivity, respectively, while C} and C‘S'
show 100% forward but only 20% backward connectivity. Similarly,
C‘2 and Cj, both of similar size, are seeing to merge into C‘l, which
is considered a new cluster born by merging as it does not have 50%
of its skeleton points in common with any of the prior two. A cluster
at t can share skeleton points with multiple clusters at t’, if it fails
the 50% common skeleton points threshold with any of them it is
considered to have died by dissociation with the clusters at ' labeled
as born by dissociation from a larger cluster. Clusters not connected
to any cluster at the subsequent time instant and not exiting through
domain boundaries have died by disintegration, and analogously born
by coagulation if not connected to any cluster in the prior time instance
and have not just entered through the domain boundaries.

Using these definitions of clusters’ survival, birth, and death across
a long time series, it is possible to map the complete history of each
cluster within the domain. Clusters that cross the domain boundaries
are ignored to avoid biases due to partial time tracks, and only those
clusters that are born and die within the domain are used for the cluster
dynamics analysis. The total time a cluster survives is defined as ‘time of
presence (p,,5enc.) - It is often a time in between other dynamic events,
as at birth it may keep some of the particles from a prior cluster that
died by dissociation or merging, and once it dies some of its particles
may continue clustered on a new cluster with a different label. To
avoid possible biases on 1, statistics, Tifetime (t;,,)" is considered
as the time of presence for the subset clusters that die exclusively by
disintegration within the domain, which cannot be counted multiple
times with successive births and deaths by merging and dissociating.

2.5. Description of the dataset

A time-resolved series of three-dimensional particle positions from
direct numerical simulations with point particle models for the discrete
phase is leveraged in this work. The simulations reproduced a vertical
turbulent square-duct flow of air laden with small heavy particles,
replicating a companion experiment. A brief summary of the dataset
is presented here, with details regarding the numerical framework and
joint numerical and experimental setup described in Esmaily et al.
(2020). The Reynolds number based on the bulk flow velocity and duct
width is Rey = 2.1 - 10%. The carrier fluid is air with p = 1.2 kg/m? and
u = 1.88 - 1075 Pa s. The dissipative time and length scales reported
in Table 1 were obtained from the mean pressure drop along the
development length. Nickel particles were used with p, = 8900 kg/m3,
particle diameters ranging between 4 and 24 pm, and an average di-
ameter d_p = 12 pm. Particle parameters in Table 1 are based on the
nominal average diameter. Particles are smaller than the dissipative
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Table 2
Overall comparison of cluster particles and clusters identified by DBSCAN and
Voronoi.

Metric Voronoi DBSCAN
No. cluster particles/ No. particles, in % 32 36

Avg. no. of clusters per realization 22500 1410
Average cluster size (V'/3) 0.01H 0.02H

flow scales, justifying the use of point-particle models, and the average
Stokes number based on the Kolmogorov scale is 12. Simulations
accounted for gravity, particle polydispersity, binary particle collisions
using a hard sphere model, and particle reaction force on the fluid.
The particle drag force used the Schiller-Naumann drag correlation for
finite Reynolds numbers (Naumann and Schiller, 1935). The particle
Reynolds number was 0.4 in average, with Re,, = Hup - uf”dP /v, where

u, is the particle velocity and u, is the undisturbed fluid velocity at
the particle location, which was estimated by interpolating the local
fluid velocity at the particle location while minimizing the error in
drag force calculation (Esmaily and Horwitz, 2018). The particle mass
loading ratio is 20%, which corresponds to a volume loading of about
2.7-107°. An iterative matching procedure was used to find the number
of particles of each size required to replicate a given particle size
distribution and mass loading ratio (Esmaily et al., 2020).

Only results in the central 60% of the square duct width were
used in this work to avoid regions of non-uniform average flow and
particle quantities. The domain length in the streamwise direction is
6.75 duct widths. In the reduced domain analyzed, each instantaneous
realization contains 4.2 million particles on average. The time interval
between consecutive particle distributions available for the analysis is
4t = 0.03z, = 0.57,, with 7, the convective time based on the duct
width and bulk velocity. The time series covers a total time equivalent
to 9.4z, (200 realizations), which was seen as sufficient for converged
statistics of cluster dynamics.

3. Results
3.1. Cluster statistics

Statistics of clusters identified using the new DBSCAN-based
methodology are compared to those obtained using Voronoi tesselation-
based methods, evaluated on the same set of uncorrelated three-
dimensional particle fields. On average, 32% and 36% of all particles
on each realization are identified as cluster particles by Voronoi and
DBSCAN, respectively. Of all the cluster particles identified by Voronoi,
88% are also cluster particles by DBSCAN. Despite the lesser total
number of cluster particles identified by Voronoi, and following cell
connectivity, Voronoi methods lead to a much larger number of small
clusters, which results in a smaller average cluster size compared to the
clusters identified using DBSCAN. These overall comparison metrics are
summarized in Table 2.

The differences in number of clusters and average cluster size
between both methods are not due to fundamental differences in local
number density thresholds, although they vary slightly, or to any
constraint on the number of particles required to form a cluster, which
none of the methods includes. They are instead rooted on the different
methods to discriminate whether each individual particle in the dataset
is a cluster particle or not. Voronoi tessellation-based methods label
individual particles as cluster particles if the corresponding cell volume
is smaller than a threshold, to then form a cluster out of cells sharing
a common facet of the tessellation, i.e. by connectivity. The volume
threshold is defined by the smallest volume at which the probability
distribution function of all cell volumes intersects with that of a random
Poisson particle distribution with the same average number density.
The local concentration threshold is C,;,,, = 2.3C,, with C, , setting
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Fig. 7. Clusters identified using DBSCAN (left) and Voronoi (right) based methods. The
same three-dimensional particle fields are used and only a thin slice in which particles
are projected onto a 2D plane is shown for visual comparison. Different colors represent
independent clusters. (For interpretation of the references to color in this figure legend,
the reader is referred to the web version of this article.)

the minimum cell concentration (or maximum cell size) for the corre-
sponding particle to be considered a cluster particle. There is no explicit
constraint on the number of nearby particles but there is an implicit
dependence on how neighboring particles are distributed; e.g. particles
with small pairwise distance but aligned forming a filament will yield
large tessellation cells and will not be considered cluster particles. This
is the reason for the larger number of small clusters identified using
Voronoi tessellations, and for the lesser number of cluster particles,
with clusters losing connectivity and effectively splitting into smaller
structures along thin branches. DBSCAN-based methods instead do not
impose any requirement on the relative local arrangement of particles.
A minimum local concentration is required for a particle to be discrim-
inated as a cluster particle, MinPt within a sphere of radius e around
each candidate particle, but this local concentration criteria can be met
by particles along a line filament as well as if particles are distributed
such that the total average interparticle distance is minimized. The
equivalent number density threshold using the MinPt and ¢ values
defined by comparison to a random Poisson particle distribution with
equal average number density is Cy;, , = MinPt/(4/ 3ze®) = 2C,. Note
that the number MinPt is only used to discriminate individual particles
as cluster particles, but does not restrict in any way the total number of
cluster particles forming a given cluster. It is possible for one particle
P to meet the criteria of having at least MinPt particles within a sphere
of radius e centered at P, while the same criteria is not satisfied by any
of the other particles around P, in which case DBSCAN would yield a
cluster with only one cluster particle.

In conclusion, although Voronoi and DBSCAN yield similar but not
identical number density thresholds (in both cases defined by compari-
son to a random Poisson particle distribution), the differences in overall
cluster statistics are primarily due to the fact that the volume of Voronoi
tessellations depends on the spatial arrangement of surrounding parti-
cles. As a result, Voronoi tessellation-based methods break into distinct
clusters structures with thin branches, leading to a larger number of
smaller clusters, while DBSCAN does not. This is qualitatively visible
in the planar comparison shown in Fig. 7, where only clusters with
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Fig. 8. Comparison of geometrical cluster properties identified using Voronoi and
DBSCAN.

more than 20 cluster particles are displayed. The resemblance in the
morphology of the clusters identified by both methods is remarkable
despite the differences on the total number and average size of cluster
structures.

Cluster volumes and surface area statistics are compared in Fig. 8.
The cluster volumes PDF is shifted to the right in Fig. 8(a) for DBSCAN
clusters with respect to that from Voronoi with large number of small
clusters in agreement with the observation that Voronoi tessellations
cause clusters to split into smaller clusters. Small differences are also
expected on the geometric cluster metrics compared, volume and sur-
face area, which originate from the different methods used to define
the continuous three-dimensional space that the clusters, collections
of discrete particles, occupy. Voronoi tessellations directly provide cell
volumes, each containing one particle, that can be added. For the
clusters identified using DBSCAN a Cartesian grid is used to define
the space the cluster particles occupy, as described in Section 2.2.
This constrains to 43 = (4n)° the volume of the smallest DBSCAN
clusters while Voronoi clusters can yield any volume value, thus the
differences on the smallest volume counts in Fig. 8(a). Beyond the
differences due to the spatial discretizations, both cluster volume PDFs
showcase power-laws for about three decades with the same -2.2
exponent. Linear log-log fittings cover cluster length scales in the range
8 to 535 for DBSCAN, which extends to about 45 for Voronoi. The
exponent is slightly larger than values reported in prior works for three-
dimensional data in homogeneous turbulence, ranging between —16/9
and -2 (Dejoan and Monchaux, 2013; Uhlmann and Chouippe, 2017;
Baker et al., 2017).

The similitude between clusters identified by both methods is fur-
ther corroborated by the scatter plots of cluster surface versus unit
length volume, shown in Fig. 8(b). Cluster surface area is computed
as the sum of the cell surface areas which are not shared with any
other cell in the same cluster. For the large clusters, a least square fit
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Fig. 9. Relative execution times (in % of the total reference execution time of 9233 s)
for cluster identification, cluster simplification, and temporal cluster connectivity,
evaluated on a 3D particle field containing 4.2 M particles.

yields a common power-law exponent of 2.7, confirming morphological
similarity of the structures identified using both methods. The non-
integer exponent is characteristic of fractal structures with convoluted
surfaces (Isichenko, 1992). For homogeneous turbulence, exponents
ranging between 2.85 and 3 have been reported in Baker et al. (2017)
for three-dimensional data. The smallest clusters, not shown in DBSCAN
results because of the chosen cartesian grid resolution used to compute
volume, yield an integer exponent of 2, characteristic of regular three-
dimensional objects. These are clusters formed by few nearby particles
that satisfy the minimum Voronoi cell volume criteria, but it has been
debated whether these particles are brought to close proximity by the
underlying turbulence or are the effect of randomness, as suggested in
(Baker et al., 2017).

3.2. Computational performance

The relative execution times for all tasks required to identify and
track clusters using the methods described in Section 2 are reported
in Fig. 9 as a percentage, with the total execution time used as a
reference including the sum of: (1) determination of hyper-parameters
(MinPt, €¢) and cluster identification in one three-dimensional particle
field using the DBSCAN module from scikit-learn in Python;
(2) cluster simplification for one particle field, which involves planar
projections, and determination of boundary and skeleton points for all
clusters in all projections; (3) temporal connectivity of clusters in two
consecutive time instances. The total reference execution time for these
tasks is 9233 s. Execution times were evaluated on a desktop computer
with an AMD Ryzen 3700X 8-Core Processor running at 4 GHz with
64 GB of RAM. Parameter determination takes a significant amount
of the total reference time, but it only needs to be performed once
for a given dataset in as many three-dimensional particle fields as
needed for convergence. This means that once MinPt and ¢ are fixed,
the execution time for subsequent instantaneous particle distributions,
tracking included, is 58% of the reference total time reported. The
number of fields needed for convergence of MinPt and ¢ depends on
the specific dataset. Twenty fields sufficed in this work.

Considering only cluster identification, no tracking nor the cluster
simplification required for tracking, the total execution time includ-
ing parameter determination is reduced to 4048 s, 43.85% of the
reference. For comparison, the execution time for cluster identifica-
tion on one three-dimensional field using the Spicy Voronoi Python
module for spatial tessellation is 85% higher than with DBSCAN, in-
cluding in both cases the determination of the thresholding parameters.
This comparison includes the spatial tessellations (98% of the total
cluster identification time), determination of cell volume threshold
(negligible), classification into cluster and void cells, and cell con-
nectivity. With Voronoi, cluster identification on each particle field
(time instance) involves the same computational cost. With DBSCAN,
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Fig. 10. Illustration of cluster dynamics. Color coded clusters move in the x-streamwise direction. Two smaller clusters are formed by dissociation from a larger cluster at r = 0.357,
and merge at ¢ = 1.217,, while a cluster (red) slowly shrinks until disintegration. (For interpretation of the references to color in this figure legend, the reader is referred to the

web version of this article.)

once the hyper-parameters are determined, cluster identification on
each additional particle field takes 4.6% of the prior 4048s total
cluster identification time. Thus, the computational cost savings with
DBSCAN when compared to Voronoi Python packages become in-
creasingly advantageous as the number of instantaneous fields to be
analyzed increases. The higher cost of Voronoi tessellations using the
Spicy Python package is due to the Quickhull algorithm, which has
a theoretical average time complexity of O(N, log(vp)), and a worst-
case time complexity of O(Ng), with N, the number of particles and v,
the number of Voronoi cell vertices (Barber et al., 1996). The number
of vertices v, scales non-linearly with N, depending on the particles’
spatial distribution. Instead, the theoretical complexity of DBSCAN is
O(N, log(N)) when utilizing the KD-tree algorithm (Ester et al., 1996),
independently of the complexity of the particle distribution. However,
more efficient implementations of Voronoi tessellations are available
in C++, such as Voro++ (Rycroft, 2009), which can offset the cost of
the spatial tessellations. This library optimally exhibits O(N,) scaling
for homogeneously distributed particles, with performance degrad-
ing for highly irregular or clustered distributions up to a worst-case
time complexity O(N,, - N,), with N, number of neighboring particles.
Thus, DBSCAN compares very favorably to the Quickhull algorithm
for easily implementable Voronoi tessellations in Python, and has a
similar computational cost when compared to more efficient Voronoi
implementations available in C++, with marginal gains for very large
number of particles per field and high degree of clustering.

The methods developed in this work aim at facilitating cluster track-
ing in datasets with large numbers of particles and time realizations,
which is independent from the method used for the prior necessary
cluster identification. The same methodology used in this work for
tracking can be used with clusters identified using DBSCAN or Voronoi
methods. Cluster simplification accounts for 11.17% of the total ref-
erence execution time, and the subsequent temporal connectivity of
skeleton points between two consecutive time instances for 44.98%,
as shown in Fig. 9. The approach used for connectivity of skeleton
points follows a Lagrangian particle-tracking approach that involves
nearest-neighbor search, with a theoretical computational complexity
of O(N, log N,), with the KD-tree algorithm. About 36% of all particles
in the domain are cluster particles, Table 2, but only 27% of those are
skeleton points. The computational cost is thus significantly reduced
by tracking only the skeleton points instead of all cluster particles as
it would be needed with conventional cluster tracking. In addition,
mapping the distribution of neighboring boundary points instead of
that of neighboring particles to identify the best match for a skeleton
point in successive time instants further reduces the cost.
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Fig. 11. Joint probabilities of cluster birth-death events conditioned on life-averaged
cluster volume. Zero probability is indicated with cross-line pattern.

3.3. Cluster birth-death events

Particle clusters exhibit complex dynamics as they evolve in the
turbulent flow and interact with neighboring structures. Fig. 10 shows
the three-dimensional evolution of selected clusters that undergo disso-
ciation, merging, and disintegration, as per the definitions of dynamic
events described in Section 2.4. The clusters whose size extends to the
boundary of the domain at any instant over their time of presence
are rejected to avoid bias due to the finite domain size. Discarded
clusters also include those with less than three particles, equivalent
to an average volume of one grid cell, and those present exclusively
in one instantaneous realization without any forward or backward
connectivity.

The joint probabilities of cluster birth and death events are shown
in Fig. 11. Given the differences in number of clusters of different
sizes (Fig. 8(a)), the probabilities of birth-death events are further
broken into four bins based on the average volume of the clusters
during their lifetime, V,,. Bin ranges are chosen such that each bin
contains enough clusters for statistically significant results. The largest
clusters, V,, > (18#)°, are observed to predominantly form and die
by merging, with dissociation the second most likely event for new
clusters. Since a 50% forward and backward connectivity is required
for a given cluster to continue as the same entity, these are large
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Fig. 12. PDFs of cluster time of presence for: all clusters (empty circles), clusters van-
ishing into non-cluster particles (lifetime, triangular markers), and clusters undergoing
dissociation or merging (filled circles).

clusters splitting (dissociating) into likely still large structures and
coming together. Moderately large clusters, (127)> <V, < (18%)3, show
the same dominant birth and death dynamics, but the likelihood of
new clusters emerging from a larger one that separates is now larger
than that of clusters merging into a larger one, as this larger cluster is
counted on the largest bin. The same trend is also observed for the next
smaller bin, that of clusters with average volume (87)° < V,,, < (12¢)°.
As the average volume decreases and the probability of new clusters
forming by dissociation increases, also the probability of losing their
cluster label identity (dying) by dissociation increases. That is, these
medium- to small-size clusters not only lose small parts, but they do so
losing their cluster identity. The smallest clusters, V,, < (84)%, typically
emerge from two similarly frequent processes: from parts of larger
clusters or from non-clustered particles coming together, and they die
by either merging into a larger structure counted on another bin, or by
disintegrating to non-clustered particles.

The joint probabilities highlight that clusters larger than 85 evolve
mainly by losing parts that then join a larger cluster, setting a contin-
uous cycle of dissociation and merging. Birth by dissociation from a
larger cluster and death by merging onto another cluster accounts for
45% of all possible birth-death events, excluding those clusters smaller
than (8#)° in average, and for 28% when all clusters independent of
size are considered. All combinations of birth/death by dissociation or
merging considered together account for 93% of the events for clusters
of average volume larger than (84), and 74% for all sizes.

Clusters smaller than 8 are mostly very short-lived (discussed next)
and therefore their life-average size remains small. Because they are
the most numerous, number-based statistics, irrespective of structure
size, can overshadow the dynamic events of larger structures, the most
relevant for particle clustering in the inertial range of turbulence. The
number of cells with zero probability of clusters born by coagulation
increases in Fig. 11 as the life-average cluster volume increases, indi-
cating that a cluster growing into a large structure in isolation, without
interacting and eventually merging to other structures, is unlikely
within the considered domain. Birth by coagulation represents 36%
of all smallest clusters birth events, 14% of all birth events across
sizes, and 2.5% if excluding the smallest bin of life-averaged volumes.
These results differ from those in Liu et al. (2020) for homogeneous
turbulence, where a major dominance of birth by coagulation and death
by disintegration was observed for all Stokes and settling parameters
analyzed.

Death by disintegration is also most frequent for the smallest life-
averaged size clusters, with 33% of all smallest clusters death events,
12% across all sizes, and 4.5% excluding the smallest volume bin.
However, although lesser in number than death by splitting or merging,
the occurrence of death by disintegration is highly relevant to the
temporal evolution of clusters for two reasons: (1) clusters that evolve
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Fig. 13. Relation between characteristic cluster size and time of presence (top), and
cluster volume PDFs (bottom), for different birth-death events.

until disintegration are observed across all sizes (as will be shown in
Fig. 13); and (2) tracking these clusters allows for unbiased time of
presence-volume relationships. The latter is challenged by clusters with
the same constituent particles that may split and merge several times,
and each time be counted as an independent birth—-death event.

3.4. Cluster coherence times

Cluster coherence time, or time of persistence, is the total time
elapsed between cluster birth and death, with lifetime specifically
reserved for clusters vanishing by disintegration into non-cluster par-
ticles. The probability distribution of time of persistence made non-
dimensional by the convective flow timescale is shown in Fig. 12
for: all clusters independently of their birth-death mechanism, clusters
forming and dying by any dissociation-merging combination, clusters
forming by coagulation, and those undergoing disintegration. Power-
laws are observed in all cases except for the shortest-lived clusters born
by coagulation. The distributions for dissociation-merging and ‘all clus-
ters’ overlap displaying a —3.3 slope, while a slightly steeper linear fit
of —3.6 is obtained for disintegrating clusters. The overlap is expected
as dissociation-merging constitutes 74% of all death-birth events. PDFs
extend from many clusters identified during only one dissipative eddy-
turn over time (three consecutive fields) to few of them that persist one
or two convective times, about 15 to 30 Kolmogorov time-scales. Given
the finite domain length and time series, the maximum time a cluster
could remain as the same entity is necessarily smaller than 5.8z.. The
power-law exponents were not affected by reducing the domain length
down to 20% (not shown), only the largest achievable coherence time
decreased. The self-similarity of coherence times is consistent with the
notion that clustering of small and heavy particles with St, > O(1)
is dominated by eddies within the inertial range of turbulence (Bragg
and Collins, 2014; Bragg et al., 2015). Exponential distributions were
reported instead of power-laws in Liu et al. (2020) for the coherence
times of clusters in homogeneous isotropic turbulence, although it
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Fig. 14. The variation of cluster volume per unit time for all clusters is shown relative
to their volume. Data is binned by volume.

could be argued that both fits yield similar coefficients of determination
for the range of lifetimes reported. The exponential fit allowed the
authors to identify a characteristic cluster timescale, 3 to 97, for the
different Stokes and settling parameters considered, of the same order
as those reported from Lagrangian auto-correlations in prior works in
homogeneous turbulent flows (Tagawa et al., 2012; Lian et al., 2019).
Similar exponential fits would yield similar characteristic times in the
present work. To our knowledge, Liu et al. (2020) is the only prior work
that explored coherence times and thus the frequent comparisons.
The differences in the decay rate of coherence times PDFs for the dif-
ferent groups examined can be explained by the differences in the PDFs
of cluster volumes for the same groups, and the relation between the
average size of a cluster and the time it remains coherent, both shown
in Fig. 13. Scatter plots of cluster characteristic size based on each
cluster life-averaged volume, L. /n = (V,, /m'/3, and their average, are
shown versus cluster time of presence in Fig. 13-(top) for clusters un-
dergoing dissociation-merging and death by disintegration separately.
Dissociation-merging events are predominant across all cluster sizes,
and the large scatter is expected as large and small structures lose their
cluster identity as they dissociate into smaller parts or merge into a
large one. Their time of persistence is a time between dynamic events,
with some of their constituent particles remaining clustered although
with a different cluster label. Despite the scatter, the average displays
a positive trend with larger clusters surviving the longest. The same
trend is evident for clusters that vanish by disintegration, with lesser
scatter and smaller averaged characteristic sizes. In both cases, there is
a positive relation between average cluster characteristic size and time
of presence, with an equivalent linearized slope of less than 0.5 when
size and time are made non-dimensional with the dissipative scales.
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Uncorrelated time realizations provided a power-law PDF of cluster
volumes with a slope of —2.2 (Fig. 8(a)). Fig. 13-(bottom) showcases
similar cluster volume PDFs using correlated data (all volumes across
the time of presence of a cluster included), with cluster volume prob-
abilities divided into the same groups of birth-death mechanisms as
before. The volume probabilities for all clusters and those undergoing
dissociation and merging show a perfect overlap, with a decay rate
similar to uncorrelated data although for a narrower range of volumes.
The narrower range is expected as only the subset of all clusters that
were born and died within the domain is considered in the dynamic
analysis. The volume probability of disintegration events presents a
steeper decay compared to dissociation-merging. Since a similar av-
erage trend is observed for both groups between life-averaged cluster
size and time, the steeper decay translates into an also steeper time of
presence slope. The same argument can be used to justify the fast decay
of time of presence of the smallest clusters born by coagulation.

3.5. Volume rate of change and lifetime prediction

Provided the apparent self-similarity of macroscopic cluster char-
acteristics is caused by the self-similarity of turbulent flow scales, the
rate of change of cluster volumes should be related to the inertial
range scaling. The relative volume rate of change can be computed
between any two consecutive time realizations as the volume difference
per unit time, made non-dimensional by the average volume between
realizations and the convective time scale, Eq. (3).

v . _V(@+4)-V() 27,

- N 3
v At Ve+AD+ V()

The probability density functions for all clusters conditioned on vol-
ume are depicted in Fig. 14(a). The distributions exhibit exponen-
tially stretched tails for volume increase and decrease, characteristic of
Laplace distributions frequently encountered in turbulence Chevillard
et al. (2006). The distributions become narrower with increasing cluster
volume, with larger clusters experiencing on average slower relative
volume rate changes compared to smaller ones, which leads to an
increase in lifetime with cluster size. The trends invert if the absolute
change in volume per unit time is considered (not shown), with larger
clusters on average experiencing larger changes of their absolute vol-
ume when compared to smaller clusters for the same increment of time.
All PDFs have negative mean and skewness, indicating that clusters
experience on average a faster rate of volume decrease than increase,
i.e they shrink faster than grow.

The convective timescale used to make the relative volume rate
change non-dimensional is a constant factor in this case. If instead the
turnover time of an eddy of the same size as the cluster is used, the PDFs
become independent of cluster volume, Fig. 14(b). The characteristic
time of an eddy in the inertial range is given by T, ~ ¢ !/312/3,
where ¢ is the average kinetic energy dissipation rate, and V /T, can
be interpreted as the volume rate of change of a turbulent eddy of size
I ~ V173, The collapse of the PDFs suggests that the decay and growth
rates of the clusters are indeed driven by the underlying self-similar
turbulent eddies. It also implies that the average relative cluster volume
rate of change, regardless of its size, is inversely proportional to the
corresponding eddy turnover time, i.e. (dV /Vdt) « 1/T,. A relationship
between the volume of a cluster and its initial volume follows from
the exponential tails of the distribution, with different average rates for
clusters growing or shrinking. The least-square fit of the left exponential
tail provides a mean decay rate of (dV /dt) = —1.02V /T,. Relating
T, to the cluster volume and integrating yields the absolute average
change in volume of a shrinking cluster during a given time interval as
a function of the average flow dissipation rate, Eq. (4).

2/9 2/9 2 1.02
R @
For clusters shrinking until disintegrating (¥, = 0), without inter-
acting with other structures, Eq. (4) provides an average relation to

(t—1p)
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Fig. 15. Initial volume - lifetime relationship for shrinking clusters disintegrating. Error
bars indicate the standard deviation for each lifetime bin from the data. The solid line
corresponds to the average relation, Eq. (4).

estimate the lifetime of a cluster based on its initial volume, V; at
to. This relation is shown in Fig. 15 together with averaged initial
volume-lifetime pairs extracted from the data, made non-dimensional
by the channel width and convective time. The error bars indicate
the standard deviation of the initial volumes and lifetimes for each
lifetime bin used to reduce the data. With both model and sampled data
emerging from the same dataset, the agreement serves as verification.
Eq. (4) provides a similar average relation as that shown in Fig. 13-(top)
in terms of life-time average volume.

3.6. The role of particle concentration on cluster evolution

Cluster averaged particle concentration PDFs (not shown) are wide,
with PDFs conditioned in cluster size all yielding similar average values
despite the smaller tails of larger structures. Consequently, the instan-
taneous rate of change of cluster averaged concentration shows no
correlation with that of cluster volume, as reflected in the joint prob-
ability scatter plot in Fig. 16(a). This indicates that cluster-averaged
concentration is not a good quantity of interest to understand the tem-
poral evolution of cluster structures, and that the number of particles
within clusters, and their rate of change, are on average linearly related
to cluster volumes, and their rate of change. A local perspective into
the evolution of regions of dissimilar concentration, which can vary
largely within clusters, brings insights into the contraction/expansion
of the particle field, which can play an important role in the clus-
ters’ longevity. The probability density function of local concentration
around all cluster particles, computed within a sphere of radius r = 47,
is shown in Fig. 16(b). Values up to 16 times the domain averaged
concentration C, are observed, with maximum values that depend on
the filter size r. The contraction or expansion of the particle field
at the filter scale r can be easily evaluated using the connectivity
map between skeleton points in consecutive time instances exploited
for cluster tracking. The instantaneous concentration rate of change
is defined analogously to the volume rate of change, with the local
concentration used to compute relative rates defined, as before, as the
average between consecutive realizations.

Distributions of relative concentration rate of change made non-
dimensional with the convective timescale are shown in Fig. 17, binned
on local concentration. For increasing concentration, the mean and
skewness of the distributions become more negative. The heavy right
tails representing increasing local concentrations (positive rate) drop
faster than the left tails as the concentration increases. The same distri-
butions made non-dimensional by the domain average concentration,
C,, display inverted relative trends (not shown) with tails flattening
for increasing local concentration, but the negative skewness and high
kurtosis remain. An important observation is that local particle con-
centration within clusters decreases on average at a faster rate than
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Fig. 16. Cluster averaged (top) and local (bottom) statistics evidencing the lack of
correlation between average concentration and cluster volume rates of change, and the
large variation of particle number density within clusters, which is masked by cluster
average concentrations.

100 T T
1< C/C() <2
=#2<C/Cy<3
¥3 < C/Cn <4
AL<C/Cu<B
1072L 4C/Co>5 3
- - -Gaussian
5
1074 ¢ 4
10-6 1 1 1
-40 -20 20 40

0
(dC/dt) - (7c/C)

Fig. 17. Relative local concentration rate of change PDFs conditioned on concentration.

it increases, pointing to particles in the clustered regions separating
at a faster rate than they converge, i.e. cluster destruction. Similar
observations were made in Oujia et al. (2020) from one-way coupled
inertial point particle simulations in homogeneous turbulence using a
different method to evaluate the local rate of change of concentration.
The authors exploited the inverse proportionality between the volume
of a Voronoi cell and the local concentration, and used the relative
contraction and expansion of tracked Voronoi cells during a short time
increment to compute the local concentration rate of change, which
equals the particle velocity divergence with opposite sign. Negative av-
erage values of relative concentration rate of change (positive average



T. Bandopadhyay et al.

values of particle divergence) were observed for small cell volumes,
which correspond to highly concentrated regions in clusters, and vice
versa for large cell volumes. With increasing Stokes number, larger val-
ues for both the negative and positive sides of the PDFs were reported,
more intense cluster formation for large, and destruction for small,
Voronoi cell volumes. With simulations not accounting for collisions or
reaction force by particles on fluid, crossing particle trajectories due to
caustics were presented as possible reason. The numerical dataset used
in the current work includes particle collisions and reaction force by
particles on fluid. Furthermore, the change of concentration between
consecutive time instances is evaluated on a constant volume sphere
(V = (4)®) centered on a tracked skeleton cluster particle. Thus, while
Voronoi-based methods provide the material derivative of the local
concentration by tracking the volume change of a cell with constant
mass (one particle), the current method evaluates a coarse-grained
instantaneous concentration rate of change within a constant volume
control volume. Despite the differences on the methods to evaluate
local concentration rates of change, on the flow and particle param-
eters, and on the real effects simulated, the qualitative similarities
remain, pointing to a robust asymmetry of the local concentration rate
of change with negative average values in cluster regions with high
local concentration.

The average negative and negatively skewed local concentration
rate of change probability distribution resembles the equally negatively
averaged and skewed cluster volume rate of change distribution, even if
they refer to local and macroscopic quantities, respectively. Combined,
they indicate that clusters shrink on average at a faster rate as their
regions of high concentration see their concentration diminished at a
faster rate, i.e. shrinking clusters lose particles at a faster rate. Faster
rates of decrease of local and global properties are balanced by slower
but more numerous growth events, such that the cluster averaged rate
of concentration increase or decrease over all clusters is the same.
This is, the total number of cluster particles in the domain remains
statistically constant as expected in a fully developed flow.

It should be remarked that the results presented here exclusively
consider particles that are in cluster regions at the time of evaluation,
and not those in more dilute regions not identified as cluster particles.
Although not shown, it has been confirmed using Voronoi tracking in
two-dimensional projections that non-cluster particles exhibit heavy
positive tails of relative concentration rate of change, with positive
skewness and positive mean values. Considering all particles in the
domain, irrespective of local concentration, yielded a symmetric dis-
tribution of concentration rate of change. This equilibrium is expected
considering the fully developed statistically stationary flow. The sym-
metry of the cluster-averaged concentration rate of change in Fig. 16(a)
also verifies this global equilibrium.

4. Concluding remarks

The temporal evolution of clusters of inertial particles was studied in
the central region of a fully developed turbulent duct flow using a series
of three-dimensional particle fields equispaced by half the dissipative
timescale. The large number of particles and instantaneous particle
fields motivated the development of novel methods for identifying and
tracking particle clusters. These tools enabled the statistical analysis of
cluster spatial and temporal characteristics.

Density Based Spatial Clustering of Applications with Noise (DB-
SCAN) algorithm was shown ideally suited to identify particle clusters,
defined as regions of high particle concentration. A methodology was
developed to uniquely define the two input parameters to DBSCAN, that
serve as criterion to identify particle clusters, from the dataset. As in
other cluster identification methods using box-counting and Voronoi
tessellations, the criterion used to discern regions highly concentrated
particles was derived from the comparison of the specific particle
field of interest and that produced by a random Poisson process, both
with equal average number density. Structures identified using the
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new methodology are in agreement with those obtained from Voronoi
tesselation-based methods. While this work focused on particle clusters,
DBSCAN can similarly be extended to identify regions of low particle
concentration, or voids. DBSCAN is a robust alternative that can signif-
icantly reduce the computational time for cluster identification in large
datasets when compared to space tesselation implementations using the
standard Quickhull algorithm.

A novel cluster tracking methodology was introduced that reduces
the computational cost when compared to that of tracking all in-
dividual cluster particles. Clusters are reduced to internal skeleton
points, for which connectivity is determined across time-consecutive
particle fields, and boundary particles, that define the cluster surface
and are essential to the morphological tracking used to map skeleton
points. In addition, this work leveraged the large number of parti-
cles to reconstruct three-dimensional cluster temporal evolution from
planar tracking, further simplifying the data processing. The methods
described can be used on two- or three-dimensional particle fields, and
are advantageous from a computational standpoint for large series of
time-resolved data with high particle loading when cluster evolution is
aimed for, rather than Lagrangian particle statistics.

For the fully developed particle-laden channel flow under study,
with small inertial particles and a Stokes number of 12 based on the
dissipative scales, particle clusters across a wide range of sizes majorly
evolve by breaking (dissociating) into smaller parts and merging to
form larger structures. To a lesser extent, clusters of all sizes are also
seen to lose particles until disintegration, while clusters growing in
isolation are limited to small and short-lived structures. A hierarchy
of clusters is present, whose size and time of presence probability
distributions display power-law like probability density functions. The
self-similarity of cluster sizes (volume or area) has been reported in
multiple prior works from uncorrelated particle fields in homogeneous
and fully developed turbulent flows, and has been attributed to the
self-similarity of eddies in the inertial range of turbulence, even though
the power-law exponent value and its relation to the flow and particle
parameters remain elusive. The like-wise power-law behavior of cluster
time of presence (or coherence time) is reported here for the first
time. Independently analyzing size and coherence time statistics for
structures undergoing dissociation-merging, and those evolving until
disintegration without interacting with other clusters, shows the same
type of statistical distributions, although with steeper power-laws for
dissociating clusters with lesser number of large structures.

The instantaneous relative volume rate of change of clusters is
seen to scale with the turnover time of eddies in the inertial range
with equal reference length, leading to volume independent rates of
change. This finding agrees with the notion of clustering driven by
multi-scale turbulent eddies for St, > O(1), with particles with Stokes
number based on the turnover time of an /-scale eddy St; = 7,/T; <
1 preferentially sampling the coarse-grained fluid velocity gradient
tensor at scale /, with T; ~ e~!/3/2/3 (Bragg and Collins, 2014; Bragg
et al.,, 2015). When integrated, the shrinking rate provides an analyt-
ical relation between cluster initial volume and expected lifetime that
agrees with the values sampled from the time history of disintegrating
clusters. Growth and shrinking rate relations, together with cluster size
probability distributions, can be used for simplified models of cluster
dynamics.

Average instantaneous cluster growth and shrink rates were found
to be asymmetric, with clusters shrinking at a faster pace. Similarly,
negatively skewed probability distributions were identified for local
rates of change of relative particle concentration within clusters, with
skewness that increases in absolute value for increasing local concentra-
tion. Negative local rate of change of relative concentration translates
to positive local particle velocity divergence, which implies that par-
ticles within clusters separate at a faster rate than they approach,
explaining the faster rate of volume decrease compared to growth.
Despite these asymmetries in the temporal evolution of clusters, there
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is an equilibrium on the total number of cluster particles at any given
time, as expected in a fully developed turbulent flow.

This work statistically explored the dynamics of particle clusters
in fully developed turbulence from a macroscopic perspective, with
some insights from instantaneous contraction and expansion rates of
filtered particle concentration within clusters. Further analysis con-
sidering relative particle velocities conditioned in concentration, and
local flow quantities, is required to explain the asymmetry in the
probability distributions of volume and local concentration rates of
change. Extending the analysis to other flow and particle parameters is
also essential to evaluate the role of particle inertia and gravitational
effects on the cluster dynamics, and generally, particle clustering in the
inertial range of turbulence.
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Appendix. Kth nearest neighbor distance pdf for random particle
distribution

The probability density function of Kth nearest neighbor distance
for randomly distributed particles in three-dimensions with average
number density 4 obeys the following analytical expression (Illian et al.,
2008),

d0ad3)
(470a%)

(K -1
where d is the distance to the Kth nearest neighbor. The mean and

standard deviation of the randomly distributed particles are given by
the following expressions, where I'(-) is the Gamma function.

4
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